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Problems and a Combined Theoretical Framework
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Abstract: Fractions continually gift substantial conceptual and procedural hurdles for number one
and early secondary college students (Key Stages Two and Three) in arithmetic schooling. Traditional
coaching techniques regularly war to bridge the space among concrete expertise and summary
illustration, main to rote memorisation in place of actual mastery. This article proposes and explores
a singular pedagogical technique: leveraging the inherent homes of fractal geometry to train fractions.
Fractals, with their self-similarity, scaling, and recursive nature, provide intuitive visible and
structural analogues for fractional principles along with components of an entire, equivalence,
ordering, and operations. The paper outlines the conceptual demanding situations normally
confronted with the aid of using college students and information how a fractal geometric angle can
deal with those. It identifies key open issues that warrant similarly empirical investigation, which
includes curriculum integration, trainer training, and efficacy throughout numerous mastering
populations. Furthermore, it synthesises a blended theoretical framework, drawing on cognitive load
theory, constructivism, inactivism, embodied cognition, and Vygotsky’s Zone of Proximal
Development, to underpin the fractal technique. Finally, the object explores the combination of
sensible exercise methodologies to decorate and support mastering inside this framework, offering a
pathway toward attaining deep conceptual mastery of fractions.

Keywords: fractal geometry; key stages two and three; education; teaching; intelligent practice

1. Introduction

The adventure via arithmetic schooling regularly encounters a substantial conceptual chasm:
fractions. For many college students in Key Stages Two and Three (a while 7-14), fractions constitute
a powerful barrier, regularly main to confusion, anxiety, and a fragmented expertise that persists into
better ranges of arithmetic (Schoenfield, 2020). Despite a long time of studies and pedagogical
innovation, a widespread share of college students war with even simple fractional principles, not to
mention complicated operations (Stephan, 2020). This continual trouble underscores the want for
alternative, greater intuitive, and conceptually strong coaching methodologies.

Traditional methods regularly depend on discrete bodily manipulatives (e.g., fraction circles,
bars) or summary numerical algorithms. While those techniques have their place, they can on
occasion fail to deliver the underlying proportional relationships and the non-stop nature of fractions,
especially while handling equivalence, ordering, and operations that amplify past easy unit fractions.
The disconnect among “components of an entire” and the summary notation regularly proves hard
for growing mathematical fluency and actual mastery.

This article posits that fractal geometry, a subject historically related to superior arithmetic and
herbal phenomena, gives a powerful, but underexplored, pedagogical lens via which to train
fractions. Fractals are inherently self-comparable, that means they showcase comparable styles at
more and more exceptional scales. This asset immediately mirrors the idea of partitioning an entire
into smaller, equal components, and the recursive nature of subdividing the ones components. By
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visualising and interacting with fractals, college students can increase a deep, embodied expertise of
proportionality, equivalence, iteration, and countless subdivision — all center principles in fractional
arithmetic.

The purpose of this paper is threefold: first, to articulate the unique conceptual demanding
situations college students face with fractions; second, to advocate how a fractal geometric technique
can intrinsically deal with those demanding situations, fostering a pathway to mastery; and third, to
define essential open issues for destiny studies, advocate a blended theoretical framework that
justifies this technique, and speak the function of sensible exercise in consolidating mastering. This
exploration seeks to put the foundation for a greater intuitive and enduring expertise of fractions, re-
modeling a not unusual place stumbling block right into a gateway for superior mathematical
thinking.

2. The Conceptual Challenges of Fractions for Key Stages Two and Three

Students’ problems with fractions are well-documented and multifaceted, regularly stemming
from an over-reliance on entire-variety reasoning, a loss of strong conceptual fashions, and the
summary nature of the notation, as depicted in Figs.1& 2(c.f.,, Tossavainen & Helenius, 2024).

