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Formal Calculation

Peng Ji

Department of Electronic Information, Nanjing University, Nanjing, China; mcfroo@sina.com

Abstract: Formal Calculation introduces a way to calculate various nested sums.It uses an auxiliary
Form for calculation and provides results in three forms.Besides computation, it is also a powerful
tool for analysis and studies various numbers in a unified way. This article contains many results of
two types of Stirling numbers, associated Stirling numbers and Eulerian numbers. Formal Calculation
provides a method for obtaining combinatorial identities. Applying it to the Gaussian coefficient is a new
way for the analysis of q - Binomial. In the process of analysis, this paper makes a great generalization of
Euler numbers and polynomials, Wilson’s theorem and Wolstenholme’s theorem, revealing that they are
just special cases. Finally, this article introduces a theorem on symmetry.

Keywords: Formal Calculation; nested sums; Gaussian coefficient; Stirling number; associated Stirling
numbers; Eulerian number and polynomial; Wolstenholme theorem

1. Introduction
Formal Calculation has gone through 3 years of development, and this article contains its summary
and latest achievements. The concept is introduced in [1-4] .
Definition 1. Recursive define the operator VP p is an integer.
0 1 RSl 1
Vif(n) ZanJrl) FN), ), f(n+1) =VHf(N)

n=0

Definition 2. Recursive define SUM(N,PS,PT),abbreviated as SUM(N).K;, D; € Ring with identity elements.

SUM(N, [K; : Dq], [Ty = 1]) Z Ky +nDy)

N-1
SUM(N, [Kl D1, K5 Dz], [Tl, =T +2— p]) = Z (K2 + nDz)vaUM(n +1, [Kl : Dl], [Tl])
n=0
i Ni— P
If f(N)=)_A; ( ) and M; is not changed with N, then VP f(N) =) _ A; ( )

[K1 : D,K; : D..Ky : D] is abbreviated as [Kq,Kp...Kp] @ D,[Ky, Kp...Kp] : 1 is abbreviated as
[K1, Ky...Kp].

By default,this paper use:

PSZ[Kl : Dlr Kz : DzKM : DM},PTZ[TLTz...TM],P81=[PS,KM+1 : DM+1],PT1=[PT,TM+1]

This is actually nested summation. For example:

N-1 M
SUM(N, PS,[1,2,3..M]) = ) [ [ (K;+nD;)
n=0 i=1
N-1
SUM(N, PS,[1,3,5.2M —1]) = Y (Ky +npDu).-- Z (Ky +n2Ds) Z (Ky +n1Dy)
nM:O ny=0 np= =0
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N-1 n3
SUM(N, PS, [1,2,4]) = Z (K3 +n3D3) Z (Kl + nDl)(Kz -I—TlDz)
n3=0 n=0

N-1 n3
SUM(N, PS,[1,3,4]) = Y (K3 +n3D3)(Ky +n3D;) Y (Ky 4 nDy)
nz=0 n=0

The following use K to represent the set[Ky, Ky...Kp1], T to represent the set[Ty, T,... T
M
Use the Form: (Ky + T1)(Ka + T2)...(Ky + Ty) = Y T1 X;, X; = TiorK;
i=1

Definition 3. X(T)=Number of {X1, Xp..Xpm} € T

Definition 4. X7_j=Number of {X1, X5..X;_1} € T, Xg_1=Number of {X1,X»..X;_1} € K
Obviously:Xt_1 + Xg_1=1—1

Theorem 1.1. [2] SUM(N,PS,PT)=

M
N+T, N+Ty—M _ [(Tj—Xg_1)Di, X;=T;
Formy — Z‘E)Hl(g) (NflMg ) 2 Hi(g) < %+1+g> Bi = {Ki—&-XTK,llDi,X,-:Ki
g:

M

N+Ty—M+ N+Ty—M+ T;—Xg-1)Di Xi=T;

Formy — §:H2(8)< m g) ZHZ (TM ﬁ+1+gg> Bi = {( b,
§=0

M M
N+Tm—g\ _ N+Ty—g¢ _ [ Ki+(Ti=X1_1)D;, X;=T;
Formsz — Z()H3(g) (Nflﬁ/lg ) = Z(:)H3(8) (TMJAA )rBi = {Kj-i-XT,lD,-,g(il:K,-
g= =
The factors of [[X; cannot be exchanged.H;(g), short for H;(g, PS,PT),is also defined

M
above= Y. I B;
X(T)=gi=1

The theorem is proved by induction.There have three forms because:

(%) = 0000 (328) + 00 ()
= (M+1) (N5H) = (= K) (ViF) = =50 (E5) + (4 ) (35

K={Ky,K;..

Definition 5. F,; K }:Z(M—dictinct products factorse K),Fl is short for FE ’2"'N},Fé< =0

K= {Kl K.

Definition 6. E; Ku }:E(M—products,factorse K),EN, is short for EI{V}’Z"'N},E(If =0

M M
Theorem 1.2. VSUM(N, PS,[1,2..M]) = T (K; + (N —1)D;) = [T (K; +nD;)
i=1 i=1

Theorem 1.3. In SUM(N,[...PS...][...T+1,T+2..T+M...]),K; can exchange orders.

Q

Theorem 1.4. SUM(N, [Ly, Ly...Lg, PS], [L1, Ly...Lo, PT]) = [ L;SUM(N,PS,PT) — T; can great
i=1

than1,T; € N

Theorem 1.5. SUM(N, [1,1..1],[1,2..M]) = SUM(N, [1,1..1],[2,3..M]) = 1M 4-2M 4 4+ NM
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Theorem 1.6. SUM(N, [1,1...1],[1,3..2M — 1]) = SUM(N, [1,1...1], [3,5..2M — 1))

= Y 1Mt NN = Y irip...ig = Epy = So(N + M, N)
M+ +AN=M,A; >0 1<ip<ip<..<iy<N

S, is Stirling numbers of the second kind.

Theorem 1.7. SUM(N, [1,2..M], [1,3..2M — 1]) = SUM(N, [2,3...M], [3,5..2M — 1])

= Y itiy.iyg = Fpt™M1 = 1 (N + M,N)
1<i)<ip<..<ip<N+M-1

S is unsigned Stirling numbers of the first kind.

Example 1.1:

SUM(N, [1,2,3],[1,3,5]) = Form = (1+ T1)(2+ To) (3 + T3)

Y, J[Xi=1x2xT3+1xT,x3+T; x2x3
X(T)=1

Hi(1) =1x2x%x (T3 — Xg-1) + 1% (T2 = Xg-1) X 3+ X7-1) + T1 X (24 X7-1) X 3+ X1-1)
—1x2x(5-2)+1x(B-1)xB+1)+1x2+1)x (3+1) =26

SUM(N, [1,2,3],[1,3,5]) = 1% 3 x 5 (¥72) +35 (§*2) 426 (+2) +-1 x 2 x 3 (}'*2)

SUM(N, [2,3],[3,5]) =3 x5 () + 2 x 4+3 x 4) (¥*3) +2x3 (}*?)

It also can be calculated in the Ring with identity elements.

