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Abstract: Cells compartmentalize biochemical processes taking advantage of physical barriers in the form of
membranes. Eukaryotes have a wide diversity of membrane-based compartments that can be used in this context,
with the main ones being the extracellular membrane, which separates the inside from the outside of the cell, and
the nuclear membrane, that separates the nucleus from the cytoplasm. The nuclear membrane not only isolates
and protects the DNA and the transcription and replication processes from the other processes that are taking
place in the cytoplasm, but also has an active role in the regulation of cellular signaling. The TGF-§ pathway is
one of the most important and conserved signaling cascades, and it takes advantage of compartmentalization
using a well-tuned balance between import and export rates of active and inactive forms of key proteins. Thus,
compartmentalization serves as an additional regulatory mechanism, physically isolating transcription factors
from their targets, influencing the dynamics and strength of signal transduction. his contribution focuses on this
biophysical layer of regulation. It begins with an in-depth review of the TGF-f pathway and the main regulatory
processes underlying this compartmentalization mechanism. Next, we focus on several contributions that study
how this compartmentalization shapes the dynamics and ultimately the cell response, and how this separation
can be used as readout of several cellular responses. Finally, we introduce a simplified mathematical approach to

study this process derived using a generalized formulation.

Keywords: biophysical; TGF-B; Smad; translocation; systems; modeling

The development and organization of multicellular organisms are mainly regulated by intercellu-
lar communication in the form of signaling molecules [1]. These molecules trigger intracellular events
that are processed by the cell in the form of signaling pathways that ultimately lead to changes in the
expression, regulation, and dynamics of proteins. Most of these regulatory events are biochemical in
nature, e.g., reversible covalent addition of a phosphate group (phosphorylation), sugar molecules
(glycosylation), ubiquitin proteins (ubiquitination), acetyl groups (acetylation), and methyl groups
(methylation). These postranslational modifications can alter many aspects of the target proteins:
phosphorylation can activate or deactivate enzymes and signaling proteins, acetylation of histones
can alter DNA-protein interactions, glycosylation can affect protein folding and stability, methylation
can affect the dynamics of protein-protein interactions, and ubiquitination can target a protein for
degradation [2].

In addition to these biochemical mechanisms, there are other type of regulatory mechanism that
involve physical constraints. One of the most studied is protein compartmentalization, i.e., intracellular
proteins can be directed to specific organelles or regions within the cell, such as the nucleus or the cell
membrane. In addition to providing and maintaining organization at the cellular level, this physical
separation of processes is highly dynamic (proteins can change location due to specific signals) and has
a strong biological regulatory impact [3]. For instance, constraining a given enzyme to a specific region
results in a localized increase in concentration, enhancing its efficiency. One of the most important
cases is the compartmentalization of glucokinase, which can shift location in response to substrate
availability [4]. In brief, a fraction of the glucokinase can translocate from the nucleus to the cytoplasm
after stimulation, resulting in reduction in its nuclear to cytoplasmic ratio. Another important protein
subjected to compartmentalization is Rubisco, a crucial enzyme in photosynthesis and carbon fixation.
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This compartmentalization has been shown to affect its catalytic efficiency and, in consequence, the
overall photosynthetic rate in plants [5]. Interestingly, Compartmentalization is suggested to restrict
the conformational variability of the protein, shaping the evolution of all living organisms that harvest
energy via photosynthesis [6].

In our lab, we have focused on this concept of compartmentalization in the context of dimension-
ality reduction [7-10]. This concept refers to the transition from moving in a three-dimensional space
(the cytoplasm) to a two dimensional space when molecules are embedded or associated with the cell
membrane [10]. This shift from 3D to 2D movement results in a important change in local concentra-
tion, increasing by orders of magnitude the probability of molecular encounters and interactions, and
in consequence, the rate of biochemical reactions [9].

This way, the association of a protein or ligand to a receptor in the membrane catalyzes subsequent
reactions by restricting the movement of the ligand to the membrane surface, resulting in an effective
increase in its local concentration because the volume in which the molecules can move is significantly
reduced; this mechanism of action drives the dynamics of activation of erythropoietin (EPO) [10], and
it is the basis of our design of drugs that can selectively affect tumor cells versus normal cells [7-9].

The bidirectional movement of transcription factors between the nucleus and cytoplasm in
eukaryotic cells is a common example of intracellular compartmentalization. This exchange of proteins
that are dynamically excluded from the cytoplasm or the nucleus is essential for various cellular
functions, including gene expression, signal transduction, and cell cycle regulation. Dysregulation of
nuclear translocation has been shown to be directly involved in a variety of pathological conditions,
with a critical role in maintaining cellular homeostasis.

One of the most important pathways that take advantage of this nucleocytoplasmic shuttling to
modulate signal transduction is the transforming growth factor  (TGF-pg), involved in the regulation
of a wide range of signaling functions, from tissue-specific control of development, morphogenesis,
cell proliferation and differentiation, tissue homeostasis, regeneration, and even cell-specific or tissue-
specific motility [11]. It also has been shown to have a growth-inhibitory effect on epithelial cells,
suggesting a tumor suppressor role in carcinomas and cell fate determination [12].

In this review, we focus on the effect of transcription factor compartmentalization in the context of
the TGF-B, and how this physical regulation is utilized to modulate signal transduction. We start with
a review of the main aspects of the pathway, followed by several key studies that investigated how
this nucleocytoplasmic translocation shapes the dynamics of the signal. We finalize with an illustration
of how mathematical modeling can be applied in the context of protein compartmentalization to study
these type of biophysical aspects of biological regulation.

The TGF-f Pathway Signaling Dynamics and Regulation

The TGEF-p signaling pathway takes its name from the main extracellular signal that activates the
cascade of downstream events: the human transforming growth factor g (TGF-p) ligand superfamily.
These dimeric polypeptide growth factors involves thirty-three secreted cytokines [13,14], and the
different family members have been given various names according to their molecular identification
history: TGF-ps (three isoforms of TGF-fs: TGF-B1, TGF-52 and TGF-f3), Activins, Bone Morpho-
genetic Proteins (BMPs), Growth Differentiation Factors (GDFs), Nodal and Miillerian Inhibiting
Substance (MIS) [15]. Interestingly, this superfamily of signaling molecules is one of the most con-
served throughout the animal kingdom, and it is believed to have originated in the early stages of
multicellular evolution [16].

