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Abstract

Einstein derived the expansion of space since the Big Bang and introduced the possible cosmological
constant A. The expansion of space and the present - day rate Hy of expansion, the Hubble constant,
has been discovered by Hubble. Perlmutter et al. discovered the positive value of A, and Zeldovich
showed that A corresponds to the energy density upr of space. Lamb and Retherford as well as Casimir
provided evidence for the idea that upr might be based on quanta, and Riess et al. provided evidence
that Hy is an idealization. In this paper, using the hypothetic deductive method with very founded
hypotheses, these two evidences are confirmed in a very founded and precise manner. Thereby, no fit
is executed, and no postulate, unfounded hypothesis or assumption are proposed.

Keywords: relativity; cosmology; dark energy; Hy + tension; unification; quantum physics; gravity

1. Introduction

The properties of space are essential for theories, see e. g. Newton [1], Maxwell [2], Einstein [3],
Minkowski [4], Einstein [5], Hilbert [6], Hubble [7], Lamb and Retherford [8], Casimir [9], Zeldovich
[10], Perlmutter et al. [11], Smoot [12] and Riess et al. [13]. Thereby, outer space is a relatively ideal
form of space in the universe, as outer space is hardly disturbed by molecules or other objects. Hereby,
the universe consists of space and of the objects in space.

Moreover, the properties of space are important for applications such as space navigation, see for
instance Soffel [14], telecommunication, quantum cryptography or quantum computer networks.

In order to understand space, it is essential to understand that space has a nonzero energy density
upg or u,. It has essentially been proposed by Einstein [15] in terms of a cosmological constant A.
And its value has been measured by Perlmutter et al. [11], Riess and others [16], Smoot [12].

Furthermore, space was not given in advance. Instead, space expanded from the Big Bang until
today, and space will expand in the future, see Friedmann [17], Wirtz [18], Lemaitre [19], Hubble [7],
Hobson et al. [20], Workman and others [21], Planck Collaboration [22]. Thereby, the measurable
present-day rate Hy of increase of the space exhibits a problem, the Hy - tension: Measurements provide
different values of Hj at the 5 ¢ confidence level, see Riess and others [13].

This problem is explained here at the level of first principles and a founded and critically reflected
scientific method, see sections (1.1, 1.1.1).

Firstly, an idealization of space is identified with help of a paradox. The idealization is that in
present-day science space as a single entity. With help of a founded derivation, this idealization is
overcome: Homogeneous space is a stochastic average of indivisible volume portions.

Secondly, a volume dynamics is derived for these volume portions.

Thirdly, the quantum postulates, gravity, and the Local Formation of Volume (LFV) are derived
from this volume dynamics.

Fourthly, based on these founded and derived dynamical processes, the energy density of volume
is derived for the case of a homogeneous universe. For that case, this energy density is called u,,;. It is
in precise accordance with the observed value of the early universe, which was very homogeneous.
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Moreover, for this homogeneous case, the corresponding Hy value is identified, in precise accordance
with observation.

Of course, the universe is heterogeneous. Accordingly, the heterogeneity is analyzed in addition to
the homogeneous universe. As a result, the Hy value of the late universe, which is very heterogeneous,
is derived. This result is in precise accordance with observation.

These results provide a very convincing evidence for the concept that homogeneous space is
a stochastic average of indivisible volume portions. Moreover, these results represent a very clear
evidence that the Hj - tension is explained by the gradual evolution of heterogeneity in the universe.
These two fundamental insights improve the present-day model of cosmology, the ACDM model.
Additionally, these findings can be applied to space navigation and exploration, see Carmesin [23,24].

1.1. Hypothetic Deductive Method

In this paper, the results are obtained by the hypothetic deductive method, see Popper [25,26],
Niiniluoto, Sintonen and Wolenski [27]. Hereby, the following hypotheses are used:

1.1.1. Used Hypotheses

In this section, the hypotheses are presented that are used in the hypothetic deductive method.
Thereby, these hypotheses are very founded. Therefore, the risk of failure is very small.

(1) The space, that can be observed in the whole volume V ranging from Earth to the light horizon,
is isotropic and homogeneous at this universal scale. Local heterogeneities are possible, for instance
near a mass M, see Schwarzschild [28], Dyson, Eddington and Davidson [29], [30]. This has been
observed, see Planck Collaboration [22].

(1.1) Moreover, there is natural space that is very homogeneous and isotropic at small scales.
For instance, natural space is very homogeneous and isotropic in a void, see Zeldovich, Einasto and
Shandarin [31], Contarini et al. [32], and natural space was very homogeneous and isotropic in the
early universe, see Planck Collaboration [22].

(1.2) Furthermore, in the heterogeneous universe, natural space can exhibit slight heterogeneity,
additionally. For instance, in the heterogeneous universe, Abbott et al. [33] observed the merger of a
binary stellar-mass black hole system, and the gravitational waves emitted thereby. These gravitational
waves can be interpreted as coherent states that cannot be emitted in a natural homogeneous universe
without heterogeneity, as only an appropriate heterogeneity can emit coherent states.

(2) Space has a positive energy density upg, it is the dark energy density. It is the density of the
energy E of the volume V of the space in part (1), divided by this volume:

E
UDE = - (1)

This has been discovered by Perlmutter et al. [11], Riess and others [16], Smoot [12].

(3) The energy speed relation of special relativity theory (SRT) holds, see Einstein [3], Hobson et
al. [20]: In general, an object with an energy E has a velocity @ relative to a mass #,, £, that is used as
a reference. Its absolute value is called speed v = |7]. In the case of zero speed, v = 0, the energy is
called rest energy Eg. The energy speed relation of SRT is as follows:

E%:EZ-(l—vz) )

2
In the case v < ¢, the relation has the following equivalent form:

2
EO

E? = — 3)

2

Hereby and in the following, the velocity is determined relative to an adequate coordinate system
of relativity theory, for details see section (1.1.5).
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(4) Each volume or volume portion AV of space has zero rest energy Ey, and it has zero rest mass
my = Eo/ CZ.
mo(V) = 0= Eo(V). (4)

This is shown in section (1.1.2).

(5) In a process of increase of volume or space, the dark energy density upr is a nonzero constant,
whereby only very small variations might occur. This approximate constancy has been observed for the
expansion of space since the Big Bang, see Planck Collaboration [22], Riess et al. [13]. Additionally, that
constancy has been proposed by general relativity theory and cosmology, see Einstein [15], Friedmann
[17], Lemaitre [19], Hobson et al. [20]. Furthermore, the value of upf is derived here, and the results
are additional evidence for this approximate constancy.

The above very founded hypotheses (1) to (5) will be used for deductions in this paper.

1.1.2. Why Volume Has no Rest Mass

In this section, it is shown that volume has zero rest mass my.

In the vicinity of a mass M, there occurs additional volume JV, see section (1.1.4) or Figure 1.
If that additional volume would have a rest energy my(dV) > 0, then there would be an additional
rest mass my in the vicinity of each mass M. Such an additional rest mass has never been observed,
see e. g. Landau and Lifschitz [34], Workman et al. [21], Planck Collaboration [22], Zogg [35]. For
instance, if there would be such an additional rest mass my, then this 7y would modify the orbits of
the GPS satellites, and this would have been observed, but this has not been observed. Consequently,
additional volume 6V has no rest mass.

AR _ limypz 0 dpr

=dgp

Figure 1. In the vicinity of a mass M, the radial difference AL is increased with respect to the original difference
AR that would occur in the limit M to zero. Note that the difference AL is measured as a light travel distance dy,
and the difference AR is measured as a gravitational parallax distance dp, see Carmesin [23,36].

Moreover, the additional volume in the vicinity of a mass is the same type of volume as the
usual volume that occurs without any mass. this is confirmed by the observation that only one type
of volume has been observed, see e. g. Workman et al. [21], Planck Collaboration [22], Casimir [9],
Zeldovich [10], Perlmutter et al. [11]. Therefore, in general, volume has no rest mass.
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1.1.3. Mass Causes an Increase of Radial Light Travel Distance

In this section, it is shown that a mass M causes an increase of the radial distance R to M. This
increase occurs at each radial difference AR, see Figure 1.

For instance, in the vicinity of a mass M, an original (at M = 0) radial distance AR is increased by
the square root ,/ggg of the radial element grr of the metric tensor to a value AL, see Figure 1,

AL = AR - \/3RR. ()

Hereby, the value AL can be measured as a light travel distance d; T, see Hobson et al. [20]. Similarly, the
original value AR can be measured with help of two hand leads, the distance is called gravitational
parallax distance, see Carmesin [23,36].

As a consequence of general relativity, see Einstein [5], Hilbert [6], Hobson et al. [20], at each
radial coordinate (or gravitational parallax distance) R, the radial element grr of the metric tensor can
be expressed with help of the Schwarzschild [28] radius Rg:

! with Rg = 2GC72M (6)

RR = R/
8 1_ %
These relations are in precise accordance with observation, see e. g. Dyson, Eddington and Davidson
[29], Pound and Rebka [30], Will [37].

According to the Hacking [38] criterion of reality, this increase of radial light travel distance AL is
real, as it can be manipulated as follows: The mass M can be increased, and this causes an increase of
radial light travel distance AL, see Egs. (5 and 6).

Moreover, also the gravitational parallax distance AR is real, as it can be manipulated as well: For
instance, in Figure 1, AR is the distance between the points A and B. If B moves towards A, then AR
decreases. Next, the corresponding volume is analyzed:

1.1.4. Mass Causes an Increase of Volume

In this section, the following is shown: In the vicinity of a mass M, the increase of the radial
length AL causes an increase of the volume.

Without loss of generality, an portion of volume AVg = AR - Ax - Ay is used with |AR| = |Ax]
and |AR| = |Ay].

In the vicinity of a mass M, the radial distance AR is increased to the respective light travel
distance AL by the factor ,/grr, while Ax and Ay are not changed by M. Consequently, the volume
AVp is increased to the respective volume AV by the factor /grr, see Eq. (5):

AVL:AL-AX'Ay:AR'AX'A}/-gRR:AVR‘gRR. (7)

The difference of the volume AVr measured with the gravitational parallax distance and the
volume AV} measured with the light travel distance is called additional volume 6V':

oV = AVL - AVR. (8)

The ratio 6V / AV} is called relative additional volume € :

3%

= v ©)

Er .

1.1.5. On the Adequate Coordinate Systems

In the theory of relativity, a time interval ¢4, of a clock onboard a satellite E and a time interval
tsatp Of a clock onboard a satellite F exhibit the phenomenon of kinematic time dilation. Thereby,
relativity theory states: Between two events A and B, a clock in a laboratory coordinate system exhibits

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.1471.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 19 November 2025 d0i:10.20944/preprints202511.1471.v1

5o0f 52

a time t;,;, a clock onboard the satellite E exhibits a time #;,, and a clock onboard the satellite F
exhibits a time t,4, as follows:

1 1

tiab = tsatg - —22 and t,; = tsatp - —2 5
V1= Ve a/c V31— UF 1ap/ €

Hereby, v 1,5 = |UE 10| is the speed of the satellite E relative to the laboratory coordinate system, and

(10)

UF 1ab = |OF 10| is the speed of the satellite F relative to the laboratory coordinate system. However, the
International Astronomical Union (IAU) realized that relativity theory does not provide information
about the choice of an adequate laboratory coordinate system or laboratory frame. Such information
about the frame is essential for predicting the times shown by the above clocks, and it is important for
space navigation. The IAU called this lack of information the problem of finding an adequate coordinate
system (ACS), see Soffel [14].

The problem of finding an adequate coordinate system (ACS) has been solved [23,24,39].

Thereby, for each point P in the universe, the following has been shown:

(1) An ACS exists.

(2) The ACS has a uniquely determined velocity 7 4cs cs, relative to an arbitrarily chosen coordi-
nate system CS.

(3) Tacs,cs can be measured, and procedures of measurement are provided.

(4) Tacs,cs can be predicted and calculated, and procedures for it are provided.

(5) The equations of time dilation in Eq. (10), as well as the energy speed relation in Egs. (2 and 3)
hold, when the ACS is used. Moreover, the typical results of relativity hold, when the ACS is used.

(6) There exists an absolute zero of the fractional kinematic time difference

toary — £
5tkin,fmc = oty _lab <0, (11)

Fiap
whereby the chosen laboratory coordinate system is equal to the ACS.
In this paper, the ACS is used. Therefore, the derived results have clearly defined conditions.

1.2. Observed Energy Density of Volume

In outer space, Perlmutter et al. [11] and Riess et al. [16] discovered the accelerated rate of
expansion of the universe. Based on the Friedmann Lemafitre equation (FLE), this implies a nonzero
energy density of empty space, see e. g. Friedmann [17], Lemaitre [19], Hobson et al. [20], Carmesin
[40]. It is called density u, of the cosmological constant A or density upg of the dark energy density
[10,15,20,41]. An actual value observed with help of the Cosmic Microwave Background (CMB) is as
follows: [22,23,40]

Up ops = 5.133 (£0.2432) - 10~ 1° $ = UDE ops- (12)

2. Problem of the Hubble Tension

In this section, we summarize a very interesting problem of modern physics. In particular, this
problem is a discrepancy of two observed values that should be equal according to the ACDM model
of present-day physics, see e. g. Hobson et al. [20]. Consequently, this discrepancy falsifies the ACDM
model. In general, according to the hypothetic deductive method, a solution of such a falsification-
problem provides the chance to improve concepts of physics [25,26]. In this paper, we will use the
problem in order to develop founded and essential improvements of present-day physics.

Hubble [7] discovered the present-day rate of expansion of space since the Big Bang, the Hubble
constant Hy. In general, the Hubble constant is measured by utilizing signals that have been emitted at
a time f;;, or at a corresponding redshift z.,,, see e. g. Hobson et al. [20].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Penzias and Wilson [42] discovered the cosmic microwave background (CMB), a radiation that has
been emitted in the early universe, at ., = 380 000 years after the Big Bang. Utilizing that radiation,
the Planck Collaboration [22] observed the corresponding value of the Hubble constant:

km
s - Mpc

Hy ops, cmp = 66.88(£0.92) (13)
Hereby, the redshift of emission is z.;; = zcyp = 1090.3 & 0.41. In the measurement, the so-called
temperature - temperature correlation, TT, has been used[22] table 2, column 1.

As another example, Riess et al. [13] utilized radiation emitted from supernovae of type la in near
galaxies and obtained the following observed Hj - value:

km
s - Mpc

HO,obs,near,Ia = 73-04(i1'01) (14)
Thereby, many galaxies with different redshift values z.,;, have been observed. Accordingly, the redshift
Zew Of emission is described by the average of the redshift values of the observed[13] sections 5.1 and
5.2 galaxies, (z) = 0.055.

Riess et al. [13] observed a discrepancy between the Hy - value based on the CMB and the Hj -
value based on near galaxies. Such a discrepancy is called Hubble tension or Hy tension, see e. g. Planck
Collaboration [22]. That discrepancy is at the five o confidence level. Consequently, that discrepancy
can be regarded and named as a scientific result [13]. This result falsifies the ACDM model, as this
model states that the value of Hy should not depend on the redshift value of observed objects. Based
on such a falsification of a model, that model can be interpreted as an idealization, see e. g. Shech [45],
Song et al. [46]. Consequently, the idealization of the ACDM model is identified:

THE HUBBLE TENSION FALSIFIES the ACDM model. Accordingly, the ACDM model is an ideal-
ization.