SUM(N,[(Z i)(i i)(f ;)(i i)],[lﬁ])

(15 27 (N+1>+ 44 70 <N+1>+ 17 13 (N+1)

~\ 30 48 ) \4 28 38 | \3 4 5 2

1 3 2 1 2 3 7 3 2 3 44 70
Hl(l)‘“(zx 2>[<1 2>+<1 2)“(1 2>(3_1)<1 2>_<28 38>
2. Property

2.1. Equivalence of three forms

By definition:
> Hafg BSE BT =2 e My, Yl = P B 8 St S e -

3. }:fg(rgl]gﬁ%)rl) = H3(g — 1)(=Km1 + (Tmt1 — [§ — 1])Dmy1) + H(8) (Kmt1 + §Dm1)

Using these relationships and induction can prove:
M 8
Theorem 2.1. H =Y Hyk) (k) = ¥ Hs(k M=k [3]
(9 = & Ha0) () = & B0 (315)

Inversion—

Theorem 2.2. Hy(g) = klif;g (_1)k+ng (k) (g) ,Hs3(g) = é}o (_1>k+gH1(k) (%:g)

Calculation with 2.1 —
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M M M
Theorem 2.3. Y Hi(g) = ¥ Hy(g)28 = Y Ha(g)2M~8
g=0 g=0 g=0
M M M
A . A+g\ _ A+M—g
Theorem 2.4. ggOHl(g) (B_g) _ggon(g) (B ) —g§OH3(g) (Bfg ),A,B eN
This — Formqy = Formy = Formz.A = B —
M M M
A\ A+g\ A+M-g
Theorem 2.5. ggOHl(g) (g) —ggon(g) (g ) _g§OH3(g) (M ),A,B eN
Induction [3]—
M M A M A+M—
Theorem 26. Y Hig)g (370) = L Ha@)g (55) = L {Ha@g (5 ) + M x
g=0 g=0 g=0

A+M—
Hs(g) (57755 ))
2.2. Property of H(Q)
[1X; = (ITX; € T)(ITX; € K).In some cases, H(g) is easy to calculate.

Definition 7. H(g, T),short for H(g,T,PS,PT) = [] B;,H(g,XT) =Y Il B;
XiGT XiGT
Also define H(g,K), H(g,Y_K)

8
Theorem 2.7. If D; =1land T; + 1 = T;11,H1(g, T) = [1 T;. Hi(g, T, [K1, Kz...Kp], [1,2..M]) = g!
i=1

Theorem 2.8. Hy (g, CK, [1,1..1], PT) = Ef;
Theorem 2.9. If D; = LH (g, LK) = Fyy_ Ej + Fyp_o (Ef + ... + FSE},
Theorem 2.10. If D; = 1,Hy (g, L T) = FYEy' S — FI B} ™8 + ..+ (—1)8FJ Eg" ¢

Theorem 2.11. If D; = 1and K1 — K; = Toyq — T; = 1,H, (g):@/f) Ty.. Ty X Ko1K

M M
Theorem 2.12. If PS=PT,H; () = [1 T; (M), Hy(M) = H3(0) = ] T;, Ha(g < M) = Hz(g > 0) =0
i=1 i=1

Theorem 2.13. Hy(g,[AD : D,PS|,[A,PT]) = AD(Hy(g —1) + H1(g)) — Hi(g [1,PS],[1,PT]) =
Hi(g —1) + Hi(g)

Definition 8. E}, ® ([T}, T»....Twm], C)

= Y 1M2%2 g% (Ty + A1C) (T + MC + A2C)..(Ty1 + AC+ A2C + ...+ Ag1C)
A1+)L2+...+/\q:p,/\i20

[5] has proved:<§4> = <%717g> = Eﬂjg,l ® ([1,1..1],1])

< (]gVI > is Eulerian numbers.Worpitzky identity:NM = 1:1;01 <£.A> (AN/I+g>

<g> —EBo(L1]1)= Y 1M2%35(14A) (14 A+ Ay)
)\1+/\2+/\3:2

=12293%(1 +2)(1 +2) +1°223%(1 + 0)(1 + 04 2) +1°2°32(1 4 0)(1 + 0 + 0)
+112183%(1 + 1) (1+141) #1293 1+ 1)1 +14+0) +1°2131(1+0)(1 +0+1) = 66
Theorem 2.14. Hy(g,[1,1.1],PT=[T;=T1 + (C+1)(i—1)]) = Ejg\;_lg ® (PT,C)

Theorem 2.15. Hs(g,[1,1.1],PT = [T; = T1 + (C+1)(i —1)]) = E‘?V;r_lg O =Th—1+C@i—
1)],C+1)
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2.3. Shape of numbers

In this section,if not specifically mentioned, Ty = 1, T;1; — T; = 1 or 2.

To calculate y K1Kj3...Kp (*),products needs to be divided into 2M-1 categories.
1<Kj;<Kp<..<Ky<N

There are M-1 intervals between factors.If the interval=1,define as continuity. If the interval>1,define

as discontinuity. Continuities, Discontinuities and their Positions, is defined as Shape. So there have

2M=1 Shapes.From the definition of nested sum:

Z Ki1K; = SUM(N, [1,2],]1,2]) + SUM(N —1,[1,3],[1,3])
1<Ky <K <N

K K K3 =
1<K;<Kp<K3<N

SUM(N,[1,2,3],[1,2,3]) + SUM(N —1,[1,2,4],[1,2,4]) + SUM(N —1,[1,3,4], [1,3,4]) + SUM(N —2,[1,3,5],[1,3,5])

Definition 9. PB(PT)=Number of T; + 1 < T;y1=Number of discontinuities

() = Y SUM(N — PB(PT), PT, PT).From 2.12 we can obtain a simple formula:
All of the Shapes

M INHTMY -
Theorem 2.16. SUM(N, PT,PT) = [T T; (/1" ) Ti €N
i=1

N-1
This is an important conclusion,generalizes the famous formula ¥ () = (ha) It was

n=
discovered during the calculation of (*) and leads to the birth of Formal Calculation. There are two
ways to understand SUM(N,PT,PT),one is nested sum,another is the intervals between factors.

Theorem 2.17. Number of Products in SUM(N,PT,PT) = (N +PB(P T))

PB(PT)+1
M M
Definition 10. MIN,(M) = Y JIT;i=1x Y TJIT;
PB(PT)=gi=1 PB(PT)=g i=2

This is the sum of the products of PTs with the same number of discontinuities.
M-1 N
() = ¥ MINg(M) ()
g=0
By definition:

Theorem 2.18. MINg(M) = ¥ M8 5 <) < iy < o <ig S M4 g —1ijy —i; > 2

iliz...lg

Based on the concept of Shape rather than 2.18, it is easier to understand.eg:

MIN;(3) = (124) + (134), MIN(4) = (12357) + (12457) + (13457) + (12467) + (13467) + (13567)
Here (...) is products.
From the definition of nested sum,there exists general classification principles:
Theorem 2.19. SUM(N, [Kl : Dlr K2 : DzKM : DM]/ [Tl,TzTM])

= SUM(N, PS, [Tl...T,', Tiv1 — 1. Ty — 1]) + SUM(N -1, [Kl :D1..K;: Dj,Kit1 4+ Djtq : Digq.. Ky + Dy - DM],PT)

eg 1 SUM(N, [1,2,3],[1,3,5]) = SUM(N, [1,2,3],[1,2,4]) + SUM(N —1,[1,3,4],[1,3,5])
= SUM(N, [1,2,3],[1,2,3]) + SUM(N —1,[1,2,4],[1,2,4]) + SUM(N —1,[1,3,4],[1,3,4]) + SUM(N —2,[1,3,5],[1,3,5])
(¥) = SUM(N, [1,2..M],[1,3..2M — 1]).It's exactly 1.7.
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We can also define Shape for general PS:
Aj=Ajt1,continuity
H (Ki + )LiDi)’ {)\i<)\iﬁ,discontinuity
M
Definition 11. MIN,(PS) = K; x Y IT(Ki+A;D;),A1 =0,Aj;1 —A;=00r1
PB(IT(K;+A;:Dj))=g i=2
By definition of H(g):
Theorem 2.20. Ky x Hy(g, [Ka : Da...Ky : D, [12 +1, 5 + 2.k + M — 1]) = MINg(PS)
Theorem 221. Ky x Hy(g,[D2 : Dp.Dm : Dyl + 11 + 2.0 + M —1]) =

(—1)M~=1=8 MIN,(PS)

2.4. H(g) and Associated Stirling Numbers

Associated Stirling Numbers of the first kind Sy , (1, k) is defined as the number of permutations
of a set of n elements having exactly k cycles, all length >=r.