F1 Interpretations | F2 Representations
| Part-whole Rate Verbal (written, spoken)
Measure Ratio Visual (pictures, manipulatives)
Operator Number N Symbolic (fraction form, decimal,
Quotient ' percentage, mixed number)
i ‘
Fractions
F3 Procedures F4 Notions
N 1
Addition Extending | ' Numerator Equivalent fractions
Subtraction Reducing/simplifying | Denominator Inverted fractions
' Multiplication Comparing Fraction line Unit fraction
Division LCM Rational number

Figure 1. The framework’s categories and subcategories for examining various fractional aspects.
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F1 Interpretations (36) F2 Representations (48)
Part-whole (31)  Rate (0) Verbal (19)
Measure (0) Ratio (0) Visual (34)
Operator (0) Number (0) — Symbolic (45)
Quotient (10) 4 N

- Fractions
F3 Procedures (38) / F4 Notions (33)
Addition (23) Extending (12) " Numerator (32)  Equivalent fractions (0)
Subtraction (17)  Reducing/simplifying (14) Denominator (32) Inverted fractions (0)
Multiplication (22) Comparing (9) Fraction line (4)  Unit fraction (0)
Division (21) LCM (4) Rational number (0)

Figure 2. An example of the fraction’s knowledge held by the student instructors that participated. The number

of participants relating to a category or subcategory is indicated by numbers in parenthesis.
Key demanding situations include:

2.1. The Whole-Number Bias

Children’s preliminary mathematical expertise is firmly rooted in entire numbers. When
brought to fractions, they regularly incorrectly follow homes of entire numbers, along with if % is
smaller than % due to the fact three is smaller than four, as visually depicted by Figure 3 (c.f.,, Fuetal.,

2020). This “entire-variety bias” makes principles like evaluating unit fractions or expertise that
multiplying with the aid of using a fragment can bring about a smaller variety counter-intuitive.
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TEST TRIAL CONTROL TRIAL
Prime item= PR S
Incongruent task 1_ 1_ :::]tfallt te:;: 1_ 1_
equal/inverse
il 4 5 (3000 ms) e 2

2 2

Probe item= ") 1 Z  Probeitem= 3 3 z
Congruent task — — ™ Congruent task — -— m

(3000 ms) 3 3 (3000 ms) 7 7

Mask stimulus
(1500 ms)

Mask stimulus
(1500 ms)

Figure 3. Protocols for the control and test trials.

2.2. Understanding the Part-Whole Relationship

While “components of an entire” is regularly the preliminary definition of a fragment, college
students regularly war to become aware of the “entire” or recognize that the components ought to be
same in size. This foundational idea is essential, but regularly superficially grasped, main to mistakes
in illustration and interpretation (Wasterlid, 2020). Furthermore, fractions can constitute numerous
interpretations past part-entire, along with quotient, ratio, operator, or measure, which provides to
the cognitive load, see Figure 4(Gaidoschik, 2023). Throughout the interviews (Gaidoschik, 2023), the

girl, referred to as, Lina, who is extremely shy and talked quietly, seemed to try her hardest to finish
the tasks assigned to her.

Figure 4. Calculating addition and subtraction from self-selected part-whole triples; Lina’s workbook on the
right, a classmate’s work on the left.

2.3. Equivalence and Ordering
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Grasping that unique fractions can constitute the equal value (e.g., %= %= %) is essential

however regularly a supply of confusion. Students can also additionally depend on rote algorithms
(e.g., multiplying numerator and denominator with the aid of using the equal variety) without
expertise because the values are equal. Similarly, ordering fractions (e.g., putting g, % % on a range

of line) calls for a robust experience of relative magnitude, that is regularly underdeveloped
(Clements et al., 2023).