Therefore, the Hubble tension or Hy tension is a founded scientific problem. A fundamental
solution of this problem is derived in this paper. Hereby, no fit is executed, no unfounded hypothesis
is proposed, and a precise accordance with observation is achieved, and predictions are derived.

Moreover, the value of the Hubble constant Hy .45 cpp Of the early universe is a Hy - value of a
nearly homogeneous universe, since the early universe was nearly homogeneous [22]. In contrast,
Ho obs,near,1a is @ Hp - value of the late universe, as the observed supernovae occured in the late
universe. Additionally, Hy yps yeqr,14 iS @ value of the heterogenous universe, as the late universe is very
heterogeneous [22,47,48].

As the Hubble constant describes the rate of expansion of space since the Big Bang, we analyze
the properties of space in more detail. For it, in section (3), we show that the present-day view of space
includes a paradox, the so-called space paradox. Moreover, we derive a solution of that space paradox.
With it, we will explain and derive the Hubble tension. This solves the problem of the Hubble tension.

3. Space paradox

In general, a paradox provides the chance to develop a deep insight [49]. In this section, we will
derive a paradox, and we will use it in order to develop a deep insight.

In the following, the space, that can be observed in the whole volume V ranging from Earth to the
light horizon, is considered. For instance, this space has been observed [22].

In physical concepts that are commonly used at the present-day, the space with its volume V is
considered as a single entity, see e. g. Newton [1], Maxwell [2], Einstein [5], [17], Lemaitre [19], Landau
and Lifschitz [50], Hobson et al. [20], Planck Collaboration [22].

That space has a positive energy density upr, see Eq. (1):

E
UDE = V (15)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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As a consequence of SRT, the volume V with its energy E of space, velocity 7, and speed |7] = v,
obey the energy speed relation, see Egs. (2 and 3)

E2 2
B2 — Ozor#-@—z>:%. (16)
1-% ¢
c
As the energy density is nonzero, the energy E is nonzero. Thus, the above relation can be divided by
E?. Therefore, the following form of the energy momentum relation holds:

2 2
v_EO

5 =3 (17)

As a consequence of the zero rest energy Ej of V, see Eq. (4), the right hand side in Eq. (17) is
zero. Consequently, the volume V with its energy E has the speed c of light in vacuum.

v=c=0v(V)=nuv(E). (18)

3.1. The paradox

In physical concepts that are commonly used at the present-day, the volume is considered as a single
entity, see e. g. Newton [1], Maxwell [2], Einstein [5], Friedmann [17], Lemaitre [19], Landau and Lifschitz
[50], Hobson et al. [20], Planck Collaboration [22]. In such a concept of volume, that whole volume would
move parallel to some unit direction vector €, and with the speed of light, 7 = c - é;, see Eq. (18).

However, that velocity 7 would break the isotropy of space observed at a universal scale [22]. This
is a contradiction. In general, a paradox is a contradiction, the solution of which provides a deeper
insight [49]. The above contradiction is called the space paradox. It is solved next:

3.2. A solution of the space paradox in natural homogeneous space

(1) The space paradox has five premises: There are four founded premises about space and its
volume V, see section (1.1), parts (1) - (4), part (5) is not used here: isotropy, the positive dark energy
density, the energy speed relation of SRT (which is correct in the used ACS, see section 1.1.5), and the
zero rest energy Eg. And there is one hardly founded premise (see the beginning of section 3.1): the
concept of space as a single entity. Therefore, space is not a single entity.

As space is not a single object, it must consist of many parts of the volume V. These parts JV are
analyzed next. Thereby, a part of the space with its volume V is called a volume portion (VP).

Hereby, parts of volume with at least one local maximum of volume are analyzed. Thereby, for each
part, one such maximum is used in order to localize that part V. Such a part is called a localized VP.

Since the energy and volume of space have the speed v = ¢, the above parts 6V must have the
same speed. For instance, each part §V; has its speed

vj =c. (19)

In general, a part of volume is called volume portion.

(2) Next, for the case of a homogeneous universe and space, and for the case of a usual density
Pnom, The following question is analyzed:

Can such a part §V; with v; = ¢ consist of smaller parts 6V;?

Hereby, a usual density pj,,, is a density below an ultrahigh critical density pc/., symmetry at which
the symmetry of space breaks in a phase transition. This can occur in a phase transition from space to
matter in the Higgs [51] mechanism. Moreover, this can take place in a dimensional phase transition
[36,40,52,53]).

If such a part §V; with v; = ¢ of space would consist of smaller parts §Vj, then the following
would be implied:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(2.1) Each smaller part 6V, would have the speed vy = ¢, as the energy and volume of space have
the speed v =c.

(2.2) Consequently, each part 6V, would have a velocity 7 = ¢ - €, with a direction vector & with
norm one.

(2.3) As the considered universe is homogeneous (see part (2)), there is no source that could
provide a uniform direction of the direction vectors &j.

(2.4) Hence, the velocity ¥; of the considered part §V; with v; = ¢ would be an average of the
velocities 7. Thereby, as a consequence of the different direction vectors & in part (2.3), the velocity
j would have an absolute value smaller than ¢, i. e. |j| = v; < c. This would contradict the speed
v; = cin Eq. (19).

(2.5) Therefore, the parts 6V; with speeds v; = ¢ cannot consist of smaller parts. This is the answer
to the question in (2). This implies that the parts §V; with v; = c are indivisible. Such a part 6V; with
its speed v; = ¢ is called indivisible volume portion, indivisible VP.

(3) Next, it is shown how the indivisible VPs solve the space paradox:

(3.1) The energy and volume of space have the speed c, and the energy of space obeys E? -

1-— Z’—; = E3 = 0, as space consists of indivisible VPs & V; with the speed v; = c.

(3.2) Moreover, the velocities U; = ¢ - €; of the indivisible VPs have stochastic direction vectors ¢;,
that are distributed isotropically. Hence, these velocities average to zero.

(3.3) As a consequence, space is isotropic at a universal scale, see Figure 2. In this manner, the
space paradox is solved.

A N A

Figure 2. Volume portions 6V; with speed v; = ¢ (dotted) of homogeneous space with different normalized
direction vectors €; of the velocity 7; = c - &;. The average of the velocities ; is zero. This causes global isotropy of
space consisting of rapidly moving volume portions. As a consequence, this solves the space paradox.

Therefore, we obtain the following deep insight, the stochastic property of space:

IN A HOMOGENEOUS AND ISOTROPIC UNIVERSE, SPACE IS A STOCHASTIC AVERAGE OF MANY
INDIVISIBLE VOLUME PORTIONS 6V}, EACH WITH THE SPEED v; = c. Hereby, the velocities 17]- of the
volume portions average to zero.

(4) Next, the solution is generalized to heterogeneous space: The early universe was very ho-
mogeneous and isotropic [22]. The heterogeneity of the mass distribution in the universe increased
gradually, and thereby the heterogeneity of space evolved gradually [23,36,48,54,55]. Therefore, the
natural heterogeneous space is a slight variation of the natural homogeneous and isotropic space.
Details of that variation will be derived in the solution of the Hubble tension below.

3.3. Examples of Parts of Space

In this section, essential parts of natural space with the volume V are analyzed.

(1) Additional volume in the vicinity of a mass M:

In the vicinity of a mass M, there occurs additional volume 6V, see section (1.1.4). It is at rest
relative to M. Moreover, in the vicinity of M, the ACS (see section 1.1.5) [23,24,39]. is nearly at rest at
M. Consequently, the speed of the additional volume in the vicinity of a mass is clearly smaller than c,
i. e. v < ¢. Each additional volume with a speed v < c must be a stochastic average of the indivisible
VPs §V; with their speeds v; = ¢, as space with its volume V consists of indivisible VPs §V; with their

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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speeds v; = c. This is the case for homogeneous and isotropic space and for the case of heterogeneous
space which is a slight variation of homogeneous and isotropic space.

Altogether, additional volume that is at rest in the vicinity of a mass M is a stochastic average of
indivisible VPs.

(2) Relative additional volume ¢; :

In general, a VP §V is located within an underlying VP AV} . The relative additional volume ¢;, is
the following ratio of the VP §V and of its underlying VP AV, see section (1.1.4):

8V. _AL-Ax-Ay—AR-Ax-Ay AL—AR 4L
N AL -Ax- Ay AL ALY

e == with 6L := AL — AR.  (20)

Thereby, the ratio % is usually interpreted as a tensor element, whereby the L - direction is the z -
direction or the 3 - direction: 5
z 1

€47 1= i &jj with j = 3. (21)
In general, a volume portion VP §V represents a change of an underlying VP AV, and this change
represents a tensor element or tensor. Thereby, typically, the change of each VP AV has a quadrupolar
structure. A dipolar structure is excluded, as volume cannot be negative. Therefore, each change of
an underlying VP AV can be described by a tensor of rank two. It is called change tensor [23,36] ;.
In general, an element ¢;; of a change tensor is the ratio of the change JL; divided by the underlying
length AL;:

81‘]' = — (22)

Hereby, for each normalized direction vector ¢j, the underlying length AL; is the sum of the original
length AR; and the change JL;:
AL]' = AR]' + (5L] (23)

In general, indivisible VPs can have the structure of a change tensor as well, see Figure 3.

(3) Gravitational wave:

Without loss of generality, a gravitational wave can be described as follows [50]: It has an angular
frequency w. Atalocation, a gravitational wave has one direction of propagation ¢, and two transverse
directions ¢y and €. There are two possible modes. In a first mode, the elongations are ey - cos(wt)
and e,y - cos(wt), with ey = €,, see Figure 3. The second mode is equal to the first mode rotated by
45° around @;.

Figure 3. Volume portions (VPs) §V; with speed v; = ¢ with different velocities 7; = c - €;: In general, each VP can
include a change as marked at the left. In principle, each VP §V; can be characterized very precisely by that change.
For instance, the change of a VP §V; moves with its velocity 7}, and typically, it has a quadrupolar structure. A
dipolar structure is excluded, as volume cannot be negative. At the right, these changes are indicated by wiggly
lines, for simplicity. The average of the velocities U; = c - ¢; is zero. This causes global isotropy of space consisting
of volume portions with speeds v; = c. Therefore, this solves the space paradox.

The elongations and the velocity of the gravitational wave can be measured with help of a
Michelson interferometer. For instance, Abbott et al. [33] measured the amplitude exy max = 1- 102,
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In the theory of waves, the above observed gravitational wave is a wave with a coherence length
that amounts several wave lengths. Accordingly, a gravitational wave could be interpreted as a
coherent state in the framework of quantum physics, if quantum physics is applicable.

3.4. On Quantum Properties of an Indivisible VP

The indivisible VP in homogenous space is very founded. According to this indivisibility, a
minimal extension of an indivisible VP is estimated with help of the Heisenberg [56] uncertainty
relation of quantum physics:

In general, an indivisible VP can have very different forms, and matter or radiation can be placed
in the VP. As an example, and as a very simple model, an indivisible VP is analyzed, that has the form
of a ball with a radius AL, and that contains no radiation or matter.

Consequently, the volume is

4
AV, = ?NAL:‘}. (24)
Thus, the VP has the following energy:

AE; = %”Aﬁ UDE. (25)

As the VP has the speed v = c. the energy momentum relation of special relativity theory (SRT)
provides the following momentum:

AE 4 u

Apy = BEL _ 2T a3 UDE 26)
c 3

In the rest system of the VP, the momentum is zero, so that the standard deviation alias uncertainty

of momentum is estimated by Ap;. Similarly, the spatial standard deviation alias uncertainty of the

indivisible VP is estimated by
or = AL. (27)

The Heisenberg [56] uncertainty relation for these standard deviations is as follows:

NS

App - AL > (28)

The estimated standard deviations in Egs. (26 and 27) are inserted into the above uncertainty relation:
h
ZTALS . UDE 3 (29)

This uncertainty relation is solved for the spatial uncertainty AL:

AL> i 3¢ 3957105 m. (30)
87t - UDE

Altogether, the very particular considered indivisible VP, that does not contain any matter or radiation,
has a minimal spatial uncertainty of AL ~ 0.039 57 mm.

3.5. Empirical Evidence for Indivisible Volume Portions

The derivation of indivisible VPs is based on isotropy at small scales. Accordingly, empirical
evidence for indivisible VPs is of interest. Such evidence is presented in this section.

3.5.1. Estimated Time Uncertainty of Indivisible Volume Portions

In four-dimensional spacetime, the length AL of an indivisible VP is estimated by Eq. (30). It
is the standard deviation according to the Heisenberg [56] uncertainty relation. In four-dimensional
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spacetime, the corresponding time uncertainty At of an indivisible volume portion is estimated by the
ratio of the length and the velocity of light c:

AL _ 3957-10"°m -
Atingivisite vp = —— 2 —————— = 1319-10 13, (31)
For instance, for the case of an averaging time of one second, 7,y = 1 s, the fractional uncertainty is
estimated as follows

Atindivisible VP, frac >~ 1.319 1071, (32)

3.5.2. Time Uncertainty of an Atomic Clock Using Gas
Many atomic clocks use gas atoms [57,58]. As these atoms move in natural space, and as an atom is
very small compared to the estimated size of an indivisible VF, the clock’s uncertainty is larger or equal
to the uncertainty of an indivisible VP in homogeneous natural space, in general. Similarly, if an object
moves within a ship, then the object’s uncertainty is larger or equal to the ship’s uncertainty, in general.
For the case of natural space consisting of indivisible VPs, the uncertainty of space is estimated by
Atingivisivle vP, frac in EQ. (32). Therefore, for the case of averaging of one second,

Atatomic gas clock, frac > Atingivisivle VP, frac >~ 1.319- 102, (33)

In general, the uncertainty of a clock can be reduced by averaging during a time 7;,. Thereby,
according to statistics, and according to observation, the uncertainty decreases by the factor 1//7s
[57,59]. Empirical data show the following [57]: Atomic clocks that use gas atoms, that are not confined
to any particular location or trajectory, and that are averaged at most one second, 7;, < 1 s, exhibit
time uncertainties larger than the estimated uncertainty of indivisible VPs in Eq. (32). This provides
evidence for the existence of indivisible VPs. Moreover, a control experiment is available:

3.5.3. Time Uncertainty of an Atomic Lattice Clock

In an atomic lattice clock, the used atoms are confined to the potential minima of a standing wave
of laser light. Hereby, the standing wave, and the device that generates that wave, are large compared
to the estimated size of an indivisible VP. As a consequence, these atoms do not move freely in an
indivisible VP of homogeneous natural space, but in artificially generated potential minima. Therefore,
the atomic lattice clock’s uncertainty can be smaller than the estimated uncertainty of indivisble VPs in
Eq. (32). In fact, measurements show that this is clearly the case. There is even a local maximum of the
uncertainty as a function of the time 1, of averaging [60]:

~ —16
Atutomic lattice clock, frac < Atmuximum atomic lattice clock, frac ™~ 3-10 . (34)

This control experiment provides evidence for the following: The independence of the uncertainty of
natural space and of indivisible VPs can provide a very small uncertainty of an atomic lattice clock.

Atatomic lattice clock, frac < Atindivisible VP, frac (35)

4. On the Dynamics of Volume Portions

In this section, a very valuable and insightful description of VPs is developed. With it, a very
general differential equation (DEQ) of the dynamics of VPs is derived.