1. Slr(nk)fk, Y ﬁ
i1+ 4. Aig=n,i;>r
2 Slr&n‘l“)llk =n 1r(71 k)‘(‘( )1’ 151r(n_r+1 k_l) n>k7"
1112 zk17<11<12< < 1<n—r1]+1_1]>r[6]

Derived from 2 and definition of H(g) or 3 and 2.18:

M 1)!
Theorem 2.22. MINg(M) = S1,(M+g+1,¢+1) = ((;%) > .
i1 tip o tig 1 =M+g+1i;>2 g

Table 1. Table of MINg (M) = S1,(M+g+1,¢+1).

g=0 g=1 g=2 g=3 g=4 g=5 g=6

= 1
=2 2 3
6 20 15
24 130 210 105

120 924 2380 2520 945
720 7308 26432 44100 34650 10395
5040 64224 303660 705320 866250 540540 135135

SEEEEEE

NO Gk WN -

Associated Stirling Numbers of the second kind Sy, (1, k) is defined as the number of permutations
of a set of n elements having exactly k blocks, all length >=r.

1. Sy,(n,k) = k, y T

iqlip!
ipt..,+ig= 711> 2!

2. Sp,(n+1, k)_ks2, (n,k) +Tr 1)sz,(n—r+1 k—1),n>kr

Derived from 2:

Theorem 2.23. Hy(g,[1,1..1],[3,5.2M — 1]) = SooM + g + 1, + 1) =
(M4g+1)! y 1
(g+1)! Nl igpq]!

i1+ tig =M+g+1,i;>2
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Table 2. Table of Hy(g, [1,1...1],[3,5.2M —1]) = Sop(M+g+1,g+1).
g=0 g=1 g=2 g=3 g=4 §=> §=6
M=1 1
M=2 1 3
M=3 1 10 15
M=4 1 25 105 105
M=5 1 56 490 1260 945
M=6 1 119 1918 9450 17325 10395
M=7 1 246 6825 56980 190575 270270 135135
SUM(N, [2,3..M],[3,5..2M —1]) = S{(N + M,N) = S; 1 (N + M, N)
S N+M o N+M
= ZO SipM+g+1,8+1) (Mﬂ;Hg) = 21 $12(M+¢,8) (M+g )
§= 8=
N+ M)! 1
S11(N + M, N) %z% S
© it tiy=N+M,i>1 12N
(N4 M)! %[ _ 2 I
- N — iiy.. lN
8&=1i1+..+iN=N+M,i;>1,Number of i;>1=g
(N+M)! 1
o) =g (V) o itidy (M) s12M+.8)
i1t Fig=g+M,ij>1 8
Use the same way:
M
N—rg)!
Theorem 224, §1,(N +M.N) = & i OIS (INAM) S, 40 (rg + M, g)
Th 2.25. S, (N + M, N) = 3 —L__ (N1t (mvemr)g M
sorem 2.25. Sp, PN + M N) = ggl (N8 (N=g)! (78+M ) 2r1(r8 + M, g)
2.5. Table of H(g)
Table 3. Table of H(g).
PS PT Hi(g) Hy(g) Hs(g)
1,1.1]  [1,2..M] g!Eﬁj}g =¢S5 (M+1,g+1) (—1)M=8g1S,(M,g) s
1,1.1]  [2,3..M] (g+1)1Sa(M, g +1) (—M-1=8(g + 1)1S,(M, g + 1) o
1,11 Ls.2emM-1 E e (PT) (~1)M-8MIN,_1(M) Ef 0 ([0,1.],2)
1,1.1]  [3,5.2M—1] Spp(M+1+g,¢+1) (—1)M-1=S MIN, (M) Eﬁjll . ©([23.],2)
(1,2.M] [1,3.2M—1] MINg_1(M)+ MINg(M) 1x (—1)M-8E§, . ©([3,5..],1) 1x EM o ([2,3..],2)
2,3..M] [3,5.2M—1] MINg(M) (~1)M-1- 3522(M+1+g,g+1) EQA‘g@([z,a..],z)

3. Application

3.1. Number analysis

Theorem 3.1. [] (K + nD;) can be decomposed into three forms by 1.1 and V.
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M
Theorem 3.2.  SUM(N,PS,PT)=SUM(N,[1,1...1,PS],[1,1...1,PT]) expand Y () =

g=0
M-+ (number of 1 added)
)y ()
g=0
M M
PS=[1,1.1JPT=[1,2.M], 2.1 Hi(M) = ¥ Hs(g), Fi(1) = X Fa(g)g
8= 8=

M M
Theorem3.3. Y (M) =M! ¥ (-1)M 8¢ x ¢155(M, ¢) =2M —1
Rt : §xg g
8= 8=

M
PS=[1,1..1],PT=[2,3.M], 2.1 ¥. (—-1)M*k1s, (M, k) =1
k=0

M g1
Theorem 34. ¢15;(M,g) = 1. (~)MFss (M) (K1) ="F (M) (M1 F) 1<g<m
=8

SUM(N,[2,3..M],[3,5..2M-1]) SUM(N,[1,1...1],[3,5..2M-1]), 2.1 —
M

Theorem 35. Sio(M +gg) = L (-1)" oM + kK (57),50(M + g8) =
k=g

M M-k K-1
L (D" Sia(M+ k) (1)

SUM(N,[1,1..1,[2,3..M]), 2.3 —
M M M
Theorem 3.6. Y. !5 (M,g) = ¥ (—1)M 8g15,(M,g)28" 1 = ¥ <%7g>2M*8
§=1 §=1 g=1
SUM(N,[L1...1],[3,5..2M-1]),SUM(N, [2,3..M],[3,5..2M-1]), 2.3 —
M M Mg M
Theorem 3.7. L S22(M+g,8) = Zl(—l) S12(M + 8,8)287, ) S12(M+g,8) =
§= g= 8=
M M .
21(_1) 852(M +g,8)28
g=
SUM(N,[1,1...1],[1,2.. M]), 2.6 —
M M _
Theorem 38. 1. 8!5:(M,g)(s ~1) ({*) = L (-1 *g15:(M,g)(s ~1) (™)
g= 8=

PS=PT=[1,2..M],H;(3) = Hi(M — g) = M! @/I) 29— gFN_E§ + FN_o 1Ef + ..+ FXES, )

M=g
Theorem 3.9. M! (Q/I) = g Y Si(M+1,8+1+410)S2(g + 1,8) = (M —
i=0

8
NS M+1L,M+1—-0)S(M—i,M—g)
i=0

Hi(g, [1,1..1],[1,2..M]) = g!S,(M +1,g + 1), M1 = (M) 2.9 -
M—g ) M M-—g ) M
Theorem 3.10. S(M+1,g-+1) = L Sy(g+i) (gﬂ.) = ¥ S(M—ig) (M)
=

i=0

Hi (g, [1,2..M], [1,2..M]) = Hy (g, [M, M —1..1], [1,2..M]) = M! @4) 210 —

M- M- M—
Hy(g) = M (FME; & — FM B8 4+ (—1)SEMES" %)


https://doi.org/10.20944/preprints202305.0311.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 August 2023

9 of 24

8 .
Theorem 3.11. g! (Q/I) =Y SSM+1,M+1—-g+i)S5(M—g+i,M—g)(—1)
i=0

Hi(g, [K+i], [T+1i]),2.11 — (fg,Vf) Ty Ty % Kgy1.Kpg, 29— Ty Ty(), 210= Kgyq..Kp(-..)

M . , g N
Theorem 3.12. TT (K+i) (M) = FyCUES + .+ FEVES o TL(T+i) (M) = BT S +
i=g+1 i=1

ot (~1)SE{THEYE

SUM(L,[1,1...1,[3,5...2M-1])=1,SUM(1,[2,3... M],[3,5. .. 2M-1])=M!,= SUM(1) -
M-1 M+g+1

H ST —
ggo 2(8) (M+g+1)

M M
Theorem 3.13. Y. (-1)M ' SMIN,(M) = ¥ (-1)M851,(M+g¢,8) =1, ¥ (=1)M 8S5,(M +
8

g=0 =1 g=1
8,8 =M!
220 and 2.21 —
M—-1 M
Theorem 3.14. Y. (—1)M '"$MIN,(PS) = K; [] D;

SUM(N, [T,T..T], [T, T..T]) = T™ @’LT) - g%o ™ (Qﬂ) @’_ﬁ;ﬁ g) =

Theorem 3.15. g%—/llo (Q/I) (I}]j&jrlﬂg) = (?jf) ,TeN

3.2. Congruences

P is prime.K; is any integer.

