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Abstract

Alena Tensor is a recently discovered class of energy-momentum tensors that proposes a general
equivalence of the curved path and geodesic for analyzed spacetimes which allows the analysis of
physical systems in curvilinear, classical and quantum descriptions. In this paper it is shown that Alena
Tensor is related to the Killing tensor Kαβ and describes the class of GR solutions Gαβ + Λ gαβ = 2ΛKαβ.
In this picture, it is not matter that imposes curvature, but rather the geometric symmetries, encoded
in the Killing tensor, determine the way spacetime curves and how matter can be distributed in
it. It was also shown, that Alena Tensor gives decomposition of energy-momentum tensor of the
electromagnetic field using two null-vectors and in natural way forces the Higgs-like potential to
appear. The obtained generalized metrics (covariant and contravariant) allow for further analysis of
metrics for curved spacetimes with effective cosmological constant. The obtained solution can be also
analyzed using conformal geometry tools. The calculated Riemann and Weyl tensors allow the analysis
of purely geometric aspects of curvature, Petrov-type classification, and tracking of gravitational waves
independently of the matter sources. It has also been shown that the total power emitted from the
gravitational system in the form of gravitational waves fully corresponds to the results obtained in GR
allowing for a significant simplification of calculations for gravitational waves. The existing results
for electromagnetism and gravity were also arranged and reformulated based on principle of least
action, and the directions of generalization to all gauge fields were discussed. The article has been
supplemented with a file containing a computational notebook used for symbolic derivations which
may help in further analysis of this approach.

Keywords: Alena Tensor; gravitational waves; general relativity; electromagnetism; Higgs field

1. Introduction
Gravitational waves are a well-understood and researched issue [1], and it seems that the area of

this research will develop dynamically both in theoretical understanding [2,3] and methods of waves
detection [4,5]. While there is much evidence that General Relativity is (so far) the best description of
relativistic gravity, the analysis of gravitational waves provides further evidence and is an important
area of research, providing significant information about physical systems. The ability to describe
gravitational waves is also an important requirement for alternative to GR theories [6–8] and the
theories of quantum gravity [9].

Alena Tensor is in the early stages of research. It is a recently discovered class of energy-
momentum tensors that allows for equivalent description and analysis of physical systems in flat
spacetime (with fields and forces) and in curved spacetime (using Einstein Field Equations) proposing
the overall equivalence of the curved path and the geodesic. In this method it is assumed that the
metric tensor is not a feature of spacetime, but only a method of its mathematical description. In
previous publications [10–12] it was already shown that this approach allows for a unified description
of a physical system (curvilinear, classical and quantum) ensuring compliance with GR and QM
equations. Due to this property, the Alena Tensor seems to be a useful tool for studying unification
problems, quantum gravity and many other applications in physics.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 20 August 2025 doi:10.20944/preprints202502.0263.v11

Disclaimer/Publisher’s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and
contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://orcid.org/0000-0001-5526-3439
https://doi.org/10.20944/preprints202502.0263.v11
http://creativecommons.org/licenses/by/4.0/


2 of 32

Many researchers try to reproduce GR equations in flat spacetime or vice versa [13,14] also
many researchers try to incorporate electromagnetism into GR, connecting it in many ways with
the geometry of spacetime [15–22]. There are known such approaches on the basis of differential
geometry [23,23,24], based on field equations [25,26] as well as promising analyses of spinor fields [27]
or helpful approximations for a weak field [28]. For this reason, the Alena Tensor should be viewed
as a useful tool that can help in the development of many different approaches or, potentially, as an
independent theory requiring theoretical and experimental verification. Therefore it seems worth
checking whether the this approach ensures the existence of gravitational waves and what their
interpretation is.

Another important reason for writing this article is the fact that although the Alena Tensor
equations provide consistency with the Einstein Field Equations in curved spacetime, the description
of curvilinear solutions provided by this approach has not been sufficiently discussed in the literature
so far. The description of gravitational waves, due to the required mathematical apparatus, will
allow to deepen knowledge of this approach and to narrow down the classes of GR solutions that are
consistent with it. Such a description will not provide full knowledge about unification, because full
unification is not a task for one article and will probably require many years of cooperation of the
scientific community. However, this article has the potential to take another step towards unification
using the Alena Tensor, providing theoretical tools and hints for further research on unification using
this approach.

In this paper it will be analyzed the possibility of describing gravitational waves using the Alena
Tensor. Due to the fact that research on this approach is a relatively young field, to facilitate the
analysis of the article, the next section summarizes the results obtained so far and introduces the
necessary notation. All computationally difficult equations and graphs can be found in the attached
supplementary material as computational notebook.

In the Results section, at first it will be shown that the use of the Alena Tensor leads to the
decomposition of the electromagnetic field stress-energy tensor into components dependent on two
null vectors. Next, the general form of the metrics for curved spacetime described by the Alena Tensor
will be obtained, the Riemann and Weyl tensors will be calculated and presented for an example field
configuration. It will also be shown that obtained gravitational waves correspond to the GR predictions
and the correct operation of the Alena Tensor requires the existence of the Higgs-like potential. In the
last part it will be calculated that the total power radiated from the gravitational system described
by Alena Tensor fully corresponds to the results obtained in GR. The article also presents tables and
graphs illustrating the obtained results (Higgs potential, Weyl tensor components, Newman-Penrose
scalars) and it was shown, that the analysis of the equations lead to the conclusions contained in the
abstract.

Although at the first moment the paradigm shift proposed by this approach may seem incom-
prehensible, the author hopes that the reader will trust the scientific method, which encourages us to
calculate and check everything based on the correctness of the results obtained.

2. Organizing and Interpreting the Alena Tensor Previous Results for
Electromagnetism

To provide an introduction to Alena Tensor approach, one may first systematize and organize the
conclusions drawn from previous research on as systems with only electromagnetic field. In the last
section, the possibility of generalizing this approach to all gauge fields will be discussed. The author
uses the metric signature (+,-,-,-).

2.1. Transforming a Curved Path into a Geodesic

It is worth starting the analysis with a postulate concerning the field invariant, which follows
directly from equation (28) in [11]. Considering a system with only an electromagnetic field as an
example, denoting the electromagnetic field as Fµν and denoting the metric tensor by means of which
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the physical system is analyzed as gµν, one may denote the invariant of this field as Λ. Let this field
invariant be defined dually as follows

Λ ≡ 1
4

1
µo

FµνgµαFαβgβν ≡ Λok2 ; k ≡ kµνgµν (1)

where Λo is some unknown constant and where kµν, as raised in [11], in this approach is a metric
tensor describing a curved spacetime in which all motion occurs along geodesics. By making variation
on −Λ with respect to metric gµν (Hilbert’s method) one obtains the energy-momentum tensor of the
electromagnetic field denoted as Υµν, which can be expressed dually as

Υµν ≡ 1
µo

FµαgαβFνβ − Λgµν = Λ
Å

4
kk

µν − gµν
ã

(2)

As can be seen, such approach establishes a relationship between the field and the metric tensor
kµν and in the spacetime described by the metric tensor gµν → kµν, one obtains k = 4. The value
of Λ becomes thus constant only for such field configuration, therefore in the limit for gµν → kµν

electromagnetic field tensor Υµν vanishes, maintaining continuity of function. This is quite important,
because most calculations in curved spacetime are performed under the assumption that the variation
of the constant Λ does not vanish. This is indeed true, with one above exception, where the constancy
follows precisely from the limit.

In this way one obtains a generalized description of the field stress-energy tensor Υαβ which has
the following properties

• in flat spacetime Υαβ is the usual, classical energy-momentum tensor of the electromagnetic field
• its trace vanishes in any spacetime, regardless of the considered metric tensor gαβ

• in spacetime for which gαβ = kαβ the entire tensor Υαβ vanishes
• kαβkαβ = 4 which is expected property of the metric tensor (it was already shown in [11] that kαβ

indeed may be considered as metric tensor for curved spacetime).

Such approach also means that every field stress-energy tensor could naturally satisfy the Is-
rael junction condition for hypersurface [29]. For example, in electromagnetism this provides the
possibility of viewing Υαβ as a certain hyperspace, where Λ 4

kk
µν actually describes a discontinuity,

eg. 1
µo

Fµ
α∂ν Aα − 1

µo
Fµ

α∂α Aν, so the system could satisfy the holographic principle [30] and the entire
volume dynamics could be described by the surface theory and vice-versa. It will be shown later that
such a perception of Υαβ may be a simple explanation for Alena Tensor.

The second important postulate underlying the Alena Tensor is an amendment to continuum
mechanics introduced in equation (11) of [11]. Assuming ϱo as rest mass density, four-momentum
density is defined as ϱUα ≡ ϱoγUα what takes into account motion and Lorentz contraction of the
volume. Total four-force density acting on matter is therefore defined as

f ν ≡ ∂µϱUµUν = ϱUµ∂µUν = ϱ
dUν

dτ
(3)

As shown in [11], the above amendment thus introduces a natural property concerning curved
spacetime

∂αϱUα = 0 → Uα
,α = −dγ

dt
→ Uα

;α = 0 (4)

UαUβ
;α = 0 → D Uβ

D τ
= 0 ;

Ä
ϱ UαUβ

ä
;α
= 0 (5)

The above property means that the field is indeed not needed in curved spacetime and can only
manifest itself through curvature. This also means that the four-currents Jµ have the form ρoγUµ

where ρo denotes the rest density of the transferred charge, which ensures the continuity equation.
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The final postulate that explains the results obtained so far is the assumption that the density
of matter is not a value independent of the field, but is in fact a manifestation of the existence of the
field, and without fields, matter does not exist. This assumption is consistent with the general idea of
Quantum Mechanics, in which particles are de facto quanta of the field and it was also raised in [11].
In the system with only electromagnetic field one may thus define matter density linking it to electric
susceptibility χe as

−ϱc2 ≡ χeΛ (6)

where one may recall from [10] other coefficients related to the electromagnetic field

• relative permittivity εr = 1 + χe

• relative permeability µr =
1
εr

• volume magnetic susceptibility χ = µr − 1

This approach allows to associate the momentum density with a certain four-current
ϱ

Jµ ≡ χeUµ what

makes it dependent on the metric c2χ2
e =

ϱ

Jµgµν

ϱ

Jν.
Defining the Lagrangian density for the system as

LH ≡ εrΛ = Λ − ϱc2 = Λ(1 + χe) (7)

and making variations with respect to the metric (Hilbert’s method), using the three postulates
mentioned earlier, one obtains Alena Tensor Tαβ for the system

Tαβ = ϱ UαUβ − 1
µr

Υαβ (8)

where Tαβ is energy-momentum tensor of the system, which can be analyzed independently of the gαβ

used for analysis. Its vanishing four-divergence can be considered both in flat spacetime and in curved
spacetime. One may therefore denote the four-force densities due to the field ∂α

1
µr

Υαβ ≡ 1
µr

f β
em + f β

gr in
flat spacetime, where

• f β
em is the density of the electromagnetic four-force

• f β
gr = Υαβ∂α

1
µr

was shown in [10] as related to the presence of gravity in the system.

and where vanishing four-divergence of Tαβ in flat spacetime results from the balance of the four-force
densities

0 = ∂αTαβ = f β − 1
µr

f β
em − f β

gr (9)

In curved spacetime (gµν = kµν) one obtains 1
µr

Υαβ = 0 → Tαβ = ϱ UαUβ thus the forces due to the
field are replaced by Christoffel symbols of the second kind corresponding to curvature related to the
metric tensor defined by the filed according to (2) and (4).

