Pre prints.org

Article Not peer-reviewed version

Some Uniformly Smooth Approximating
Functions for Absolute Value Function

Longguan Yong i
Posted Date: 21 February 2025
doi: 10.20944/preprints202502.1760.v1

Keywords: absolute value function; uniformly smooth approximating function; approximation degree

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/124951

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 February 2025 d0i:10.20944/preprints202502.1760.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article

Some Uniformly Smooth Approximating Functions
for Absolute Value Function

Longquan Yong

School of Mathematics and Computer Science, Shaanxi University of Technology, Hanzhong 723001, China;
yonglongquan@126.com

Abstract: This paper present seven uniformly smooth approximating function for absolute value
function: five of them approximate absolute value function from above, and the others approximate
absolute value function from below. The properties of these uniformly smooth approximating
functions are studied, and approximation degree are analyzed in theory and demonstrated by
images. Finally, application prospect of uniformly smooth approximating function is pointed out.
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1. Introduction

The absolute value function @(¢) = |t | is not differentiable at # =0. Absolute value function is
of great significance in non-smooth optimization theory and variational inequality. Therefore, it is of
great practical significance to study the smooth approximation function of absolute value function.
o(t) = |t| is equivalent to @(¢) = max{t,—t} . Literature [7] gave the smoothing processing method
of absolute value function and its application in friction contact problems. Some approximation
functions of absolute value function @(¢)= |t| are gave in literature [8-13], and applied to solve
absolute value equation respectively. Literature [14] studied a class of smooth approximation
functions of maximum function max{0,¢} . Literature [15] studied the uniformly smooth

approximation function for absolute value function.

On the basis of the above literatures, this paper systematically gives seven uniformly smooth
approximation functions of absolute value functions, analyzes the properties and approximation
degrees of these smooth approximation functions theoretically, and finally points out the application
prospects of uniformly smooth approximation functions.

Definition 1 (Smooth approximation function('.) Given a non-smooth function f : R - R
.We call the smooth function f'(,), £ > 0 the smooth approximation functionof f(¢) .If for any

te R, there exists x > 0, such that
|f (0= f0)|< mu, Yu>0.
If & does not depend on ¢, then f(i,t) is said to be a uniformly smooth approximation
function of f(¢) .

Uniformly smooth approximation function can be divided into two classes: from above and from
below. Let f(4,t) be the uniformly smooth approximation function of f(¢). If f(,t)

satisfies f(,¢)2 f(¢), and lim f(u,t)= f(t) , then f(4,t) is said to be uniformly
u—0"

approximated from above. If f'(4,t) satisfies f(4,¢)< f(¢), and lim f(u,t)= f(t), then
u—0"
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f (U,1t) is said to be uniformly approximated from below. The following we use (,¢)€ R,, XR
to express 1 >0,te R.

2. Some Uniformly Smooth Approximating Functions

Following we give seven uniformly smooth approximating functions @,(,¢) of the absolute
value function @(¢)= |t | . They are continuously differentiable on (4,f)e R,, XR , and
o(u,t),i=1,2,---,7 are defined as follows:

Q(y,t):ﬂlln[ne”]+1n[l+e“}] (1) (U, t) =~ +1

b
0,(1,1) = 1 lnLe“ - e'”J (3)
t, t> U,
/ 2
@, (u,t)= ﬂln(l{—j ]+ﬂ(1—1n2),—#<t<#, (4)
U
—t, t<—u.
‘, >4
2
g 4 U
) =9 —+—,—=<t<~—, 5
o (u,1) AR 5 (5)
—, r<-H
2
2
2—,tSﬂ,
o,(u.1) = “ﬂ (6)
==t > u
=[] > #
¢ (u,t)=uln Loy Lw 7)
(1) = pln| et 4o

2.1. Properties of Function @,(U,t)

Proposition 2.1 The function @(,t)=u

_t L
ln(l+e ”J+]n(l+e”}:| on (U,t)e R, XR has

the following properties:
M) 0<¢(u,0)—@(t) S uln4;
(2) @ (u,t) is differentiable on (4,¢)€ R,, XR, and