M
Theorem 3.16. (P,D) = 1,SUM(P,[Ky,Ky..Ky] : D,[1,2.M]) = ¥ Hi(Q) (P ) =

0 (mod P),M<P-1
—1 (mod P),M=P-1

Proof. If M=P-1,SUM(P) = H;(P-1) (}) = H;(P-1)= (P-1)!D’"1 = -1 (mod P) O

If a product has a factor = 0 (mod P),ignore it;change factors to its minimum positive residue,we
can obtain many congruences.Wilson’s Theorem is just a special case . A,B,C € N

1128 42430 4 4+ (P=2)A(P— 1) =130 + 244 4 . 4+ (P—3) (P - 1) + (P—1)M1P = {°, (P DB

AnBAaC AnB4C A B C _ [0 (mod P),A+B+C<P-1
14283€ 424384C 4+ (P —3)A(P—2)B(P—1) :{_1 e

-1 (mod P),)L1+)\2+..‘+)Lq:P71

M A Ay —
Theorem 3.17. Y KiK. Kt = {0 (mod Py + s+t Ay P1

0<K1',K]'<P,K,'7éK]'

A €N

Theorem 3.18. MINg(M) =0 (mod P),0<g<M—-1,g+M=P—-1

Wolstenholme’s Theorem is also a special case.P>3.

P-1
1. Wolstenholme’s Theorem:(P — 1)! ¥ 1 = Y KiKy..Kp_, =0 (mod P?)
n=1 0<K,‘,K]‘<P,Ki7éK]'

2. ¥ nP72=0 (mod P?)

n=1

doi:10.20944/preprints202305.0311.v2
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They are two extremes.In fact,there have:

Theorem 3.19. Y K& KZCZ...KqC”’ =0 (mod P?),C; +Cp + ... + C,=P-2C >0
0<K,‘,K]‘<P,Kl‘751<j

Proof.

If X (mod P?)and X + Y (mod P?) then Y (mod P?).The Sum has symmetry.

For " ABP~3,pair each AB"~3 with (P — A)B"~3to PB"~3,(P — A)B" 3 ¢ Y AB" 3 or ¥ B2
Y (Paired Prodcuts) = xY. AB"=3 +yY BP~2 =zPY B’3,0 < x,y < P.

2= yYBP2=0 (mod P?);PLB"3 =0 (mod P?).So Y AB"~3 =0 (mod P?).

Similarly:

Y (Paired Prodcutsof ABCP~*+B*CP*) =xY ABCP*+yY B*C"*=0 (mod P?),0<x,y <P

xY ABCP 1y ) B2CP™4, symmetry —
=z) (A+B)BC"*=zY ABC"* (mod P),0<z<P—
Y ABCP™* =Y B*C"*=0 (mod P?)
Prove the conclusion in a similar way... O

Theorem 3.20. E; ") = S,(2P —3,P —1) =0 (mod P?);E5 , = $2(2P —2,P) =0 (mod P?)

eg:55(7,4)=350=0 (mod 25),5,(8,5) =1050 =0 (mod 25)
eg:52(11,6) = 179487 =0 (mod 49),5,(12,7) = 627396 =0 (mod 49)

4. Combinatorial Identities

N ks ko N-1 ks ko
Definition 12. RFOLDSUMZN)f() Yoo X Lfk)=Y . . ¥ flk+1)
k=1 ky=1k=1 k=0 kpy=0k;=0

By nested sum:
Theorem 4.1. Y-}, VPSUM(k, PS, PT) =V¥ "SUM(N, PS, PT)
ky

N k
Theorem4.2. Y. .. Y. Y VSUM(k,PS,[1,2..M]) = SUM(N, PS,[T; = i + r — 1]
k=1 k=1k—=1

Proof.
PT=[T;=i+r—1]
PS1=1[1:0,1:0.1:0,PS],PT1=11,3.2(r—1) - 1,14+ 2(r—1),24+2(r = 1)..M +2(r — 1)]

Bio, = {g:;g;;g?gggg;T — Hy(g > M, PS1,PT1) = 0, Hy(g < M, PS1, PT1) = H; (g, PS, PT)

M ks  kp
SUM(N, PS1,PT1) = Y Hy(g, PS, PT) (Sﬁg—l) 2 VSUM(k,, PS,[1,2.M]).. ¥ ¥ 1
g:() kr—l k2 lk1 1
O
N ks ko
Theorem4.3. Y .. Y. Y. VSUM(k, PS,[1,2..M]) = V'"*SUM(N, PS, [T; = i + (r — 1)])

ke=1 ky=1k =1

N ks ko

eg: ()Y, -y 2 (f)= L SUM(N, [0,~1,~2.. = (j = 1)), [Ty = n + (i — 1)])
k=1 ko=1k;=1 J:

doi:10.20944/preprints202305.0311.v2
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Hi(§<j)=0Tj—j=i—1-

) = o) (o) = vt () = (57) Gms) = (57 05)

Using induction to prove:

Theorem  4.4. Y (K+n1D1 + w. + nyDy) = V@)SUM(N,[K
Ognlg....gnMngl

D1+2D(2§J.r.i.)+MDM, [(évprl) 1)

= (D1 + 2Dz + ... + MDy) (ﬁﬂm) LK (N+M 1)

3 (K+ny +np 4 . + 1pp) = (é\/lﬂ) (AN/IJ_rFIi/Ifl) K (N+M 1)
0<ny<ny<...<npy<N-1

Y (m 4. 4np) = 5 % nZZ (m1 4t mp) = (pH) (;H) :%(MP) 71

0<ny <..<np<n np:() np—1 =0 n1=0
1.2,1.3, 1.4 can be used to derive combinatorial identities.

Theorem 4.5. (T’A) ("M+M+B) =

B ) ) - B o () (60 () - ) () (5)

§=0 8=

Proof.

original = VSUM(N, [1,2..A,B+1,B+2..B+M],[1,2..A,A+1,A+2..A+ M))

A'M'
= MVSUM(N, [B+1,B+2..B+M],[A+1,A+2..A+M))

Hi(9) = (M) (A+ 1A+ ) (B+g+1)(B+ M) = (M) gt (§7%) (M —g)t (37)

Using a similar method to obtain Hp(g), H3(g)

O
A
n+X\ (n+Y\) _ M+g\ (M+X-Y) (n+Y
Theorem 4.6. (A )(M >_g§0(g )(A_g )(M+g),OSYSM
Proof.
original = A'M' ——VSUM(N,[X,X-1.X-A+1Y,Y-1.Y-M+1],[1,2..A+ M)])
AWHVSUM(N [1,2.Y,0,-1,-2..— (M= Y)+ 1, X, X - 1. X — A+1],[1,2..A + M])
A'M' —_VSUM(N,[0,~1,-2..— (M—=Y) +1,X,X - 1.X -~ A+1],[Y + 1Y + 2..A + M])
Ile( )#OthenXl,Xz Xp— yET—)Hl(g<M—Y):0 LetC=A+M-Y
Hi(g>M~—Y) #0— Numberof K= ( )*)Hl g>M-Y,) K)= (f 7Y))[X+M7Y]Cfg
Hi(g 2 M=) = (") [X+ M= Yie Y +1¢
. Y! S oMoy
original = MIAT Yy (C—é )) [X-i—M—l(]C7<g[}/-i-1]g ((’,er;),—q =M-Y-g—

-Y

og

Il
<
5 =
- L

L) ) (A () -y g ()

—
B
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O
PS=[0,-1,-2...-(B-1), A-(M-B-1):-1,A-(M-B-1)+1:-1...A-1],PT=[1,2..M]—

Theorem 4.7. (Z) (?/1_—%) = ME: (—1)M*B*g (?_M+g> (IE\}/I—g) (X/I*g) ,n>0
g=

PS=[0,-1,-2..-A+1,0,-1,-2...-B+1],PT=[1,2...A+B]—

Theorem 4.8. (%) (%) = gio (5) <§j;7g) (Q+Bfg>‘ record at [8]: (6.44)

(A+2i+n)= (74“‘)71 ¥ (2(M—g)— 1)1 F ) A+ (45T ) AeNora

M
Theorem 4.9. []
L 420

i=1
=0

Proof.