2.4. Operations with Fractions

Adding, subtracting, multiplying, and dividing fractions introduce new layers of complexity.
Adding and subtracting require a not unusual place denominator, an idea regularly finished
procedurally without deep expertise of why it's far necessary. Multiplication and department
regularly defy entire-variety logic (e.g., multiplying with the aid of using a fragment much less than
one makes the variety smaller; dividing with the aid of using a fragment much less than one makes
the variety larger), contributing to substantial cognitive dissonance (Amo-Asante, & Bonyah, 2023).

2.5. Abstract Notation and Symbolism

The notation biis rather summary. Students war to attach this image to concrete portions and
actions. The numerator and denominator are regularly dealt with as separate entire numbers in place
of additives of an unmarried numerical entity representing a quantity.

These demanding situations spotlight the want for a pedagogical technique that gives concrete,
dynamic, and visually wealthy fashions that intrinsically illustrate the proportional, recursive, and
non-stop nature of fractions, thereby constructing strong conceptual expertise earlier than procedural
fluency.

3. Fractal Geometry as a Pedagogical Tool for Fractions

Fractal geometry gives a completely unique and compelling framework for addressing the
challenges. Fractals are geometric shapes that showcase self-similarity, that means they seem the
identical at any scale (Mageed & Bhat, 2022; Mageed & Mohamed, 2023; Mageed, 2023a; Mageed,
2024a ; Mageed, 2024b; Mageed, 2024c: Mageed, 2024d; Mageed, 2024e), as magnificently
demonstrated by Figure 5 (Mageed, 2025¢c) . This property, in conjunction with their recursive
production, affords effective visible metaphors and urban examples for essential fractional principles.
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Fractal Patterns of Respiratory Systems Across Species
Human Horse Dolphin

Chicken lguana Bullfrog

Figure 5. Analysis of Respiratory System Fractal Patterns in Various Species.

3.1. Self-Similarity and Parts of a Whole

The self-comparable nature of fractals(Mageed , 2025 a; Mageed , 2025 b; Mageed & Nazir, 2024;
Mageed, 2024a ; Mageed, 2024f; Mageed, 2024g: Mageed, 2024h; Mageed, 2024i) immediately mirrors
the concept of an entire being composed of smaller elements which can be proportional to the whole.
Consider the Sierpinski Triangle(Tan et al., 2022; Zhao et al., 2024), built through beginning with an
equilateral triangle, dividing it into 4 smaller equilateral triangles, and getting rid of the crucial one.
The Sierpinski triangle is another fractal that demonstrates the self-similarity trait. An example of a
three-way recursive algorithm is the Sierpinski triangle. A Sierpinski triangle can be drawn by hand
in a straightforward manner. Take one big triangle as a starting point. Connect the midpoints of each
side of this huge triangle to create four new triangles. Use the same process for each of the three
corner triangles, ignoring the middle triangle you just made. This process is applied recursively to
the three smaller corner triangles in each subsequent set of triangles. If you have a sharp enough
pencil, you can use this process indefinitely. You might wish to try drawing the Sierpinski triangle
yourself using the technique explained before reading on. This system is then recursively
implemented to the last 3 triangles, as demonstrated by Figure 6 (c.f., Runestone Academy, 2025)
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Figure 6. The Beauty of Sierpinski Triangle.

Visualizing Unit Fractions: Each generation vividly demonstrates how a “whole” (the
preliminary triangle) is split into a selected quantity of identical elements (4), and a sure “fraction”
of it’s far eliminated or retained(Mageed , 2025 a; Mageed , 2025 b; Mageed & Nazir, 2024; Mageed,
2024a ; Mageed, 2024f; Mageed, 2024g: Mageed, 2024h; Mageed, 2024i).The last elements constitute
fractional portions (e.g., three/four of the location stays after the primary generation).

Recursive Partitioning: The non-stop subdivision illustrates the endless divisibility inherent in
fractions, shifting past the discrete “elements” and closer to a non-stop quantity( Li et al., 2022). This
enables counter the whole-quantity bias through displaying that segments may be infinitely refined.