The reasoning carried out above for electromagnetism is universal and creates possibility to
consider dually also energy-momentum tensors associated with all gauge fields, what will be shown
further.

2.2. Connection with Continuum Mechanics, GR and QFT/QM

In the sense of Continuum Mechanics, 1
µr

f µ
em = 1

µr
∂νΥµν may be considered as a density of the

volume four-forces, while the f µ
gr = Υµν∂ν

1
µr

may be considered as a density of surface four-forces,

related to hyperspace described by Υαβ, where surface waves are driven by the gradient of the pressure.
To make the Alena Tensor consistent with Continuum Mechanics in flat spacetime, it is thus enough to
define negative pressure p as in [11], p ≡ −LH. Such substitution yields

ϱ UαUβ − Tαβ = p ηαβ − c2ϱ
4
k kαβ + Λ

4
k kαβ (10)
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where ηαβ is the metric tensor of flat Minkowski spacetime. Introducing deviatoric stress tensor
Παβ ≡ −c2ϱ 4

k k
αβ one obtains relativistic equivalence of Cauchy momentum equation (convective

form) in which only f α
em appears as a pure volume force (body force)

f α = ∂α p + ∂β Παβ + f α
em (11)

One may therefore construct a Lagrangian Lσ whose variation provides the tensor σµν responsible for
the four-force density f α

σ understood as

f α
σ ≡ ∂α p + ∂β Παβ = χe f α

em + f α
gr = ∂β

Ä
χeΥαβ

ä
(12)

It may be obtained with the use of the interpolating path method based on path parameter λ ∈ [0, 1],
where the path is gµν(λ) ≡ (1 − λ)kµν + λgµν. Using this method one obtains

Lσ ≡
∫ 1

0
dλ χe[gµν(λ)]

d(−Λ[gµν(λ)])
dλ

(13)

where

δgµν(λ) = λδgµν ;
dgµν(λ)

dλ
= gµν − kµν (14)

Since whole contribution for integral is only for λ = 1, thus

σµν =
2√−g

δLσ

δgµν
= χe[gµν] Υµν[gµν] (15)

As one may notice, Lσ integrates along the deformation path and reflects the total deformation
effect, which can be identified with the effective ”surface forces” at the boundary of the metric space.
Therefore σµν tensor, created with Lσ by variation over the metric gives a four-dimensional equivalent
to the Cauchy tensor, which gives a local description of the energy-momentum and stress flows. Its
spatial part σij on the surface t=const can be thus identified as the equivalent of the Cauchy tensor of
mechanical stresses. In this perspective, Lagrangian L f ield ≡ Lσ − Λ is responsible for all forces due to
the field 1

µr
Υαβ, and Lagrangian Lmatt ≡ Lσ − ϱc2 is responsible for ϱ UαUβ. This reflects the classical

division into the Lagrangian of matter and fields, although in this approach the existence of matter is
also a consequence of the existence of the fields, and LH = Lmatt −L f ield because the four-divergences
of the tensors resulting from them cancel each other out.

The above also provides a connection to General Relativity in curved spacetime. For this purpose,
one may introduce the following tensors, which can be analyzed in both flat and curved spacetime

Rαβ ≡ 2ϱ UαUβ − p gαβ ; Gαβ ≡ Rαβ − R
2

4
k kαβ (16)

R ≡ Rαβ gαβ = 2Λ − 2p (17)

Above allows to rewrite Alena Tensor making variations with respect to the metric on following
Lagrangian density 2LH + Lσ = Lmatt +

1
2 R to obtain

Gαβ + Λ gαβ = 2 Tαβ + σαβ (18)

As can be seen, the tensor (Gαβ + Λ gαβ) may be constructed with the use of Hilbert’s method (for any
gαβ), however Gαβ alone and Λ gαβ cannot be constructed this way, because it is impossible to construct
such a tensor in a general way by forcing an additional trace of Λ gαβ in the prior Lagrangians. The
only spacetime in which Hilbert’s method allows the derivation of Gαβ alone is curved spacetime
(gµν = kµν), where Λ is constant, it is therefore possible to correct the obtained tensors with a
Lagrangian constructed from a constant.
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Analyzing the above equation in curved spacetime (gαβ = kαβ), one obtains simplifications

Gαβ + Λ gαβ = 2 Tαβ = 2ϱUαUβ ; Gαβ = Rαβ − 1
2

R gαβ (19)

thus above can be interpreted in curved spacetime as the main equation of General Relativity up to
the constant 4πG

c4 where Gαβ and Rαβ can be interpreted in curved spacetime, respectively, as Einstein
curvature tensor and Ricci tensor both with an accuracy of 4πG

c4 constant. However, in this approach R
is not a source Lagrangian density for tensor Gαβ.

Denoting in general case

2
δ 1

2 R
δgαβ

≡ ϱUαUβ − 2Rαβ (20)

one may rewrite (18) as

Gαβ + Λ gαβ = 2ϱUαUβ −
Å

2Rαβ − 1
2

R gαβ
ã

→ Rαβgαβ = R (21)

where the trace of Rαβ must give R, since the whole term in the brackets describes the field

−
Å

2Rαβ − 1
2

R gαβ
ã
= σαβ − 2

1
µr

Υαβ =

Å
χe −

2
µr

ã
Υαβ (22)

thus must have vanishing trace and the whole term vanishes in curved spacetime. For this reason in
curved spacetime Gαβ and Rαβ must be related to Rαβ and R plays the role of invariant of this field
tensor.

Indeed, analyzing the Gαβ tensor in flat spacetime (gαβ = ηαβ) one can notice, that it is related to
the non-body forces seen in the description of the Cauchy momentum equation

∂βGαβ = ∂βσαβ = ∂α p + ∂β Παβ = f α
gr + f α

rr (23)

which means that in the Alena Tensor analysis method gravity is not a body force, and as shown in [10]
in above

• f α
rr = χe f α

em is the density of the radiation reaction four-force

• f α
gr = ϱ

Ä dϕ
dτ Uα − c2∂αϕ

ä
is density of the four-force related to gravity, where

• ϕ = −ln(µr) is related to the effective potential in the system with gravity.

It can be calculated that f α
gr vanishes in two cases:

• u⃗ = u⃗ f f ≡ −c ∇ϕ

∂0ϕ
- which turns out to be the case of free fall

• ∂αϕ = 0 which occurs in the case of circular orbits

Neglecting the electromagnetic force and the radiation reaction force, using the above equation
one can reproduce the motion of bodies in the effective potential obtained from the solutions of General
Relativity. Such a description has already been done for the Schwarzschild metric [10] for

ϕ + co ≡

√
E2

m2c4 −
Å

1
c

dr
dτ

ã2
=

 (
1 − rs

r

)Å
1 +

L2

r2

ã
(24)

where co is a certain constant. The solutions obtained in this way enforce the existence of gravitational
waves due to time-varying ϕ (except for free fall and circular orbits). As will be shown later in the
article, such a description of gravity can be generalized and allows for a correct description of both the
motion and the energy radiated by gravitational waves.
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In the above description, gravity itself is not a force, because the above description is based on an
effective potential. However, one can see a similarity to Newton’s classical equations for the stationary
case with a stationary observer, for which f α

gr can be approximated by Newton’s gravitational force
with the opposite sign. Thus for stationary observer f α

gr represents a force that must exist to keep a
stationary observer suspended above the source of gravity in fixed place.

The description of gravity obtained from Alena Tensor is surprisingly consistent with current
knowledge both in flat and curved spacetime, despite the fact that gravity itself in this description
in flat spacetime is not a force, and the force f α

gr is not a body force but is related to surface forces on
some hyperspace.

The Alena Tensor constructed in presented way according to [10,12] may be also represented in
flat spacetime as a symmetric Noether tensor using the obtained properties of the electromagnetic field.
Denoting LN as the Lagrangian for computing the Noether tensor, Alena Tensor may be simplified in
flat spacetime to

Tαβ = Ληαβ − 1
µo

Fαγ∂β Aγ ; LN = T00 = −Λ (25)

χTαβ = ∂γ
1
µo

Fαγ Aβ (26)

where Aβ is known four-potential ensuring required symmetry of such Noether tensor, which allows
analysis in classical field theory and quantum theories. Obtained canonical four-momentum Hα ≡
− 1

c
∫

Tα0 d3x provides 0 = Hα
,α = Hα Hα and to consider charged particles one may use

∂α HµXµ = Hα = µrPα + qEα ; −L =
mc2

γ
− Wpv (27)

where Pα is four-momentum, Wpv = −
∫

p d3x is pressure-volume work, and where qEα and −µrPα

are in fact two gauges of electromagnetic four-potential. Mentioned previously four-potential qAβ =

−µrPα where
(
µr − 1

)
Pα is responsible for the force associated with gravity and radiation reaction

force. It was also shown that canonical four-momentum Hµ may be expressed as

Hµ = Pµ + Wµ = −γL
c2 Uµ + Sµ (28)

where Sµ due to its property SµUµ = 0, seems to be some description of rotation or spin, and where
Wµ describes the transport of energy due to the field.