Here and in the following, mathematically, a VP could be arbitrarily small. Physically, the
Heisenberg [56] uncertainty relation limits the standard deviation of a VP from below. A particular
example is analyzed in section (3.4).
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4.1. Additional Volume

In this section, the increase 6V of the volume AV of a VP is analyzed. For it, the difference of the
increased volume AV} and the original volume AV of the VP is used:

5V == AV; — AV (36)

Hereby and in the following, a light travel distance AL is larger or equal to the corresponding gravita-
tional parallax distance AR, i. e. AL > AR, so the particular case without curvature is included. The
above difference 6V is called additional volume, see section (1.1.4).

Similarly as in section (1.1.3), according to the Hacking [38] criterion, the enlarged volume AVy
and the additional volume ¢V are real, as they can be manipulated. In contrast, the original volume
AVp is an idealization corresponding to the idealization of flat space:

EACH VP HAS A REAL ADDITIONAL VOLUME 0V and a real enlarged volume AV}, according to
the Hacking [38] criterion.

In order to derive general laws of physics, this difference is normalized in the next section:

4.2. Relative Additional Volume

In general, in order to derive general laws of physics, it is valuable to use intensive quantities
rather than extensive quantities [61]. In the present case of a VP, it is useful to utilize the ratio of its
real additional volume 6V and its real enlarged volume V7. Such ratios are formed and analyzed in
detail in this section:

That ratio is called relative additional volume e, see Eq. (9):

oV
= 37
AN (37)
The relation to the metric tensor is achieved by inserting Eqgs. (7 and 36) into Eq. (37):
AVE — AVR AVR 1
e 1= =1- =1- . (38)
’ AV AV, VERR

This is an example for the fact that curvature can be described by the metric tensor or by the relative
additional volume. Moreover, the relative additional volume of a VP is real, as it is a ratio of real
quantities of that VP:

EACH VP HAS A REAL RELATIVE ADDITIONAL VOLUME ¢g;.

Furthermore, the description with the additional volume is compatible with the volume portions
that become necessary for the solution of the space paradox. In contrast, the metric tensor does not
include the concept of volume portions, and it does not provide the dynamics of the volume portions.
As a consequence, the description with the volume portions provides the additional possibility to
derive the dynamics of volume portions. Of course, the metric tensor provides the description of time

dilation directly. In the case of volume portions, the Schwarzschild [28] metric is used. Thereby, the
1

8RR

to an interval of own time dt = dt - g [20]. With help of the volume portions, the dynamics of volume

tensor element of the time g; = is utilized. With it, an interval of coordinate time dt is transformed

portions is derived next:

4.3. Dynamics of Volume Portions

In this section, the dynamics of an arbitrary VP is described by its relative additional volume. The
result is achieved with help of calculus or standard analysis only. As a consequence, the dynamics of

VPs derived here is very general.

Firstly, the applicability of calculus or standard analysis is investigated:

Calculus or analysis are a mathematical tool, such as algebra and stochastics. Thereby, calculus
or analysis do not include a prejudice about the continuity of space and time. The reason is that in
the present investigation, space is a stochastic average of VPs. Hereby, VPs will be characterized by
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eigenvalues with a spectrum of eigenvalues. This spectrum can turn out to be discrete, continuous or
partially discrete and partially continuous. As calculus or analysis are used in this study, these fields
of mathematics do not necessarily include a prejudice about the discreteness or continuity of space.

In contrast, an exclusion of calculus and analysis would include a prejudice about the discreteness
or continuity of space.

In fact, the space paradox and the implied structure of space as a stochastic average of VPs does
already deduce an essential degree of discreteness of space. And it is important to investigate the
amount of discreteness and continuity of these VPs in the following.

Moreover, in this paper, the physical reality of the used and deduced concepts is permanently
tested with help of the Hacking [38] criterion.

Secondly, the differential equation, DEQ, of VPs is derived:

Each localized VP (see section 3.2, part (1)) has a local maximum of its relative additional volume
er. Itis a function of its three-dimensional position vector L and of the time 7. It is illustrated in
Figure 4, whereby the three-dimensional position vector is summarized by a position L. Altogether, a
localized VP can be described by a function e (7, L) with a local maximum. If there should be several
local maxima or a set of local maxima, then one local maximum can be chosen as a convention.

N

€L later

.......

03

T

Figure 4. A VP with a relative additional volume ¢ (7, L) with a local maximum is shown as a function of location
L and time 7. Thereby, the location L summarizes the three-dimensional vector L in such a manner, that the length
of the path of the VP is described by L.

As a fact of calculus or of analysis, at the local maximum, the change of €1 (7, E) is zero. Thus, the
total derivative is zero:
der (t,L(T)) =0 (39)

That derivative is evaluated with help of partial derivatives:

de, (7, 1(1)) = %sL(T,E)dH a%q(r,f)df 0. (40)

The VP moves parallel to a corresponding direction unit vector &, of its velocity 7 = % Therefore,
during a time d, the vector L changes by the amount dL = v - d7 - &,. With it, the total derivative in Eq.
(40) is

a =4 = a =
EEL(T,L)dT—i-U-eU . iSL(T,L)dT =0. (41)
The above Eq. is divided by dt. Moreover, the Eq. is solved for %s L:

G%SL(T'K) =—0-8&- %SL(T, L), each indivisible VP has v = c (42)

This is the differential equation, DEQ, of VPs or of volume dynamics (VD). A Lorentz invariant form of
the DEQ is achieved as follows. The square is applied to Eq. (42), and the right hand side is subtracted,

8sL 2 2 aSL 2 e Qe e s
F — v A =0, each indivisible VP has v=c¢ (43)
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EACH LOCALIZED VP FULFILLS THE VOLUME DYNAMICS in Eq. (42) or in the Lorentz invariant
Eq. (43).

For the following reasons, the derived dynamics is very founded and insightful: The derived
DEQ of VD describes the dynamics of a VP with at least one local maximum. The derivation uses no
postulate or unfounded hypothesis. In contrast, general relativity uses postulates such as the Einstein
Hilbert action or the Einstein field equation [5,6]. Similarly, quantum physics uses ‘guessed’ postulates
[62-64]. Also gravity uses ‘guessed’ postulates or restrictions. Examples are the restriction to physics
without quanta in general relativity [5], and in Newton’s gravity [1]. Another example is the graviton
hypothesis. Thereby, gravity uses hypothetic quanta [65].

Indeed, we will show later that the DEQ of VD implies gravity and curvature of space and time.
Moreover, we will show that the DEQ of VD implies the postulates of quantum physics. In particular,
based on the VD, we derive the Schrédinger equation in the next section.

5. Derivation of the Schréodinger Equation

In this section, we show that each VP fulfills a generalized Schrodinger equation (GSEQ), which
implies the usual Schrodinger equation (SEQ), which holds for the special case of a non-relativistic mass
M.

5.1. The Volume Dynamics Implies the GSEQ

In this section it is shown, that VPs with their VD imply the GSEQ.

(1) In a first investigation, the geometry of relative additional volume is analyzed:

For each VP, the DEQ (42) of VD is fulfilled. Thereby, the VP moves in the direction &, of its
velocity, see Figure 4.

In general, a relative additional volume with an increase L3 with the normalized direction vector
ez and with a propagation of indivisible VPs in the same direction, and with an underlying length
ALg, is called unidirectional relative additional volume ¢y, 33, see Egs. (21, 22 and 23). More information
about such tensors can be found in the literature [23,36,50,66,67].

(2) Next, each VP is described by the DEQ of VD. In that DEQ, v = c is inserted. Additionally, the
time derivative is applied, so that the relative additional volume ¢ j; becomes a%s L,jj» which is usually
expressed by ¢1 j;. As a consequence, the DEQ of VD implies the following DEQ:

J . " .
ESL'jj = —C-€y- ishﬁ (44)

(3) Next, as an equivalence transformation of the above DEQ, the factor iz is multiplied. This
multiplication is also physically equivalent, as the system of units can be chosen freely. And the factor
Ti is one in natural units [68]. Consequently, the DEQ of VD implies the following DEQ:

_—y S L 0],
ih - £8L,]‘]' =C-€yp- |:—17’1 . af,:| EL/]']‘ (45)
Moreover, for the case of an indivisible VP, this indivisibility corresponds to the quantum property
with its universal unit of quantization, the Planck [69] constant £ or its reduced version 71 := %
Accordingly, the correspondence principle is applicable [68]. Consequently, the rectangular
bracket is identified with the momentum operator[67] chapter 9:

.y S A
ih - gSL,]’]‘ = €y 'C'p'SL,]']‘ (46)
In this DEQ, ¢ j; represents a rate. That rate is normalized by a factor t,. In physics, ¢, has the
dimension time and the unit second. Consequently, the normalized rate t, - £| j; is dimensionless and
has the unit one. It will be shown that the normalized rate has the role of a wave function in the above
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DEQ. Accordingly, the normalized rate is called wave function ¥. Of course, this can be regarded as
an abbreviation, if desired. As a consequence, the DEQ of VD implies the following DEQ:

., 0 N
zh~a—T‘I’:c-ev~p"I’ 47)
Y:=t, 'éL,]'j (48)

The product of the momentum operator and the direction vector of propagation, &, - p, is the operator
of the absolute value of the momentum p:

]
h-—Y=c-p-¥Y 4
=¥ =c-p (49)
In the present case of a VP that propagates with the speed c, special relativity implies that the product
of ¢ and the momentum p is the energy E. Consequently, according to the correspondence principle
[68], pages 673-674, the product of ¢ and the momentum operator is the energy operator:

1h-g‘I’:E-‘{’ (50)
This Eq. has the form of a Schrodinger equation, SEQ. However, the SEQ holds for non-relativistic
objects. In contrast, this DEQ holds for relativistic objects too, and it implies the SEQ for non-relativistic
objects, see next section (5.2). Thus, this DEQ is the GSEQ. Moreover, ¢1 ,, is real, as it is the derivative
of the real ¢ ,,. As a consequence, the wave function ¥ is real, as it is the normalized form of the real
éL,rr-
EACH VP FULFILLS THE GSEQ (50) AND HAS A PHYSICALLY REAL WAVE FUNCTION ¥ o ¢ ,,
in Eq. (48). Thereby, according to the Hacking [38] criterion, a wave function has an extraordinary
physical reality, as it can be manipulated even in a nonlocal manner [71].

5.2. The Volume Dynamics Implies the SEQ

In this section it is shown, that VPs with their VD imply the SEQ.
For each localizable quantum object at v < ¢, the following is implied:
(1) For the case of ultrafast objects, with p?c? >> m3c* [21] an energy eigenvalue is obtained by

the following linear approximation of the energy momentum relation E = y/p2c? + m3c* with respect

. m2C4
to the small ratio 25
pe-c

2.4
mgc
E=yp- 0 51
Pty 51)
2.4
Hereby, = marks the first order approximation for small mzo—zz The corresponding linear approximation

of the GSEQ is obtained by replacing the eigenvalue p by its operator p:

.0 . m%c4
zhaT‘I’—<p-c+2'ﬁ.C>-‘Y (52)

(2) For the case of slow objects, with p2c? < m3c* =: E2, the following holds:
(2a) An energy eigenvalue of the energy is obtained by the following linear approximation of the

2.2
energy momentum relation E = |/p2c2 4+ m3c* with respect to the small ratio £ E; :
0

2

: P
E=E

0+2-Tl’l0

(53)
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(2b) The corresponding linear approximation of the GSEQ is obtained by replacing the eigenvalue
p by its operator p.

)
ma ¥p = <E0+ meo) W, (54)

Hereby, the wave function includes the rest energy Ey. Accordingly, the wave function is named Yg,.
In general, the following squares are equal:

pPP=p" (55)
(2¢) The wave function is factorized:
Y, =Y -exp < E%T) (56)

The left hand side of Eq. (54) is evaluated with the product rule:

oY p?
EoYE, + exp( o > ha— (EO—I— 2mo) Y, (57)

(2d) In the above DEQ, EgYE, is subtracted. The resulting DEQ is divided by exp (E%hr) Asa
consequence, the SEQ proposed or postulated by Schrodinger [72] is derived from the VD:

9y, P o
zha—T —Z.mo-‘I’—H‘I’ (58)
Additionally, H can include a potential energy:
ihi‘i’; 7 Y+ E,n¥Y =HY (59)
ot 2- mo pot = =

5.3. Interpretation of VPs and Masses

In this section, the relation between VPs and masses is elaborated on the basis of the above
dynamics of the VD, the GSEQ and the SEQ, and of the Higgs [51] mechanism:

Some elementary particles form their mass by a phase transition [21,51,73-75]:

In physics [9,68,76], empty space is called vacuum, and its energy density is the density upg of
dark energy [11,77]. In the above phase transition, the vacuum transforms to a mass.

As shown by the space paradox, the vacuum is a stochastic average of indivisible VPs. As a
consequence, the above phase transition transforms indivisible volume portions to a mass.

In a typical phase transition, objects change from one phase to another phase. Thereby, these
objects are described by the same fundamental dynamics in the first phase, in the second phase and
during the transition. An example is the phase transition of condensation [78,79].

In the present case, such a fundamental dynamics that holds in the first phase, in the second
phase and during the transition has been derived. It is the DEQ of VD. It holds for VPs in the first
phase, and it implies the SEQ that holds for the masses in the second phase. A description of the phase
transition in the framework of the VPs is elaborated in Carmesin [75].

Of course, the question remains how a mass can emit its wave function. This will be derived in
the next section: In part (6), it is shown that the VPs provide gravity as well as the local curvature
of space and time as a byproduct. It has already been shown that a mass causes additional volume
and VPs, see sections (1.1.3 and 4.1). In section (7), the process of local formation of volume (LFV) and of
VPs is described, and a corresponding DEQ of the LFV is derived. These VPs formed by a mass M
represent the wave function of that mass. In part (10), it is shown for the case of the homogeneous
universe, that this DEQ of LFV provides the emergence of the space of the universe and of the energy
density u,,; of that space in a homogeneous universe. More generally, in a heterogeneous universe,
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the energy density of space is upg, and the difference of u,, and upr increases gradually with the
heterogeneity of the universe, and this difference remained relatively small during the time from the
Big Bang until today.

Both results are in precise accordance with observation. Therefore, these results provide a clear
evidence for the present theory of VPs.

EACH MASS M FULFILLS THE SEQ (59) IMPLIED BY THE GSEQ. M can be formed from VPs via a
phase transition [51,53,75].

6. Gravity and Curvature

In the vicinity of a mass M, there occurs a curvature of space, as well as an exact gravitational
potential and field, see Figure 1. Next it is shown how these phenomena are implied by the DEQ of
VD:

6.1. Potential and Field

In this section, an exact generalized potential and generalized field are derived from the volume
portions.

6.1.1. Generalized Potential and Field

In the vicinity of a mass M, see Figure 5, the unidirectional radial relative additional volume €r ,,
exhibits the following properties. Hereby, spherical polar coordinates (7, 9, ¢) with M at the origin, dR
at M — 0 and dL at M # 0 in Figure 5 are used:

¥
Mprobe v\ 4
drr = \ d /
b, Figen ¥
;o > — @«
A LS
dR_g\f dgp +
R

Figure 5. In the vicinity of a field generating mass M, the space is curved (upper map), and in the limit M — 0,
the space is flat (lower map), see Fig (1). The physical situation is expressed with help of a field in the right part.