3.2. Scaling and Equivalence

Fractals inherently contain scaling(Mageed & Bhat, 2022; Mageed & Mohamed, 2023; Mageed,
2023a; Mageed, 2024a ; Mageed, 2024b; Mageed, 2024c: Mageed, 2024d; Mageed, 2024e). As one
zooms right into a fractal, the styles repeat, however at a distinctive scale. This affords an intuitive
manner to recognize equivalence.

Koch Snowflake: This fractal is built through beginning with an equilateral triangle, dividing
every aspect into 3 segments, and changing the center section with segments forming an outward
equilateral triangle(Mageed & Bhat, 2022; Mageed & Mohamed, 2023; Mageed, 2023a; Mageed, 2024a
; Mageed, 2024b; Mageed, 2024c: Mageed, 2024d; Mageed, 2024e). Each generation will increase the
fringe at the same time as preserving the general shape. This system obviously illustrates that § of a
section is being manipulated, and that smaller pieces (e.g., % or 21—7 of the unique section) relate
proportionally to the bigger whole. Students can visually see that editing elements proportionally
keeps the “essence” of the shape, analogous to half being equal to %through scaling up the quantity

of elements.

3.3. Infinite Iteration and Density
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The endless nature of fractal production enables to bring the density of rational numbers.
Between any fractions, there may be an endless quantity of different fractions (Mageed & Bhat, 2022;
Mageed & Mohamed, 2023; Mageed, 2023a; Mageed, 2024a ; Mageed, 2024b; Mageed, 2024c: Mageed,
2024d; Mageed, 2024e). While this will be a tough idea to grasp, the non-stop system of including
element in fractals (e.g., producing increasingly problematic branches in a fractal tree) affords a
visible analogue for this density.

3.4. Operations with Fractals

While direct utility of operations on complicated fractals is probably too superior for KS2/3,
simplified fractal-like systems may be used (Yu et al., 2023).

Addition/Subtraction: Imagine a fractal bar. If a bar is split into fifths (Lopez, 2021), and -fifths
are shaded, then every other -fifths are shaded, college students can visually integrate those sections.
The recursive nature approach that if %is itself a smaller fractal, college students can see how

combining those “sub-fractals” provides to the bigger whole.

Multiplication: “Of “ in fractions approach multiplication(Lopez, 2021). Consider taking half of
a %section. If a fractal is built in ranges in which every level represents a fragment of the preceding
level, college students can see how a fragment of a fragment works. For example, if a department
splits into 3 smaller branches, after which every of these splits into , taking siof half of the unique

“increase potential” may be visualised.

3.5. Beyond the Visual: Connection to Number Lines

Fractals also can be used to beautify knowledge of fractions on various line. The production of
a Cantor Set (Athreya et al., 2019), for instance, includes again and again getting rid of the center % of
line segments. This system inherently locations fractional factors on a line, demonstrating how a non-
stop line may be partitioned and the way fractions occupy specific, but infinitely divisible, factors.

By attracting college students with the production Filipczak & Nowakowski, 2023), observation,
and manipulation of easy fractal styles (e.g., thru drawing, paper folding, or virtual tools), educators
can offer a concrete, dynamic, and aesthetically attractive access factor into the summary
international of fractions. This technique leverages visible-spatial reasoning and sample recognition,
which can be regularly robust in younger learners, to construct a stronger conceptual foundation.

4. Teaching Fractions for Mastery

The idea of “mastery” in arithmetic schooling refers to a deep, flexible, and transferable
knowledge of a topic, instead of superficial information or rote utility of procedures (Acufia &
Blacklock, P.J., 2022; NCETM, 2017; NCETM, 2022; NCETM, 2023). It implies now no longer simply
the capacity to carry out calculations correctly, however, additionally to explain principles, resolve
issues in various contexts, and practice information to new situations, as in Figure 7(c.f.,, NCETM,
2017). For fractions, mastery approach:
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Teaching for Mastery

" -
* Accessing ideas w |  Chains of reasoning |
* Communicating concepts * Applying maths to problems
= Making connections * Making connections

Detailed
curriculum
sequencing

supports all to
progress

Fluency

» Procedural variation
* Conceptual variation
* Making connections

* Knowing key mathematical facts
# Thinking flexibly
* Making connections

Figure 7. The five big ideas in teaching for mastery.