PS=[A+2,A+4...A+2M],PT=[A+1,A+2..A+M]

Hy(g, Y K) = SUM(g +1,[1,3.2(M — g) —1],[1,3..2(M — g) — 1])) = (2(M — g) — 1)!! @M’g) JHy(3,T) = [A+1)8
(”*A) lM[ (A+2i+n)= %VSUM(N, [1,2..A,PS],[1,2..A, PT]) = VSUM(N, PS, PT)

A
i=1

O

M
Theorem 4.10. SUM(N,[A+1,A+3..A+2M-1],[1,3..2M-1])= ¥ [A]M8(2¢ — )11 (;‘g* g) (ﬁjﬁff” g )
§=0

Proof.

H(g, Y T) = SUM(M — g +1,[1,3.28 = 1], [1,3.2g 1)) = (23 = ) (3¢ ) , Ha(g K) = [A]M¢
O

Theorem 4.11. SUM(N,[A,A+1...A+M-1]:2,[1,3..2M-1])= (AA}W —1) [A+M+N -2y

Proof.
SUM(g+1,[AA+1. A+ M—-1—-g¢]:2,[1,3.2(M—g)—1])

— Hi (g YK [AA+1.A+M—1],[1,2..M]) = (ﬁ,ﬂ) [A+M—1]y_,

2
SUM(N, [1,2..M] : 2,[1,3..2M — 1]) = M! (}’;Mfl) M=1—-1+3+..+(2N—1) = N?

411and 4.5 —

Theorem 4.12. 1 H(g,[A+1,A+2..A+M]:2,[1,3.2M —1]) = H(g, [A+1,A+2..A+ M],[M +
1, M+2..2M])

This — Hy (g, [A+1,A+2..A+M]:2,[1,3.2M —1]) = M! (fgv”g) (ﬁtg‘)
Definition of Hy(g) —

Hi(1) =2{(A+1)(A+M—1) x M+ (A+1)(A+M—2) x (M—1) x (A+M+2) x (M—1) +..} -


https://doi.org/10.20944/preprints202305.0311.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 August 2023 doi:10.20944/preprints202305.0311.v2

13 of 24

Theorem 4.13. ]:I;_: (M —n) ]:j]:[_ll (A+k+3[Kn) = (M;U! (Z\Agfl ).[n] is truncates integer.

TAileorem 414. SUM(N,[A + 2,A + 4..A + 2M] : 3,[1,3.2M — 1]) =
M

£ (o) g

Proof.

PS1=[A+2,A+4...A+2M],PT1=[A+1,A+2...A+M]
Hi(g, PS1,PT1) = [A+18SUM(g+1,[A+2,A+4..A+2(M—g)] :3,[1,3.2(M —g) —1]))

- éﬂz(g, ps1,PT1) (£),49 —= é @M~ k)~ D () (441 ()

O

5. Matrix of SUM(N)

Consider H(g) as variables list SUM(N),SUM(N+1)... SUM(N+M),we can obtain a (M+1) x(M+1)
matrix.
Let P = N+ Ty — M, Q = N — 1,define A(P,Q,M), respectively corresponding to the three forms.

B - @

Ay(P,Q,M) = S
(gm) <5+M)
&) - @)
A (P, QM) = : :
(655) - (&)
(@) - (&w)
A3(P,Q,M) = : :
(gﬁz/}d) (gm)
TheO)relTn 51 || A1(P,Q, M) |I=I| AP, QM) [|=] As(P,Q,M) || A(P,Q,M) [=|| A(P,P—
QM) || [3]
Theorem 5.2. [ A(P,0,M) ||=1,1| A(P,1,M) || = (}7M) Il A(P,Q > 1,M) ||= jljol E?}Zi; 3]

If SUM(N) or VSUM(N) is easy to obtained,then H(g) can be calculated with Cramer’s
law.Below, Ty > M

g+1

k (Ty—M+1
Theorem 53.  Hi(g) = kgl (—=1)8FF (Tﬁ_MLfg) SUM(k) =
st k (Ty—M
L ()T (MO ) VSUM(K)

k=1
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SUM(N, [1,2..M], [1,2..M]) = M! (;}ﬂd) N (2‘4) :gf(—l)g*”k (;*g) (’;\ﬁ{)
k=1

g+1
SUM(N, 2,3..M],[3,5..2M —1]) = S1(N + M, N) — MINg(M) = ¥ (=1)$"17* (ﬁﬁ”) S1(M +k,k)
k=1

(1)SUM(N, [1,1..1],[2,3..M]) = NM — S,(M, g) Z DEF @Y M = s% i (1) (g - M
" k=0
k itk (k M+1 k-1 (k-1
Theorem 54. z(k) = ¥ (~1)"* (¥) VSUM(K), Ha(g) = & (=18 (51) z(k)
i=1 k=g+1

SUM(N, [1,1..1],[2,3..M]) = NM — z(k) = i( 1)tk (k) = KISy (M, k)

M
— g5 (M, g) = Y (—1)MHK (kjl) KISy (M, k) 3.4

g—1
k=g
gl k (24T gl 1+k (14T,
Theorem 5.5. Hy(g) = & (—1)8*H1F ( giﬁk) suM(k) = (—1)8*+1F ( gil}\fk> VSUM(k)
gt1
(2)SUM(N, [1,1..1],[2,3..M]) = NM — <§“> = Z=1 (—1)trstk (Qﬂjll_k) M = kéj(_l)k (M+1) (g+1—kM

(1)(2) are already known formula.

6. Eulerian polynomials and Beyond

In this section,g # 0,9 # 1.
Inductive proof:

n+K N ey %) ME
Theorem 6.1. Z q" ( ) =1 ggo(_l) (—1)5 1 + (1—q)M*1

M
o ege M M—k
Definition 13. Ay" = . (1—¢) qkSZ(M,k)k!,Ag =1, A}, =q

k=0
Table 4. Table of A]q\’I .
M=0 M=1 M=2 M=3 M=4 M=5 M=6 OEIS
AQA 1 2 6 26 150 1082 9366 A000629
A% 1 3 12 66 480 4368 47712 A123227
A 1 4 20 132 1140 12324 160020 A201355

Use3.4 —

M
Theorem 6.2. Alq\/I = qk);o (g — 1)M7k52(M, k)k!