The quantum picture obtained from the Alena Tensor [10,12] for the system with electromagnetic
field leads to the conclusion that gravity and the radiation reaction force have always been present
in Quantum Mechanics and Quantum Field Theory. This conclusion follows from the fact that the
quantum equations obtained from the Alena Tensor for the system with electromagnetic field [10] are
actually the three main quantum equations currently used:

• simplified Dirac equation for QED:
LQED = 1

4µo
Fαβ Fαβ = 1

2µo
F0γ∂0 Aγ = 1

2 Ψ̄
(
iℏc ̸ D − mc2)Ψ

• Klein-Gordon equation,

• equivalent of the Schrödinger equation: ich̄ ∂0 ψ = − h̄2

m
Ä

γ+ 1
γ

ä∇2 ψ + cqÂ0 ψ

where Âα is another gauge of electromagnetic four-potential, and where the last equation in the limit
of small energies (Lorentz factor γ ≈ 1) turns into the classical Schrödinger equation considered for
charged particles.

The above results make the Alena Tensor a useful tool for the analysis of physical systems with
fields, allowing modeling phenomena in flat spacetime, curved spacetime, and in the quantum image
using a single, mathematically consistent apparatus.
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2.3. Possible Generalizations to All Gauge Fields

Alena Tensor could be generalized to all gauge fields, which would open up the possibility of
further investigation of physical systems using this approach.

A quite natural generalization of the Alena Tensor to the remaining fields seems to be the creation
of a tensor Oµναβ in terms of the gauge field tensors Fµν

A for each gauge group A, with associated tensor
Qνβ and its trace Q, as

Oµναβ ≡ ∑
A
Fµν

A ⊗ Fαβ
A ; Qνβ ≡ Oµναβηµα ; Q ≡ Qνβηνβ (29)

and then constructing a generalized field tensor Fµναβ with a vanishing trace by subtracting the trace
part

Fµναβ ≡ Oµναβ − 1
2

Ä
ηµ[αQβ]ν − ην[αQβ]µ

ä
+

1
6

Q ηµ[αηβ]ν (30)

thanks to which it has properties analogous to the Weyl tensor (antisymmetry, pair symmetry, vanishing
trace Fµναβηµαηνβ = 0). Building on the above field tensor, the stress-energy tensor Υµν for such
generalized field, as

Υµν ≡ FµγαβFν
γαβ − ηµν 1

4
FσγαβFσγαβ (31)

and assuming that the equations of motion for the gauge fields A are satisfied, one obtains gauge
four-currents Jν

A ≡ DµF
µν
A . Therefore, one obtains the total density of the Yang-Mills four-forces [31,32]

f ν acting in the system, as
f ν = ∂µΥµν = ∑

A
Jα
A Fν

Aα + f ν
non−linear (32)

where f ν
non−linear describes the self-interactions of gauge fields in a non-Abelian theory [33]. It could

allow to define the Alena Tensor analogously as in (8) but for Υµν defined in (31) and to obtain a
consistent classical, quantum and curvilinear descriptions for such physical system.

It can be calculated that the Yang-Mills Lagrangian density is given by the expression LYM = − 1
4 Q,

where
Q = Qνβηνβ = ∑

A
Fµν

A FA
µν, (33)

so Q is the sum of the contributions of the individual gauge fields. Since

OµναβOµναβ = ∑
A,B

Fµν
A FA

µνF
αβ
B FB

αβ, (34)

also includes inserts from trace parts, therfore it seems that according to the conclusions reached so
far using the Alena Tensor (7), the Lagrangian density of the system for the Hilbert’s method could
be, actually, LH = 1

4 FµναβFµναβ · eϕ, where eϕ plays a role similar to εr =
1
µr

in electromagnetism and
where χm ≡ eϕ − 1 is responsible for the four-current associated with matter, similarly as seen in (6).

Such approach would provide a field energy density "cleaned" from trace contributions in the Yang-
Mills theory, what can be seen after performing calculations as

FµναβFµναβ = OµναβOµναβ − QνβQνβ (35)

Deriving the energy-momentum tensor Tµν for the system using the variational method on
Λ = Λok2 = 1

4 FµναβFµναβ where k ≡ kµνgµν as in (1) one would obtain Alena Tensor created exactly
as before, but for all gauge fields where the field stress-energy tensor has dual representation and
vanishes in curved spacetime.
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Deriving the Noether tensor Tµν for the system from − 1
4 FµναβFµναβ one also obtains

−Tµν = Υµν −
Å

FµγαβFν
γαβ − ∑

A
Fµραβ FA

αβ ∂νAA
ρ

ã
(36)

where the term in brackets, will be hereinafter referred to as ∆. Following the conclusions from [10,12]
seen in (25) one may also assume, that, similarly to electromagnetism, it gives

∑
A

Jµ
AA

ν
A = e−ϕϱ UµUν → ∑

A
Jµ
AAAµ = e−ϕϱ c2 (37)

where eϕ = 1 − ϱc2

Fµναβ Fµναβ
= 1 + χm which is de facto the definition of a matter current coupled to the

gauge field potentials with the factor e−ϕ (similarly to the minimal coupling in the gauge theory with
matter). Therefore

∆ = ∑
A

F(µγαβ) FA
αβ

Å
∂ν)AA

γ − ∂γAν)A
ã
= e−ϕϱ UµUν − (e−ϕ − 1)Tµν (38)

This would ensure correct Alena Tensor equations for the physical system also in Noether approach,
which, as for electromagnetism, leads to the same result

Tµν = ϱ UµUν − eϕΥµν (39)

with expected trace for the stress-energy tensor for the system (Tµνgµν = ϱc2), the existence of gravity
and the radiation reaction force as in (23). It also allows switching to a curvilinear description the same
way as described in (18-19) and provides all other benefits from the application of the Alena Tensor.

The above description, of course, does not yet constitute proof of the validity of the Alena
Tensor approach. It was introduced to facilitate future research and to demonstrate the potential
generalizability of this approach across all gauge fields. The unification, as an extremely broad topic, is
certainly not feasible by one person within a single article. Therefore, the only chance for developing
this idea is the involvement of the scientific community and further research.

3. Results
Narrowing the discussion to spacetime with only electromagnetic field, described in a way

provided by Alena Tensor using notation introduced in section 2, one may reverse the reasoning
presented in introduction and consider the field as a manifestation of a propagating perturbation of
the curvature of spacetime which in flat spacetime is just interpreted as a field. For this purpose, one
may define a certain perturbation hαβ of the metric tensor kαβ that describes the deviation from flat
spacetime, and also define its trace h as

hαβ ≡ kαβ − ηαβ ; h = hαβηαβ = k− 4 (40)

The stress-energy tensor of the electromagnetic field in flat spacetime can be thus represented as
follows

k
4Λ

Υαβ = hαβ − h
4

ηαβ (41)

As one can see in the above, considering gravitational waves in the Alena Tensor is natural and does
not require classical linearization. This would mean that gravitational waves in Alena Tensor approach
are de facto a propagating disturbance of the energy-momentum tensor for the field (in the case
analyzed, the electromagnetic field energy-momentum tensor).

Denoting the pressure amplitude Po and h̄αβ one obtains

Po ≡
4Λ
k ; h̄αβ ≡ hαβ − h

4
ηαβ → Υαβ = Po h̄αβ (42)
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which shows that the energy-momentum tensor of the field may be also interpreted as propagating
vacuum pressure waves with tensor amplitude.

To provide an analysis of the above equation for gravitational waves and the analysis of the
resulting classes of metrics, a representation using null-vectors will be useful. Therefore, in the next
few steps it will be shown that Alena Tensor allows representing the energy-momentum tensor of the
electromagnetic field with the use of two null-vectors.

3.1. Decomposition of the Electromagnetic Field Using Null Vectors

To demonstrate the division of the electromagnetic tensor into null vectors, it is necessary to carry
out a rather tedious mathematical deduction. At first step one may recall equation (28) and define new
four-vector Bµ obtaining

Bµ ≡ −γL
c2 Uµ − Sµ ; Hµ = −γL

c2 Uµ + Sµ (43)

Since it is know from previous publications, that HµHµ = 0 and UµSµ = 0, therefore above definition
also yields BµBµ = 0. This property allows to represent Uµ and Sµ using two null-vectors Hµ and Bµ

as follows

Hα − Bα = 2Sµ ; Hα + Bα = −2γL
c2 Uα → HαBα =

2γ2L2

c2 (44)

thus

HαBβ + BαHβ =
2HµBµ

c2 UαUβ −
Ä

Hα Hβ + BαBβ
ä

(45)

Next, one may define auxiliary parameter α as

α ≡ B0

H0 +
2HµBµ

H0mcγ
(46)

and subtract the linear combination of Hα and Bα from both sides

HαBβ + BαHβ − αHα Hβ − H0

B0 BαBβ = (47)

=
2HµBµ

c2 UαUβ −
Ç

[1 + α]Hα Hβ +

ñ
1 +

H0

B0

ô
BαBβ

å
(48)

Next, using H ≡ cH0 for simplicity, one may recall from [10] coefficients related to the electromagnetic
field

• relative permeability µr =
Λ
−p = H

Wpv
= e−ϕ

• volume magnetic susceptibility χ = µr − 1 = ϱc2

−p = mc2γ
Wpv

• relative permittivity εr =
1
µr

= −p
Λ =

Wpv
H

• electric susceptibility χe = εr − 1 = − ϱc2

Λ = −mc2γ
H = −χεr

and notice, that one obtains Alena Tensor Tαβ as

µr

Λ
Tαβ =

χ

2HµBµ

Ç
HαBβ + Bα Hβ − αHαHβ − H0

B0 BαBβ

å
= (49)

=
χ

c2 UαUβ − χ

2HµBµ

Ç
[1 + α]Hα Hβ +

ñ
1 +

H0

B0

ô
BαBβ

å
(50)

where electromagnetic stress-energy tensor is equal to

1
Λ

Υαβ =
χ

2HµBµ

Ç
[1 + α]HαHβ +

ñ
1 +

H0

B0

ô
BαBβ

å
(51)
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and where T0β actually simplifies, as shown in introduction, to

µr

Λ
T0β = − µr

H0 Hβ (52)

Completing the definition of the first invariant of the electromagnetic field tensor Λ, one may define
the second invariant I⊥ by electric E⃗ and magnetic B⃗ fields as

I⊥ ≡ 1
cµo

E⃗B⃗ (53)

where it is known [34], that
ΥαβΥαβ = 4

Ä
Λ2 + I2

⊥
ä
= 4
Ä

Υ0βΥ0β

ä
(54)

Therefore from (51) one obtains simplifications

B0 =
HµBµ

4H0 =
γ2L2

2cH
→ α =

B0

H0

Å
1 − 8

χe

ã
→ 1

H0 +
1

B0 =
4c
−L

(55)

and by defining a useful auxiliary variable φ one gets

eφ ≡ −γL√
2 H

→ γ =
1√
2

cosh (φ) → e2φ =
B0

H0 (56)