Conceptual Understanding(Barrera & Shah, 2023): Knowing what a fragment represents (a
couple of interpretations).

Procedural Fluency (William et al., 2023): Performing operations as it should be and efficiently.

Strategic Competence( Fric et al., 2023): Selecting suitable techniques for problem-solving.

Adaptive Reasoning (Lestari et al., 2022): Justifying answers and making logical connections.

Productive Disposition(Awofala et al., 2022): Developing a tremendous mind-set closer to
fractions and seeing their relevance.

A fractal geometric technique aligns strongly with the ideas of mastery studying. By imparting
a rich, visible, and interactive context, it encourages college students to:

Explore and Discover: Students assemble fractals(Tzanaki et al., 2024; Pan et al., 2025), actively
coming across styles and relationships, instead of passively receiving rules. This lively engagement
fosters deeper knowledge.

See the “Why”: The inherent self-similarity and recursive nature of fractals obviously explain
why equal fractions work, or why sure operations result in unique outcomes (Tzanaki et al., 2024;
Pan et al., 2025), shifting past mere procedural memorisation.

Develop Intuition: The visible and dynamic nature of fractals enables construct an intuitive
experience of fractional portions and their relative magnitudes(Tzanaki et al., 2024; Pan et al., 2025),
addressing the whole-quantity bias.

Connect Concepts: Fractals can bridge reputedly (Tzanaki et al., 2024; Pan et al., 2025)disparate
mathematical ideas, connecting geometry, quantity theory, or even early algebraic thinking (through
recursive rules).

Traditional mastery studying cycles contain pre-evaluation, instruction, formative evaluation,
corrective instruction (for the ones now no longer but at mastery), and enrichment (for the ones
who’ve done mastery) (Akpan, 2020). Incorporating fractals into this cycle could imply designing
fractal-primarily based totally sports for instruction, the use of fractal representations in evaluation
tasks, and using fractal manipulations for focused corrective instruction, permitting college students
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to revisit principles from a distinctive, regularly greater intuitive, attitude till deep knowledge is
done.

5. Open Problems and Research Questions

While promising, a fractal geometric technique to coaching fractions isn’t without its demanding
situations and calls for huge empirical validation. Several open troubles and studies questions want
to be addressed:

5.1. Empirical Efficacy and Long-Term Impact

Primary Question: Does the combination of fractal geometry into fraction coaching (Zhao et al.,
2024)appreciably enhance college students’ conceptual expertise(Corréa & Rangel, (2021), procedural
fluency, and problem-fixing skills as compared to standard methods?

Longitudinal Studies(Bleidorn et al., 2022): What is the long-time period effect of this technique
on mathematical confidence, retention of fractional ideas, and next getting to know in algebra and
better arithmetic?

Specificity of Impact (Shanty, 2023): Are positive fractional ideas (e.g., equivalence,
multiplication) extra correctly taught thru fractals than others (e.g., subtraction with not like
denominators)?

5.2. Curriculum Integration and Teacher Training

Curriculum Mapping(Cooper et al., 2024): How can fractal geometry be seamlessly incorporated
into present Key Stage Two and Three arithmetic curricula without overwhelming instructors or
displacing vital content? At what age/level are college students cognitively equipped for summary
fractal ideas?

Teacher Readiness(Nurzen, 2022): What stage of schooling do instructors require to correctly
put in force this technique? Many instructors might also additionally have restricted publicity to
fractal geometry; what expert improvement fashions are handiest?