(1) For each indivisible VP §V, the relative additional volume e ,, (T, L) propagates according to
the DEQ of VD.
(1.1) That DEQ is multiplied by c:

0 >, 0 7
c- gsLﬂJ(T'L) =% oz (—CZ : sL,,,,]-(T,L)) (60)

(1.2) At an event (7, L), including the set S of its surrounding events in a time interval 7; €
[T — AT, T+ At] and in aball |I; — L| < AL, with L in the vicinity of the mass, the sum of the relative
additional volume of all indivisible VPs §V; is applied:

o L, 0 o
C: It Z EL,rr,j(Tr L) =é€y- i <_C2 : Z SL,rr,]'(T/ L)) (61)
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(1.3) The bracket in the above DEQ has the form of a generalized potential ®g;, (T, E)

q’gen<71t) =—c Z ELrr,j (62)
jinS

Hereby, the potential is generalized, as it describes volume portions, since ¢, ; is the relative
additional volume of an indivisible VP.
(1.4) The negative gradient of that generalized potential is the generalized field égen, see Figure 5:

= - 0 ] -
Ggen (T/ L) = i <_Cz ’ ; ;5 EL,rr,j) = - ﬁ‘bgen (T/ L) (63)
(1.5) Therefore, the DEQ of VD in Eq. (60) takes the form of the following rate gravity relation:

d .0 = . B
C- g]‘g‘s‘(‘l[#rr,j =€y - iCIDgen("l', L) = —enggn(T,L) (64)

The potential and field in the above equation are generalized to the respective quantities for one
indivisible VP §V;. Thereby, the potential is

q)gen,j(T/ z) = _CZSL,rr,j(T/ z)/ (65)
and the field is as follows:
L. ) L 50
Ggen,j(Tr L) = _iq)gen,j(l" L) = iSL’”,’]'. (66)

These relations are results of the VD. Formally, these results can be obtained by an application of the
above average with one indivisible VP only.

For comparison, expectation values of the field have been derived from the VD as follows: Firstly,
a quantum field theory has been derived from the VD. Secondly, the expectation value of a field has
been derived from the quantum field theory [23,67].

(2) For these indivisible VPs, and for each event (7, L), that rate gravity relation can be expressed
with help of the following rate gravity scalar RGSgep:

2

d o

RGSgen := (c. pe Z eL,m]) — Gg,en, thus (67)
jinS
) dimension D )

RGSgen =|C- o ESEL,W,]' — 2 Ggen,k and (68)

jin k=1

0 ? ) 2
RGSgen = (C . Py Z SL,Vr,j) — (Cachgen> and (69)
jinS

RGSgen =0 (70)

(3) For each underlying volume AV, and for each event (7, L), with a gravitational parallax
distance R from M, the generalized field is proportional to %:

|égen| o8 %, for D =3, and for AV (71)

This result is derived as follows:
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(3.1) Eq. (64) is multiplied by &,. Hence, the field is as follows:
. d = >
C-ce o Z errrj = —Ggen(T,L) (72)
jinS
(3.2) Integration with respect to T from zero to a time 67 yields:
. oT .
ey C- E €L, j(0T) = — A Ggen(T,L)dT (73)

jinS

The time 67 is chosen so small that the integral in the above Eq. is approximated by 67 - égen. Thus,
the field is as follows:

G- Y, Eppj(6T) = =0T Gaen (74)
jinS

P Vi . . . s
(3.3) The definition e, ; = d%/’ is used. The energy density u,,; of volume is nonzero, as it is
approximately the same as upg, which is nonzero [11,12,16]. Therefore, the indivisible VP 6V ,, ; is
proportional to the corresponding energy JE;. The latter is proportional to the momentum dp; = JE;/c,
OE; c-op;
ﬁ - uvaZ] ’

(3.4) The underlying volume dV}, of a shell with center M is considered. It is as follows: dV =
Ap - RP=1.dL. Thus, the field is as follows:

as each VP propagates with the speed ¢, that is: 6V ,,; =

2 Y. s0p;
. c jinsoP; 1 =

—Z, - . = 7
0 gt - Ap -dL 5T Rz = Ceen 79)

Hereby, the thickness dL of each shell is chosen constant, so that it does not dependent on R. Thence,
the first fraction is constant. The 2" fraction is the momentum current flowing through each shell. It is
constant, as no shell causes any momentum. Consequently, % [ |égen|. g-e.d.

A version of the corresponding result for a dimension D > 3 is shown in Carmesin[67] THM 9.

(4) As M is the source of the field éggn(R), that field is proportional to M: ‘égen (R) ‘ IS %

Thus, there is a universal constant Ggep, of proportionality:

. GeenM
’Ggen(R)’: S, forD=3. (76)

In general, the value of a universal constant, such as Ggen, must be obtained from observation. Accord-
ingly, Ggen is obtained in the next section. Additionally, the curvature of space is analyzed:

6.1.2. Spin, Statistics and the Additive Structure of VPs, Potentials and Fields

In general, a VP has the tensor property of a quadrupolar structure, see section (3). Consequently,
it is represented by a tensor of rank two.

Therefore, at the level of quantum physics, an indivisible VP has an integer valued spin, see
Landau and Lifschitz [81], §58, Carmesin [82]:

S =mn-h, with anatural number n. (77)

As a consequence, at the level of quantum physics, an indivisible VP is a boson, see Landau and
Lifschitz [81], §64, Carmesin [82]. Consequently, at the level of quantum physics, an indivisible VP
obeys the Bose [83] statistics, alias Bose - Einstein statistics, see Landau and Lifschitz [81], §64, Sakurai
and Napolitano [63], section 7.2.

The Bose - Einstein statistics implies that several bosons can exist at the same place. Consequently,
the additional volumes ¢ ,,; caused by different masses m; can exist simultaneously at each point P
in the universe, and these ¢ ,,,; add up at P. This, in turn, implies that the potential Deen(P) at Pis
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the sum of these additional volumes ¢ L,,r,j(P) multiplied by —c?. This founds Eq. (62) at the level of
quantum physics. As a consequence of this potential, the generalized field éggn (P) = %q{gen (P) has
the same additive structure.

6.2. Curvature in the Vicinity of a Mass

The DEQ of VD provides the curvature in the vicinity of a mass M as follows:
(1) For the case of a shell with the center M and with the gravitational parallax radius R, the
relative additional volume ¢; ,, is as follows:
vy, —dvg 1 dVx 47R%dR dR

_ G ZAVR _ g VR _ g AR g AR 7
EL avy vy 47R%dL dL (78)

The resulting fraction fl—lz is called position factor [67]:

dR
€E(R) = E =1- ELrr (79)
The fraction g—IL{ is identified with the root of the radial tensor element of the metric tensor. It occurs in

the vicinity of a mass M.
dL 1

Q= R m (80)

More generally, at each R, or at each event (7, L) with |L| > R, the curvature can be generalized for
the case of a single indivisible VP 6V}, with the relative additional volume ¢ ,, j, as follows:

1 1
(= = . (81)
8rrj SZE,]‘ 1- €L,rr,j)2

(2) A DEQ for the position factor is derived: For it, % is applied to Eq. (79). This implies:

Q=R Dy = %L (82)
oL’ F T 9LorR™F T TFoRTF T AL
The potential g, = —c2e L is solved for €] ,,, and this is inserted into Eq. (82):
Joeg . aq)gen/cz
«e(R)3r = oL ®3)
The gradient -2 = E},a% is applied:
aEE i 8<I>gm /C2
£E<R)87R = evT (84)
. 0Den = .. L
The field — a% = Ggen is identified:
1 o
_evcjcgen = eE(R)T; (85)
The field and the direction vector are antiparallel. Consequently, the field is as follows:
1, = aF,E
C7|Ggen| = ‘SE(R)ﬁ (86)
The field as a function of the mass in Eq. (76) is used:
GgenM . O¢E
R2C2 - gE( )ﬁ (87)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.1471.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 19 November 2025 d0i:10.20944/preprints202511.1471.v1

21 of 52
(3) The DEQ for the position factor is solved:
Integration by parts yields:
GgenM
/ S AR = / er(R)der (88)
The integral is evaluated with a constant K of integration:
GgenM 1
_ gen _ 12
Rc? 2°E ®9)

That result is solved for the position factor:

2GgenM 1
ep=1[2K-—5—¢ (90)

In the limit R — oo, there is no curvature. Consequently, e = fl—lf = 1. As a consequence, 2K = 1.

Therefore, the solution of the DEQ provides the position factor as follows:

2GeenM 1
SE:‘”_%E (91)

(4) The position factor in Eq. (91) is compared with observation. For it, the position factor is
replaced by the inverse root of the radial tensor element (see Eq. 80):

2
ep=1/1— CoenM 1 _ 1 (92)
2 R v/ 8rr

Moreover, observation shows that this inverse root of the radial tensor element is as follows [20,84]:

2GM1 1 Rs

1 = =4/1—=.
2 R /%n R (93)
Hereby, we use the definition of the Schwarzschild radius Rg := Zsz The comparison of the two

relations for the tensor element in Egs. (92 and 93) shows that the generalized universal constant
Ggen is the same as Newton'’s constant of gravitation G. Thus, the generalized field is identified with
the exact gravitational field and the generalized potential is identified with the exact gravitational
potential. These identified potential and field are exact, as they are derived without any approximation,
and as they provide the correct curvature. This exact gravitation, derived here exactly, differs from
Newton’s law of gravitation, which is an approximation.

IN THE VICINITY OF A MASS, THE INDIVISIBLE VPS CAUSE A GENERALIZED POTENTIAL, A
GENERALIZED FIELD, THE GRAVITATIONAL FIELD AND THE CURVATURE OF SPACE AND TIME. The
respective Egs. are derived.

6.3. Discussion of Gravity and Curvature

In the vicinity of a mass M, the VD provides the relative additional volume ¢; ,,(7) as a function of
r. That ey ,,(r) provides the exact gravitational potential Ppyscr = —c%.¢ Lrr(r). That exact gravitational
potential provides the exact gravitational field G, ; =
and insightful properties are analyzed and interpreted:

— %Cbemct. In the following, these valuable

6.3.1. Transmission of the Potential and Field

The indivisible VPs 6V; with their relative additional volume ¢ L,ﬂ,j(r) provide a net outward
propagation. Thereby, these indivisible VPs transmit a nonzero momentum, as the energy density
Uy, is positive. As a consequence, these indivisible VPs transmit the gravitational interaction. This
confirms the idea of the graviton hypothesis proposed by Blokhintsev and Galperin [65]. Moreover,
these indivisible VPs explicate the mechanism of the transmission of gravity.
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In addition, these indivisible VPs cause and explain the curvature of space. Thereby, the curvature
is explained with help of the sum of indivisible VPs. More generally, the curvature of a single indivisible
VP has been generalized, see Egs. (80 and 81).

6.3.2. On the Exactness of the Potential and Field

The generalized potential and field derived here are exact. In contrast, the gravitational potential
is only an approximation in Newton’s theory. For instance, correction terms depending on the
gravitational parallax distance R and on the velocity 7 have been elaborated in Post-Newtonian
approximations [85,86], Eq. (2.49). Accordingly, the following question arises: How is the exactness
achieved here?

Essentially, this is achieved here by the application of especially useful distance measures and
coordinates systems:

Firstly, for each point P in the universe, there is an adequate coordinate system (ACS), so that an
object at rest in the ACS has the absolute zero of velocity, see section (1.1.5) or Carmesin [23,24,39]. This
ACS is used here. As a consequence, the velocity-terms in Post-Newtonian approximation are zero.

Secondly, two measurable distance measures are used, see Figure 1: the light travel distance d;r
[87], and the gravitational parallax distance dgp [23,36,40], it can also be measured as a circumferential
distance [88,89], section 2.6.

Hereby, according to the Hacking [38] criterion, the light travel distance d;t to a field generating
mass M is real, as an increase of M can change that distance d; 7. In contrast, the gravitational parallax
distance d¢p to a field generating mass M is idealized, as it represents the limit M to zero of the light
travel distance:

dgp = Al/}glo drr. (94)

This is a typical idealization based on a limit [46]. Though the gravitational parallax distance dgp is
idealized and not real, that distance dgp can be measured, and that distance dgp provides the % law,
see Figure 5.

Thirdly, the exact potential and field are determined as follows: For the case of a point P, the
idealized gravitational parallax distance dgp from P to the field generating mass M is measured or
determined by other means. With it, the potential and the field are determined as a function of dgp = R,
by using the respective equations in this section and paper. The result is exact, as no approximation
has been used in the derivation of these equations.

In contrast, in Newton’s theory, the flatness of space has been introduced as a postulate. Accord-
ingly, a user might use that postulate and the light travel distance d;r # R, and the equations for
potentials and fields in Newton’s mechanics. In such a postulate based determination of the potential
or field, the result is an approximation only.

6.3.3. Advantage of the Exact Potential and Field

Altogether, the indivisible VPs cause the transmission of gravity, the exact gravitational potential,
the exact gravitational field and the exact curvature of space, in an indivisible and impartible manner.
Thereby, by using the adequate coordinate system and the measurable idealized gravitational parallax
distance, relatively short, highly structured, and clarifying equations can be used. Moreover, the results
are parts of the unification of relativity, gravity and quanta. This unification uses the relative difference
€1, r+» which is based on both distance measures: the real d;1 and the idealized dgp.

7. Local Formation of Volume in Nature

In this section, the dynamics of the local formation of volume (LFV) is derived.

In the vicinity of a mass M, additional volume 0V propagates outwards in a radial direction.
Thereby, the amount of additional volume increases. Consequently, there occurs locally formed volume,
LFV, 8V or §V;, in the radial direction r. Hereby and in the following, an underlined variable marks
the formed volume or the process of formation of volume. Such LFV can be caused by the mass M.
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More precisely, that LFV occurs at each location. At each location, there is a gradient of the relative
additional volume ¢ j;, or of the potential &, = —c?¢ L,jj, or there is a gravitational field G*. Asa
consequence, more generally, locally, the LFV is caused by a local gravitational field. In this section,
the relation between the LFV §Vj; and its cause is analyzed: the field G* or G]’f.

7.1. Definition of Locally Formed Volume

If additional volume ¢ ij forms in a volume dV; and in a direction é'j during a time 47, then this
process can be described by the following normalized rate of unidirectional LFV:

e 2 95
ELjj T eT-dv, (95)

That LFV ¢; ;; is described by a general law, which is derived in the next section:

7.2. Law of Locally Formed Volume

In this section, the mechanism of the local formation of volume is explained and formulated. This
law of the local formation of volume is derived in section (7.3).