Canonical TGF-p signaling starts by the reversible binding of one of these dimeric ligands to two
transmembrane receptors (TGFBRII). Afetr binidng, these receptor molecules undergo a conformational
change that facilitates their interaction with two other transmembrane receptors (TGFBRI) [1]. The
result is the formation of a heterotetrameric complex composed of two TGFBRII and two TGFBRI
molecules, represented as (TGFBRII)-(TGFSRI) [17]. Once the receptor complex is formed [18], the
type-1I receptors phosphorylate and activate the type-I kinase receptor, following endocytosis inside
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vesicles characterized by the presence of the Smad Anchor for Receptor Activation protein (SARA)
on their membrane. Once inside the endosomes, the type-I receptors phosphorylate and activate
downstream proteins (Figure 1).
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Figure 1. Signaling through TGF-f superfamily ligands (adapted from Ref. [19]. Explain .

These Smad proteins, which give name to the endosomes, are themselves the main effectors of
the signaling events mediated by TGF-f ligand stimulation. The Smads are a family of transcription
factors (i.e., they bind directly to DNA) highly conserved throughout evolution, and come in three
flavours: The first type is R-Smad (receptor-regulated Smads), which includes Smadl, 2, 3, 5, and 8.
[16]. The second type is Co-Smad (common mediator Smads) or Smad4, which serves as cofactor of
the R-Smads [20,21]. The third type is [-Smads (inhibitory Smads), including Smadé and 7, that inhibit
R-Smads activation by interfering with their phosphorylation by the receptor complexes [20,22].
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R-Smads Nucleocytoplasmatic Shuttling as a Modulation of Signal Transduction

As mentioned before, the R-Smads constitute the direct substrates of TGF-g family receptors
and the key mediators of the TGF-$ pathway. They serve as key mediators of the TGEF-p pathway,
translating receptor activation into changes in gene expression levels. All R-Smads share a common
molecular structure, consisting of two conserved globular domains: N-terminal MH1 (Mad Homology
1), responsible mainly for direct DNA binding, and C-terminal MH2 (Mad Homology 2) domain,
responsible mainly for receptor interaction. Both domains are connected by a linker region that is not
conserved, but contains multiple phosphorylation sites for various kinases that regulate the function
and activation of the different R-Smads. Two main sets of R-Smads can be identified depending on
their specific receptor: Smad2 and Smad3 are activated via TGF-B and Activin/Nodal [23], while the
rest are mainly activated by BMP receptors [16,19,24-26].

One of the main characteristics of R-Smads is their ability to translocate from the cytoplasm to the
nucleus, depending on their phosphorylation state and organization as monomers or complexes. The
sequence of events in this well characterized process, commonly refereed as Smad nucleocytoplasmic
shuttling, occurs as follows: (a) Unphosphorilated R-Smads are mainly located in the cytoplasm as
monomers,; (b) after activation by the type-I receptor, two R-Smads typically assemble with one Co-
Smad in the form of heterotrimers, also known as the activated Smad complex (the complex is stabilized
by the phosphorylated serines at the C-terminal); (c) these complexes then translocate into the nucleus
where they act as transcription factors [27,28]; (d) These complexes are then dephosphorylated via
interaction with PPM1A and other phosphatases [29], and this dephosphorylation has been linked
to destabilization of the trimer complex complex [30]; (e) Once dephosphorylated, the complexes
disassemble, (f) finally, the monomeric R-Smads and Smad4 are exported separately back to the
cytoplasm by distinct mechanisms [30].

The two main processes involved in this shuttling are nuclear import and nuclear export through
the nuclear pore complex (NPC), a large protein structure embedded in the nuclear envelope that
serves as a gateway for selective transport of molecules between the nucleus and cytoplasm. In brief,
the NPCs act as hydrophobic channels [31] that [32] allow proteins smaller than 20-30 kDa to pass by
diffusion, While larger proteins require active transport mediated by importin and exportin receptors
[33-35].

Dynamics and Regulation of Export and Import of the R-Smads

Over the past years, several studies have used this different levels of R-Smad protein in the
nucleus or cytoplasm to study the mechanisms that regulate this process [29]. These studies have
shown that the import activity of the R-Smad complexes rely on the interaction of importins with the
MH1 domain (specifically importin-S1 [36], but also importin 7 and 8 [37], in a process that depends
on the RanGTP/GDP gradient across the nuclear membrane. On the other hand, it has been proposed
that Smad?2 can also enter the nuclei via direct interaction of proteins of the NPCs with its MH2 domain
[30]. Additionaly, several experimental studies propose that not only multimeric Smads (i.e., as part of
complexes) can enter the nuclei, but also monomeric Smads can be imported into the nucleus through
a mechanism different than the R-Smad complexes [30].

Regarding nuclear export, it has been proposed that R-Smads monomers exit the nucleus me-
diated by exportin 4 [16,38,39], but not exporting 1 (the target of Leptomycin B [40]). The export
mechanism of the R-Smads has been shown to depend on a Ran-GTPase and Ran-BP3, which recog-
nizes unphosphorylated R-Smad protein resulting from the activity of nuclear R-Smad phosphatases,
such as PPM1A [41]. Similarly to the import process, Smad2 has been proposed to be able to also exit
the nucleus by direct interaction with the proteins of the NPCs [42,43]. This is consistent with the lack
of the Lys-rich KKLKK sequence in its MH1 domain that is critical for nuclear export of Smad3 [44].