‘amﬂ,t) W0 _ o

t=0

<1,
ot ot

(3)@,(u,1) decreases with decreasing parameter (£, and when — 0, jl_r)g G (u,t)= |t| .
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L ] B |
Proof(1)¢1(,u,t)—¢(t)=ﬂ1n[2+e”+e “J—,ulne”:,uln 2e “+et +e ”

Since |t|=max{t,—t}, then t—|t|SO,—t—|t|S0, and at least one of t—|t| and —t—|t| is
il i | B |

equal to 0, thus 0<2e * <2,1<e” +e * <2.50 1<2e“+e” +e * <4.
Thereby uInl<@(u,t)—¢(t)<uln4.S0 0<@(u,t)—¢(t)< puln4.

(2) A simple calculation leads to
t t

() _ —e” e

ot -+ Lo
I+e“ 1+e€”

_t t ‘ﬁ _u
M: ln[l+e”]+ln£1+e”J +L € + ¢
17

9 (4,1) 0, (44,1)
and
ot ou
differentiable on (,t1)e R, XR . And

Since are continuous on (,t)€ R,, X R .Therefore, @ (u,t) is

|8¢1(,u,t)|: et —et ‘

< 0wl _ o
o1 |‘ Lo

t (=" |
i I g
e +e

24+e “ +e”

(3)To prove that the ¢ (4,t) decreases with decreasing parameter £/, it is sufficient to prove

that w >0,(1,t)e R, XR (see Appendix 1). Use 0 < @ (1£,1)—@(¢) < In4, combined
1L

with Squeeze Theorem. Then there is lim @ (&,¢) = |t | .
u—0*

Figure 1 gives the graph of ¢(¢) = |t| and @ (u,t) whenp =04, =0.2,4=0.1.It can also

be observed from the figure, @ (,¢) isuniformly approximates ¢@(t)= |t| from above.
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Figure 1. Graphof @(¢)= |l‘| and @ (u,t) whent =04, 4=02,14=0.1.

2.2. Properties of Function @,({L,t)

Proposition 2.2 The function @ (i,t)=~/f° +¢* in (u,t)e R,, xR has the following
properties -

(1H0<,(u,0)=p() < u;

(2)@,(u,t) is differentiable on ,and

‘a%(ﬂaf) (| _

t=0

<1,
ot ot

(3)@,(1,t) decreases with the decrease parameter (£ ,and when i — 0” ,/}1_{3 o, (u,t)= |t| .

2

Proof (1) Since ¢2(,u,l‘)—¢(l‘)=\/?;;24_\/72,then0<¢2(,u,t)—¢(l‘)ﬁlu.
U

(2) A simple calculation leads to

0p(u,1) _ ¢ Ity M
ot Jut+1 u Ju+1

06,() | 30,(11)
ot ou

Apparently, is continuous, so @,(4,t) is differentiable on

(#,t)e R, XR.And
Pao|_| ¢ |

a | ‘\/,uz +1 ‘

o s o

ot |t:0 \/,Uz +1?

=0

t=0
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-~ > 0.Thus the value of @,(,?) decreases
\/ ,U2 e
with the decrease parameter . Using 0<@,(4,t)—@(¢t) < i, combined with Squeeze Theorem.
Then there is lim ¢, (1,1) =]
u—0"

ou

Figure 2 gives the graph of ¢(¢) = |t| and @,(u,t), whenyt=0.4,4=0.2, 4 =0.1.It can also
be observed from the figure, @,(4,t) is uniformly approximates ¢@(t)= |t | from above

(TR

Figure 2. Graph of @(¢) = |t| and @, (,t), whent=0.4,4=0.2,14=0.1.
2.3. Properties of Function @,(U,1)

t t
following properties:

Proposition 2.3 The function @,(4,1)=uln e te
(10 < ¢, (4,1)— $0) < 2.

in (4,t)e R,,XR has the
(2)@,(u,t) is differentiable on (4,¢)€ R,, X R ,and

‘a¢3(;u’t) <1 a¢3(ﬂ,t)
ot "ot

=0.

t=0

e +e *

(3)@,(4,t) decreases with the decrease parameter (,and when i — 07, }1_{101 o, (U, 1) = |t| .
1 o el
—Ulne’=pln|e” +e *

Proof (1)@, (1 ,t) — ¢(¢t)=H ln( “
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Since |t|=max{t,—t} ,then t—|t|$0,—t—|t|£0, and at least one of t—|t| and —t—|t| is
"

equaltoOsol<e” +e * <2.Thusulnl<@,(u,t)—¢(t)< yIn(1+1) Thatis
0< 8,(.1)~$() < uIn2.