In the vicinity of a mass M or an effective mass M, ¢, and at a dgp based distance R from M or
M.y, the following holds for the normalized rate:

(1) In the far distance approximation, FDA, the ratio Rg/R is relatively small compared to 1.
Thereby, at first order in that ratio Rg /R, the normalized rate is as follows:

é%,rr = Ggen,r (96)

Hereby, Ggen,r is the component parallel to €, of the generalized field. Gy r is the cause of the rate of
LFV ¢ ,,. More generally, each field égen in a direction é']' causes a unidirectional normalized rate gL,jj
in that direction. Moreover, this field éggn is equal to the exact gravitational field é*, see section (6):

=%

é%,jj =G

gen,j — ( ]')2 with ég‘f” = —Ggenj: E} 7

(2) As a consequence, the non-diagonal components £ ;;;+; do not provide additional volume.
(3) The exact value of the rate ¢| ,, is:

. 2 1
‘C«L,rr:C"SE'(l_EE_ZR> (98)
R 4€E . Rs
(4) More generally, ‘;—IE is a function ef := ‘;—IE that has to be determined. The definition yields
. %(FVQT s P oL 9 o .- . 25V s p) IR 9
&L = adVL 50 - The substitution - = 5257 = ¢+ gf yields ¢, = cadLT. The substitution 5 = 57 7%

0
ag‘ﬁLV. Using dV;, = 47R?dL = 47R*dR/¢p, and 6V = 47R?(dL — dR) =

=¢€rc- % yields ¢ ,, = epc

. . 4mdR % R (1/ep—1 S R2(1/ep—1 . o
47tR%dR(1/ef — 1) yields: ¢; ,, = ec ™ 84R7rR2( dégp ) - e2c R (RQEF ) Evaluation of the derivative
NP2 /2 -
yields ¢/ ,, = e%CZR(l/SF 11{)2 Reep/ek — €1:C2(1R8F) -cehoep = LR =1 —epand €y = —¢] imly
. 2c
€y = st(l —ep) +cel. (99)

(5) Eq. (99) can be solved numerically and provides the metric in a rotation symmetric system:

d—Rfl—s ord—Lfi1 =1/lgn| = !
daL LN AR T e - VT

(100)

7.3. Derivation of the Law of LFV

In this section, the mechanism and the law of local formation of volume are derived.
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Part (1): At each radial coordinate R, a shell with center at M, and with thickness dL represents
the analyzed volume d V. Thereby, the additional volume 6V is in a shell with radius R, thickness éR,
and volume 6V = 47R26R. Similarly, the LFV §V is in a shell with radius R, thickness dR, and volume
SV = 4nR?6R.

The LFV is analyzed at leading order in the increment dR. This is exact, as the increment can
be made as small as desired. If the additional volume 6V (R) increases as a function of R, then there
occurs formed volume V;,, whereby the direction r is equal to the radial direction.

In general, the observable additional volume V in a shell with center N, with radius R, and with
thickness dR is a function of R. Consequently, the LFV is the change of 6V as a function of R. Therefore,
the change ¢V;; of volume in a shell with thickness ¢R is equal to the derivative of the observable
additional volume %(5 V multiplied by that thickness JR:

)
Vyr i= SR==06V 101
Vi 1= 0R=H0 (101)
Thereby, 6V is as follows:
6V =dVy —dVg = 4nR?- (dL — dR) = 47R*dR - (e;' — 1) (102)

In the far distance approximation, FDA, in leading order in % <<1, z—:El is as follows:

_1; —_— —
el (103)
With it, the derivative in Eq. (101) is as follows:
0 0 1 Rg
—0V =—(4nR*dR- - - =2 ) =2r-dR-R 104
R’ aR<" ZR) & s (104)
With it, the change in Eq. (101) is as follows:
OVy :=2m-dR-Rg - IR (105)

With it, and with 6T = epdR /¢, and with dL = dR /e, the normalized rate of unidirectional LFV in Eq.

(95) is as follows:
; o 8Ve _2m-dR-Rs-SR _Rs-c
L= st.dv, — 6R/c-4mR2dR ~ 2R2

(106)

With it, and with Rg = 2GM/c?, the normalized rate of unidirectional LFV in Eq. (106) is as follows:

e b= (107)
The above fraction is the absolute value of the field. Thereby, the field is antiparallel to the radial unit
vector &:
G* = Ggen = —GI'TM -8 = —Ggenyr & (108)
Application of the square yields Eq. (97):
& € = Cln,s (109)

In the case of an effective mass, there is no rotational invariance with respect to M.y, in general. In
that case, the proof is performed for each angular direction separately[89] chapter 9. Moreover, each
field égen parallel to a direction ¢; causes a unidirectional rate ¢ ;;, according to Eq. (97).

Part (3): We analyze the rate in Eq.(95):
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.V 1
L = 50 dv, (110)
The change 6V, is the change of 6V,
1 V(10 +07) — V(1) a1

&L = gv, 5T

As the time of propagation 47 is incremental, and since a field in the radial direction causes changes in
the radial direction only, we can express the difference at linear order in J7:

o)
1 26Vyst 1 0., 1 AL D
=@y st avied T aw T L’V (112)
c
Next, L is substituted by R:
. _ ¢ OdR 0 __epgc 0
fr = v, oL aR’ " = avaR’"" (13
~~
eg

Next, 6V, = 47TR?6R = 47R*(dL — dR) = 47R%dR(e;' — 1) is used, as well as dV;, = 47wR?dR /ef:

. _ _ &C 0 rp2 (o1 _
§L'77_4nR2dR/sE4miRaR[R (sE 1)] (114)

The derivative is evaluated:

82 C
Ly = %[ZR- (eg' — 1) —ez°Rs/2] or (115)
2epc Rg
=51 —ep— ) 116
ELrr R €E 4€%R] ( )

EACH MASS AND EACH EFFECTIVE MASS CAUSE A GRAVITATIONAL FIELD. AT EACH LOCATION,
THE LOCAL GRAVITATIONAL FIELD CAUSES LOCAL FORMATION OF VOLUME. THE RESPECTIVE RATES
ARE EXPRESSED IN EQS. (96, 98, 99 AND 107).

8. Energy Density of the Gravitational Field

In this section, the energy density u of a gravitational field G* is introduced and derived.

8.1. Measurement of the energy density of the field

The energy density of the field can be measured as follows: A rest mass M, is distributed
uniformly in a shell with a radius R and a small thickness dR, see Figure 6. That mass is lifted by a
radial difference AR. Thereby, the required energy AE); is measured. This energy is located in the field
within the shell with center M, thickness AR and radius R, see Figure 6. That shell has the volume

AV = 47R?AR. (117)

Consequently, the absolute value of the measured energy density is as follows:

AEy

gl = AV (118)

The positive required energy compensates the energy of the field in the shell, as the field in the shell with
volume AV is eliminated in the process of lifting the mass. Consequently, the sign of the field is negative:
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AE
s = _T\y (119)

Alternatively, this measured energy can be calculated:

Figure 6. A mass M (dark gray) in a shell at a radius R is lifted to a radius R + AR as follows: Differential parts
dM are lifted, while the rest M, is still at R. Thereby the field éggn =G* (medium gray) in the shell with radius
R and thickness AR becomes zero, when the whole mass is at R + AR.
8.2. Derivation of the Energy Density of the Field

The required energy AEy can be calculated [67]:
G- M2AR

AEy =
M 2R2

(120)
The measured energy density in Eq. (119) can be calculated by inserting Eqs. (120 and 117) into Eq. (119):

G-M?>  (G*)?

“T T 8aRrE T T 8nG (121)
For comparison, [91] derived the same formula for the energy density
(G*)?
=— ) 122
" T8RG (122)

Peters [91] derived this result in a Newtonian approximation.

In contrast, the exact energy density uy is derived here. This is achieved with help of the exact
field, since no approximation is used here. This exactness is achieved here with help of the distinction
between the two distance measures: the gravitational parallax distance AR and the corresponding
light travel distance AL.

8.3. Compensation of the Negative Field
The RGS in Egs. (67 and 70) is divided by 87 G, and Gggn = G* is used:

(Caiz SE€Lr ‘)2 (é*)Z

m AT,

0= 7 7 _ (123)
8G 87G

The sum in the above Eq. is identified with the summed relative additional volume of the indivisible VPs:
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€L, rr indivisible VPs = Z €L, (124)
jinS
With it, the RGS in Eq. (123) is as follows:
2 022 2%\2
C™ €L yr indivisible VPs - (G*)
0= uads 125
8nG + 8G (125

The second fraction in the above Eq. is identified with the energy density of the gravitational field u .

2 22
C" & 1y indivisible VPs

871G

0= +ug (126)
As a consequence, the fraction in the above Eq. is an energy density u. That fraction describes
indivisible VPs §V; that cause the field. Therefore, that fraction describes the energy density of the

indivisible VPs ¢ Vj:
2

22
cs- € o
L,rr,indivisible V Ps
Uindivisible VPs = 871G . (127)

Consequently, the sum of the two energy densities is zero:
Uindivisible VPs T Up = 0. (128)

The energy density of one indivisible VP is obtained by using éggn,j = _']’.k and by inserting the field in
Eq. (66) into Eq. (122):

(G})?
Upj= =g (129)
Next, the rate gravity relation (see Eqs. 67 and 70) is generalized to one indivisible VP:
22 2512
C €L rr,indivisible VP,j = ( ]*) . (130)
Similarly, Eq. (128) is generalized to one indivisible VP:
Uindivisible vp,j + Uf,j = 0. (131)

With these generalizations, the energy density in Eq. (129) implies the energy density uygivisivie vp,j Of
one indivisible VP ¢V; as follows:
2

2
c-- & s .
L,rr,indivisible VP,j
Uindivisible VP,j = —Ufj = 871G . (132)

These relations are results of the VD.

For comparison, expectation values of the field have been derived from the VD as follows: Firstly,
a quantum field theory has been derived from the VD. Secondly, the expectation value of a field has
been derived from the quantum field theory [23,67].

Each indivisible VP has the energy density uyg;visipie vp,j based on its rate. Moreover, each
indivisible VP causes the energy density uy ; based on its gravity. Furthermore, each indivisible VP
propagates at the speed c. Accordingly, such an indivisible VP can be called rate gravity wave, RGW.

9. Derivation of the Quantum Postulates

The VD, the dynamics of the indivisible VPs, implies the SEQ, see section (5.2), the fundamental
deterministic dynamics of quantum physics. Accordingly, the following question arises: Does the VD
imply the stochastic dynamics of quantum systems and the complete system of quantum postulates?
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In order to answer this question, the deterministic time evolution is summarized in a postulate
(see section 9.1), and mathematical consequences (see sections 9.2 and 9.3) are derived first.

Then the stochastic dynamics (see section 9.4) and the complete system (see section 9.5) of the
quantum postulates are derived.

Additional rules about mixed states and about entanglement [[64] p. 46] have been derived from
the VD [67].

9.1. Postulate about the Deterministic Time Evolution

The VD implies the postulate about the deterministic time evolution of quanta[93] p. 170:
Postulate about the deterministic time evolution

"The time evolution of the state vector is governed by the time-dependent Schrodinger equation,
SEQ[72] Eq. (4”):

iho|p) = H|p), (133)

where H is the Hamilton operator corresponding to the total energy of the system.’
More generally, the VD implies the GSEQ, see section (5.2).

9.2. On Hilbert space

In this section, the solution spaces of the SEQ and of the GSEQ are analyzed, in order to derive
quantum postulates in later sections. In section (5.2) it is shown, that indivisible VPs can be described
by the DEQ of VD, and that indivisible VPs as well as objects at the speed v = c are described by the

quantum physical GSEQ. In particular, objects with relatively small momentum, mpT; << 1,inleading
0

order in mpTZCZ, are described by the SEQ.
In thig section, it is shown that the solutions of the SEQ, of the GSEQ and of the DEQ of VD form
Hilbert spaces:
As usual, the Dirac notation is used: A wave function ¥ is expressed by a so-called ket ['¥).
Moreover, two wave functions, ¥1 (T, f) and ¥ (t, Z), form a scalar product as follows:

(¥1[¥2) = [ PLY (D) ¥ao(r L) (134)

Hereby, the superscript * marks the complex conjugate value, this notation is nowadays usual in
quantum physics [64,93,96,97].

Based on that scalar product, a state |'¥) is multiplied by a normalization factor t, so that the
following scalar product is equal to one:

(¥ - |- t) = /d%ty*(r,z) ¥(t, 1) |t =1 (135)

Next, it is shown that these states form a Hilbert space H:

The states ¥ (7, L) form a complete vector space, as they are solutions of the (linear DEQ) SEQ.
As a consequence, they form a linear vector space, whereby they include all linear combinations of
states ¥ (7, L), including Fourier integrals, for instance. These form a complete Hilbert space #, see e.
g. Teschl[98] p. 47 or Sakurai and Napolitano[63] p. 57.

Generalization: The above derivation holds as well for the GSEQ, including rates of change
tensors ¢, - t,. Consequently, such wave functions form a Hilbert space as well.

Altogether, the solutions of the DEQ of volume dynamics (VD) form a Hilbert space H, the
solutions of the GSEQ form a Hilbert space H, and the solutions of the SEQ form a Hilbert space
H. These DEQs and their respective Hilbert spaces, can describe VPs, indivisible VPs, matter, and
radiation (the case of radiation is analyzed [67]).
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9.3. On Measurements, Operators, and Possible Outcomes

In this section, the modeling of measurements with help of the above Hilbert space of the solutions
of the deterministic dynamics of the GSEQ or of the SEQ is elaborated. This will be used in later
sections in order to derive quantum postulates.

Firstly, the possible outcomes of a single measurement process are derived.

Secondly, the necessity of an additional dynamics is identified.

(1) In physics, in general, a measurement is described as follows:

(1.1) A measurable physical quantity A of an object is a function f of the mathematical description
of that object.

(1.2) Thereby, a change of the state should be as small as possible.

(1.3) In general, the function f can be described in linear order by an operator A in Hilbert space,
and by a Taylor series thereof: f = Y3  ct AF. Thereby, the zeroth order is not essential in physics.
Thus, f = Y174 ci Ak,

Therefore, a measurable physical quantity A of an object is described by a linear operator A in the
Hilbert space of the states of the object.

(1.4) In the present case, the mathematical description is a state |'¥) in a Hilbert space.

(1.5) In linear order in A, the function applied to the state can be expressed as follows:

Frinear(|¥)) = A[¥), in linear order. (136)

(1.6) In general, each state |'¥) can be expressed as a linear combination of eigenvectors [¥ 4 )
with eigenvalues a,,. Here, the case of discrete and different eigenvalues a,,, each with one eigenvector,
is analyzed in detail, as other cases can be analyzed analogously:

ﬁinear(|‘f>) = Al Z‘PA,n> = Zan‘TA,n> (137)

(1.7) In order to keep the state unchanged in a single measurement process, see part (1.2), that
process must act upon an eigenvector:

Frinear([¥an)) = A[¥a,) =an|¥a,), single measurement process. (138)

Therefore, the outcome of a single measurement process of a quantity A of an object, is one of the
eigenvalues of the operator A corresponding to A.

(2) In general, a state is a linear combination of eigenvectors. But a possible outcome of each single
measurement process is one of the eigenvalues. As a consequence, there must be a second dynamics
that provides the choice of the eigenvalue that occurs in the measurement.

(2.1) The derivation of the deterministic dynamics of indivisible VPs is completely general, as
only analysis alias calculus has been used in the derivation. As a consequence, a second dynamics
would be deterministic, it would reduce the generality of the deterministic dynamics.

(2.2) Therefore, a general second dynamics must be a stochastic dynamics.

This stochastic dynamics is derived next:

9.4. On the Stochastic Dynamics

In this section, the stochastic dynamics is derived from the properties of the indivisible VPs.
(1) For the case of a single indivisible VP §V}, the probability to measure an indivisible VP at an event
(t,L) is proportional to the energy density u;,giisibie vp,j of the indivisible VP 6V at that event (7, L).