As a result of this complex regulation, R-Smads at the cytoplasm are mainly in the form of
unphosphorylated monomers, while after activation, they primarily locate inside the nucleus, mostly
in the form of complexes. The concentration of R-Smads monomers or complexes in each compartment
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is determined by the differences in their import and export rates. This way, the higher concentration in
the cytoplasm of R-Smads unphosphorylated monomers results from a slower import rate and a faster
export rate, compared to the complexes [45]. Each of these rates depends on the ability of R-Smads to
interact with NPCs, importins, and exportins in monomer or complex configuration [45,46].

On the other hand, the Smad4 monomer can be found in both the nucleus and the cytoplasm
[47] due to similar rates of movement into and out of the nucleus, while when part of a complex, it is
mainly located inside the nucleus, following the dynamics dictated by the other components of the
complex (R-Smads) [48]. Interestingly. other studies show that inhibition of CRM1 or exportin 1 leads
to rapid accumulation of Smad4 in the nucleus, suggesting that also Smad4 is actively translocating
[40], therefore the mechanisms of Smad4 translocation and its impact in the translocation of the active
complex needs further study.

Taking Advantage of Nucleoplasmatic Shutting to Study the TFG-f Pathway

An advantage of these differential R-Smad levels in cellular compartments is that they can be
used as simplified readouts of changes in TGF-p pathway activation, measurable by microscopy.
These type of studies relay on direct visualization of the R-Smads or Co-Smads with fluorescence or
photoactivatable fusion proteins [49], or the use of highly reliable and specific antibodies that can be
used to measure changes in relative levels and compare this way experimental conditions in fixed
sample. For instance, the seminal contribution by the lab of Caroline Hill [46] used FLAG tagged Smad4
and antibodies against Smad2 and Smad3 to shown that inhibition of CRM1-mediated nuclear export
results in very fast Smad4 nuclear accumulation, while endogenous Smad2 and Smad3 remained
completely unaffected. Another contribution from the same lab [29,50], developed a fusion of Smad2
with GFP to follow in vivo the difference in translocation in unstimulated versus TGF-B-stimulated
cells. This study showed that the nuclear accumulation of the active form of Smad?2 is due to a decrease
in the rate of nuclear export of the protein, rather than an increase in import [29]. Moreover, it suggests
that the import rate of phosphorylated R-Smads (in complex configuration) and unphosphorylated
R-Smads (mainly in monomer configuration) is similar, indicating that import proteins act similarly in
activated and deactivated states. If this is correct, the import rate of R-Smads as complexes should
be twice as fast as the R-Smads as monomers, since each complex is composed of two molecules of
R-Smad. On the other hand, the fact that the rate of export of the phoshorylated form of the R-Smads
is much smaller than the rate of export when unphosphorilated suggests that maybe the configuration
as complexes prevents the binding with exportin 4.

Another important example that utilizes the nucleocytoplasmic shuttling was performed by
the Liu lab [51], where they study how variable dose levels of ligand are translated into intracellular
signaling dynamics, and how continuous ligand doses can be translated into discontinuous cellular fate
decisions. In this study, They show that the pathway processes continuous and pulsating TGF-8 ligand
levels differently, displaying varied sensitivities to short and long pulses, also showing that it displays
different sensitivities in response to short and long pulses of ligand. These two types of dynamic
responses may be crucial for the role of the TGF-§ pathway in mediating stem cell differentiation.

The differential concentration of R-Smads as a readout is also used [52] to study the temporal
signals by the TGF-B pathway and its implications for embryonic patterning. This time, authors take
advantage of the nuclear accumulation dynamics of a GFP-Smad4 fusion protein to measure TGF-j
pathway activity in response to different types of ligand stimulation. The same fusion protein was used
to show pulsatile behaviors in Smad4 nuclear localization [48]. Similarly, quantitative measurements of
Smad2/3 nuclear localization have illustrated that the TGF-§ pathway exhibits fold-change detection
properties [53], i.e., cells respond to relative rather than absolute levels of TGF-B. In other context,
the accumulation of the R-Smads in the nucleus was the main readout to study the crosstalk between
oncogenic Ras and TGF-f signaling [54], since Ras activation inhibits the TGF--induced nuclear
accumulation of Smad2 and Smad3.
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In our lab, we have studied how different R-Smad accumulations influence the role of the
TGF-p signaling cascade in vertebrate spinal cord formation [55,56]. In these studies, In this way,
we quantified changes in the nuclear localization of the two R-Smads to explore the effects of the
interplay between Smad2 and Smad3. We showed that the heterotrimers Smad2-Smad3-Smad4 induce
cooperation and antagonism in the activation of the targets of the two R-Smads and that this dual
role strongly influences the balance between neural stem cell proliferation and differentiation [55].
Using immunofluorescence and confocal imaging, we visualized and quantified R-Smad expression
patterns at different developmental stages, showing pathway activation (i.e., R-Smads become more
nuclear) in the transition zone (where stem cells cycle and perform interkinetic nuclear migration) and
the differentiated zone (where differentiated neurons migrate after exiting the cell cycle). The study
was complemented by numerical simulations, which allowed us to interpret the dual antagonism and
cooperativity arising from heterotrimer assembly [55].

Mathematical Modeling of Regulatory Compartmentalization

Mathematical modeling in molecular biology is a complementary approach to the more time
consuming and expensive experimental approach, that can help explain results, make predictions and
test hypotheses that will complement experimental studies. In the context of the TFG-8 signaling,
several key contributions have combined modeling approaches with experimental results to try to
understand different aspects of the regulation of compartmentalization as a physical regulation of
gene expression [51,55,57].

One of the earliest approaches to studying the TEG-$ pathway dynamics using numerical simu-
lations focused on the dynamics in experimets of fluorescent recovery after photobleaching (FRAP)
[57]. Their results support the hypothesis that there is a dynamic maintenance of Smad nuclear accu-
mulation during signaling [57]. In another study, the authors develop a model that shows how cells
can integrate repeated pulses and maintain the phosphorylated Smad2 concentration [51]. Their main
conclusion derived from teh model is that the pathway is able to respond with different sensitivity to
different ligand doses and time scales [51].