(2)A simple calculation leads to
t t

g, (1.1) _e" —e*

ot Lo TR P
eﬂ +e H a¢3a(zuat):ln(eﬂ +e ’UJ-FL —€ﬂ+€ 8
u

t t
Since a¢3§f’ ) and a¢3a(ﬂ, ) continuous on (4,t)€ R,, XR So ¢,(1,t) is differentiable
u
on (#,t)e R, XR.And
o] | ‘ LA
20 e el Ny d0en) el |

=0 m T
e’ +e#
t=0

e +e#| le” +1

ot | t t 21 ‘ ot

(3) To prove that the value of @,(4,t) decreases with decreasing parameter . It is sufficient

0 N
to prove that O L) >0,(u,t)e R, XR (see Appendix 2).

o
Using 0 < @, (1,¢) — #(t) < 1n 2, combined with Squeeze Theorem, thus lim @, (44,) = |t | .
u—0*

Figure 3 gives the graph of ¢(¢) = |t| and @,(u,t) whent =0.4,4=0.2, 4 =0.1.It can also

be observed from the figure, @,(4,¢) is uniformly approximates @(t)= |t| from above.
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o
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Figure 3. Graph of @(¢) = |t| and @,(u,t) whenut=0.4,4=0.2,14=0.1.

2.4. Properties of Function @,({L,t)

t t=2 U,

2
Proposition 2.4 The function ¢,(4,t)=1 ln {1 +(ij ]+lu(l —In2),—u<t<py, in
U

-, 1<—u.
(4,t)e R, X R has the following properties:

MO0, (u,1)=p() < u(1-1n2);

(2)@,(u,t) is differentiable on (4,¢)€ R,, X R ,and

pon|_| o]

o | i oy
(3)@,(1,t) decreases with the decrease parameter (1 ,and when u — 0", lim ¢, (u,) = |t| .
u—0"

Proof (1) When |t| 2u,0,(U,t)—@d(t)=0.When —u<t<pu,

B, (1, 1) — (1) = um(n&j ]+,u(l—ln2)—|t|£,u(1—ln2).

Thus, for any (#,t)€ R,, XR, wehave 0<¢,(u,t)—¢(t) S u(1-In2).
(2) A simple calculation gives

1, 12U,

99, (4,1) _ 2K <i<n,

ot +u
-1, t<—u.
0, t2 [,
2 2
90,1) _ h{1+t—2j—2 L (-2 —u<t<p,
ou W) o+t
0, t<—p
Since Tim 92D _jipy 2HL gy 00D _ e 2y 04D
>u ot U+ >-u Ot S-u T+ ot
continuous. Since limM =0, lim M =0 ,s0 M is continuous. Thus
t—u 0 )7 >4 o )7 J 17
< differenti : 99, (4,1)
@,(u,t) is differentiable on (4,f)€ R,, XR . From the expression for o , we get
‘a¢4(ﬂ’t) Sl anda¢4(ﬂﬁt) =O
ot o |
(3) To prove that the value of @,(4,t) decreases with decreasing parameter /. Only proof
M >0,(u,t)e R, XR isrequired (see Appendix 3).
1L

Using 0<@,(u,t)—@(t) < 1(1—1In2), combined with Squeeze, thus lim @, (44,¢) = |l‘| )
u—0*
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Figure 4 gives the graph of ¢(¢) = |t| and @,(u,t), whent =0.4,4=0.2, 4 =0.1.It can also

be observed from the figure, @,(4,¢) is uniformly approximates @(t)= |t| from above.