(2) The energy density u;,ivisivie vp,; is related to the wave function as follows:

J
(2.1) For the case of a single indivisible VP §V}, the wave function is the time derivative of its

relative additional volume, multiplied by a normalization factor ¢,, see section (5.2):

[ Yindivisivte vP j) = tn * Eindivisivle VP j- (139)
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(2.2) The absolute square is applied to the above equation:
2 252
[Yindivisibe vp j| = (Yindivisibte vP j|‘¥indivisible VP j> =ty - Elndivisible VP i (140)
L s 2
(2.3) The above equation is multiplied by 1 = Sf—zc grG:
C2€-2 L .
1{]2 _ 8G 2 indivisible VP j 141
Yindivisivie vp j| = 2 e . (141)

(2.4) In the above equation, the second fraction is identified with the energy density of the
indivisible VP 6V

8nG 2
2 "

2
[ Yindivisivie v j| = “Uindivisible VP j- (142)

(3) As a consequence, the probability P, givisipie vp j to measure an indivisible VP at an event (T, f)
is proportional to the absolute square of the wave function:

2
Pindgivisivte vp j & [Yiugivisivie v jl- (143)

(4) For each measurable quantity A, and for the corresponding operator A, the probability to
measure an eigenvalue a, of an eigenvector |¥ 4 ,,) has been derived from the result in part (3) or in Eq.
(143) [67].

Therefore, the result in part (3) or in Eq. (143) is the fundamental stochastic dynamics of quantum
physics.

(5) As a consequence, the VD implies both, deterministic time evolution as well as the stochastic
dynamics of quantum physics. Consequently, the VD implies the full dynamics of quantum physics.
This is the case, as for their respective systems, quantum field theory and the Dirac theory can both be
derived with help of the above deterministic and stochastic dynamics [23,63,67,89,101].

Using the above mathematical results as well as the deterministic and stochastic dynamics, the
postulates of quantum physics are derived next:

9.5. Derivation of the Postulates

In this section, it is shown how the quantum postulates [93] are implied by the VD:

(1) The postulate about the deterministic time evolution has been derived in sections (5.2 and 9.1).

(2) The postulate about probabilistic outcomes of measurements is as follows[93] p. 169, 170:

'If a measurement of an observable A is made in a state [¥(¢)) of the quantum mechanical system,
then the following holds:

[1] The probability of obtaining one of the non-degenerate discrete eigenvalues a; of the corre-
sponding operator A is given by

[ (%) 17

7= e

(144)

where [¢;) is the eigenfunction of A with the eigenvalue a;. If the state vector is normalized to unity,

P(aj) = |{¢;| V)]
[2] If the eigenvalue 4; is m;-fold degenerate, this probability is given by

e ) 2
P(a;) = Wr

(145)

[3] If the operator A possesses a continuous eigenspectrum {a}, the probability that the result of a
measurement will yield a value between a and a4 + da is given by
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_ @M @™
P(a) = EECTE I da = T 1% (a) 2’ d (146)

This postulate can be derived from the stochastic dynamics in section (9.4). The derivation is presented
in Carmesin [67,101,103].

(3) The postulate about Hilbert space is as follows[93] p. 168:

"The state of a quantum mechanical system, at a given instant of time, is described by a vector
[F¥(t)), in the abstract Hilbert space H of the system.’

For each given state of a quantum mechanical system, the full dynamics should be determined. It
is the deterministic and stochastic dynamics in the above postulates (1) and (2). It has been shown here,
that the states of the respective Hilbert space provide the full information to derive the deterministic
time evolution (with the SEQ or with the GSEQ, more generally), and to derive the correct probabilities
for the probabilistic outcomes. Therefore, the state of a quantum mechanical system, at a given instant
of time, is described by a vector [¥(t)), in the abstract Hilbert space  of the system’.

Moreover, it is insightful to realize that the correct probabilistic outcomes are a consequence
of the gravitational properties of the VD. Therefore, it is enlightening to understand that the basis
of the quantum postulates is a quantum gravitational foundation. As a consequence, a deep and
fundamental understanding of quantum physics without understanding gravity and quantum
gravity is hardly possible.

(4) The postulate about the relation between observables and operators is as follows[93] p. 169:

’A measurable physical quantity A (called an observable or dynamic physical quantity), is
represented by a linear and hermitian operator A acting in the Hilbert space of state vectors.’

This postulate is founded by the VD, as described in section (9.3).

(5) The postulate about the postulate about the relation between the possible outcomes of a
measurement and the eigenvalues is as follows[93] p. 169:

'The measurement of an observable A in a given state may be represented formally by the action
of an operator A on the state vector [¥(t)). The only possible outcome of such a measurement is one
of the eigenvalues, {uj},j =1,2,3,..., of A’

This postulate is founded by the VD, as described in section (9.3).

10. Emergence of Volume in Nature and of Its Energy Density

In this section, the following results are derived: For the case of a homogeneous and empty
universe, the process of the global formation of the volume (GFV) of the universe is elaborated on the
basis of the local formation of volume (LFV), everywhere in the universe. Moreover, it is shown that
this process provides exactly the complete volume of the universe. Furthermore, it is shown that this
process provides an energy density of volume, iy, = limpererogencity—0 Upe- Additionally, it is shown
that this u,,; is in precise accordance with the observed dark energy upg or 1. These results are very
insightful, as they show how the complete and global volume of the universe emerges from a local
process: LFV.

10.1. On the Development and Improvements of the Lambda-CDM Model

In this section, the development of the basic model of cosmology, the ACDM - model, is summa-
rized and related to the new results derived in this paper.

Einstein [15] realized that general relativity theory (GRT) implies an expansion of space since a
Big Bang, in general. Thereby, he introduced the cosmological constant A. Zeldovich [10] showed that
corresponds to an energy density of space:

Act

AT 8nG -t
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Hubble [7] discovered the expansion of space and its rate H at the present - day time £ after the Big
Bang tpj¢ pang = 0. That present - day rate H (to) = Hy is called Hubble constant. Thereby, the expansion
is modeled by homogeneous and isotropic universe. Hereby, the expansion is modeled by a uniform
scaling described by a scale radius R:
R
H:= . 148
- (148)

Based on GRT, Friedmann [17] and Lemaitre [19] derived the dynamics of that expansion as a function
of the dynamic density p = 7 and a global curvature parameter k in the form of the Friedmann

Lemaitre equation (FLE):
_8nG k- c?

3 PR

Thereby, the global curvature parameter is zero, according to observation [22], and as a result of a

H2

(149)

derivation [89,107]. The corresponding density is called critical density:

871G 871G
H2 - T . Pcr/ and Hg - ? . Pcr,O- (150)
Hereby and in general, present - day values are marked by a subscript zero. A good approximation of

to is the Hubble time tyy, := 1/Hy [20,40] and Eq. (150):

~ L L o 3'Pcr,0
fo & by, = Hy 1/ 8G (151)

FLE - insight: This Eq. shows that the Hubble time and the age of the universe cannot be chosen
arbitrarily, these are results of the dynamic density p and of the dynamics of the FLE.

Therefore, the time evolution and dynamics of the density are essential. For its analysis, the
density is a sum of parts with particular dynamical properties, p = p; + o + pa:

pr is the dynamic density of radiation with p, o (Rg/R)%,

pm is the density of matter, including cold dark matter, CDM [21,22], with p,, & (Rg/ R)3

PA = ’Z—Q is the dynamic density of the cosmological constant A, with p « (Rg/R)°. That density
has been discovered [11,12,16].

Therefore, the density is the following function of the scale radius R and the density parameters

Q] = P]/Pcr,05
p =00 (Ro/R)* + pmo - (Ro/R)> +pa = perp - (Qr(Ro/R)* + Qi - (Rg/R)® +Qp) (152)

ACDM - insight: The above components of the density are underlying the name of the ACDM
model, it is the cosmological model that includes the visible densities of radiation and of visible
matter, as well as the dark densities that are not visible with help of electromagnetic radiation, the cold
dark matter and the dark energy u, alias upg. Additionally, the ACDM model uses the following
idealizations:

(1) a homogeneous and isotropic space,

(2) the classical GRT without using the quantum dynamics,

(3) a space described as one entity without using volume portions.

In this paper, these three idealizations are overcome. Thereby, precise accordance with observation
is achieved, and a high predictive power is provided. Hereby, the energy density of volume is derived
from first principles and in three-dimensional space for the first time with this method.

In this section, VPs are used in order to derive the value of the dark energy upg. Thereby, as
a first step, a homogeneous universe is modeled. Therefore, upr is derived for the case with zero
heterogeneity. The result is an idealized value 1y, = limpeserogencity—0 “pE Of the density of space.
Accordingly, the derived result is compared with an observation that is based on radiation emitted at a
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highly homogeneous universe, the early universe. This radiation is the cosmic microwave background
(CMB). The observation based on the CMB provides the following value of the energy density [22]:

Up ops = 5.133 (£0.2432) - 1010 % (153)

The emergence of the volume of the universe and of its energy density in Eq. (153) are derived and
explained in this section (10).

10.2. Process of Local Formation of Volume in the Universe

In this section, the process of local formation of volume that provides the complete volume of
the universe is described. This description makes possible a test of the completeness of the formed
volume. Moreover, this description makes possible the derivation of the energy density of the volume
Uyo1, and the comparison of u,,; with the observed energy density in Eq. (153).

Firstly, that process uses the global flatness of space, the curvature parameter is zero, see Egs.
(149, 150 and 151):

Secondly, the description of that process uses a probe volume:

As a consequence of translation invariance, the formation of volume in the universe can be
analyzed with help of the formation of a probe volume dVj, see Figure 7. Thereby, dV}; describes a
fixed amount of three-dimensional size that has been filled with volume of nature during the Hubble
time ty,:

dVy has been filled with volume of nature during tp, (154)

Figure 7. The energy density 1, in a shell at a distance R from dV; has a j — th dynamic mass dM;. It generates
rates d¢,,, that propagate in the form of VPs or RGWs in all directions in the same manner.

Thirdly, that process is described as follows:

(1) Local origin of the rate of LFV at dVj:

As the considered universe is empty, the only source for the LFV at 4V} are the volume increments
or VPs dV;, see Figure 7. The corresponding energy is described by the energy dE; or equivalently by
the dynamic mass dM; = dE;/ c?. Each dM; causes a rate ¢y . 4 qv,(dM;) of LFV at dVj, according to
the law of LFV.

dM; causes ¢p ., a av,(AM;) (155)

(2) Complete rate of LFV at dVj:
(2.1) The complete rate ¢; ,, , 4y, of LFV at dVj is the sum of all rates in the above part (1).
(2.2) The complete rate is identified with the Hubble constant H:
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The present-day normalized rate ¢; .,  qv, (fo) of LFV at dV} is equal to one third of the normal-
ized isotropic rate of formation of volume ¢; ;5 4 av,:

) 1 1 /. ) .
ELyrr, at dVy — g “ELiso, at dVy — g ' (§L,xx, at dVj + §L,yy, at dV, + €12z, at dVO) . (156)

The present-day normalized rate Hy is equal to one third of the normalized isotropic rate of formation
of volume [67]:

| <

1

Hy=H(t) == —=. 157
o=H(t) =3y (157)
As the rates % and £; ;5o at v, describe the same formation of isotropic volume in nature at dp, these

rates are equal [67]:
1V 1, . R
Hy = g : V = é “ELiso, at dVy = ELyrr, at dVy — E (158)
(3) The complete rate provides the complete volume of nature in dVj:
By definition, the rate £; ,, 4 gy, of LFV is the volume §V;, that forms in a considered volume dVj

during a time Jt:
. éVrr
§L,r‘r‘, at dVy — St - dV()

(159)

In order to derive the complete volume formed in dVj during the complete Hubble time tp;,, this Eq.
is solved for the formed volume, the rate ¢; ,, 41, = Ho is used, and the complete time 6t = tp, is
utilized:
o0V = Hp - tH, -AdVy = dVj. (160)
1

Therefore, the complete probe volume dVj is filled with LFV. As a consequence of translation invariance,
the probe volume represents the complete volume of the universe. Consequently, the complete volume
of the universe forms during the Hubble time.

Altogether, this is the above introduced first test of the process:

THE DESCRIBED PROCESS SHOWS HOW THE LFV FORMS EXACTLY THE GFV. THEREBY, THE LFV
TAKES PLACE IN THE COMPLETE SPACE INSIDE THE HUBBLE RADIUS AND DURING THE COMPLETE
HUBBLE TIME. This result provides a great additional evidence for the theory of VPs derived above.

10.3. Derivation of the Energy Density of Volume

In this section, the process in section (10.2) of formation of the volume of the universe on the basis
of local formation of volume is elaborated in more quantitative detail. Thereby, the energy density
Uyol = liMpererogencity—0 UpE of volume is derived, and it is shown that 1, is in precise accordance
with observation.

10.3.1. Rate of Formation of Volume by a Volume Portion

An incremental volume or VP dV; has the dynamic mass dM;:
de = de " Pool (161)

According to exact gravity shown above [67], each dynamic mass dM; causes the following exact field
in its near vicinity:

G-dM;

4G |(R) = —7— (162)

As a part of a RGW, this field can propagate. Thereby, the RGWs of different dynamic masses dM; do
not cancel each other, see part (8) in section (10.2), see Figure 7.
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According to the law of unidirectional formation of volume, see Egs. (96 and 107), at the
probe volume dVj, each dynamic mass d M at a distance R causes the following normalized rate of
unidirectional formation of volume:

dGFI(R) G -dM;

dgL,rr, at dVj (R/ dM]') = c = R2. C] (163)

10.3.2. Rate of Formation of Volume by One Shell
The volume that is caused by the dM; in the shell in Figure 7 is derived next:

Shell Around dVj:

The dynamic masses dM; at a distance R from dVj constitute a shell with center dVj, and with a
distance R from dVj, and with a thickness dR, so that the dynamic mass of the shell is the sum of the
dynamic masses dM; in the shell, see Figure 7:

dAM(R,dR) = ) dM; (164)
i R]Eshell

Rate Caused by a Shell Around dV):
The rates in Eq. (163), that are caused in the shell in Eq. (164), are added:

G- Xj, Rjeshen dM;
R?-¢c

dgL,rr, at dVy (R/ dM]) =
j, RjEShell

(165)

In the above Eq., the sum of the masses is identified with dM (R, dR) in Eq. (164). Consequently, the
rate is as follows:

G -dM(R,dR)

1
RZ ¢ (166)

dﬁL,rr, at dVp (R/ dR) =

Application of the Dynamic Density:

According to the global flatness, the dynamic mass dM(R, dR) is equal to the product of the
dynamic density p,,; and the volume dV = 47 - R? - dR of the shell, see Figure 7:

AM(R,dR) = pyo; - 471 - R? - dR (167)
As a consequence, the rate in Eq. (166) is as follows:

477G - pyor - dR - R?

dgL,rr, at dVO(R/ dR) = R2 . ¢

(168)

It is instructive to realize that the rate caused by a shell is not a function of the radius of the shell,
as the terms R? cancel out. This cancellation does also take place, if R is replaced by the comoving
distance[87] section 4.3. Consequently, the rate is as follows:

4711 G - pyor - AR

! (169)

dﬁL,rr, at dVy (dR) =

10.3.3. Light - Travel Time of One Shell

In this section, the indivisible VPs emitted in the shell in Figure 7 are characterized by the time
tr, in which they travel to the probe volume dVj.

A VP travels with the speed v = c. Therefore, a VP travels through the shell with the thickness dR
during the light travel time dt;r = dR/c:
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dtir = dTR (170)

Accordingly, dR/c in Eq. (169) is substituted by dt 1:
dﬁL,rr, at dVj (dtLT) =4n-G- Pvol * dtLT (171)

Thereby, since the Big Bang until today, the light travel times range from dt;r = 0 to the Hubble time
dtyr = fH,:

10.3.4. Spatial Integration of the Shells

In this section, the shells in Figure 7 are integrated: Thereby, all VPs dV; that emit volume portions
that can propagate to the probe volume are included. Therefore, the integration includes exactly the
sources in space that provide a rate of LFV at the probe volume dV}. Practically, this complete spatial
integral is executed by the integration variable time according to the substitution in section (10.3.3).