One main caveat of these early approaches is that the models used are composed of around
20 ordinary differential equations to make the predictions, making them very difficult to interpret.
More recent examples have opted for more simplified mathematical formulations, for instance using
the “pseudo-steady-state” approximation, or “rapid equilibrium assumption” to reduce the network
signalling reactions based on an analysis of the different time scales of the individual reactions [58].
This model predicted a critical role of potential positive and delayed negative feedback loops on the
regulation of the TGF-f signalling system.

In line with simplified models, composed of the minimal set of equations required for explaining
experimental observations, we developed a mathematical model based on differential equations to
support the hypothesis that the heterotrimer Smad2-Smad3-Smad4 was being formed during vertebrate
neurogenesis and that its formation could explain the fact that Smad2 and Smad3 antagonize in some
targets, while cooperate in activating transcription of others [55]. The model prediction was then
validated using immunoprecipitation [55].

In this section, we propose in the same philosophy of simple modeling approaches, a very simple
yet powerful mathematical approach to study the dynamics of this nucleocytoplasmic shuttling. The
model is designed with ordinary differential equations derived using the mass action law, and is used
to reproduce the dynamics of a R-Smad protein in and out of the nuclei. From this simplified system,
it is easy to study the main mechanisms and parameters that affect this dynamic equilibrium without
needing to perform complicated calculations or simulations.

To build the model, let’s consider a R-Smad protein inside of a cell, that can enter and exit
the nucleus. These two potential states of the R-smad protein will be represented in the model as
C (for cytoplasmic) and N (for nuclear). Based on the molecular details of the process reviewed
above, we know that the processes crossing the NPCs are actively mediated by interaction with other
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proteins, that we will call Imp (for import) and Exp (for export). This way, to enter into the nucleus,
a cytoplasmic molecule C must be linked to the import enzyme Imp, and form a complex C|Imp.
This complex, is then allowed to enter the nucleus. Once in the nucleus, the C|Imp complex gets
disassembled into one molecule N (since now the R-Smad molecule is inside the nucleus) and the Imp
enzyme.

Similarly, the export process follows the same rationale: the nuclear molecule N binds to export
enzyme Exp, forming the N|Exp complex. This complex is now able to cross the NPCs and translocate
to the cytoplasm. Once in the cytoplasm, the complex is disassembled, giving one C (our molecule is
now in cytoplasmic configuration again) and the enzyme Exp. The rates of the nuclear import and
export processes for C|Imp, and N|Exp complexes are k;y,,, kexp, respectively. The formation rates of
C|Imp and N|Exp are k1 and ky, respectively. We will include in the model the fact that the complex
formation is a reversible process, which means that the complex can spontaneously disassemble before
crossing the NPCs. Dissociation rates of C|Imp and N|Exp are labeled as k_; and k_,, respectively.
On the other hand, the dissociation of each complex once it crosses the NPCs is considered to be
instantaneous, while Imp and Exp transport enzymes can translocate freely between the nucleus and
cytoplasm (they are not limiting reagents) [59,60]. The whole system of interactions can be illustrated
using a chemical reaction formalism as:

k kim

Import: C+ Imp 12:1 C|Imp =% N + Imp
-1
ko kexp

Export: N+ Exp = N|Exp — C+ Exp
-2

The scheme of the interaction is illustrated in Figure 2.

4 )

kimp
—> " cime o~
Imp
k
-2
K k, Exp
exp
® <= &
Nucleus
_ J

Cytoplasm
\_ yT1op

Figure 2. Schematic representation of the nuclear import-export process of a molecule inside a cell. The
molecule in the cytoplasm is represented by C, and in the nucleus by N. To be imported inside the
nucleus, the one C molecule must bind one molecule of the import enzyme Imp. Then, the complex
C|Imp can enter the nucleus, where it disassembles into N (former C) and Imp. The export process is
analogous, involving the formation of a N|Exp complex (one molecule of N and one export enzyme
Exp) and then the disassembly of this complex in the cytoplasm yielding one molecule of C and one
molecule of Exp.

Using the Mass Action Law to Model a Biological System

To translate this system of interactions into differential equations, we will use the the mass action
law formalism, a fundamental principle in the mathematical modeling of chemical and biological
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systems. In brief, the law of mass actions states that the rate of change of a species involved in a
chemical interaction with other species is directly proportional to the product of the masses of the
reactants, each raised to a power equal to the coefficient used in the chemical equation. Initially
proposed for chemical systems by Cato Guldberg and Peter Waage in 1864 [61] based on previus
work by Claude Louis Berthollet [62], and further clarified by Jacobus van "t Hoff in 1877 [63], it also
provides a simplified yet effective framework for quantifying biological interactions.

To illustrate the process of using the mass action to derive differential equations, let’s consider
first a general system in which several 1 species x1, xy, ..., X interact with each other by means of a
set of m chemical reactions, with rate constants k1, k, ..., k;. The concentration of the species X is
expressed as [x;]. We start with the definition of a column vector that contains the concentrations of all
species at a given time point. This vector is labeled as the state vector.

[x1]
=
[xn]

Next, we define a square matrix of (m x m) that contains all the rate constants in its diagonal. This
matrix K is as follows:

ki 0 0
|0 k

o

0 0 kn

Next, we define two m x n matrices A and B, that contain the stochiometric coefficients of reactants
and products, respectively. In this matrices value of the A;; element is the stochiometric coefficient of
the species j as reactant in reaction 7, while the value of the B;; element is the stochiometric coefficient
of the species j as a product in reaction i (in the sub indices notation, i and j denote rows and columns,
respectively). If any of these coefficients does not appear in the reactions, then it is set to zero. For
example, in the system:

kq
A11x1 + Apxa — Bizxs

B

2
Ag1x1 + Axzxz — BopXxo + Bpaxy

the species concentration vector and the rate constants matrices are:

and, since x3 and x4 do not appear as reactants in reaction 1, we set Aj3 = A4 = 0. In a similar
manners, since x; and x4 do not appear as reactants in reaction 2, we set Ay = Ay = 0. The same
rationale is applied to construct matrix B, giving the following stoichiometric matrices:


https://doi.org/10.20944/preprints202410.0593.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 October 2024 d0i:10.20944/preprints202410.0593.v1