0.9 i

0.8 i

0.7r -

0.6 -

0.5r -

¢,u.t)

0.3 i

0.2 | mm—f] 2

0.1 ==mmm u=0.2 ]

0
-1 -08 -06 -04 0.2 0 0.2 0.4 0.6 0.8 1

Figure 4. Graph of @(¢) = |l‘| and @, (U,t), whenut=0.4,4=0.2,14=0.1.

2.5. Properties of Function ¢5(i,1)

‘, (>£
2
Pronosit . LN N VY
roposition 2.5 The function @ (i, t)= _+Z’ E<t<5, in (U4,t)€ R,, XR has the
U
1, r<-£
2

following properties:

1
1) 0S¢5(ﬂ,f)—¢(f)ﬁzﬂ/‘
(2) @,(u,t) isdifferentiable on (4,¢)€ R,, X R ,and

‘acbs(u,t)q 94, (44,1)
oo |7 o

(3)@s(4,t) decreases with the decrease parameter (£ ,and when — 07, ,}l_{l(} o (u,t) = |t| .

=0.

t=0

2
2t —

Proof (1)When |t|2%,¢5(ﬂ,t)—¢(t)EO.When —%<t<§,0<%£%ﬂ, while

(2[e]- ) 7

- = o when —— I - l
,(4s1) = 9(0) = T = Sowten =5 <t <2, 0<0, (0 =90 = 4
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From above, for any (i,1)€ R, X R ,we have 0<¢,(u,t)—@(t) < i,u .

(2) Simple calculation gives

L ixE
2
9 (ut) |2t _p M
ot w2 2’ 0, tZ%,
U
-1, t<——. 2
2 oput) | (] L #_, M
ou Y7 4 2 2
0, r<-H
2
t
Since limM = lim2 =1, lim M = lim 2_x =-1, SOM is continuous.
4 ot AU sk ot N7 t
2 2 2 2
Since
2 2
lim 28D _ iy —(ij #1120, tim 9BULD _ iy —(ij +Lioo
4 ou -4 \u 4 — ou N 4
So ——— is continuous. Thus, ,t) is differentiable on ,1)€ R_. XR . From the
20D 0,(1,1) (woeRr,
U
expression of% , we have ‘w <1 and W =0.
=0

2
t) 1

(3)When —ﬁ<t<ﬁ , 0<— i +1Sl , SO O<MS—. This indicates that
2 y7i 4 4 ou 4

&, (U,t) decreases with the decrease parameter [ .
1 )
Using 0< @ (u,)— (1) < " U ,combined with Squeeze Theorem, thus lim @;(4,t) = |t | )
u—0"

Figure 5 gives the graph of ¢(¢) = |t| and @,(u,t) whenpt=0.4,4=0.2, 4 =0.1.It can also

be observed from the figure, @(,¢) is uniformly approximates ¢@(t)= |t | from above.
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1
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Figure 5. Graph of @;(/4,1) and @(¢) =|t|,whenpt=0.4,4=0.2,4=0.1.
2.6. Properties of Function @({L,t)
£
EY” 1| < u,
Proposition 2.6 The function ¢, (u,t)= H in (#,t)e R, XR has the
| == |t > o

following properties :
1
M=Z 4= 9,1 =9(1) < 0;
(2) @, (u,t) is differentiable on (4,¢)€ R,, XR, and

‘8¢6(ﬂ,t)<1 1 905 (u.1)
o | ot

(3)@,(U,1) increases with decreasing parameter . When — 07, }1_}13 o,(1,t)= |l‘| .

=0.

t=0

2

Proof (1)When |t| > U, (U, t)—g(t) = —% . When |t| Su, o (u,t)—o(t)= 2t_,u_|t| . Using

1 t 1
the properties of the parabolic function yields —E,u < LS |t| <0,so —E,u <SP (u,t)—p()<0.
U

Form above, for any (¢,t)€ R,, X R ,we have —%,u <SP (u,t)— () <0.