Finally, defining for simplicity as below

eθ sinh (θ) ≡ −L
mc2γ

; I2
o ≡ 1 +

I2
⊥

Λ2 (57)

then calculating from (51) and (54)

I2
o = χ2γ2

Å
1 − 2L

mc2γ

ã
= χ2γ2e2θ →

√
2 µreφ =

−γL
Wpv

= Io sinh (θ) (58)

and expressing µr =
H

Wpv
= e−ϕ, one gets further useful expressions

Io√
2
=

eφ−ϕ

sinh (θ)
; χγ = Io e−θ (59)

To simplify further analysis, one may also normalize four-vectors Hµ and Bµ using (55) as follows

aµ ≡ 1
H0 Hµ ; bµ ≡ 1

B0 Bµ → aµbµ = 4 (60)

where aµ (not hµ) was introduced to avoid confusion related to the previously defined perturbation
hαβ. After few calculations using previously derived relationships in (51)

χ

8H0B0 [1 + α](H0)2 =
χ

8

Ç
−4cH0

L
− 8

χe

å
= µr

Ç
1 − mc2γ

2L

å
(61)

χ

8H0B0

ñ
1 +

H0

B0

ô
(B0)2 = −χcB0

2L
= χγ2 + µr

mc2γ

2L
(62)

one may now rewrite the electromagnetic field tensor Υαβ as

Υαβ = µrΛ
Å

1 +
1

2eθ sinh (θ)

ã
aαaβ + Λ

Å
χγ2 − µr

2eθ sinh (θ)

ã
bαbβ (63)
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As shown in [10] element µrΛ is responsible for electric field energy density carried by light, where
Λχγ2 was shown as describing energy density of magnetic moment and was linked to charged matter
in motion. The element µr

2eθ sinh (θ) is a new term and part of equation related to this term may be

expressed as Sαβ with help of (59) as

Sαβ ≡ µr

2eθ sinh (θ)

Ä
aαaβ − bαbβ

ä
=

Io

2
√

2
e−(θ+φ)

Ä
aαaβ − bαbβ

ä
(64)

Since Sαβ does not actually carry energy but only momentum, it can be associated with some description
of spin field effects by analogy to (44). Using (55), (56) (59) and (62), electromagnetic field tensor Υαβ

may be, however, expressed in more useful form. Since

µr

Å
1 +

1
2eθ sinh (θ)

ã
=

Io

2
√

2
eθ−φ ; −χcB0

2L
=

Io

2
√

2
eφ−θ (65)

thus
1
Λ

Υαβ =
Io

2
√

2
eθ−φ aαaβ +

Io

2
√

2
eφ−θ bαbβ (66)

As one may notice, (60) also allows to simplify (43) by introducing −eφsµ ≡ 1
H0 Sµ

aµ = eφ

Ç√
2

c
Uµ − sµ

å
; bµ = e−φ

Ç√
2

c
Uµ + sµ

å
(67)

what using (56) yields

s0 = sinh φ ; s⃗⃗s = 1 + cosh2 φ ; sµsµ = −2e2φ (68)

and therefore allows to analyze the system using hyperbolic (and trigonometric) functions

aµ + bµ

2
=

√
2

c
cosh φ Uµ − sinh φ sµ (69)

aµ − bµ

2
=

√
2

c
sinh φ Uµ − cosh φ sµ (70)

aαaβ = e2φ

Ç
2
c2 UαUβ + sαsβ −

√
2

c

î
Uαsβ + sαUβ

óå
(71)

√
2

c
Uµ =

e−φ

2
aµ +

eφ

2
bµ (72)

One may thus denote normalized Alena Tensor in flat spacetime as Kαβ with help of (49) and above as
follows

Kµν ≡ Tµν

Λ
=

−χe

8

Å
aµbν + bµaν −

ï
1 − 8

χe

ò
aµaν − bµbν

ã
(73)

and notice, that it may be presented after simple calculations using (67) - (71) as

Kµν =
−χe

c2 UαUβ −
([

1 − χe

8
(1 + e−2φ)

]
aµaν +

[
−χe

8
(1 + e2φ)

]
bµbν

)
(74)

Since the expression in the brackets must be equal to 1
µr

1
Λ Υαβ, thus

1
Λ

Υαβ =
[
µr +

χ

8
(1 + e−2φ)

]
aµaν +

[χ

8
(1 + e2φ)

]
bµbν (75)
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Therefore, according to (63), (64) there must occur Io
2
√

2
e−(θ+φ) = χ

8 (1 + e−2φ). Indeed, with help of (56)
and (59) one obtains

Io

2
√

2
e−θ =

χ

8
(eφ + e−φ) =

χ

4
cosh φ =

χ

2
√

2
· cosh φ√

2
=

1
2
√

2
· χγ =

Io

2
√

2
e−θ (76)

and the same equality may be calculated for χ
8 (1 + e2φ) = Io

2
√

2
eφ−θ what confirms compliance with

(66). Since θ is merely auxiliary variable (used only to highlight certain relationships) and thanks to
simple algebraic transformations may be expressed in terms of φ

2
√

2Heφ = mc2eθ sinh (θ) cosh2 (φ) → − 8
χe

=
Ä

e2θ − 1
äÄ

e−2φ + 1
ä

(77)

one may thus further simplify the description of the system. This shows that further, in-depth analysis
of the system is also possible, however, modeling and simplifying the description of the electromagnetic
field or searching for elementary particles that provide stable solutions requires a separate article
(probably several articles). From the perspective of describing gravitational waves, other elements of
the description are crucial, which will be discussed next.

Finally, one may notice, that property aµbµ = 4 in (60) requires analysis in a complex basis. An
example of such a basis are four-vectors

aµ(σ) ≡

á
1

i sinh(iσ)
cosh(iσ)

0

ë
, bµ(σ) ≡

á
1

i
Ä

2
√

2 cosh(iσ) − 3 sinh(iσ)
ä

−3 cosh(iσ) + 2
√

2 sinh(iσ)
0

ë
(78)

where the angle σ was introduced to facilitate further analysis. The null basis product is a sim-
ple consequence of equation (54) as a consequence of taking only the electromagnetic field into
account in the analysis. Since reality requires other fields (e.g. electroweak), it can be assumed

that changing Υαβ → Υαβ into the field tensor corresponding to reality, would probably provide

ΥαβΥαβ = 2
(

Υ0βΥ0β

)
→ aµbµ = 2, which then makes it possible to assume a basis in real numbers.

However, since in this paper it is considered the Alena Tensor with the electromagnetic field only,
the basis (78) will be retained for further analysis as an example, especially since the transition to the
generalized field in the discussed approach is a fairly simple procedure.

A cursory examination shows that this basis describes the electromagnetic field very well indeed.
It has a good representation in conformal geometry (null vectors correspond to points on the equator
of the Penrose sphere), where the propagation directions are perpendicular to the time axis (purely
spatial), ideal for describing a circularly or elliptically polarized wave in the direction of Poyting
vector z⃗ ≡ (0, 0, 2i

√
2), where aµbµ = 4 represents the constant phase relation between the electric and

magnetic fields. The proposed basis naturally enters the Newman-Penrose formalism, allows for a
full spinor representation of the electromagnetic field, where σ is a typical massless wave, satisfies
the wave equation □σ = 0, and since it provides a spin-helicity of +/- 1, it is well suited for further
analysis in the QFT framework as a photon wave representation, describing a single-particle state.
However, detailed analysis of these issues is beyond the scope of this article.

3.2. Covariant Metric, Higgs-Like Potential, Riemann Tensor, Weyl Tensor and Gravitational Waves

Substituting (63) into (41) using (59) and using Alena Tensor properties one gets expression for
metric kαβ describing the system in curved spacetime

kαβ =
k
4

Å
Io

2
√

2
eθ−φ aαaβ +

Io

2
√

2
eφ−θ bαbβ + ηαβ

ã
(79)
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To avoid confusion when inverting the metric, it is useful to adopt the notations kαβ

(
η
)
≡ kµνηαµηβν

and just kαβ for the actual covariant metric. It turns out that using properties of metrics, one may find
a general solution for the inverted metric kαβ. Summarizing the key properties one obtains

kαβηαβ = kαβηαβ = k ; kαβkαβ = 4 ; det(kαβ) det(kαβ) = 1 ; kαµkµβ = δ
β
α (80)

where in the last condition it is enough to check the index (0,0), because the null vectors are normalized
(a0 = 1 ; b0 = 1). To simplify the calculations, it is easiest to define auxiliary variable q and start from
anstaz with unknown A, B, C, D in

e−q ≡ k
4

; kµν ≡ A
Io

eθ−φ

√
2

aµaν +
B
Io

eφ−θ

√
2

bµbν − C
(
aµbν + bµaν

)
+ D ηµν (81)

By eliminating the subsequent variables to provide equations (80), one obtains covariant metric in the
form

kµν ≡ sinh (q)
Io

eθ−φ

√
2

aµaν +
sinh (q)

Io

eφ−θ

√
2

bµbν − sinh (q)
(
aµbν + bµaν

)
+ eq ηµν (82)

where invariants of electromagnetic field turns out to be related to the trace

I2
⊥

Λ2 =
1

e2q − 2
→ Io =

 
e2q − 1
e2q − 2

; det(kαβ) = e2q
Ä

e2q − 2
ä

(83)

which means that the trace k is also invariant. The supplementary material contains equations
confirming the correctness of the derivation.

Using arc ⌢ for simplicity, to emphasize the change to curvilinear description (since values in
curvilinear description may be different), one may notice, that considered in curved spacetime trace
⌢
k= 4 yields

⌢
q= 0. Therefore, the transition to curved spacetime can be understood as solutions with

imaginary magnetic field B⃗ → iB⃗. It is also worth notice, that for the null basis example (78), the above
metric seems to describe a gravitational wave in conformal geometry, where k

4 = e−q plays the role of
a conformal factor Ω−2. Further analysis in this direction should allow to isolate both the polarization
and the relation of k to the Ricci scalar by classical relation R = Ω−2(R̃ − 6□̃ log Ω

)
.