9 of 23

a_(An A 0 0 ,_(0 0 By 0
" \Ax 0 Ay O ~\0 By 0 By

=, A
Finally, we define a column vector [X] of m rows, that contains in each row the product of all the
species raised to the power of the corresponding A matrix coefficient. This way the i-th row of this
vector can be calculated as:

XM = T[] 4)
(X1 )i =] [lx]* % 1)
j=1
As an example, this vector for the previous reaction can be calculated as:

X" = ([xl]/*n [xa] 4 [x31°[x410> _ ([xl]A“ [xz]A“)

1] 421 [x) O] 423 [y [x1]421 [x3] 423

With all these definitions, the mass action law states that the temporal evolution of the concentra-
tion of the species is given by:

AX] _ g ay ok 1) @)

where the elements of the (B — A)f, which is a n x m matrix, are given by
[(B—A)ij = Bji — Aji 3)

Now, let’s apply the previous recipe to our system of nuclear translocation. To do that, we first
need to separate each reaction as an individual process, in a way that each reversible interaction is
equivalent to two irreversible interactions. This way, the system of interactions for import and export
can be decompose as the following six coupled processes:

C|Imp assembly : C + Imp LiN ClImp
C|Imp disassembly : C|Imp LEN C+1Imp
C|Imp Import : C|Imp klﬂ> N+ Imp

N|Exp assembly : N + Exp Lo, N|Exp
N|Exp disassembly : N|Exp 2 Ny Exp

kex
N|Exp export : N|[Exp —2 C 4 Exp

The next step is to apply the mass action law, to obtain six ordinary differential equations (ODEs,
one for each species in the system) that will show the temporary evolution of the concentration of the
species once solved. We have 6 reactions and 6 species, therefore we first define the state vector as:
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[C]
[[Ilmp]]
o | [ClImp
[Exp]
[N|Exp]

-

containing the concentration of the species [X] and a diagonal matrix K containing the rates of the
reactions (in the order shown above):

kk 0 0 0 0 0

0 kqy 0 0 0 O

0 0 kk 0 0 0
K =

0 0 0 ko, 0 O

0 0 0 0 kiny O

0 0 0 0 0 ke

—

Considering the order of the reactions in K and the order of the species as they appear in [X], we
can define matrices A and B as:

1100 00
0 01 00O
A:000110
0 00 0O01
001 00O
0 00 001
0 01 00O
110000
BZOOOOOI
000110
010100
1 00 010

=, A
Now, we compute the [X] vector for this systems as:

[C][Imp]
[C|Imp]
[_']A _ [N] [Exp]
[N|Exp]
[C|Imp]
[N|Exp]

Next, we calculate the transpose matrix of (B — A), which is denoted as (B — A)*:

-1 1 0O 0 O 1
-1 1 0 0 1 0
1 -1 0 0 -1 0

— A =
(B ) 0o 0 -1 1 1 0
0o 0 -1 1 0 1
0 0 1 -1 0 -1
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Finally, to obtain the ODE system we use the mass action law in Equation 2, yielding to:

% — —k1[C][Tmp] + k_1[C|Imp] + kexp[N|Exp]
d[I;ZP] = —ky[C)[Tmp] + k_1[C|Tmp] + Kip, [C|Tmp]
% = k1[C][Imp] — k_1[C|Imp] — Kipp[C|Imp]
% = —ka[N][Exp] + k_2[N|Exp] + ki [C|Imp]
AEXP] — k[N Exp) + k2 [N|Exp] + kexy [V Exp)
% = ky[N][Exp] — k_o[N|Exp] — kexp[N|Exp]

The numerical solution of this set of ODEs, starting from a given initial species concentration
and parameter values (e.g., rate constants for each reaction), provides the temporal evolution of the
concentration of all involved species. One important point to take into account is the units of the rate
constants: if the time is measured in seconds (s) and the concentrations in mol/L (molar, M), each
equation will provide the speed of change of the reactants in units of M/s. therefore, for the equations
to be consistent in terms of dimensions, the units of rate constants k_1, k_», kimp and keyxp have to be in
s (firts order reactions), while whereas k, and k; are measured in (M-s)! (second order reactions).

Figure 3A-C illustrates three different numerical solutions of the system, for a similar set of initial
conditions, but using the parameter values listed as sets 1, 2 and 3 in Table 1, respectively. In all cases,
the concentrations of the species change during the first seconds until they reach a steady state. Both
[C] and [N] decrease while [C|Imp] and [N|Exp] increase (complexes are forming). The enzymes [Imp]
and [Exp] also decrease as well due to complex formation. Due to the different parameter values used,
three different steady states are reached: in Figure 3A the final concentration of [C] in the equilibrium
is larger than the concentration of of [N], meaning that most protein is located at the cytoplasm for
this values of the rate constants. The opposite scenario is shown in Figure 3C, where now the nuclear
concentration is higher. Figure 3B corresponds to a intermediate situation, where parameters have been
tuned to obtain an equilibrium condition where the concentration in the nucleus and in the cytoplasm
is similar equivalent (case B) or smaller (case C). If we imagine an hypothetical situation where our
molecule can me seen using immunofluorescence or by direct fusion with a fluorescence protein,
case (A) would correspond to a cell that is brighter in the cytoplasm, case (C) would correspond to
a cell with a brighter nuclei, and case (B) would correspond to a cell with homogeneous brightness.
Note that the different cases were obtained by varying only the values of k;;,;, and kexp, meaning that
efficiency of the nuclear import and export processes ultimately controls the balance between nuclear
and cytoplasmic configuration.