(2) A simple calculation gives
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I, t>u,

M: L_lu<t<lu _l, f>,U,
al’ ﬂa =t =M 2 2
—1, t<—u. gty | 1( ¢ —u<i<u,
ou 2\ u
1
- t<—u.
Since limM=limi=l, limM= limi=—1.thusM is continuous.
t—u t —u t——p t ] t

2 2
Since lim 22460 _ i —lx(Lj L V50 . —%x(i) __ 1

t—u alu t—u 2 Y7, o~ alu - Y7, 2
0 ,t
Thus % is continuous. So @, (4,t) is differentiable on (i,t)€ R,, XR . From the
L

<1 and M
ot

expression of

=0.

t=0

() ‘M(ﬂ,t)
o ot

(3)For any (u,t)e R,,XR , there are —%SMSO. So @ (u,t) increases with
7

1
decreasing parameter 4 . Using > U P (U,t)—P(t)<0, combined with Squeeze Theorem,
thus lim ¢ (1,7) =]
u—0*

Figure 6 gives the graph of ¢(¢) = |t| and @, (u,t) whenyt=0.4,4=0.2, 4 =0.1.It can also
be observed from the figure, @ (4,¢) is uniformly approximates ¢@(t)= |t | from below.
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Figure 6. Graph of ¢, (u,t) and (1) = |t| whentt =0.4,4=0.2,4=0.1.

2.7. Properties of Function @,(L,t)

t t

1, 1 —
Proposition 2.7 The function ¢7(,u,t):,uln£5e” +Ee ”J in (4,t)€ R,, XR has the

following properties :
W) ~uIn2<g,(1,0)~$(1) < 0;
(2)@,(u,t) is differentiable on (4,t)e R,, X R ,and

‘a¢7(ﬂ’t) a¢7(:uat)
ot ot

(3) ¢,(u,t) increases with decreasing parameter . Whenu — 07, jl_l}’){ o, (U,t)= |t| .

=0.

t=0

<1,

Proo (1)¢7(ﬂ,t)=¢3(ﬂ,t)+ﬂln%,¢7 (4.1) - ()=t 1n%+¢3 (.0 = B(1)
Combined 0<@,(1,t)—@(t) < In2 .Then thereare —xIn2 < @, (u,t)—¢(t)<0.

(2) Simple calculation gives
t t

0y () _ " —e ' _dgy(i1,1)

t t > ‘ ¢ - -
ot ok ot 0B, (ut) _, (1 o 1 |, ] e te
e +e”
SO M < l and M = 0 .
ot o |
(3) To prove that the value of @,(44,t) increases with decreasing parameter /£ . It is sufficient
0 t
to prove % <0,(u,t)e R,, XR (see Appendix 4).
u

Using —uIn2 <@, (u,t)—@(¢) <0, combined with Squeeze Theorem,thus lim @, (£,1) = |t |
u—0"

Figure 7 gives the graph of ¢(¢) = |t| and @, (u,t), whenyt=0.4,4=0.2, 4 =0.1.It can also
be observed from the figure, @,(4,t) is uniformly approximates @(t)= |t | from below.
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Figure 7. Graph of @, (4,t) and @(t) = |l‘ whentt =04, 4=0.2,u4=0.1.

Some properties of these 7 uniformly smooth approximate functions are given above, and the
common properties of these 7 uniformly smooth approximation functions are given in the form of
theorems.

Theorem 2.1 @ (,t),i =1,---,7, as defined above, satisfies the following properties:

1) @ (u,t),i=1,---,7 is uniformly smooth approximate function of ¢@(¢f) on
(u,t)e R, xR . Among which @ (u,t),1=1,2,3,4,5 is uniformly smooth approximate
functions of @(¢) from above, while @ (4,t),i =6,7 is uniformly smooth approximate functions
of @(t) from below.

2) @ (u,t),i=1,---,7 is continuously differentiable on (i,¢)€ R,, X R, and all satisfies
00.(1.0| | 99,(u.0)|
o |7 o |
(8) Forany f€ R,ii_)l’gl+ o(u,t)=

=0.

t

Jg=1-7.