Resource Development (Ferrari et al., 2023): What specific, accessible, and tasty educational
materials (virtual tools, bodily manipulatives, lesson plans) are had to guide this technique?

5.3. Accessibility and Equity

Diverse Learners (Kumi-Yeboah et al., 2020): How powerful is the fractal technique for college
kids with extraordinary getting to know styles, unique instructional needs, or from numerous
linguistic and cultural backgrounds? Does it lessen getting to know disparities or inadvertently create
new ones?

Cognitive Load Management(Behari, 2023): While supposed to lessen cognitive load,
complicated fractals can themselves be challenging. How can the complexity be scaffolded as it
should be for extraordinary age corporations and skills?

5.4. Assessment Methods

Measuring Mastery(Porter et al.,, 2020): How can mastery of fractions, mainly the conceptual
expertise fostered with the aid of using fractals, be correctly assessed? Traditional checks might not
seize the intensity of expertise won thru this technique.

Authentic Assessment (McArthur, 2023): What varieties of proper assessment (e.g., layout
projects, presentations, motives of fractal properties) are suitable for comparing getting to know
inside this framework?

5.5. Technology and Implementation
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Digital Tools (Dansca et al., 2023): What function do virtual tools (e.g., interactive fractal
generators, simulation software) play in facilitating getting to know, and the way can they be
designed to maximize their pedagogical effect?

Scalability(Piccoli et al., 2020): How can this technique be scaled from pilot research to significant
implementation throughout faculties and academic systems?

Addressing those open troubles thru rigorous studies is critical for figuring out the viability and
significant applicability of a fractal geometric technique to coaching fractions.

6. A Combined Theoretical Framework

To robustly underpin the fractal geometric technique to coaching fractions (Hearne, 2021), a
synthesis of numerous outstanding getting to know theories gives a complete theoretical framework.
This mixed attitude highlights how fractals can facilitate deep conceptual expertise and mastery.

6.1. Cognitive Load Theory

Cognitive Load Theory (Sweller, 2020) posits that getting to know is handiest whilst educational
layout minimises extraneous cognitive load (needless intellectual attempt) and optimises intrinsic
cognitive load (attempt associated with the complexity of the fabric itself) and germane cognitive
load (attempt invested in schema creation).

Application(Copur-Gencturk, 2021): Fractions, particularly operations, regularly impose
excessive intrinsic cognitive load because of their summary nature and the counter-intuitive software
of whole-variety rules. Fractal representations can appreciably lessen extraneous load with the aid of
using supplying a single, coherent, visible version that unifies more than one fractional idea (part-
whole, equivalence, operations). By seeing the relationships embedded inside a self-comparable
structure(Harkotte, 2022), college students might also additionally require much less intellectual
attempt to manipulate disparate portions of information, hence releasing up operating reminiscence
for schema creation (germane load). The visible nature additionally reduces the split-interest impact
regularly visible whilst college students need to combine text, numbers, and diagrams separately.

6.2. Constructivism

Constructivism emphasises (Kouicem, 2020) that rookies actively assemble their personal
expertise and information of the sector thru experiencing matters and reflecting on the ones
experiences.

Application: The fractal technique is inherently constructivist (Rodriguez & Towns, 2021).
Students aren’t passively pointed out fractions; instead, they interact withinside the creation of
fractals (e.g., thru drawing, paper folding, the use of virtual generators). This lively engagement
permits them to find out the inherent fractional relationships (e.g., that gof a duration eliminated

from a phase creates a selected pattern (Rodriguez & Towns, 2021), or that every generation
represents a fragment of the preceding level). The technique of constructing and editing fractals
permits for assimilation and lodging of recent fractional schemas.

6.3. Inactivism

Inactivism (Ertl, 2024) argues that cognition arises from the dynamic interplay among an
appearing organism and its environment. Knowledge isn’t simply represented internally however is
enacted thru sensorimotor activity.