Consequently, the time increments are integrated from zero to the maximum ¢y, and the rate
increments are integrated from zero to the resulting integrated rate £; ,, 4 4y,- These integrals are
applied to the rate in Eq. (171):

gL,rr, at dV . tHo
L e, v, =47 G et [ i (172)
The above integral is evaluated:

ELrr, at dvy = 470+ G+ Poor - tH, (173)

The above rate is identified with Hy, see Eq. (158):

H() =4r-G- Pvol * tHO (174)
The above Eq. is divided by ty,:
H
= oot 470G (175)
Hy

According to the FLE - insight in section (10.1), the values of Hy and tp, are functions of the
density. Therefore, the result in Eq. (175) is valid and derived in our universe.

Next, the above Eq. is solved for the dynamic density p,,; = tyo;/c?. Consequently, the dynamic
density of volume is as follows:

_Ho 1
Pool = tHO 17-G

(176)

Next, the Hubble constant is identified with the inverse Hubble time in Eqgs. (175, 176). Moreover, the
equality of rates ¢ ,, 4 4y, = Ho in Eq. (158) is used:

H} H3c?
Povol = 17-G Oor Uye = 471G

177)

10.3.5. Comparison with Observation

In a universe consisting of volume only, the process of global formation of volume, GFV, from
LEV causes the following energy density of volume:
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2172
¢ HO,empty
Hool = 4G

Hereby, Ho empty denotes the Hubble constant in the empty universe, i. e. the universe without matter

(178)

and radiation. The energy density of volume has the following amount:
2142
o) — ¢ HO,empty
vol — 417G

J

K
=5, with Hompry = 66.88 (£0.92) M (179)

= 5.034 (£0.1 .10710
5.034 (40.1395) - 10 S Mpe

Hereby, the Hubble constant Hy is taken from observation [22], as Hy represents a calendar date, the
age of the universe fyp ~ 1/Hy. A precise relation is provided in Carmesin [40]. The observed value
U ops is as follows [22]:

Up ops = 5.133 (£0.2432) - 1071 $ (180)

Hereby, it is important that Hy and u, 4 are observed in a very homogeneous state of the universe.
Such a homogeneous state of the universe is the very early universe that can be observed with help of
the Cosmic Microwave Background (CMB). Such an observation is provided in a very precise manner
[22], whereby the Hj - value in Eq. (179) and the u, o;; value in Eq. (180) have been obtained.

Discussion of the results of this section (10.1): The derived result u,,; is in precise accordance
with the observed value u, o5, within the error of measurement £0.2432. Therefore, the derived
energy density u,,; of volume is a second test of the process of formation of volume in this section
(10.1). Together with the first test of the exact amount of formed volume, both tests provide a clear
evidence for that process of formation of volume and for the theory of VPs. For the first time, a
fundamental, founded and very general theory based on derived discrete volume portions provides
the functional relation for u,,;, see Eq. (179).

11. Emergence of Volume in a Homogeneous Universe

In section (10), the density u,,; of volume has been derived for the case of an empty universe.
In this section (11), the density u,,, of volume is derived for the case of a homogeneous non-empty
universe. Therefore, the model used in section (10) is supplemented by a homogeneous density oy,
of radiation and matter, whereby the heterogeneity of radiation and matter is not included. For it, it is
essential to summarize the concepts of averaging in cosmology first, see section (11.1):

11.1. Spatial Averages in Cosmology

Idea: In order to measure a homogeneous density ppom, it is necessary to execute an average in a
volume L‘:Z - See Figure 8. In this section, we summarize methods of such averaging in cosmology
[36,47,109,110], see Figure 8.

Boxes: As a convention, the spatial average is performed in a cubic volume V,;;, = Lg - Telated
to 8 Mpc as follows [36,109]':
1 km
Lyoy =81~ M ith h=Hy — 181
box pc wi 0 100 S'MpC ( )

Local density: A box has a location 7. A local density at a time ¢ is measured for each box:
local density (¢, 7) (182)
Global density: The globally averaged density is introduced:

global density 0, jom (t) (183)

1 Note that this scaling of the size Ly, is a convention. In general, the scaling of Ly,, is not identical to the scale factor

describing the expansion of space since the Big Bang. Sometimes, averages are performed in spheres [111].
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Overdensity: The overdensity is introduced as follows:
t,7) — t
overdensity J(t,7) := Pn(t:7) = Pmjom () (184)
Om,hom (t)

The density p,, net(t, 7) of the heterogeneity is the product of p,, jon () and the overdensity:

Om et (£,7) = Ompom (£) - 0(£,7) (185)
We summarize the densities in the surroundings of the volume:

0 = Pm,hom (t) + Pm,het(tr ?) +0r + oA (186)

Mpec . H
Loy = 82 with h = —2—~
box = 875 0 57

pm(t; F) = pm,hom<t) + Pm het (t, F)

pm,het(t; F) = pm,hom<t) ’ 5(t7 F)
——

overdensity

o(t) = VIO, 7))y and o(ty) = oy

Figure 8. Local densities py are observed in boxes. The evaluation provides the following quantities:

the averaged or homogeneous density oy, hom (t), the local difference o pet (£, 7) = 0m —Pm hom (t), and the relative
_ Pmper(tF)
B pm,hom(t) ’

difference, the overdensity 6(¢,7)

11.1.1. Averages of Fluctuations

In this section, we summarize spatial averaging of fluctuations in cosmology [36,47,109].
A spatial average of a function f(7) is applied within a volume V40 OF Vi, of a considered
region (window) of averaging:

; S £ (P A
v = I Tar (187)
Fluctuations of a function f(7) are usually described by the standard deviation oy, :
TV = @) = Wi = L2 Ovi = FE),,, (188)

As a convention, the spatial average is performed within a cubic volume V,,;,, = L3, related to 8

Mpc as follows, see Eq. (181) [36,109]%. In that case, the standard deviation is named og(t) or 6(t):
og(t) = 6(t) = o5y, (1) with 059 = 0g(to) (189)

11.2. Expectation Values of Fields

In order to observe densities in cosmology, more local observations are averaged as outlined in
section (11.1). The corresponding theoretical values are expectation values. Those expectation values
are investigated in this section, that are essential for the LFV at the probe volume 4V;. That LFV is
based on Eq. (97):

& ;- = (G})? (190)

Therefore, for various objects, the important expectation values are derived, and an overview is
presented in Table 1:

2 Note that this scaling of the size Ly, is a convention. In general, the scaling of Ly, is not identical to the scale factor

describing the expansion of space since the Big Bang.
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Table 1. Expectation values of fields and the standard deviation or uncertainty of the field ¢ := (‘I’\éﬂ‘f’) —
<‘I’|G}2 |¥)? of the field. Hereby, the expectation value (¥ é]|T> is abbreviated by (é]>

’ object state ‘ (Gj) ‘ o ‘ N Z]N<G]-> ‘ 5 Z]N(G]-)Z ‘ @%mr, o) ‘
m; coherent | #0 | =0 - 5 20
VP, divisiple | number | 0 | #0 5 5 B
Pm het coherent | #0 | =0 0 70 i~
Pm,hom coherent 7& 0l ~0 0 0 5

(1) For the case of a single and separate mass 11, the gravitational field is classical. Consequently,
it is described by a coherent state [23,64,67,82,112,113]. Thus, the expectation value (‘F|é] ['¥) of the
field is nonzero, and the standard deviation o = (‘I’|C’]2 I'¥) — (‘Y|é]|‘P>2 of the field is nearly zero.

In this study, the classical expectation values for one mass are not essential (see columns five and
six in Table 1):

(1.1) In empty space, there is no mass.

(1.2) In the non-empty homogeneous universe, the fields of masses are completely averaged to
Zero.

(1.3) In the case of a heterogeneous density, there are many masses, whereby their fields average
to zero, and the standard deviations of the fields remain.

Consequently, the nonzero expectation value of the field is not averaged out to zero. Therefore,
such a mass contributes to the LFV at the probe mass (see column seven in Table 1). Such a single mass
is not essential at the large scales of several Megaparsecs considered here. This case is included for
comparison only.

(2) For the case of an indivisible VP, the gravitational field is not classical. Accordingly, it is
described by a number state [23,64,67,82,112,113]. Thence, the expectation value (Y| éj ['¥) of the field
is zero, but the standard deviation is nonzero, o = <‘i’|é]2 [¥) — 0 # 0. The classical expectation values
are not essential for an indivisible VP, as no classical fields can cancel out. Similarly, the quanta of light
propagate from the Sun to Earth, without cancellation - otherwise it would be dark at Earth at night
and at day. Consequently, the nonzero standard deviation contributes to the LFV at the probe mass
(see column seven in Table 1).

(3) For the case of the heterogeneous density, radiation is not essential. The reason is, that in our
universe, heterogeneity developed at a time, at which the density of radiation was already negligible.
Accordingly, the heterogeneous density is analyzed for masses only. Similarly, the homogeneous
density is analyzed for masses only. In the case of the heterogeneous density, gravitational fields
are classical. Consequently, they are described by coherent states [23,64,67,82,112,113]. Thus, the
expectation value (‘I’|é]|‘P> of the field of one mass m; is nonzero, and the standard deviation is
negligible. The classical expectation value of all fields are zero. But the classical expectation value
of all squared fields are nonzero. Therefore, the heterogeneous density contributes to the LFV at the
probe mass (see column seven in Table 1).

(4) For the case of the homogeneous density, gravitational fields are classical. Consequently, they
are described by coherent states [23,64,67,82,112,113]. Thus, the expectation value of the field of one
mass 1 is nonzero, and the standard deviation is negligible. But the classical expectation values of all
fields and of all squared fields are zero. Therefore, the homogeneous density does not contribute to the
LFV at the probe mass (see column seven in Table 1).

11.3. Energy Density of Volume

As the homogeneous density oy, hom Of matter does not contribute to the LFV at dV), the energy
density u,, of volume is the same as in the case of the empty universe in Eq. (179).

In the case of the homogeneous universe, there is sufficient content, that the density parameter
can be derived in a meaningful manner:
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Uyol Pool
O, = =2 = L (191)
ool Ucr,0 Pcr,0

The respective terms in Egs. (150 and 177) are inserted:
wc 2
Qpor = e 3 (192)

This is in precise accordance with the observed value [22], table 2, column 2, within the error of
measurement:
Qp =0.679 +£0.013 (193)

Therefore, this result of the homogeneous universe provides clear additional evidence for the present
mechanism of formation and for the theory of volume portions.

12. Emergence of Volume in a Heterogeneous Universe

In the cases of the empty and of the homogeneous universe, the flatness of space can be used, see
sections (10 and 11). On that basis, and by using adequate coordinate systems (ACS), it is possible to
use a regular and constant evolution of time.

In general, the density of space or volume is different in the heterogeneous universe and in the
homogeneous universe. The density of space or volume in the heterogeneous universe and in the
present-day universe is marked by upg. The density of space or volume in the homogeneous universe
and in the very early universe is denoted by ;. The cosmological constant A and the corresponding
energy density of space or volume u, describe the present-day universe, since Einstein [15] proposed
A without any specification of the early universe or of a particularly homogeneous universe different
from the present-day universe. In each case, the ratio of an energy density u; and the critical energy
density ucr, = per. - c? is the respective density parameter:

0 =L, (194)
Uer.

Moreover, in the cases of the empty and of the homogeneous universe, the energy density upg of
volume is a constant, so that the essential density parameters (), := pi% of matter and QO = p%\,o of
the cosmological constant are essentially constant.

However, in the heterogeneous universe, pp and (), increase. This causes an increase of the
Hubble constant Hy. Indeed, that increase has been observed [13,22]. Consequently, the Hubble time
tH, decreases.

For these reasons, the changes of (5 and of tp;, are analyzed simultaneously in this section.

12.1. VPs Field and Rate Caused by Heterogeneity

In this section, based on the LFV in the homogeneous universe, the additional LFV is derived,
which is caused by heterogeneity.

(1) Overdensity J; of a dynamic mass in a shell:

A mass dM; in a shell with a mass dM(R, dR) is considered. Thereby, the shell has a d¢p distance
R from the probe volume dVj in Figure 7, a thickness dR, a volume dV = 47R%dR, and a density
Om,hom- According to section (11.1), the overdensity of dM; is as follows, see Eq. (184):

dM;/dV; —
5j _ ]/ i Pmhom (195)

Om,hom

The above fraction is expanded by dV:
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dM; - 4% — AM(R, dR) ,
5= i AR with dM(R,dR) = 47tR*dR0 . hom = AV 0y pom (196)

(2) Rate caused by the overdensity J;:
The overdensity J; in Eq. (196) multiplied by the mass dM(R, dR) is the mass of heterogeneity.

According to the 1/R? law of the field (G* = — GMzr), that mass causes the following field:
g R g
; dM; - fi7 —dM(R,dR) _ 5; - dM(R, dR) _
dGgenj = — R2 er = —GTeR (197)

The average (...)s,r with respect to the shell in part (1) at a radius R and with a thickness dR is derived
for the square of the field in Eq. (197):

= dAM(R,dR)\? ,
(AGgenj)sr = (G(R2)> . <5]2>S,R/ with (198)
fshezl 5 dx
(07)sr = T (199)
1 fshelz 1d3x

According to the law of LFV in Eq. (190), the squared field causes the following squared rate:

dééen,j = czdg%,,,, therefore, (200)
dM(R,dR)\> _
(G(Rz)> (67 )5 R = 2 (dE] 1y)s R (201)

In the above Eq., the root is applied, and dM(R, dR) is replaced according to Eq. (196). Additionally,
the propagation according to dR = c - dt is used:

47TGdtpm,hom ’ \/<5]'2>S,R = \/<d§%,rr>S,R (202)

The standard deviations (or uncertainties such as Agy,; or d¢,,;, in the language of physics) in the above
Eq. are abbreviated:

Om = /(67 )s R (203)
dﬁhet = <d£%,rr>s,R (204)

Rate caused by heterogeneity: The rate in Eqs. (202 and 204) caused by p,, j,.; is the standard
deviation dg,,. It is expressed in terms of the usual density parameters of homogeneous densities:

Qpyy = £22L (205)
POcr,0

Q, = Om,hom (206)
Ocr,0

As a consequence, the densities are related as follows:

Q
Om,hom = Pool * Qi (207)

vol

With it, and with the standard deviations in Eqs. (203, 204), the LFV - relation in Eq. (202) is as follows:

Q)
4t Gdtpy, - Q—’"lam = déj, (208)
V0
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In the evolution of the universe, gravity accumulated matter. As a consequence, the standard deviation
of matter fluctuations oy, increased as a function of time. This increase is modeled next in part (3):
(3) Linear growth theory:
Linear growth theory provides the standard deviation of matter fluctuations ¢ as a function of the
scale radius 4 [36,48,110]:
Om = 0g -0 (209)

In the matter era, the scale radius 4 is the scaled time f to the power 2/3, see Karttunen et al. [114] Eq.