3. Approximation Degree of Uniformly Smooth Approximation Function
Following we describes the approximation degree between the @ (4,t),i=1,---,7 and

o(t) = |t| on 4 — 0" From Theorem 2.1 and Figure 5, we can see that ¢(,¢) approximates

o(t) = |t| most well. To prove this conclusion, firstly we define the distance between two real-valued

functions by using infinite norm, that is, for the given two real-valued functions f(¢) and g(¢)

,we define the distance between them as
|/ =g =max{| /-2 @)}

For any given 4 >0 . Since:
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lim |, (u1,0)—[t] = 0,i=1,2,3,4,5.

>

and

max |6, (u4,1) = 1] =|¢, (4, 0)
Since

¢ (1,0)=pIn4,0,(1,0) = 1,$,(1,0) = 1In 2,4, (4,0) = u(1-1n2),¢,(1£,0) =%ﬂ
Thus ,
¢ G0y 1] = u1n 4

|, Cee.) =] =

|¢,(ae.0)= [ = m1n2

6.0 =[] = 1 -1n2)

a1 =5 1

Therefore, it is concluded from the above approximation we get

lovees0r=l. > e =l > o Cees0r =l > e =] > o)
Thus, ¢5(4,!) approximates ¢(t)= || most wellamong @,(4,1),i=1,2,3,4,5.
In fact, for any fixed ¢ >0,

6,(1,0)> 6, (1,0) > 4y (11,1) > 9, (41,0) > §(u,1) > .
On the other hand, for any ¢ > 0 ,since

,i=1,2,3,4,5.

oo

|6, 41,0~ |f] =5 410, 41,0) =,
It means

max ¢, (u,1) =[] = %ﬂ-

Thus

o0l = 1.

In addition

lim|@, (42,0)~ |f| = In 2, ¢, (12,0) = 0.
It means

r?ea}ax\@ ()=t = 2.

Thus

o) =2

Therefore, it is concluded from the below approximation that

ey~ > | . 00—|

It shows that in all the lower approximation functions @ (4,1),i=6,7 , @ (u,t)
approximates best to @(¢) = |t| .In fact, for any fixed 4 >0,

@& (1, 1) < g (u,1) <.

In summary, we have the following conclusions

6(1,0) > ¢, (11.0) > y(1,1) > B, (11.0) > B (41.) > 1] > G5 (11,0) > §y (11.1).
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,7 and @(t) =|t| are given respectively with
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Figure 8. Graph of @, (4,¢),i=1,---,7 and ¢(t) = |t ,whentt =0.4.
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Table 1 gives the distance between @ (4,t),i=1,---,7 and

different values.

16 of 22

¢(t):|t| when [ takes

Table 1. The distance ||¢1 (u,t) —¢(t)| _i= 1,---,7 between @(i,t) and @(t)= |t| )
6. (u.0) - 6(0)|.. pu=1 | p=04 | u=02 | u=0.1

|6, (a2.6) = @(0)|_ = In 4 1.3862 0.5545 0.2772 0.1386
|6, (. t) - 9(0)|_ = 1t 1.0000 0.4000 0.2000 0.1000

e, (e, 6) = p(0)|| . = p1n 2 0.6931 0.2772 0.1386 0.0693
|6, (1. 6) - (0| =(1-n2)u | 03069 0.1228 0.0614 0.0307
s (. 0)—p(0)| = % U 0.2500 0.1000 0.0500 0.0250

o (a2, 6) - 0(0)| . = % U 0.5000 0.2000 0.1000 0.0500
| (e, 0)=p(0)|. = In2 0.6931 0.2772 0.1386 0.0693

It can also be derived from the data in Table 1 that the distance between @;(4,t) and @(t) = |t|

is the smallest, thus @;(4,7) approximates ¢(¢)= |t| most well.

4. Conclusions

The uniformly smooth approximation function of absolute value function plays important

scientific significance in the fields of numerical approximation!'é], non-smooth optimization!'”], neural

network!'820], etc. Limited by space, the application of uniformly smooth approximation functions for
absolute value functions will be discussed separately. In addition, among the above uniformly

smooth approximation function @,(4,t),i=1,---,7 the approximation degree will be better if

is replaced by its equivalent infinitesimal quantity sin g, 0 <y <1.
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4. Some Appendixes

Appendix 1

t t

—a@(ﬂ,t): In 1+e_; +In 1+€; +— + ¢ 9(#9t)ER++XR’

a,u U t t

t
Following we prove CLIC) >0,(u,t)e R, XR.

ou

Proof For anany (4,t)€ R,, X R, we need to prove

l+e# 1+¢é“

t 1

In 1+e7 +In 1+e; +i + >0.