Table 1. Values of the constant rates for the different sets used in the simulations

Rates Set1 Set 2 Set 3 Set4
k1 500 (M-s)! 500 M-s)? 500 (M-s)! 50 (M-s)?
k_1 0.15s1 0.15s1 0.15s1 155!
ko 0.03 M-s)1  0.036 M)t 0.04 M:-s)?  0.03 (M-s)!
k_o 1000 s 1000 s 1000 s 151
Kimp 0.1s1 0.1s1 0151 0351
Kexp 0.026 571 0.023 st 0.01s? 035!
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Figure 3. Simulation of the ODEs system. Three different sets 1, 2 and 3 (from Table 1) of rate constants
are used for the different cases A, B and C, respectively. The initial condition for the species are [C](0)
= [Imp](0) = [Exp](0) = 0.002 M, [N](0) = 0.001 M and [C|Imp](0) = [N|Exp](0) = 0 M in all cases. The
concentrations change during the first seconds until they reach a steady state: [C] in equilibrium is
bigger (A), equivalent (B) or smaller than [N] in equilibrium. In general, [C], [N], [Imp] and [Exp] tend
to decrease initially as [C|Imp] and [N|Exp] are formed.

Simplifying the ODEs System Using the Mass Conservation Law

To obtain simplifications and relations in the resulting ODEs system, it is often very useful to use
the mass conservation law [64], stated by Antoine Lavoisier in 1789 [65]. Let’s define a row matrix C of
length 7. This vector contains n constants C1, Cy, ..., C, that will give the relationships between the
concentrations of the species at any time. To obtain those relations, we have to use the following linear
system:

C-(B—A)!=0 (4)

We will get a set of 1 linear equations with n unknown variables. Using these equations, we must
find the non-trivial relationship between all the C; coefficients. For example, if the system we get is

CGi—-C =0 )
G-CG =0 (6)
C34+Cy =0 @)

so, we have a relation between the coefficients of x; and x, as C; = Cy. Also there is a relation
between the coefficients of x3 and x4 as Cz = -C4. Given this values, the conservation law states that for
a closed system, the following relation between the amounts of the reacts is always true:

n
Y G- [xj] = constant (8)
j=1
This way, if we substitute the relations obtained using equation 4 for the values of the coefficients
Cj, the Equation 8 can be used to simplify the system of equations that describe a given system of
interactions. To illustrate this with the previous example:
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Ci[x1] + Ca[x2] + Cs[x3] + Cy[x4] = constant

using the relations calculated above becomes

Ci([x1] + [x2]) + C3([x3] — [x4]) = constant

This is true for all values of C; and C3. So, if we set C; = 1 and C3 = 0 we obtain the following
the relation

[x1] + [x2] = constant )

while if we set C; = 0 and C3 = 1 we obtain the following the relation

[x3] — [x4] = constant (10)

Now, it is important to realize that if this relation between the amounts of the species involved
in Equations 9-10 is true at all times, it means that it is also true at the initial time point (t=0). This is
useful because we normally know the initial conditions of the system. This way, we can write:

[x1] + [x2] = [x1]¢=0 + [x2]=0

[x3] — [xa] = [x3]s=0 — [x4]s=0

which can be used to calculate one of the variables as a function of the other, plus or minus some
constant values that are known. This way:

[x2] = [x1]t=0 + [x2]t=0 — [x1]

[x4] = [x3] = [x3]t=0 — [x4]s=0

Going back to our nuclear translocation model, in the previous step we dealt with a system
composed of six ODEs. In these these type of systems, some equations are redundant or the dynamics
of change is too fast or too slow. In this conditions, simplification of the system is a good way to
produce a more transparent and easier to interpret set of equations, with less free parameters. In this
case, we will start by applying the mass conservation law to reduce the number of equations from
6 to 4. We start again by defining a row vector C with six constants (Cy,..., Cg -one per species) and
calculate expression 4 for this particular system:

C-(B-A) =0
-1 1 0 0 0 1
-1 1 0 0 1 0
(Cl Cr C3C4 G5 C6) 0 0 -1 1 1 0 =0
o 0 -1 1 0 1
0 0 1 -1 0 -1
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This relation gives us linear system of equations. Removing the independent equations and
simplifying, we reach the following equivalences:

Ci+GC =G
Ci+C =G
C =C

The mass conservation law states that the following expression has a constant value over time:

G[C]+ Cz[Imp] + Cg[C|Imp} + ...
+C4[N] 4 Cs[Exp] + C¢[N|Exp] = constant

which, after applying the relations between the coefficients above gives us:

G[C]+ Cz[lmp] + (G + Cz)[C|Imp] + ..
+C1[N] + Cs5[Exp] + (C1 + C5)[N|Exp] = constant

So, we have three independent variables, and the previous equation is true for all values of the
three. This way, following the same rationale as in the example, we set each one to a value of 1, while
the others are set equal to 0. This way we obtain the three constant relations as:

C1([C] + [C|Imp] + [N] + [N|Exp]) = constant
Co([Imp] + [C|Imp]) = constant
Cs([Exp] + [N|Exp]) = constant

In particular, these relations are true at all time points, therefore they are true at the initial time
point. This way, if we set C; = C; = C5 = 1 and the constant values as the value at t = 0 (initial
conditions) we obtain

[C] + [C[Imp] + [N] + [N|Exp] = [C](0) + [C|Imp](0)
+[N](0) + [N|Exp](0)

[Imp] + [C|Imp] = [Imp](0) + [C|Imp](0)

[Exp] + [N|Exp] = [Exp](0) + [N|Exp](0)

The first relation corresponds to the fact that total amount of Smad in all possible configurations
(nuclear, cytoplasmic, alone or in complex) has to remain constant. The second and third relations
corresponds to the fact that the total amount of Import and Export proteins has to remain constant.
One additional simplification can me introduced, taking into account that at the initial time point,
there is no complexes, since we start with all proteins as monomers and monitor their interaction. This
way, we can assume [C|Imp](0) = [N|Exp](0) = 0, so, the relations result in:

[C] + [C|Imp] + [N] + [N|Exp] = [C](0) + [N](0)
[Imp] + [C|Imp] = [Imp](0)
[Exp| + [N|Exp] = [Exp](0)

The next step is to calculate the concentrations of some reactants as a function of the other. In
this case, since we often focus on the amounts of the R-Smads and not in the amount of Import and
Export proteins, it makes sense that we use organize the relations in such a way that we eliminate the
variables [Imp] and [Exp]:
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[Imp] = [Imp](0) — [C|Imp)]
[Exp] = [Exp](0) — [N|Exp]

Finally, we substitute these relations in the system of ODEs, as:

) — (Y (mpl(0) — [Climp]) + .