M
nM = VSUM(N, [1,1..1],[2,3..M]) = }_ $,(M, g)g! (;)
§=0 §=0 g=0

I
=
oq
%)
N
=
=
o8,
I/~
oq =
+
og
SN—
I
T~
B
~—
s
=3
&
N——
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N-1

N-1 M
1) ;} g =35 (M,g)g! Y ¢" (g)

§=0 n=0

_ u N 1k (?—_kl_k) q°
*g;OSZ(MIg)g'{q kgo( 1) (q_1>k+1 + (1_q)g+1}

4 1 M-g
N M M Y 52(M,8)g!(1—¢q)" °q8

= o LS Mt Y (<0 (5 -1 i
z

(7— = 1- g™

N M AM

Y (V- DM s (V)
(q o 1)M+1 = =0 (1 _ q)MJrl

N Mk k M AM
g1 M“Z VAN =) e )

Use the From; of nM in (1),the first part of (*) keep same, we can obtain 6.2. Use the Froms:

Theorem 6.3. Aé\’l = gAZAZO <¥>qM*g — g%/{o <§V1>q1+8

nM = VSUM(N, [1,1..1], [1,2..M]) = z Sy(M+1,g+1)g! (n 1) =
8=

M
Theorem 6.4. AM = Y- (1—q)" g 18,(M + 1,k + 1)k, M > 0
k=0

sz(M+1,k+1)—(kjl)!jé(—nf*k“ (k1) jM1 = ;i (5 G+ 1M
k k . M
VN 1M = ) -1y () N-1-jM =) (1) () & (¥)net+ s -ays
j= j= g=
M M k k k M M k
- ZO(— () N Z () (5) G+ 1)Me = ZO(—1) (M) NSy (M — g+ 1, k+ k! —
g= j=0 §=
(1) = e 3 (g~ 1M (1) () NS (M - g Lkt DR —
(q_l)M-‘rl = - (1_q)M+1
_ N M) (M) NS Y (g - 1) MR Ssy (M 1,k+1)k! Ay
*mgg‘a(—) (—1) (g) kg,)(q— ) 2o(M—g+1k+ )-+W(**)
N AM

N—O,(*)—O%(qz)]\,[“(-")'i'(qu)l\/lﬂ_o_)

M
Theorem 6.5. AM = Y. (9—1)"*S3(M +1,k+ 1)kt

M
AV =Y (g - )MET8S (M — g+ 1,k + 1)k! From (xx) —


https://doi.org/10.20944/preprints202305.0311.v2

N-1
Theorem 6.6. Y. q"'nM =
n=0

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 August 2023

N M _ AM
q y _1)yM-¢ _18(M)AM NS 4 D1
()T = ( ) (‘7 ) g q (1—q)M 1
N-1
Table 5. Table of Y g"n™M.
n=0
N-1 N
ny — 1 ((a=)N—-q)+q
L1 G-17
N-1
yor=2N_1
n=0
N-1
2 =2N(N —2) +2
=0
N-1
Y, 2'n? =2N(N?2 —4N +6) — 6
n=0
N-1
2% = 2N (N3 — 6N? + 18N — 26) + 26
n=0
N-1
Y, 2"n* = 2N(N* — 8N® + 36 N2 — 104N + 150) — 150
n=0
N-1
2% = 2N (N® — 10N* 4+ 60N> — 260N? + 750N — 1082) + 1082
n=0
Nil 3 — 3N2—1
n=0
N1 3N(2N-3)+3
Y 3'n ="
n=0
Nt 5 3N@NZ-12N412)-12
Y 3mt ="
n=0
N-1 N 3_ 2 —
,EO 31,3 — 3NN 36N1272N 66)+66
N-1 N 4 3 2
3N (16N*—96N3+288N2 —528 N +480) —480
go 3t = ( e )
Nil 4150 — 4”371
N v
gyl = 4 (31\{;4)+4
n=0
N-1 any2 — ANON?-24N+20)-20
ngo n= 27
-1 N 3 2
4N (27N3 ~108N2+180N —132) +132
ngo 4yl = ( . )

co M-1
We know that Eulerian polynomials: Ay(t) : 'Zo HiM = %,AMU) = Eo <§V1>t3
i= g=
N-1 AM
lg] <1, l\lllin Zo q"nM :W — AM = tAp(t). There have 5 expressions for A (t).
0 =

Eulerian Numbers and Polynomials is just a special case,we can handler:

N-1
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Y ¢"VPSUM(n+Y,PS,PT),X =Ty —M—p
n=0
M N-1 M X+14+¢ <N+Y+X—1—k) lieoy
n (n+Y+XY\ _ ok \X+14g—k 8
ggo Hi(g) X (x+1+g) = ggo Hig){g™ & Tt e )
M N-1 M X+1+g N+Y+X+g71—k) Ly
_ n (ntY+X+g\ _ N . k(X+1+g7k
= L@ X (57) = L mEY LD )
M N-1 M X+14+M N+Y+X+M-g—1-k ey
+Y+X+M— k M <
ggo Hs(g) EO q" (?(+1+M g) = ggo Hs(g){q" L\ (x+1+(;wf)k+1 ) + (1jq)X+2+M}

Y=0—
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¥ M—g g+1 _ u Mg _ P g+1
Theorem 6.7. Y. Fn(g)(1— )" “¢*"" =q L Hx(g)(1—9)" % = ¥ Hs(g)q
n= n= =i
Here q can take any value,which is magical.g = 0.5 — 2.3

Definition 14. A,;(PS,PT) = 6.7

N-1
Theorem 6.8. Y. ¢"VPSUM(n+Y,PS,PT) = o1
70 -

N M
% kgo (q o 1)M*k(_1)kvp+KflSUM(N +Y—

n—=
Aq(PS,PT)g~Y
2) + (f,q)TM*VJFZ
Aq(PS,PT
Theorem 6.9. ng q"VPSUM(n+Y,PS,PT) = u"(ﬁ%

eg: AY\([d,d..d] : d,[1,2..M]) = a" A}

_ N M B 3 dMAM
ngo g (nd)M = (q—q1)M+1g¥o(_1>M $(g—1)8 (g,ﬂ) AMTS((d,d..d) : d,[1,2..M]) (nd)S + W

Many results of [9,10] can be obtained by this.

7. Formal Calculation of Gaussian Coefficients

7.1. Basic concepts

_ N— N—-M+1
Gaussian Coefficients: B&]q = @D D). -1)

1 T—1) (7 =T) ,q # 0, 1,abbreviated as G

%: %_}ic 01M>1&N 1_1\61\1 1N%MGN1
NMI n+I< M— K N+I<
3. ¥ q9"Gy " =q Gy
4, &TK’Q = q””’( ) that is,all words w = wiws. .. wy with M-K zeroes and K ones, and

weQ(0M—K 1K)
inv(-) denotes the inversion statistic defined

The Formal Calculation was obtained by [3]. It use 4" (K; 4+ G} D;) instead of K; + 4" D; .

Definition 15. Recursive define the operator V"; ,p is an integer.

N-1 N-1
Vaf(n) = fn), L a"Vaf(n 1) = (N), L a"f(n+1) =V F(N)
n= n=
Definition 16. Recursive define SUM;(N, PS, PT),abbreviated as SUM4(N).
N-1
SUMq(N, [Kl : Dl]r [Tl = 1]) = Z qn(K1 + GlnDl)
n=0
N-1
SUMq(N, [ : D1, Ky : Dz] [Tl,Tz =T1+2— p]) = Z qn(Kz + G?Dz)vaUMq(Tl-f-l, [Kl : Dﬂ, [Tl])
n=0

Theorem 7.1. Z q”G”G”“< M>0,M>K
2(M— K)+1GM+1GN+K+qM KGM-KGN+K
M—2K— 1GM+1GN+ KH1 4 gM- K(GM KM — g K-1GMHT)GN K

2(M— K+1GM+1 qZM K+2GM K)GN+K+qM KGM KGN+K+1

=9
=4
=(q M2 M2
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Use this and induction to prove:

Theorem 7.2. SUM;(N, PS,PT)=

M 1+(T;=T;_1)X Ti—Xg_1

N+T, q N+TM M g Hili-XT-16) D;, X;=T;
Form; — Y HI(g)Gy M~ H B; =
g;) 1(8) N—-1- g 2 (g —M+1+g’ q(T —-T;_1-1)X7_ 1(Ki+G, Xr_ 1D)X =K;

M —(T;=Xg_1) ~Ti—XK-1
N+Ty—M+g q N+TM M+g g ViT K-V Gy D; X;=T;
Formy, — Y HI(g)G HI( ,B; = -~
g;) Z(g) N-1 Z —M+1+g / Kﬁf(Tifo,l)Gsz XK_lDi/Xi:Ki

M L (Tj=T;_1~1)X7_1 (X1 o Ti _ T; cXT—1 T x.—

N+Ty—g 1 A\GN+tTM—8 g i {(q G'—q'iG, " T )Di—Kiq'i } X;=T;

Formz — Y HI(g)Gy M4 =Y H ,B; =
‘;‘6 3(8)Gn1 Y -3 Z 3(8)G Ty+1 q<Ti’Ti71’”XT*1(K,v+GTXT’1D,'),X,':Ki

Hi(g)= ), HBl,thUMq( )= SUM(q),lin’ll H(g) = H(g)
X(T)=gi= ”
7.2. Property

M
Theorem 7.3. V;SUM,(N, PS,[1,2..M]) = I (K; + D;G})

i=1
Theorem 7.4. In SUM,(N, [...PS..],[..T +1,T 4+ 2..T + M...]),K; can exchange orders.