Let izx, g(X)=[ln(l+e_”)+ln(l+ex)]+x_1_|e_:x +1:Le;]

Thus we only need to prove g(x)>0.
—2x
Forany 4 >0, when x>0,g’(x)<0;when x<0,g’(x)>0,and

Since g(-x)=g(x),g(0)=In4,¢"(x)=

lim g(x) = lim [ln(1+e_x)+ln(1+ex)]+){ < . _ex} =0.

I+ 1+¢€
t
Thus we have g(x) > 0, that is %>O,(la,t)e R, XR.
1

The image of g(x) with xe€[-10,10] (£ =0.1,¢€[-1,1]) is shown in the Figure Al.
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Figure A1. The image of g(x) with xe& [—10,10].

Appendix 2
LA _H i
MZIH(@” +e ﬂj+i % ’(ﬂ’t)e R++>(R‘
ou -
e +e”
Following we prove W>O,(ﬂ,t)e R, XR.
1

Proof For any (4,¢)€ R,, X R, we need to prove

e’ +e”
Let
L x,2(x) =[ln(ex +eﬁ]+x(#} .
U e +e
Thus we only need to prove g(x)>0.
Since g(—x)=g(x),g(0)=1n2,g'(x) = — X
(e"+e")

For any > 0,when x>0,g’(x)<0,when x<0,g’(x)>0,and
lim g(x)= lim {[ln(e" +e )] + x(%j} =0.
X—>+oo X—>+oo e +e

Thus we have g(x) >0, thatis w>0,(ﬂ,t)e R,,XR.
U

The image of g(x) with xe[-10,10] (£ =0.1,¢€[-1,1]) is shown in the Figure A2.
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Figure A2. The image of g(x) with xe€ [—10,10].

Appendix 3
0, 12U,
9, (4,1) _ ln[1+iJ_2L+(1_m2),—u<t<u
ou ©w) o+t
0, t<—.
0, (u,1)

Following we prove Y >0,u>0,—u<t<u.
1

Proof It is only necessary to prove that forany u# >0,—u <t < u

2 2 2

£ £
ln(l+—j—2 +(1-1n2)>0
U e+t

Let

t 2 x
—=x,g(x)=In(1+x*)-2——+(1-1In2).
U x +1

Thus we only need to prove g(x)>0,-1<x<]1.
—4x(x-1)
(X2 +1)
Forany #>0,when 0<x<1,g’(x)<0,when -1<x<0,g’(x)>0.
Sowhen 0<x<1,g(x)>g(1)=0,when -1<x<0, g(x)>g(-1)=0.
Thus when —1<x<1, g(x)>0, theimage of g(x) isshown in the Figure A3.

Since g(-x)=g(x),g(0)=1-n2, g'(x)=
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Figure A3. The image of g(x) with xe [-1,1].

Appendix 4
t _t _ ﬁ *ﬁ
L e T L e (O
# # e +e”
Following we prove M<O,(ﬂ,t)e R, XR.
1

Proof For any (4,¢)€ R,, X R, we need to prove

! _t _H
lnL%e” +%e ”J+L e *e oo,

e’ +e”
Let
t 1 _ —e +e
—=x, g(x)=In—=+|In{e" +e ) |+ x| ——— |.
Y7 &) 2 [ ( )} (ex+ex J
Thus we only need to prove g(x)<0.
. 7’ —4X
Since g(—x)=g(x),g(0)=0,g'(x)=—7—=.

(e +e")

For any 4 >0,when x>0, g'(x)<0, thus g(x)<g(0)=0. When x<0, g'(x)>0, so
g(x)< g(0)=0.Inaddition, lim g(x)=-In2.

The image of g(x) with xe€[-10,10] (£ =0.1,¢€[-1,1]) is shown in the Figure A4.
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Figure A4. The image of g(x) with xe€ [—10,10].
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