+k_1[C|Imp] + kexp[N|Exp]

W = ki [C]([Imp] (0) — [C|Imp]) — ...
— k_1[C|Imp] — kipp [C|Imp]
dgj] = —ka[N]([Exp](0) — [N|Exp]) + ...
+k—2[N|Exp] + Kinyy [C|Imp]
% = ko[N]([Exp](0) — [N|Exp]) — ...

— k_2[N|Exp] — kexp[N|Exp]

which gives a more simple set of 4 ODEs. Numerical integration of this set will five you the
temporal evolution of [C|, [N] and the complexes [C|Imp] and [N|Exp]. If needed, the temporal
evolution of the enzymes can be simply calculated as[Imp]|(t) = [Imp](0) — [C|Imp](t) and [Exp](t) =
[Exp](0) — [N|Exp](t). This means that we can calculate the concentration of all six species over time
just solving four ODEs instead of the six that we obtained initially. Numerical solution or these four
ODE:s is shown in Figure 4, for the same parameters and initial conditions as before.

[Cleg = [Nleq [Cleg = [Nleq [Cleq < [Nleq

2.0 1

=
w
.

Cocentration [mM]
=
o

0.5 1

0 25 50 75 100 0 25 50 75 100 0 25 50 75 100
Time [s] Time [s] Time [s]

— [C] e €] — IN] - [NE]

Figure 4. Simulation of the ODEs system after using the mass conservation law. The simulation
parameters are the same as those in Figure 3. The curves shown in this figure only correspond to the
solution of the ODEs, which are the same as in Figure 3. The [Imp] and [Exp] curves are not shown,
but they have the same behaviour as in Figure 3.
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Non-Dimensionalization of the Model

To increase the predictive capability of the model, a common potential approach is to remove the
dimensions of the concentrations and the time, expressing both of them as a factor in an appropriate
scale for the system of study. In this type of adimensional systems, it is easier to compare parameter
values and to interpret the results from the ODEs, since they will show relative changes from a
maximum to a minimum value, instead of absolute values.

In order to make the concentrations non-dimensional, we will rewrite the model in terms of
new variables with no units. This is achieved by multiplying each equation by a scaling factor (with
concentration units), in such a way that now the concentration of the species [X] (dimensional) will
now be represented by [X] (adimensional), related via the scaling factor Xq [59]:

[(X](t) = [X](t) - Xo (11)

The scaling factor for each species is chosen as its maximum value. This way, the non-dimensional
species concentration [X] associated will fall between the range [0,1]. The maximum amount of
molecules in the cytoplasm that we can have is [C](0), and as one molecule of C can only produce one
molecule of N, then the maximum value for the latter is [C](0) as well (supposing that [N](0) = 0). In
the case of the enzymes, the maximum concentration for each will be also its initial concentration. For
the scaling factor of the complexes C|Imp and N|Exp, we cannot use their initial concentration as it
is zero. Therefore, we must find which is the maximum concentration that they can reach over time
([C|Imp]max and [N|Exp]max), which will happen at a particular time point t = t,,,y (this value of the
time can be different for [C|Imp] and [N|Exp]):

[ClImplmax = kkf[qt(tm,,x)ump}(o)

1 C} ( mux)*kfl +kimp

ko [N](tmax)[Exp] (O
[N|Exmmax = kz'fl[\”(]t(max)‘)i'[kffll‘(ke)xp

Next, these expressions can be furter simplified by making some assumptions. As the dynamics
of the complexes are very fast, k; and kj are much larger than the other rate constants. Considering
that, we can assume that k1 = kijypy = k—2 = kexp = 0, and therefore:

[C|Implmax ~ [Imp](0)
[N|Exp] ~ [Exp](0)

max

Then, the new non-dimensional variables are defined as:

€= &)
17 = (it
(Climp) = b
= o
59 = ot
[NIExp] = (5

Substituting these values in the ODEs system, we obtain the new partially non-dimensional ODEs
system:
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AT _ (e mp)0)(Climpl = 1) +..
n k_l[l[”é]p(]é;’)[c:|fmp] + kexpwwlﬁxp]
AClIme) _ )i - iclimpl) .
— (k1 +kenp)Clmp)
AN — ko N Expl ) (NI Exp) 1) + .
+ kZW[NIExp] + kimPW[lemP]
ANIESD] ()] (0)(1 — (N[ Exp) .

- (k—2 + kimp) [N|Exp]

[Imp)(t) =1 — [C|Imp](t)
[Exp](t) = 1 — [N|Exp)(t)

It is important to highlight that the mass conservation law in this case is different from the
dimensional system. Calculations in the case are not shown, but they are analogous to those in the
previous case.