Expressing Uµ by null-vectors as in (71) and requesting UαUβkαβ = c2 one obtains ugly expression
linking cosh (φ + θ) and q (due to the complexity of the calculations and the result, it is shown in the
attached supplementary material with calculations).

cosh(θ + φ) =
cosh(q) − 3 sinh(q) − 1

2
√
− 1

coth(q)−3 (cosh(q) − 3 sinh(q))
(84)

However, substituting q as the Io function according to (83)

q = log

 
2 − 1

1 − I2
o

(85)

and denoting V ≡ 1 + 2I4
o − 3I2

o , it appears that this ugly expression (84) actually expresses following
dependence

cosh (θ + φ) =
1 +

√
V√

2 Io
→ V = 1 + 2I2

o cosh2(θ + φ) − 2
√

2Io cosh(θ + φ) (86)

where V is the classical Higgs potential and the broken symmetry in the system can be interpreted as
an apparent mismatch of coefficients related to cosh (φ + θ). The Figure 1 shows the classic "Mexican
sombrero" potential V(Io). Since cosh (φ + θ) is related in equation (64) to the angle describing the spin,
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this means that in this solution the spin effect of the field is described by invariant angle (depends only
on Io) and, according to (83) it is closely related to the trace of the metric and, consequently, to the Ricci
scalar in the curvilinear description and thus to spacetime curvature. This also at least means that to
obtain correct results in curved spacetime in the Alena Tensor model, the Higgs-like potential is needed.

Higgs potential V[Io]

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

0

1

2

3

4

Figure 1. The existence of the Higgs field potential as a consequence of UαUβkαβ = c2.

Since this paper considers a system with only electromagnetic field, the above described broken
symmetry should be considered more as a consequence of the Higgs field in electromagnetism
(equivalent to the Abelian mechanism and broken U(1) symmetry) visible in the curvilinear description
within GR. However, the above result may contribute to a better understanding of the description
of the Higgs field action within the GR containing electromagnetism and connections of the Higgs
potential with curvature and spin seen in obtained result. Perhaps it will also help to extend Alena
Tensor description to the electroweak field, which will allow to compare the quantum and curvilinear
images, which, however, deserves a separate article.

For Io =
√

1 + 1√
2

the whole metric becomes significantly simplified and symmetric

Io =

 
1 +

1√
2

→ V = I2
o → q = ln(

√
2 Io) → sinh (q)√

2 Io
=

Io

2
√

2
(87)

which means that it may be assumed that adopting the above value leads to some significant and
physically important solution of the equations for the system.

Using hyperbolic identities and expressing

cosh (θ + φ) = cosh(θ) cosh(φ) + sinh(θ) sinh(φ) = e−θ cosh(φ) + eφ sinh(θ) (88)

then using (59) one obtains

χγ2 + µre2φ =
1 +

√
V

2
→ V =

Ä
2γ2χ + 2µre2φ − 1

ä2
(89)
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which allows for further analysis of the Higgs potential. For example, using (63) and (68), the relation
between electromagnetic energy density Υ00, angle φ and spin four-vector Sµ zero component is
therefore

1
Λ

Υ00 = µr + χγ2 =
1 +

√
V

2
− 2µreφ sinh(φ) =

1 +
√

V
2

+
2cS0

Wpv
(90)

Above also explains the origin of φ and the connection of spin and Lagrangian with the energy density
of the electromagnetic field. Since, according to the considered Alena Tensor approach, in curved
spacetime the energy density expressed by Υ00 must vanish (the entire stress-energy tensor of the
electromagnetic field vanishes), this means, that φ and thus γ in curved spacetime becomes invariant,
which allows to analyze the transition to curved spacetime.

One may now consider what value the Alena Tensor takes in curved spacetime. To do this, it is
easiest to analyze the behavior of Kµν. As one may calculate, the determinant of this tensor is 0 and

the matrix rank is 2, but, as described in the introduction, it degenerates to
⌢

Kµν= −⌢
χe

c2 UαUβ in curved
spacetime. It can be seen that in the Alena Tensor approach the metric follows from propagation.
However, in curved spacetime the electromagnetic field according to this approach should vanish,
remaining present only in the metric and determining geodetic. This can be achieved by degenerating

vectors aµ and bµ to a single vector in curved spacetime
⌢
aµ=

⌢
bµ. However, in such situation the equation

(71) forces this vector to be the four-velocity, divided by the Lorenz factor

⌢
aµ=

⌢
bµ → Uµ =

c√
2

Å
e−φ

2

⌢
aµ +

eφ

2

⌢
aµ
ã
= cγ

⌢
aµ →

⌢
aµ=

1
cγ

Uµ (91)

which degenerates
⌢

Kµν from (73) to the form

⌢
aµ=

⌢
bµ=

1
cγ

Uµ →
⌢

Kµν= −
⌢
aµ

⌢
aν= − 1

c2γ2 UµUν → ⌢
χe=

1
γ2 (92)

As can be easily verified, the exact above relation of variables leads to the vanishing field stress-energy
tensor in (75) upon transition to curved spacetime.

Since the metric is known and Uµ may be expressed by values of aµ, bµ in flat spacetime thanks to
(71) this allows to easy obtain the normalized Einstein tensor and Ricci tensor (normalized by Λ) using
the equation (19). According to the notation used in (19) one obtains

1
Λ

Rµν = 2
⌢

Kµν +

Å
1 +

1
γ2

ã
kµν ;

1
Λ

Gµν = 2
⌢

Kµν − kµν (93)

where Ricci scalar R (normalized according to notation used) may be calculated as 1
Λ R = 4 + 2

γ2 .
The described system seems to be Petrov type D or II [35], although to be sure, the Weyl tensor

should be calculated. This does not seem possible for the general case (without auxiliary assumptions
about symmetries), but one could simplify the obtained description considerably, based on the fol-

lowing observation. One may notice, that the vanishing Lorentz factor γ in
⌢

Kαβ can be interpreted
as an important suggestion for the description of motion in curved spacetime. Such motion would
correspond to a stream of particles moving without dilation, a strictly ordered flow without local

perturbations, resembling a perfect, infinitely stiff fluid. This means that
⌢

Kαβ should be the Killing
tensor and the system should have hidden symmetry (similar to the Carter constant in Kerr solutions).

As shown previously, product of the basis is in considered case aµbµ = 4, which means that null
vectors have global significance for spacetime geometry, thus Killing tensor should have a strong
connection with propagation along null vectors (it is not a random symmetry, but a deep feature of
spacetime) and this would mean the existence of special wave surfaces, e.g. electromagnetic waves
and/or gravitational radiation. This would be also a clear indication that spacetime belongs to the
Petrov D or II class and is associated with wave propagation solutions.
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Also, the analysis of obtained equations drive to conclusion, that energy (energy density) is not
something external to geometry in Alena Tensor approach, but energy is defined by the geometry of
spacetime itself. This is a result in the spirit of General Relativity, but it goes even deeper: metric kµν

depends on eφ, but at the same time 1
γ(φ) depends on the metric because it is trace of

⌢

Kαβ in this metric.
The system itself defines its own energy through the structure of the field, which is similar to the idea of
Self-consistent Field [36] - where the field and the source are inseparable, or Emergent Gravity [37,38]
- where energy, gravity and geometry arise from a common structure, or Induced Geometry [39] -
where energy comes from deformation of spacetime itself, as e.g. in Sakharov’s theory [40]. It seems
impossible to "decree" energy in Alena Tensor, but it must be calculated from geometry and the system
works as a closed causal cycle.

The dependence for
⌢

Kαβ of its norm and trace in curved spacetime (the norm is the square of the

trace) is a key property for null space and suggests that
⌢

Kαβ describes isometries related to null wave
propagation, similar to pp-wave [41] and Robinson-Trautman solutions [42], what is actually expected
in considered approach based on electromagnetic stress-energy tensor and result (79). This would also
mean that the Killing tensor is directly related to the energy distribution in spacetime as expected,
similar to other GR solutions (eg. Kerr solution), and lead to a rather groundbreaking but also expected
result in the context of the discussed approach, that the Killing tensor directly determines the Einstein
tensor in main GR equation.

Since
⌢

Kαβ is simply the Alena Tensor (stress-energy tensor for the system) divided by Λ, it gives
correct conserved values in the Noether formalism (conserved density of energy and momentum).
From the definition of the Alena Tensor as the energy-momentum tensor for the system it also follows

that
⌢

Kµν is symmetric and ∇µ

⌢
Kµν vanishes.

Since
⌢
Kαβ UαUβ = − c2

γ2 this implies that along a geodesic parametrized by proper time τ, its total
derivative vanishes.

d
dτ

(
⌢
Kαβ UαUβ) = 0 = Uλ∇λ

⌢
Kαβ UαUβ (94)

Using the symmetry of
⌢
Kµν one may note that

UαUµUν∇α
⌢
Kµν= UαUµUν∇(α

⌢
Kµν) (95)

Therefore, the condition

(∇(α
⌢
Kµν))UαUµUν = 0 → ∇(α

⌢
Kµν)= 0 (96)

holds for arbitrary tangent vectors Uµ, and it indeed follows that ∇(α
⌢
Kµν)= 0. Therefore normalized

Alena Tensor is Killing tensor for considered system.
In this way Alena Tensor theory, in curved spacetime, becomes equivalent to some specific case of

General Relativity equation expressed in the following form

∇(µ
⌢
Kαβ)= 0 → Gαβ + Λ kαβ = 2Λ

⌢
Kαβ (97)

where according to (19) in the above equation 4πG
c4 Gαβ is the classical Einstein tensor in commonly

used notation 4πG
c4 Gαβ = G∗

αβ (classical Einstein tensor) and 4πG
c4 Λ = Λ∗ (cosmological constant).

Thanks to the above, since the Weyl tensor is defined as the part of the Riemann tensor that
does not depend on the Ricci tensor, this implies that since Killing tensor determines the Einstein
tensor, and the Einstein tensor determines the Ricci tensor, then one could calculate the Weyl tensor
by extracting the part of the curvature that does not contain the Ricci tensor. This would also mean
that the Christoffel symbols can be expressed as a function of the Killing and Einstein tensors, and the
Riemann tensor can be written directly as a function of the Ricci and Killing tensors.
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For the considered system with only electromagnetism (two null vectors in metric), one may
therefore construct a general Weyl tensor ansatz Cµναβ, which must contain only components that do
not become zero when the trace part is subtracted from the Riemann tensor. It should be of the form

Cµναβ ≡ c1 Σµναβ + c2 Pµναβ + c3 Qµναβ (98)

where

Σµναβ = aµbνaαbβ − aµbνbαaβ − bµaνaαbβ + bµaνbαaβ (99)

Pµναβ = aµaνbαbβ − bµbνaαaβ (100)

Qµναβ = aµbν ηαβ − aαbβ ηµν (101)

It is easy to check that the above tensors are linearly independent and form the basis for the repre-
sentation of any Weyl tensor in the system under consideration. Analysis of their behavior indicates
that

• Σµναβ is responsible for "pure" directional propagation, e.g. a gravitational wave propagating
along null directions (purely conformal part of the Weyl tensor, described solely by null geometry),

• Pµναβ describes non-radiating, "axial" deformation of space, e.g. tidal sequences, consistent with
mass motion without undulations,

• Qµναβ describes conformal distortion of the background metric itself.