Formy is simplest,X = T)y — M —p, 3 —

M
N+X+
Theorem 7.5. V[SUM,(N) = gz HI(9)GY I a7%" = ggo HJ(8)Gxy11g
N+X+M-g _
Z Hq( )Gx M1 fgsp
g_
Definition 17. ny,— = q "G}, ngy = q"GY,ng-! =ny—..2; 1, ,0,! = 0,nq! is similar

Formy, —

Q

Theorem 7.6. SUMy(N, [Ly, Lo, ..Lg, ,PS],[Li,La..Lg, PT)) = TI L; SUM,(N,PS,PT),T; can
i=1

great than 1,T; € N

Theorem 7.7. SUM,(N, [T1, , T, .Ta, ], [T1, To.T]) = n T, Gy 'y

By definition and 4

Theorem 7.8. In H(g), ¥ [14%T = G]\Ag_g = Géw, X1 = number of {X1,Xp..X;} €T
X;eK

Induction —:

Theorem 7.9. PT = [1,2....M],q7<§+1) Hi(g) = q@H)

M
Theorem 7.10. H{(0) = Y Hj(k)

Except for 7.9 and 7.10, other situations are relatively complex and no conclusions similar to 2.1
have been drawn.


https://doi.org/10.20944/preprints202305.0311.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 August 2023 doi:10.20944/preprints202305.0311.v2

19 of 24

7.3. Application

Theorem 7.11. Y ghthetetiu — GAI\/fI+M — G%JrM [7]
0<A <A< <Ay <N

N-1 A
Proof. SUM,(N,[1,1..1] : 0,[1,3.2M —1]) = Hi(g > 0) = 0,HI(0) =1 > ¥, g™ ¥ gh =

Ap=0
N+M-1
GN 0
M1y M g N+M—
Theorem 7.12. Y q’\ﬁ)‘ﬁ FAm _q( ) Y (—1)%q2 [éw} [ZM g} 1
1<A <A< <Ay N g:0 q q2
Proof.
2. 2 4. 4 M. oM o, N+2M—-1-g
SUM(N, [¢°: (g = Dg%,q" : (= Dg*.g®™ : (9 = 1)g*M),[1,3.2M = 1]) = ) H{(g)G,y,
g=0
Nil 2(Am+M) Z A+2Z 2(A1+1) Y 2(AM+Az+.4Aw)
— M 2 1 1 27T M) —
= q ’7 q i
Apm=0 l<)\1<)\2<‘..</\MSN+M71
B — q1+XT71{(qXTflcfi_qTinT—l)Di_KiqTi}:_q2i+l+2XT71:_q—1+2i+2XT’Xi:Ti
T (Ki+Gy T D) =g T 1 (g2 4Gy T i (g-1))=gPXT 1 =g XT Xk
2(1424.. M) +2(142+4..4+¢)— 2X M(M+1)+¢% [M
HI(g) = (—1)8 R0+t M)F2(04 24 49) =g Y T g2X7 = (—1)8qM(MF1)+s {g ]qz
M
2 N+2M—1—
A MG e i
8=0 1
O
M g+1
Theorem 7.3, Gt — RS [q( )+g(M+1) y B T <JGN,
g=0 1§A1</\2<...</\M7g§M
Proof.

SUM,(N, (14—, 24—..Mg], [1,2...M]) = M,_IGNTM

= SUM4(N, [My-..2—,15-],[1,2..M]) ZH‘? (8)Gig

14X7 1 L X1 _ 14+ Xp g ~i~Xk—1_ 14Xy 1 ~1HXT-1
B — {q T-1G,! =g X11G! =" X116, Xi=T;
;=

X - .
L1 Tl (M1

{H( ) =g~ M=) GNP MK x g

X ; D ¢
Ki+G1 T-1 :q—(M+1—1)G{V1+171+G1 T

_ 1 _
H{(g,T) = g4+, H] (¢, Y_K) = GMGM1..Gf g MHDM=g) Y ghtiat-tAng
1<A <Ap<<Apy—g<M
<§+])qf(M+l)(Mfg) y et
H;] (g, T) B 1<M <. <Ap_g<M
M-t g~ (4+2+.+M)
0
eg: G =Gl + (0" + P+ 7)GE + 0 (a' P + 0" + 1) G + 0 (' % %) G}
Definition 18. E,Y, = )y G}1..GiM = SJ(N + M, N)

1§/\1<...<)\MSN
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M
Theorem 7.14. (GN)M = (1+g+...+4" )M = ¥ gq+!Sg(M,g)G§’q*3
g=1

Proof.

1 g"—1 _ _
VaSUM(N, [15-,14..14-],[1,2..M]) = H(5 + ‘Iqj) = g M(GIH)M = g M(GN)M

:q—lv;SUM(N, [g—, 1g-1g-],[2,3..M]) =g * Z Hi(g G{\]—i-gq_g

X 1+X
414G, T =16, 7T x,ek

_ 1
H{(g,T) = q €™ (g+1)g4!, H (g, ) K) = g~ M1~ g)qug\/T—l—g

M-—1
(G{\I)M _ qul Z q*(8+1) (g+ 1)q+q*(M71*g)Sg(M’g+ ])!Gﬁgqu
g=0

O

SUM,(N, [K; +1:D;(g —1)],[1,2..M]) —

N-1 M M X1 (gXT —1)D;,X;€T
Theorem 7.15. Zo q" Hl (Ki + D1g") = 20 Hl(g )Gﬁg,B = {?(4+;‘Z(TD‘ ;}EK €
n= 1= 8= 1 1740

induction —

Theorem 7.16.
1,X;eT,Xr-1=0
N-1M M Xr-1 XT—l—lDi,XiET,X, >0
[1(+Dia") = ¥ A)GY + N Tk flg) = [T = § 7700 DR €T
n=0 i=1 =1 ir 4N s —
¢ K; +¢%1171D;, X; € K, X1-1 > 0
Mn Mg ! i -M i g |M g n —i
Theorem 7.17. g" = [1] >:OG T —q) = Pe™ L af¥] TG g =
§= i=l g= i=

8] . GM(~1)5q®) Gl M
g=0

Proof.
gM" = ViSUM(N, [1,1..1] : g — 1,[1,2..M])

_ %o nfg_M 1()GIHS — (g n+Mg —¢
= Y H{(3)Gyq ¢ =) Hi(g)Gg Z H( g
=0 =0

TGy K (g 1) =g¥T (9T 1), X;e T
B =1’ ' A HY —1)8g+!, H{ (g, Y_K) 1
1 {HGfT1(q—1)_qXT—1_qXT,XieK (8 T) = (7 —1)8gq+! g Z 1]

*(1+XT_1) +X71 4 XeT e
B; = {Z<HXT1>(qq—1q‘XT,)()eK€ ,Hg(g, T)=(g—1)%g,-!, Hg(g,ZK) =9 (M-=g) L]gw} - — [2]

XTI X7 XeT " N
Pi= {ﬂ)?“—qXT,quK (Hi(8,T) = (-1)¢ (§ )/Hg(g,ZK) =Gy — [3]

O

N k3

k
Theorem 7.18. 3. ... Y. 3, g\ ket UPSUM, (ky, PS, PT) = V1" SUM,(N, PS, PT)
k=1  ky=1k=1
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Theorem 7.19. kgl---kkzslkl)(flqk1+kz+---+kxv;SUMq(k,, PS,[1,2..M]) = VE"SUM,y(N, PS,[T; = i +
c-v)
Theorem 7.20. (K +¢D)M = (q — 1)DMZO1 (K+ D)¥(K+gD)" 178 4 (K 4+ D)M
P
Proof.