To remove the dimensionalization in time, a scaling factor f is required in order to define a new

dimensionless time variable T as: ¢
T=—
to

In any system, we have several reaction rate constants that have different values. To obtain the
scaling factor, one option is to choose the fastest one, as then the dimensionless time will be a factor
indicating “how many times the fastest reaction has taken place”. In any case, we can rewrite our
ODEs system, taking into account that,

d_1d
i it
and obtain:
2 alclmpl ) (Climp] 1) + .
kl[l[n(;lﬁ]é;))[Cﬁﬂ/lp] + kexp[E[:g?(]ég))[mep]
HHEL  @ci0)a ~ (€l .
— (k_1 + kexp) [C| Tmp]
N Kol Exp] 0) (N Exp] — 1)+ .
k2 RS NIExp) + ki er 3 Cl g

AN NN (1 - IN[Exp)
— (kfz + kimp) [N|Exp]
[Imp](t) = 1 — [C|Imp](T)
[Exp](t) = 1— [N|Exp](7)
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In our example, let’s suppose k; is the fastest rate (which is a biologically plausible assumption).
As ky is measured in (M-s)}, it cannot be the scaling factor itself because then T will have dimensions
of M:s2. Looking at the simplified ODEs system using the mass conservation law, we can see that
this rate ky appears multiplied by a constant, [Exp](0), measured in M. The product [Exp](0) - k; is
measured in s, so we can choose our scaling factor to be:

N
ky - [Exp](0)

Numerical integration of this adimensional version for the same parameters is now shown in

th = — T=ky - [Exp](0) - t

Figure 5, where vertical axis now moves from 0 to 1 and the horizontal axis represents multiples of the

to value.
[Cleq = [Nleq [Cleq = [Nleq [Cleq < [Nleq
1.001 Al B C
3 0751 1 1
5, .
5 O
® 0507 [ 1 1
€
[}
E L
S 0.251 Vﬁ ] ]
000 : :
0 50 100 150 200 0 50 100 150 200 0 0 100 150 200
Time [a.u.] Time [a.u.] Time [a.u.]
— @ e € — Nl INED

Figure 5. Simulation of the ODEs system after using the non-dimensionalization. The same rate con-
stants and initial conditions as in Figure 3 have been used for all the insets. Note that the concentrations
are ranged in [0, 1], and during the simulation the curves indicate the present fraction of the initial
concentration of each species in the system.

Pseudo-Steady State Approximation

So far we have an ODEs system with 4 coupled equations. Although in this case the numerical
solution of this system is relatively easy to achieve, this might not be the case in any other systems. To
further simplify our mathematical model, a common approach is to take advantage of the so-called
pseudo-steady state approximation.

A biologically acceptable approximation will be to consider that the dynamics of the intermediate
complexes are very fast, compared with the rest of the species. This means that the translocation
processes (C|Imp and N|Exp moving from one compartment to another via diffusion or another active
process, plus their disassemble) are slow compared to the association and dissociation reactions (C|Imp
and N|Exp formation and disassembly). Mathematically, this translates in k;,;, and k.x, being much
smaller than the rest of the rate constants, and thus we can consider that

d[C|Imp] _ d[N|Exp]

i - a VY

This assumption is known as Michaelis-Menten approximation [59], in which the concentration
of the enzymes and complexes are considered to be in equilibrium while [C] and [N] change rapidly.
With this mathematical condition, we can then obtain the concentration of the complexes over time as:
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k1 [C(#)[Imp] (0)
[ ](t)+k 1+kzmp
)

_ ka[N](t)[Exp](0)
[N|Exp](t) - ko [N](#) + k2 +kexp

[ClImp](t) =

With this definitions, then the new simplified system that gives the concentration of all the species

over time is:

% = —ky [C][Imp] (0) +
+llalC] 4 k) g f{éﬁ[zfmﬂ( (Qmp
+ kexp kf [] Ji[ifxzp ]Jr((;c)exp
@ = —ka[N][Exp](0) +
+ (k2[N] + k) kzﬁir[]z\ﬂ[fxf ]+((;<>exp
k1[C][Imp] (0)

* kimp ky [C] +k_1+ kimp

which just has two coupled ODEs. Lastly, using the definition of the Michaelis-Menten constant
for each of the two processes (C/Imp and N/Exp), we can rewrite the ODEs as:

diClum BN o [mp©)[c]
dt P Kn+[N] mpKe+[Cl
diNlmm o [impl@)(C] . [ExpO)N]
dt imp “Ke+[C] T TesP Ky N]
with:
KC — kzmpk‘:k—l
KN — kexpljz’k72

Now, we can compare the initial system with the pseudo-state approximation system that we
have just obtained. As shown in Figure 6, the approximation is not valid for the values of the rates
of the set 1 (Table 1), but it is for the values of set 4. The rate constants for the system must fulfill the

approximation assumptions in order to be able to use the approximation.
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Figure 6. Comparison of the raw model and the pseudo-steady state approximation model. The
concentration of the C and N molecules are show as dashed lines for the original ODEs ([C] and [N])
and as solid lines for the pseudo-state approximation (Michaelis-Menten, [C]arp and [N]par). In both
insets, the initial concentration values are the same as in Figure 3. The rate constants used in A and B
are set 1 and 4 (from Table 1), respectively. For case A, there is a considerable discrepancy between the
approximation (solid curves) and the original system (dashed curves). When the rate constants are
chosen in a way that the approximation assumptions are fulfilled (set 4), the steady-state approximation
becomes valid and can be used to simplify the analysis of the system.

Conclusions

Here we presented a comprehensive revision on how the different compartments in a cell are often
utilized as physical barriers to modulate the biochemical processes that shape the response of cells
to external stimuli. The TFG is often view as an almost linear cascade, where events at the receptor
level correspond to direct phosphorylation and activation of transcription factors. This oversimplified
view leaves out important processes that can fully dictate the response, such as regulation via com-
partmentalization of the R-Smads, that are actively maintained in and out of the nucleus depending
on their activation state. In principle, inactive unphosphorylated R-Smads do not form complexes
and do not bind to DNA, so the fact that there is an extra layer that keeps this inactive proteins from
entering the nucleus seems unnecessary. But we know from experience that everything that happens
inside the cells serves often many purposes. Therefore, this biophysical regulation at least adds an
extra safety layer that prevents such important proteins to wrongly activate expression of their targets
when not needed. We believe that this is just one of many ways that the physical aspects of the cells
and organelles shape influence biological responses, and perhaps some still waiting to be discovered
and studied. Physics and biophysics have already helped to understand many of the most important
aspects of how living systems operate, and for sure will play a central role in future discoveries.
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