The coefficients c1, c2, c3 are not known a priori, but one may determine them with help of Riemann
tensor. To obtain Riemann tensor Rµναβ in the system under consideration, it is enough to assume the
following ansatz

Rµναβ ≡ A1
Ä
kµαkνβ − kµβkνα

ä
+ (102)

+A2

Ç
⌢

Kµα kνβ−
⌢

Kµβ kνα−
⌢

Kνα kµβ+
⌢

Kνβ kµα

å
(103)

It has the following justification

• The Riemann tensor satisfies the known algebraic symmetries: Rµναβ = −Rνµαβ = −Rµνβα, Rµναβ =

Rαβµν, Rµ[ναβ] = 0. The above ansatz satisfies them automatically.
• There are only two tensor objects available in the system: the metric kµν and the Killing tensor

⌢
Kµν= − 1

c2γ2 UµUν. The Riemann tensor must be constructed exclusively from them.

• The first term with A1 corresponds to the geometry of a spacetime with constant curvature, as in

de Sitter spacetime: Rµναβ
(constant curvature) ∼ kµαkνβ − kµβkνα

• The second term with A2 is the minimal geometrically correct extension that takes into account the

presence of non-null energy (represented by
⌢

Kµν). Its construction provides correct symmetries
and enables the reproduction of a non-null Ricci tensor Rνβ = Rµνβ

µ

• Other possible combinations (e.g.
⌢
K ⊗

⌢
K) are linearly dependent or asymmetric with respect to

the required properties of the Riemann tensor, and do not provide new information in the case
under consideration.

• The whole creates the most general fourth-order tensor with Riemann symmetries, which can be
constructed from available geometric objects.

Computing the contraction of the above Riemann tensor anstaz with kµα one gets

kµαRµναβ = 3A1kνβ + A2

Ç
2

⌢

Kνβ − 1
γ2k

νβ

å
(104)
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Since normalized Ricci tensor Rαβ is known (93), therefore considering for simplicity above Riemann
tensor anstaz as normalized, one gets

A1 =
1
3

Å
1 +

2
γ2

ã
; A2 = 1 (105)

Such normalized form is convenient to use because it allows one to easily obtain both: classical
tensors (multiplication by the cosmological constant Λ∗) and tensors in the Alena Tensor notation
(multiplication by field invariant Λ).

Next, one may consider normalized trace part of the Riemann tensor Sµναβ, which provides the
necessary symmetries and the vanishing trace in the Weyl tensor. For this to be satisfied, trace part
must have the following, classical [43] form (where Ricci tensor Rνβ is considered for simplicity also as
normalized):

Sµναβ =
1
2

Ä
kµαRνβ − kµβRνα − kναRµβ + kνβRµα

ä
(106)

−1
6

R
Ä
kµαkνβ − kµβkνα

ä
= (107)

1
2

ñ
kµα

Ç
2

⌢

Kβν +

Å
1 +

1
γ2

ã
kβν

å
− kµβ

Å
2

⌢
Kαν +

Å
1 +

1
γ2

ã
kαν
ã

(108)

−kνα

Ç
2

⌢

Kβµ +

Å
1 +

1
γ2

ã
kβµ

å
+ kνβ

Å
2

⌢
Kαµ +

Å
1 +

1
γ2

ã
kαµ
ãô

(109)

−1
3

Å
2 +

1
γ2

ãÄ
kµαkνβ − kµβkνα

ä
(110)

Since all terms related to
⌢

Kµν reduce after grouping the components in Cµναβ = Rµναβ − Sµναβ, one
obtains normalized Weyl tensor in generalized form for the system under consideration

Cµναβ = Rµναβ − Sµναβ = (111)Å
1 +

1
γ2

ãÄ
kµαkνβ − kµβkνα

ä
(112)

−1
2

Å
1 +

1
γ2

ãÄ
kµαkβν − kµβkαν + kναkβµ − kνβkαµ

ä
(113)

Trace of above Weyl tensor disappears and it has all the expected symmetries. Substituting the metric
known from (79), one obtains the coefficients postulated in the anstaz (98) and as one may notice from
non-zero coefficient c1, gravitational waves exist in the system.

c1 =

Å
1 +

1
γ2

ã
I2
o
8

e−2q (114)

c2 =

Å
1 +

1
γ2

ã
I2
o
4

e−2q sinh
(
2θ − 2φ

)
(115)

c3 =

Å
1 +

1
γ2

ã
Io√

2
e−2q sinh

(
θ − φ

)
(116)

One can also demonstrate the existence of gravitational waves using classical analysis using the Weyl
tensor components and Newman-Penrose formalism [44]. Having calculated the above-mentioned
tensors and sample basis (78), one may notice, that four-vector aµ(σ) is purely real. One may thus
construct a Newman-Penrose tetrad around it, fitting to the geometry of the system, as follows
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lµ ≡ aµ(σ) (117)

nµ ≡ 1 − sin σ

cos2 σ
(1, 1, 0, 0) (118)

mµ ≡ 1√
2
(
cos σ

2 + sin σ
2
)Å− i cos σ

1 + sin σ
,− i cos σ

1 + sin σ
,−i, 1

ã
(119)

mµ ≡
cos σ

2 + sin σ
2√

2

Å
i cos σ

1 + sin σ
,

i cos σ

1 + sin σ
, i, 1
ã

(120)

The above four-vectors satisfy all the tetrad requirements and lead to only two non-zero NP scalars

Ψ3 = 8C1

[
(i
√

2 − 1) sin
(σ

2

)
− (i

√
2 + 1) cos

(σ

2

)]
(121)

Ψ4 = 4C1
î
1 − 2i

√
2 cos(σ) − 3 sin(σ)

ó
(122)

what is confirmed in the supplementary materials. Scalar Ψ3 can be zeroed by a rotation around nµ

without modifying Ψ4 and the system under consideration with sample aµ(σ), bµ(σ) is thus Petrov
type III or N. However, taking into account the non-zero Ricci tensor and the Bel criteria, considered
spacetime must be Petrov type III, since due Cµναβ is built from reversible metric (111), thus there does
not exist any vector ξβ satisfying Cµναβξβ = 0.

Therefore, finally, spacetime described by Alena Tensor with only electromagnetic field may be
interpreted as a certain form of the Kundt solution with dust [45] and for sample aµ(σ), bµ(σ) it is
Petrov type III, similar to described in [46,47]. One may also notice, that additional fields added to the
Alena Tensor depending on the new null directions should break the obtained degeneracy leading to
the general Petrov type I case.

One may also substitute an example basis (78) into Weyl tensor to analyze its values. Table 1
presents the values of the key components of the Weyl tensor in this basis.

Table 1. Component values of the Weyl tensor.

Component Value

C 0212 i(16C1−5C2) cos(σ)−7iC2 cos(3σ)√
2

+ 8C1 sin(σ) − 20C2 cos2 σ sin(σ)

C 1313 0

C 0202 4C1
Ä

1 + 3 cos(2σ) − 2i
√

2 sin(2σ)
ä

C 1010 4C1
Ä

1 − 3 cos(2σ) + 2i
√

2 sin(2σ)
ä

C 2323 0

C 1213 0

C 1323 0

One may then solve the system of equations (59, 77, 86) presenting the results only as a function
of Io and σ. Due to the complex relationships between variables, analytical solution and obtained
results are presented in supplementary file. Weyl tensor component values were calculated for the
value Io =

√
1 + 1√

2
adopted for the analysis (87) and for chosen solution φ(Io), θ(Io). The Figure 2

below clearly shows the wave nature of the C0212 component of the Weyl tensor, presenting the result
of the calculations performed. Obtained Weyl tensor component C0212 seems to encode the variation
of some curvature field along the propagating direction σ.
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Figure 2. Weyl tensor C0212 component as a wave.

Gravitational waves are often modeled using Gaussian impulse as in [48], but this can also be done
using the dependence of Ψ4 on σ. One may therefore show in Figure 3 the deformation effects for an
example arrangement of test particles on a circle. In the supplementary materials there are calculations
and a gif file presenting animation of this distortion. This animation reveals the typical quadrupolar
nature of spacetime distortions induced by gravitational waves (characteristic twisting and stretching).

Sample deformations caused by
gravitational waves resulting from Alena Tensor
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Figure 3. Deformation visualization for particles on a circle.
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The above Weyl tensor components are actually normalized. One may thus present the main GR
equation in the Alena Tensor notation (19) and represent it using the vacuum pressure 2 pΛ ≡ Λc4

4πG = Λ
as follows

Gαβ + 2pΛ kαβ = 2 Tαβ = 2Λ
⌢

Kαβ= 4pΛ

⌢

Kαβ (123)

Since the obtained Weyl tensor is normalized (by Λ) this means that the interpretation from (42)
that gravitational waves in the Alena Tensor approach are in fact propagating vacuum pressure
disturbances also seems to be correct.

It is also worth noting that the obtained metric term e−qηαβ = k
4 ηαβ can in principle be interpreted

as a vacuum energy contribution (effective cosmological constant) as in [49,50] playing the role of a
metric scaling factor, as e.g. described in [51].

The gravitational waves discussed here represent a simplified case for the electromagnetic field
and gravity and require generalization to all fields. However, it is possible to reason about more
general solutions without knowing the full metric.

3.3. Effective Description of Gravity for the General Case

One may invoke the scalar field ϕ associated with the presence of matter, where eϕ = 1
µr

. It is
known from 2.2 that eϕ is responsible for the presence of sources and in their absence µr = 1. Therefore,
interpreting whole Υαβ as the wave amplitude tensor one would get representation 1

µr
Υαβ = Po h̄αβeϕ

which would also allow to search for eϕ as a certain wave function.
This approach allows for a simplification related to the analysis of gravitational waves. Con-

sidering the force f α
gr responsible for effects related to gravity as shown in (24) and extracting the

acceleration Aα from it, one gets

ϱAα ≡ f α
gr = ϱ

Å
dϕ

dτ
Uα − c2∂αϕ

ã
→ c2□ϕ = γ2 d2ϕ

dt2 − ∂αAα (124)

since according amendment from [11] ∂αγUα = 0.
As shown in [10], ϕ is directly related to the effective potential in gravitational systems which

can be calculated from the GR equations. This would allow searching for propagating changes of the
effective potential itself (□ϕ = 0) similarly as was postulated in [52]. It would significantly simplify
both the calculations and perhaps the methods of detecting gravitational waves, for example, using
the approach discussed in [53].