19.33 or Carmesin[116] p. 297:

- 2
i="t" with ¢, = 3 (210)

With it, the standard deviation of matter fluctuations in Eq. (209) is as follows:
O = 0g - P2/ (211)

(4) Time integral of the rate caused by heterogeneity:
The time evolution in Eq. (211) is inserted into the rate d¢;,,; caused by heterogeneity in Eq. (208)
is as follows:

Bepor = AnGpoat - o7 -0 P/ (12)

vol
(4.1) Different Hubble times: In general, the Hubble time derived in the heterogeneous universe
FHg e = 1 / Hy et differs from the Hubble time derived in the homogeneous universe ¢ Hopom = 1 / Ho jom-
The ratio of these values is defined:

tHO,het

qr = (213)

tHO,ham

The value is derived by an iteration. As a first step, the value 0.881 is chosen. That value has to be
compared with the values of ¢ Hojom and ¢t Ho et that will be derived:

qgl) = 0.881, as a first step. (214)

(4.2) Scaled time: The present day time t; is equal to the Hubble time multiplied by Iy = 0.9455,
see [40], Eq. (2.32)
to = thy, - Iy, with Iy = 0.9455. (215)

The rate in Eq. (212) and in general, the increment of time dt is scaled by the Hubble time. The idealized
value is ty, . The realistic value is ¢, ,, which must be multiplied by Iy. Consequently, the realistic
scaled increment is as follows:
df = o (216)
EHg et - Io

This Eq. is solved for dt, and the ration in Eq. (213) is used:
dt = df - tHO,ham ly-q1 (217)

This realistic scaling is applied to the rate in Eq. (212):

nGs oy RS dF (218)

déhet = [47TGtH0,homonl] : Qoo
vo

Hereby, the rectangular bracket is identified with the rate ¢; ,, , 4y, in the homogeneous universe.
This rate is abbreviated by ¢,,,,. Therefore, the rate in the heterogeneous universe in Eq. (218) has the
following relation to the rate in the homogeneous universe:

Q -
Aéper = Epo - QLUIS sy lo- B3 b (219)
(%
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(4.3) Integration: The integral is applied to the above Eq.:
Ay Qm - 0g Fom 2 -
Ao = Epom - : -I-/ P/3 . df 220
/0 Shet — Shom Quor g1 - 1o 0 (220)
The integrals are evaluated:
. . Q- 03 3 .
Abper = Enom - = qi-Io-z- tgr/nB (221)
ool 5

The ratio % of the rates of the heterogeneous and of the homogeneous universe is formed, and it is

named f,,. Moreover, the scaled time is expressed by the scaled scale radius with the relation f = 3/2

in Eq. (210):
. 7 1

Fon) i Do) _ ;570 Onds 60/l 1" (222)

Enom o 20001 H\S/—/ qgl)

1

(n)

Hereby, g,/ is determined by an iteration, here a fixed point iteration will be performed. The fixed
point iteration is a valid mathematical method to solve the physically based equations of this section
(12) simultaneously. Thereby, the first value for qgn) is qfl). With it and Eq. (213), the Hubble times

(2) tHO,het

are obtained, and with these, the new value g, ;=" is calculated numerically. This procedure is
0,hom
repeated, until the n-th value qgn), at which qgn) and the following value qgnﬂ) are equal for the first

time, up to an accepted numerical error.

5/2
Next, the scaled scale radius is expressed by the redshift with the relation /2 = ( 1 ) :

T+z
(n)
_ Qs - 08 q
Kg, (Zem) = ZQvol(l +Zem)2'5 qgl) (223)

12.2. Complete Rate in the Heterogeneous Universe

In this section, the sum of the rate of the homogeneous and of the heterogeneous universe are
formed and studied.
(1) Sum of rates:
Both rates Aéj,y; (Fem ) and &y, add up to the sum, describing the complete rate in the heterogeneous
universe:
Esum = DEpet + Enom = Enom - (1 + K) (224)

Hereby and in the following, the ration g, is abbreviated by «, as a short notation.
(2) Rate of LFV for the sum of rates:
The integrated rate ;. 4 41, shortly called &, in Eq. (173) is used:

Enom =470 G - Pvol * tHy o, (225)

The corresponding rate in the heterogeneous universe is the complete rate &,,,,. The above relation (Eq.
225) is transferred to the complete rate by replacing corresponding terms: The rate ¢,,,, corresponds to
Eeum- The density pu,o1 = g1/ c? corresponds to pp = up/ 2. The Hubble time t Ho o corresponds to
tHy .- Therefore, the above relation is transferred to the following rate:

Equm =471 G- pA - tHO,het (226)

(3) Ratio of rates:
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The ratio of the rates in Egs. (225 and 226) is formed:

gsum o tHO,het . OA (227)

Ehom tHO,ham Pvol

——"
1+x Hypom  (14%)8()
HO,het

Hereby, the first fraction is the rate ratio, it is implied by Eq. (224). Similarly, the second ratio of Hubble
times is equal to the corresponding ratio Hubble constants, as ty;, = 1/ Hj. For each redshift z.,, or z
(in a short notation), the third ratio of dynamic densities is an unknown number, which is a function of
the redshift z:

Pa

5 = unknown(z) = (14 «)%, with ¢ = &(z) and « = «(2). (228)
vol

Hereby, without loss of generality and for each z, the unknown is expressed with help of another
unknown ¢. In particular, the unknown(z) is replaced by the term (1 + x(z))¢(®).

(4) Ratio of Hubble constants:

As a consequence of the FLE at k = 0 and of Eq. (152), the squared Hubble parameter is as follows:

870G R RS
H? = 3 Pcr,0 - (Qr : ng + Q- ng + QA) (229)

Next, the Hubble rate is used at the present - day time ¢ = tg, so that r = rq:

871G

Hopet = —5 ~Poro - (Qr + O + Q) (230)
———

H(Z),hom

Hereby, the Hubble constant of the homogeneous universe in Eq. (150) is identified in the underbrace in

the above equation. The above Eq. is solved for the ratio of Hubble constants in the ratio in Eq. (227):

HO hom 1
Ho et O,y O Hoet = Hopon v/ = Em +Cn (231)

Moreover, the ratio of dynamic densities,

% = (1+x)f, (232)
Vo

is equal to ratio of the corresponding density parameters:

QOp
Qvol

= (14+x)% orQp = Q- (1+x)¢ (233)

These results are inserted in the rate ratio in Eq. (227):

1
14+x= (1 ¢ 1 AL Q4+ Quy + Oy - (1 i=(1 ¢ (234
s e TaoTar (Hey o (14K \/ ot Qut Qe - (1468 = (1+1)° (234)

In order to solve this equation, a term for the exponent ¢ is derived:

(6) Derivation of the exponent ¢:
In order to solve Eq. (234), the square is applied. Additionally, 1 + x(zem) is abbreviated by y, and
y¢ is abbreviated by w:

Y2 (O + Quop - w) = w* or (235)
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0=w?—w-Qyy - y> — Qp -y* with (236)
y=14x(zem) and w=y° (237)
The above quadratic equation has the following two solutions:
12
ws = bV (1 = 14 20 2) (238)
Qz;ol Y

The solution w_ is negative. Thus, it does not provide a real exponent, see Eq. (237). Accordingly, the
above equation is solved for the exponent ¢ by using the solution w (see Eq. 237):

_ In(wy) _ :
¢= In(y) and y=1+x(zem) with (239)
Qyor - y2 ( 40y, )
wy=—7r—— |14+,/1+ 50— (240)
2 Q%ol ’ yZ

12.3. Comparison with Observation

In this section, values of the Hubble constant H j,;(z) of the heterogeneous universe are studied
as a function of the redshift z. Thereby, values derived with the volume dynamics (VD) are compared
with observed values in Figure 9. For a huge range of redshifts, corresponding to time ranging from
380 000 years after the Big Bang until the present - day time, the derived results are in precise accordance
with the observed values. In this section, no fit is executed, no assumption is made, and no new hypothesis
is proposed. This provides a clear evidence for the presented theory of volume portions.
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Figure 9. Observed values Hy ,;; and derived values Hy j,; of Hy as a function of zem. Probes: X, megamaser
[122]. %, distance ladder with supernovae of type Ia [13,123], [124] most precise evaluation. ¢, starburst galaxies
[126]. o, baryonic acoustic oscillations, BAO [127,128]. e, weak gravitational lensing and galaxy clustering [129].
A, strong gravitational lensing [130]. o, gravitational wave [131]. ®, old galaxies or stars [132], (Tab. 1). [J, surface
brightness [133]. filled pentagon, CMB [22]. Derived from the VD: This theoretical curve (densely dotted) uses
the calendar date ¢, as this cannot be derived from fundamental physics. Thereby, theoretical values inherit the
corresponding error of measurement of the used CMB value (loosely dotted). Measured and derived values are in
precise accordance within the error of measurement.
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Additionally, the numerical study is outlined in detail for the case of the CMB (see part 1) and for
the case of the redshift z = 0.055 (see part 2). Also in these cases, the values are in precise accordance
with the observed values.

(1) Relation of Hy(zcmp) and Hy oy, alias Hy acpm:

At zcprp, the universe was almost homogeneous.

Consequently, the density parameter (2, of the homogeneous universe is applied:

Opor = %, consequently, ), =1 — Oy = % Moreover,

os,cmp = 2.34 - 107%[22] table 2,

zcmp = 1090.3 £ 0.41[22] table 2,

Ho(zcmp) = 66.88 (+0.92) Wknlgc[zz] table 2.

Hereby, the value q; = qgl) is chosen at sufficient accuracy.

Thus, the ratio «(zcpp) in Eq. (222) has the following value:

0.000234 -1/3 o
_ —15.1 241
K(zowe) = 5573+ 10903725~ 010 (241)

With it, we evaluate ¢, see Egs. (239, 240):

SomB = 1.5 (242)

Consequently, the Hubble constant H ;. (zcmp) is derived with help of x(zcump) = O(10712), see
Eq. (241):
Honet(zemB) = Hojrom - (1+ O(107'2)) &~ Ho pom =: Ho,acDm (243)

This relation is informative and helpful, as it shows that the Hubble constant observed with the CMB,
Ho et (zcmp) is almost the same as the Hubble constant Hy ocpy in the ACDM model. This result
confirms that the ACDM model is an idealization.

(2) Hubble constant Hy ¢ (z1ate) at zjare = 0.055 O Zpeqr = 0.055:

At the redshift z = 0.055, the universe is relatively heterogeneous. Consequently, the Hubble
constant is derived with help of Eq. (231):

Ho et = Ho,acDm - \/ Qun + Qor - (1+ %)% (244)

The other terms in Eq. (244) are as follows:
Qo = %/ O =1—Qpy = %/
g = 0.8118 £ 0.0089[22] table 2.
As a consequence, the ratio x(zj,¢e) is as follows:

0.8118-1/3 "
= LR . j: .
22/3- (14005575 (0 01842 +0.003 (245)

K(Zlate)

Hereby, the numerical investigation provides the following values of qfn): qgl) = (.881, qu) = 0.916,
9 = 0913, 4" = 0914, ¥ = 091398, 5/ =0.91399 = q\"). This value is used as a fixed point, at
sufficient numerical accuracy.

With it, the idealized value {cpp = 1.5 is improved to the realistic value of &, see Egs. (239, 240):

Clate = 1.532 (246)

Consequently, the theoretical value of the Hubble constant is as follows:
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1 2 1.532
Ho pet (znear) = Hoacpom 313 -1.1842% (247)
_ 731744108 < (248)
s - Mpc

As a consequence, the derived theoretical result is in precise accordance (within errors of mea-
surement) with the currently most precise observation in Eq. (14):

km
s - Mpc

Hoops (Z1ate) = 73.04 (£1.01) at (z) = 0.055 (249)
This is the baseline result[13] sections 5.1 and 5.2, obtained at the 'near field” or low redshift’ (z) =
0.055.

The relative difference between theory and measurement is very low at 0.134 %:

HO,obs (Zlate) - HO,het (Zlate) _ 73.174 — 73.04
HO,obs (Zlate) 73.04

Aobs,theo = 0.18% (250)

13. Discussion
13.1. The Problem Is Solved with Derived Indivisible Portions of Space

The problem of the Hubble - tension has been addressed and solved. Thereby, a critically
discussed method is used, and an explanation is derived. The Hubble - tension is the following finding:
Significantly different values have been measured for the rate of expansion Hy of space since the Big
Bang.

In order to solve that problem, essential fundamental properties of space have been used: The
energy density upr of space is important, as it shows that space has a real energy. Moreover, the space
has no rest mass. On that basis, a very enlightening and momentous result has been derived: A space
paradox and its solution are derived: Space is not a single entity, but space is a stochastic average of
volume portions propagating at v = c.

As a consequence, for the case of homogeneous space, by using a local isotropy, the indivisibility
of volume portions with v = c is derived. Additionally, empirical evidence has been provided for it.
Therefore, these results are very founded.

13.2. Portions of Space Imply a Momentous Unification

The derived volume portions have many insightful and momentous implications: For mathemat-
ical reasons, these volume portions obey a differential equation of volume dynamics. In particular
for the case of an indivisible volume portion ¢V}, this differential equation implies the Schrodinger
equation and a generalization thereof. Thereby, the corresponding wave function ¥ is the relative ad-
ditional volume ¢ ,, ; divided by a normalization constant ¢,. According to the Higgs [51] mechanism,
this derived Schrodinger equation includes the case of matter, as matter is formed from space via a
phase transition.

Furthermore, the volume dynamics implies gravity. Moreover, on the basis of that implied gravity,
the volume dynamics implies the quantum postulates. Altogether, this shows that the volume dynam-
ics implies the deeply founded unification of quantum physics, gravity and relativity. This foundation
of the unification is very fundamental, as gravity is needed for the derivation of the quantum postulates.
This provides the clarifying insight that quantum physics can hardly be understood without gravity at
a fundamental level. Accordingly, the more general volume dynamics of indivisible volume portions
is a theory of quantum gravity. An additional consequence is the local formation of volume (LFV).
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13.3. The Unification Implies Values for Homogeneous Space

On the basis of that unification, and for the case of the homogeneous universe, the following
results have been derived: the global formation of volume (GFV) since the Big Bang, and the density
of volume upg jom = Uyo- These results are in precise accordance with the corresponding observed
values, the values of the very early universe, which was very homogeneous. The Hubble constant
Hy pom represents a calendar date t) ~ t Hojom = m, therefore, Hy ., cannot be derived from
fundamental physical constants only.

13.4. The Unification Implies Values for Heterogeneous Space

The heterogeneity in the universe increased gradually in the course of time. That time can be
described in an especially robust manner as a function of the cosmological redshift z: The present - day
universe has z = 0, and the emission of the Cosmic Microwave Background (CMB) in the very early
universe occurred at z = 1090.

On the basis of the above unification, the results in section (13.3) have been generalized by
including heterogeneity. In this manner, the following results have been derived as a function of the
redshift: the global formation of volume (GFV) since the Big Bang, the density of volume upr and
the Hubble constant Hy(z). These results are in precise accordance with the corresponding observed
values, see Figure 9. Moreover, the derived Hubble constant Hy(z) as a function of z includes many
values that have not yet been observed. These values are predicted.

13.5. Very Convincing Evidence Is Achieved

In this paper, all results have been derived without using any unfounded hypothesis, without
proposing any postulate, and without executing any fit. Thereby, a precise accordance with observation
is achieved within the errors of measurement.

Therefore, the comparison of theory and observations provides a very convincing evidence for
the developed and derived theory. That theory includes the following essential results: indivisible
volume portions, volume portions, the volume dynamics, the derivation of the quantum postulates,
the derivation of exact gravity, the derived unification of quantum physics, relativity and gravity, the
energy density of space upg, the energy density of homogeneous space upg jop = Uy as an insightful
ideal value, the explanation of the Hubble tension by the gradual increase of the heterogeneity in the
universe, since the Big Bang.
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