PS = [K+ D,K+D..K+ D] : (g—1)D,PT = [1,2...M]

XT (4XT—1)D,X€T
B, = {i:ézxrrxéK L HI1) =4 (9" - 1)Du+b:MEMb>0 (K + D)*(K +gD)", H(0) = (K + D)M
SUM, (2) — SUM, (1) = H{(1) + H](0)G? — H](0) = H](1) + qH] (0)
M

q[T(K+ D+ Gj(q—1)D) = q(K+gD)M
i=1

O

7.4. Matrix of SUM;(N)

Similar to Section "Matrix of SUM(N)",Let P = N + Ty — M,Q = N — 1,define A1(P,Q, M),
respectively corresponding to the three forms.

P P
GH ... Gh_y
Al(P,Q M) = Lo
P+M P+M
GQ+M .. GQ
P P+M
76) Go
Aj(P,Q M) = : S
P+M P+2M
Goim  Goim
P+M P
Go Go-m
P+2M P+M
GQ+M .. GQ

q q GO GOl GO (P+1)+2(P+2 M(P+M
Theorem 7.21. || AJ(P,Q, M) ||=|| AJ(P,P — Q,M) ||= -9 %1... g g(PH1)+2(P+2)+..+M(P+M)

AP ~P¥2* ~P12M
Gy Gy Gy

Theorem 7.22. |  AJ(P,0,M) |=  qPFUFAPH2+4MPEM) 1 AT(P,1, M) |
GII\JLJ\{Iq(P+1)+2(P+2)+...+M(P+M)

Theorem 7.23. b Pi2  piaM
. . " M1
| AT5(P,Q M) ||= CF G?ii--'c%;ﬁ%qQ(z 1 AL(P0,M) =1, 415(P,1,M) 1= G

8. Multi-parameter Formal Calculation
2-parameters Formal Calculation calculate nested sum of K; + (1) Dy + (%) D2
N-1

SUM(N, [K1],[T11 =1: D11, [Top =1:Daq]) = Y (Ky 4+ Dygn+ Dayq (5))
n=0
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SUM(N, [Ky, K2, [T1,1 : D1g, Tig = Tig +2—p: D1p), [Ton : Doy, Tap = T12 : Dapl)
N-1
= Y (Ky+ Dipn+ Dy (5))VPSUM(N, [Ki], [T1,1 : D1al, [To1 ¢ Daal)
n=0
Recursive define SUM(N, PS, PTy, PT,). Thereis always T; = Ty ; = Tp;
Use the Form: (K1 +T1 + T2,1)(K2 +Tip+ Tz/z)...(KM + Ti,m + TZ,M)
Use T; to represent the set {T7 1, T1 2...T1 pm}, T2 to represent the set {11, T22... T2 pm}.

Definition 19. X(PT;)=Number of {Xi..Xm} € Ti, X(PTp)=Number of {Xi..Xm} €
Ty, X(PT)=X(PTy)+2X(PT)

Definition 20. Xpp1=Number Of{Xl...Xi} € Ty, Xpro=Number Of{Xl...Xi} € T, Xpr = Xpr1 + 2Xp12

Use induction to prove:
Theorem 8.1. SUM(N, PS, PT,, PT»)

oM Ki+ XprDy,i + (f”) Dy, Xi = K;
NA+Ty—M ) .
=) Hi(g) <TN1+—?AA+1+g) Bi=q (Ti—i+ XPT)DL{Jr (Ti - l)+ Xpr)(Xpr — 1)Dy, Xi = T
Ti—i+Xpr _
Dy, X; =Ty,
2 2,ir 43 2,

Ki—(Ti —i+Xpr +1)Dy,; + (T HX’TH) Dy, Xi = K;
= E Ha(9) (WTHEANE) Bi = & (Ti— i+ Xpr) Dy — (T — i+ Xpr)(Ty = i+ Xpr + 1)Das, X; = Ty
(; H—XPT) D2,1/ Xz - T2,1

Xpr_
oM Ki+ Xpr—1Dyi + (2 - 1) Dy, Xi = K;
=) H(g) (?;:Iﬁﬂkg) ,Bi=1q —2Ki+(Ti+i—1-2Xpr_1)Dy1; + (T; +i— Xpr-1)Dai, Xi = Ty,i
Ki—(Ti+i—1—Xpr_1)D1,; + (T+l Xor- 1) Dy, X; = Ty

According to this way, it can be extended to multi-parameter SUM(N) and SUM;(N).This
formula is very complex and has not been studied in terms of analysis yet.

9. A theorem of symmetry
In this section,T; > i.
M
From 212 Hi(g, PT,PT) = I T, (é”) H T, (g L g) Promoted it:

The Set {Ty, T,...Ty1 } come from p Source: Sl, 52 Sp,T; € Sjmeans T; come from soure j
Definition 21. Diff(Sy,Sx) = 0,Diff(Sx,Sy) = —Diff(S,,5x) =1, x #y

Definition 22. Dif f(T;, ]) Diff(Sx,Sy), T; € Sy, Ti €Sy

Definition 23. W(g1,g2...gp, [T1, To...Tm]) = > H (T; + % lef( T)))
g1+&+..+gp= Mg >0i=1 j<i

In set T, g1 come from S1,g2 comes from Sy...,gp comes from Sy
[1] has proved:

Theorem 9.1. W(g1, $2.. Spr [Ty, T2... Tm]) = 1_[ Ti (81/32 ,gM)
i=

Promote to Gaussian coefficient:
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Definition 24.

M T+ ¥ Diff(T,,T;) r 1

Wy (81,82--8p/ [T1, T2... Tm]) = ) 116 = i
g1t+&+.t+8gp=M,g;>0i=1

LT VL VIS

14
1T (g5 -1 1) (')

Definition 25. Ggf 928y =
Theorem 9.2. W, (g1, 82.--8p, [T1, T2...Tm]) = (H G HGM 1825y Li = 1

Proof.

When g=2,it clearly holds when M=1 or ¢1=0 or g;=M.
when M=2:G,'G,2 "' + G/'G,* 'q = G;'G}*G?

When M+1,prove by induction, PT1=[PT,Tj1]

Wq(gl,gz + 1’ PTl) _ Wq(gl,gQ, PT)GTM+1+81 W, (81 o 1’82 4 1, PT)GIMJrl_(gZ"rl)quJrl
M Thpir+ a1 —(g241)
— (1‘{ Gl Gg{gzc’ M+17T81 + HG —1,g2+1G M+1—(&2 qu+1

Just need to prove:

GMGTM+1+81 + Gg1 1GTM+1*(M*81+1)qM—g1+1 _ G1TM+1 Gg“‘l _ G1TM+1(q81 GM + Gg1 ()

M—g1+1 _ 1)

T, T, _
G (g1GM 1 GM_ ) x U o = G (g =)+ (g8 - 1))
81

=@M g+ D) (@M 1) (1)

_ (qug1+1 _ 1)G1TM+1+81 + (g8 — 1)GTM+1 (M7g1+l)qM*g1+1

= (@M 8t — 1) (gTntaTl 4 g 1)+ (g8 — 1) (g 4 L Mt g Mt = (2)

(1) — (2) = 0 —It's holds when g=2.

+g2+
(gl/ N + 83, [Tl/ T2 H G g'}/gzgig;gS

Every product has g, + g3 factors come from Sourcep,divide them to g x Sources + g3 X Sources
g1-factors are invariant,g» + g3)-factors are variant.

82183
Y 1] (variant factors) = Wy (82,83, [X1, X2.... Xg,1g5)) H G; Gg;;;%

M M
+g2+ + T, +82+
Wq(g1182/g3/ [Tll TZTM]) = (l 1| G )Ggi,gfigsgSGg;/gég:a = (l 1| Gl G§;1g2g,283 8
1= 1=
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