It may therefore be assumed, that the field ϕ is related to the effective potential or e.g. timelike
component of the metric kµν used for curvilinear description of the system by

e2ϕ = k00 → ϕ =
1
2

lnk00 (125)

that is, ϕ plays the role of a local gravitational potential in the sense of effective geometry. As has
been repeatedly demonstrated previously, for such a defined potential (assuming, for example, the
Schwarzschild potential) [54], the correct effects are obtained regarding light path curvature, Mercury’s
perihelion precession or the Shapiro effect. However, the energy radiated by gravitational waves
requires further discussion.

The above potential can be extended to gravito-electromagnetic (GEM) four-potential in the
form Aµ ≡ (ϕ, A⃗) according to the approach presented e.g. in [55]. The most general form of the
gravitomagnetic vector potential A⃗ in the present formalism can be written as a multipolar expansion
of the current-type source moments, fully analogous to the electromagnetic case

A⃗(⃗r, u) = 2
∞

∑
ℓ=1

ℓ

∑
m=−ℓ

J⃗ℓm(u)
rℓ+1 Y⃗(tor)

ℓm (r̂) (126)

where
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• u = t − r/c is the retarded time, ensuring causal propagation of the field from the source to the
observer

• J⃗ℓm(u) are the current-type multipole moments of the source (ℓ ≥ 1), directly related to the mass-
current distribution inside the source They encode the full time dependence of the gravitomagnetic
field, including both stationary and radiative contributions

• Y⃗(tor)
ℓm (r̂) are the toroidal vector spherical harmonics on the unit sphere, representing the purely

rotational (divergence-free) part of the vector field on S2

• ℓ = 1 corresponds to the spin-dipole (total angular momentum vector J⃗), which dominates in the
far zone for an isolated rotating body

• ℓ ≥ 2 are the higher current multipoles, describing more complex rotational structures of the
source (e.g. internal circulation, non-axisymmetric rotation)

Within the GEM formalism, the fields follow from

B⃗(g) = ∇× A⃗ ; E⃗(g) = −∇ϕ − ∂t A⃗ (127)

and Aµ contains the complete information about the "electric" and "magnetic" parts of the Weyl tensor

Eij = C0i0j ; Bij =
1
2

ϵikl Ckl
0j. (128)

This guarantees that for arbitrary ϕ and J⃗ℓm, one may reproduce any radiative Weyl tensor compatible
with the Einstein equations in the linear regime. Most authors in this context adopt the classical
Maxwellian analogy, developing the gravitomagnetic description in the linear frame [56–59]. Others
rely on the Weylian approach, formulating the GEM directly from the curvature tensor or proposing its
extensions and generalizations [60–63]. However, this classical reasoning can be modified, obtaining
the correct GEM description for gravitational waves.

For the scalar sector one may introduce a 4D symmetric trace-free Hessian (“electric tidal precur-
sor”)

S(E)
µν ≡ ∂µ∂νϕ − 1

4
ηµν □ϕ (129)

and introduce projector ∆µν as

∆µν ≡ ηµν −
1
c2 UµUν (130)

For the vector sector one may introduce a 4D “magnetic tidal precursor” by first forming the observer-
relative gravitomagnetic vector

B(g)
µ ≡ 1

c
εµαβγ Uα ∂β Aγ ; ∆µ

νB(g)
µ = B(g)

ν ; UµB(g)
µ = 0 (131)

and then take its symmetric trace-free spatial gradient

S(B)
µν ≡ ∆ α

µ ∆ β
ν ∂(αB(g)

β) − 1
3

∆µν
(
∆ρσ∂ρB(g)

σ

)
(132)

Removing the spatial trace as above, one may define the total tidal precursor

Sµν ≡ S(E)
µν + S(B)

µν ; ∆µνSµν = 0 ; SµνUν = 0 ; Sµν = Sνµ (133)

Let nµ be a unit spacelike vector orthogonal to Uµ in the far zone and

Pµν ≡ −∆µν − nµnν, Λµνρσ ≡ PµρPνσ −
1
2

PµνPρσ (134)
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The TT gravitational-wave field sourced by the four-potential is then

HTT
µν ≡ c2λℓ

Ω2 Λ ρσ
µν Sρσ (135)

where Ω is the characteristic angular frequency and λℓ is a (common) multipole-dependent normal-
ization, fixed by matching the total radiated power to GR multipole results (so that the scalar and
current-type sectors radiate with the standard strength).

Choosing an orthonormal basis (ei
θ , ei

φ) on the screen with eA
ij eA′ ij = 2 δAA′

, one may set

e+ij = eθieθ j − eφieφj ; e×ij = eθieφj + eφieθ j (136)

and define the polarizations

h+ =
1
2

e+ij HTT
ij , h× =

1
2

e×ij HTT
ij (137)

so that HTT
ij = h+e+ij + h×e×ij . The Isaacson effective tensor Φµν then yields, in the Uµ rest frame

Φµν ≡ 1
4κ

⟨∂µHTT
αβ ∂ν Hαβ

TT⟩ ;
dP
dΩ

= r2 Φ0r =
c3r2

32πG

¨
ḣ 2
+ + ḣ 2

×
∂

(138)

For a monochromatic far-zone mode ∝ e−iΩ(t−r/c)Yℓm(θ, φ) the TT projection vanishes for ℓ < 2, while
for ℓ ≥ 2

Pℓ =
c3Ω2

32πG
λ 2
ℓ

(ℓ+ 2)!
(ℓ− 2)!

ℓ

∑
m=−ℓ

Ä
|Eℓm|2 + |Jℓm|2

ä
(139)

where Eℓm and Jℓm are, respectively, the scalar (mass-type) and current-type multipolar amplitudes
entering S(E)

µν and S(B)
µν . One may now compare the above to the scalar far-zone flux from Peters-

Matthews formula [64], treating this result as the expected emission power. By reconciling the result,
one obtains

λ 2
ℓ =

1024 π

(2ℓ+ 1)
(ℓ− 2)!
(ℓ+ 2)!

; ℓ ≥ 2 (140)

This normalization ensures exact agreement in description of gravitational waves for ℓ ≥ 2, while
ℓ < 2 modes carry no TT tensor radiation.

In the far zone, one may equivalently reconstruct the metric perturbation in the TT gauge from
the four-potential-built field HTT

ij [Aµ] by setting, as in (82)

gµν = eq ηµν + HTT
µν ; HTT

0µ = 0 (141)

Computing the Weyl tensor from this metric yields

C0i0j = −1
2

ḦTT
ij ; Ψ4 = −1

2
(
ḧ+ − i ḧ×

)
(142)

which coincides with the Newman-Penrose description used to fix λℓ.
The normalized Weyl Cµναβ from (111) is related to the physical curvature by Cµναβ

phys = Λ Cµναβ, so
that projecting this Weyl tensor onto a Minkowski tetrad gives

Ψ4 =
c2λℓ

2
Λ Cµναβ nµm̄νnαm̄β (143)

Here, Λ is the geometric scale relating the normalized tensor Cµναβ to the metric-derived curvature.
With Aµ = (ϕ, A⃗) defined from the source multipoles, the scalar-vector formalism reproduces the full
radiative content of GR while retaining a simplified structure for practical computations, in which the
"electric” and "magnetic” parts of the Weyl tensor follow directly from the four-potential.
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Importantly, it can be calculated that the above reasoning significantly simplifies the calculations
of gravitational waves also for known metrics, e.g. the Kerr metric. Considering the stationary Kerr
solution itself, the four-potential Aµ = (ϕ, A⃗) is time-independent, so that ∂tϕ = ∂t A⃗ = 0, and the
tidal precursors S(E)

µν and S(B)
µν contain only static near-zone terms that vanish after the TT projection.

One therefore finds HTT
µν [Kerr] = 0 and Ψ4 = 0, in full agreement with the fact that the Kerr geometry

(Petrov type D) carries no radiation.
Considering instead a small time-dependent quadrupolar perturbation on the Kerr background,

the formalism reproduces the standard quadrupole emission power of general relativity: for ℓ = 2
modes

P2 =
32
5

c3Ω2

G

2

∑
m=−2

(
|E2m|2 + |J2m|2

)
(144)

while all ℓ < 2 contributions vanish, consistently with the spin-2 character of the gravitational field.
This confirms that the scalar-vector construction not only suppresses spurious radiation for stationary
spacetimes, but also yields the correct leading-order gravitational-wave power for perturbed Kerr
sources.

4. Conclusion and Discussion
As shown in the above article, the Alena Tensor ensures the existence of gravitational waves and

allows their physical interpretation, providing key tools for their further analysis including the ability
to calculate and visualize Weyl tensor components. The obtained decomposition of the electromag-
netic field stress-energy tensor (79) allows for further analysis of metrics for curved spacetimes (e.g.
extending obtained solution for other fields) and also to use the proposed null basis for further Alena
Tensor development in the framework of conformal geometry, the NP formalism and the description
of photons in QFT. It also seems reasonable to generalize above results for all known fields or to
non-linear electromagnetism (using e.g. approach presented in [65]) and search for a description of
elementary particles that could provide relatively stable solutions to the obtained equations, perhaps
also taking into account new approaches, such as those proposed in [66]. A discussion of the main
conclusions of the article is grouped into three key sections below.

4.1. Conclusions About GR and Gravitational Waves

As this article clearly shows, Alena Tensor narrows the class of available GR solutions. In this
mathematical framework

• The cosmological constant is indeed constant in curved spacetime.
• The energy-momentum tensor of the system in curved spacetime becomes the Killing tensor.
• The available metrics take on a specific form (2+ null vectors and a background metric). Although

the paper presents the metric only for a system with electromagnetism and gravity, the Alena
Tensor model enforces this metric arrangement in general case.

• The resulting Riemann tensor describes the general case, ensures the formation of the Ricci tensor
in contraction, and allows for the derivation of the Weyl tensor.

It is worth noting that the obtained non-zero form of the normalized Weyl tensor Cµναβ (111)
built on the basis of the metric tensor kµν used for curvilinear description, given as Cµναβ =(

1 + 1
γ2

)ï
kµ[αkνβ] − 1

2
(
kµ[αkβ]ν + kν[αkβ]µ)ò will not change regardless of the fields considered and

no matter how many null vectors the metric consists of (assuming more complex fields than electro-
magnetism). This Weyl tensor has also an important property: for any tetrad considered in curved
spacetime, all NP scalars become zero, and they remain non-zero only for tetrads constructed on the
background Minkowski metric. This means that gravitational waves derived from Alena Tensor are
undetectable for curvilinear observers in their local frame of reference and can be detected only against
the background of the Minkowski metric. Therefore, according to the postulate (41), gravitational
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waves are not "local fluctuations" of curvature but global effects of the difference of geometry with
respect to a flat background, similar to postulated in [67,68]. This result has a rather intuitive interpre-
tation and means that, according to the equivalence principle, observers in curved spacetime do not
experience gravity in any form, including gravitational waves, because their tetrad "co-curves" with
the geometry.

The obtained form of the Weyl tensor can thus be treated as a formal geometry of the equivalence
principle and as a requirement for every physically possible solution of GR, which would, however,
require a separate proof. This direction of further research also seems very important, because it would
provide a formal justification for the fact that the measurability of gravity is relational, not absolute,
and also offers a new way of considering quantum gravity: not so much as field fluctuations, but
as fluctuations of the geometric background with respect to the algebraically defined Weyl tensor.
This result is of particular importance e.g. in the context of Penrose’s Weyl curvature hypothesis [69],
developed in e.g. [70,71]. The discussion about what gravity is [72] remains open, and Alena Tensor
joins this discussion.

The connection between Alena Tensor and the Killing tensor obtained in this paper reveals a deep,
nonlinear connection between the matter distribution and the geometry and symmetries of spacetime.
These results show that the matter distribution in this approach is not arbitrary, but precisely tuned
to the geometry and hidden symmetries of spacetime, which allows for their further analysis in the
language of Killing tensors and conformal Weyl curvature. This also explains why in flat spacetime
Tαβ is Noether tensor and in curved spacetime, tensor Tαβ turns into the Killing tensor, requesting,
that translational symmetries in ηαβ turn into isometries of Killing vectors in kαβ.

The obtained results regarding gravitational waves are qualitative in nature, as it is difficult to
provide quantitative experimental verification for sources understood as a consequence of the existence
of an electromagnetic field alone. The Alena Tensor model, unlike other models, links the GR results to
the fields under consideration, treating matter solely as a consequence of the fields’ existence. This
requires extending the model to all gauge fields to make realistic predictions, since generalization of
the Alena Tensor to other fields (e.g. electroweak) may correct some results, providing the possibility
of experimental verification of the predictions for more realistic sources. However, certain conclusions
can be drawn that may allow experimental verification of the obtained results.

The obtained picture of Kundt spacetime with dust would suggest, that in gravitational waves
for sources that can be treated simplistically as the result of the existence of an electromagnetic field
alone, one should be able to observe effects related to non-zero Ψ3 (visible twisted components). The
obtained x and + polarizations resulting from the Weyl tensor values (121) are consistent with the
general conclusions of GR and LIGO/Virgo data [73]. Because the waveform depends strictly on the
source dynamics, it cannot be analyzed without additional assumptions about the sources introduced
into the metric. This does not seem possible directly for such simplified sources as those discussed
here and requires generalization of the Alena Tensor to other gauge fields.

However, as shown in 3.3, one can describe effective gravity for general case based on the Alena
Tensor approach, which provides an accurate representation of the energy radiated by the system
for all multipoles, while remaining in full agreement with GR results. This approach allows for a
radical simplification of the calculation of gravitational waves also for known metrics (e.g. Kerr
metric) while confirming the correctness of the GEM approach. The construction of the field ϕ and the
effective stress-energy tensor Φµν reproduces, at leading order in the far zone, the full angular power
distribution of GR gravitational radiation for each individual (ℓ, m) mode with ℓ ≥ 2, including the
standard quadrupolar pattern for ℓ = 2. After the proper amplitude identification λℓ, the total emitted
power and its multipolar decomposition match exactly the GR results, where ℓ < 2 modes produce no
TT radiation, in agreement with the spin-2 character of the field.

Moreover, in the radiative far zone one may equivalently reconstruct the metric perturbation in TT
gauge with a constant conformal factor in a Kerr-Schild-type ansatz, and compute the physical Weyl
tensor. This establishes a direct equivalence between the scalar-field formalism and the metric/Weyl
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description of gravitational radiation, and identifies Λ as the geometric curvature scale linking the
normalized Weyl tensor to the physical spacetime curvature, without altering any observable far-zone
quantities. The obtained correct emission powers also impose the conclusion that the description of
motion in the gravitational field, waveforms, and dispersion resulting from the Alena Tensor schould
also correspond to the results obtained in GR, although, of course, this is still worth confirming with
separate calculations.

4.2. Possible Directions of Further Unification

As discussed in section 2.3, the Alena Tensor could be generalized to all gauge fields, but this
requires further research. The research on gravity and electromagnetism carried out in this article
according to the approach of Alena Tensor shows that, surprisingly, it naturally forces the existence
of the Higgs-like potential and this potential turns out to be necessary to even consider curved
spacetime. The spontaneously appearing faithful reproduction of the Higgs potential may of course be
a completely coincidental result, but it may also be an indication that the proposed approach is worth
further investigation and development for other fields (electroweak, strong or more general solutions),
to obtain complete picture of unification.

This direction of research seems to be particularly important. For example, the unification
of gravity with electroweak interactions has been analyzed so far, among others, in the context of
symmetry breaking and gauge geometry [74,75], through the prism of the influence of gravity on the
global properties of quantum vacuum [76,77], analogies between spin-gravity coupling and the Higgs
mechanism [78] or analysis of chiral fermions and CPT symmetry in the presence of curvature [79,80].
It seems that the approach considered in the article best fits into the last of these research directions,
due to the possibility of analyzing the structure of the Weyl curvature, the potential asymmetry of
gravitational waves (related to Ψ3) and because it actually touches upon chirality in the spatial and
propagation sense, although not directly in the fermion sense.

An equally interesting research direction seems to be the use of the smooth transition between
classical, quantum and curvilinear descriptions provided by the Alena Tensor to reanalyze existing
studies, such as [81].

4.3. Conclusions on Energy Conservation in Energy-Momentum Tensors

It is also worth raising the issue of the energy conservation in the Alena Tensor. As it follows
from chapter 2, this approach ensures local conservation of energy and momentum, because the four-
divergence of the tensor describing matter cancels the four-divergence of the field tensors. Additionally,
for electromagnetism, the Alena Tensor turned out to be a symmetric, canonical Noether tensor with
vanishing four-divergence. A similar result can be expected after extending the Alena Tensor to all
gauge fields, because this approach provides a conclusion, that the cosmological constant is actually
constant, which strengthens the argument for conservation of energy. Although, obviously, another
scenario should also be considered, especially in the context of the dark sector.

It was e.g. shown in [82] that violating conservation of energy can generate effects corresponding
to dark energy, making such approaches attractive for cosmology. Similarly, in scalar-tensor theories in
the Einstein framework [83], the coupling of the dilaton to matter causes energy not to be conserved
locally, justifying a reinterpretation of the field as effective. Also approaches based on non-commutative
structures, such as [84], introduce non-classical position operators, which result in four-momentum
fluctuations and energy can transfer between geometric dimensions, formally manifested as a nonzero
divergence of the energy-momentum tensor.

As shown in [85], many nonconservative theories rely on geometric coupling, e.g., f (R, T) or a
modified metric structure, resulting in ∇µTµν ̸= 0. In particular, Rastall theory [86,87] introduces a
dependence of the four-divergence on the gradient of the Ricci scalar ∇µTµν = λ∇νR, resulting in
effective energy creation or annihilation depending on the local curvature. This approach enables
flexible modeling of dark energy and dark matter, and therefore provides a better fit to cosmological
data. Violating the energy conservation principle while maintaining the metric, modifies the behavior
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of matter, but does not generate causality violations and ensures formal convergence with effective
and entropy theories.

In diffusion models [88], the ∇µTµν ̸= 0 describe entropy fluctuations, enabling consideration of
thermodynamic mechanisms of energy flow. Similar mechanisms occur in wave collapse theories in
quantum mechanics [89], where random perturbations to the system’s state lead to a constant exchange
of energy with the background. Thanks to such approach, violation of local conservation of energy and
momentum is not an artifact of a flawed theory, but a deliberate extension of the classical framework,
leading to new conclusions about the nature of energy, gravity, and cosmological evolution.

In [90] a wide class of modified gravity theories is discussed, including scalar-tensor or f (R, T)
theories, where additional geometric components coupled to matter appear. In many models, the
matter divergence is locally nonzero, but by influencing the metric it is possible to conserve some
form of global energy in an effective sense, and global boundary conditions (e.g., asymptotic flatness)
determine whether a total conserved energy can be defined. E.g., the model described in [91] is based
on the general relativistic thermodynamics equation (Gibbs-Duhem) and allows for fluctuations in
entropy, temperature, and interactions. The lack of local conservation thus translates into a global
impact: thermodynamic actions can model dark energy and the expansion of the Universe. An
important consequence is that total energy is not conserved globally, which has key cosmological
implications, e.g., extending the age of the Universe through non-conservative dynamics.

Also in the context of unimodular gravity, the authors show that a local violation of a conservation
law, even a very small one, can generate the effect of an effective cosmological constant. If energy is
not conserved locally, a global effect (e.g., a positive accelerating influence) can be interpreted as a
source of dark energy, directly linking local divergence to global cosmological observations.

In light of the above review, in addition to generalizing to other fields, it is worth considering a po-
tential modifications of the Alena Tensor, adapting it to non-conserved energy-momentum frameworks.
This would open up additional possibilities for analyzing non-classical solutions and new directions of
reasoning contained in these publications, which could also increase the unification potential of the
Alena Tensor.

In conclusion, it remains an open question whether the Alena Tensor is a correct way to describe
physical systems, but this paper shows that it exhibits many properties that are expected from such
a description, including the existence of gravitational waves whose behavior and description agrees
with GR. The author hopes that the results obtained in this article will facilitate further use of discussed
approach as a tool that can help develop many different concepts. It seems that its further analysis
may provide useful descriptions of the transformation between curved and flat spacetime and bring
new insights that will contribute to a better understanding of issues related to the broadly understood
unification of physical theories.
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