Application: Beyond simply visualising, the act of making fractals (e.g., drawing iterations of a
Koch snowflake, folding a Sierpinski gasket) embodies fractional procedures. The learner’s frame and
movements come to be essential to expertise(Taylor, 2023). For instance(Cui et al., 2023), the repeated
movement of dividing a line phase into thirds and manipulating the center segment bodily
instantiates the idea of %and its function in developing a brand-new structure. This “getting to know
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with the aid of using doing” strengthens the conceptual hyperlinks among bodily movement and
summary mathematical ideas.

6.4. Embodied Cognition

Closely associated with inactivism, embodied cognition(Agostini & Francesconi, 2021) posits
that our cognitive procedures are deeply rooted in our physical interactions with the sector and our
sensory experiences.

Application: When college students bodily manage fractal patterns (e.g., reducing paper
triangles for a Sierpinski gasket, the use of blocks to construct a fractal pyramid) (Abrahamson et al.,
2020; Soto-Andrade et al., 2022), they’re constructing intellectual fashions grounded in sensorimotor
experience. The spatial reasoning worried in expertise self-similarity and scale inside a fractal is
without delay tied to the frame’s interplay with space(Abrahamson et al., 2020; Soto-Andrade et al.,
2022). This bodily grounding could make summary fractional ideas extra tangible and much less
vulnerable to summary errors(Abrahamson et al., 2020; Soto-Andrade et al., 2022). The “feel” of
dividing something into identical parts(Abrahamson et al., 2020; Soto-Andrade et al., 2022), even if
represented geometrically, may be profound.

6.5. Zone of Proximal Development (ZPD)

The ZPD (Xi & Lantolf, 2021) defines the variety of duties that a learner can carry out with the
assist and steerage of an extra informed other, however cannot but carry out independently.

Application: Teachers can strategically introduce fractal standards inside college students” ZPD.
For instance(Gehlot, 2021), initially, college students are probably capable of discover unit fractions
inside an easy fractal pattern. With scaffolding (e.g., instructor questions, peer collaboration, virtual
tips), (Smirnov et al., 2019) they could then flow to expertise equivalence thru scaling or follow
operations to multi-level fractal constructions. The visible nature of fractals lets in instructors to factor
to precise elements and processes (Berry, 2017), making the scaffolding extra concrete and centered,
allowing college students to development from what they could do with help to what they could do
independently.

By integrating those theoretical perspectives, the fractal geometric technique actions past a
trifling academic approach to a deeply rooted pedagogical philosophy that leverages essential factors
of human cognition and studying to cope with a perennial mission in arithmetic education.

7. Intelligent Practice

Intelligent exercise refers to the strategic utility of exercise sports designed to maximize studying
and retention, regularly leveraging concepts from cognitive technology along with spaced repetition,
interleaving, and adaptive remarks (Alvarez-Blanco et al., 2023). Integrating smart exercise with a
fractal geometric technique can considerably decorate the effectiveness of fraction coaching for
mastery.

7.1. Spaced Repetition

Instead of massed exercise (doing many comparable troubles at once) (Jacinto et al., 2024),
spaced repetition includes revisiting standards and capabilities at growing durations over time. This
strengthens reminiscence consolidation.

Integration: After preliminary coaching the use of fractals, next exercise periods have to
characteristic fractal-primarily based totally troubles on fractions however spaced out over days or
weeks. For example, a scholar may study equal fractions the use of Sierpinski triangles(Sierpinska,
2019). A week later, they could come across troubles in which they want to discover equal fractions
inside a Koch snowflake(Golding, 2021), and a month later, discover equal ratios in a fractal tree. The
numerous context (distinct fractals) blended with spaced durations reinforces the center idea.
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7.2. Interleaving

Interleaving (Firth et al., 2021) includes blending distinct forms of troubles or standards inside
an unmarried exercise consultation, as opposed to blockading them through type. This forces novices
to discriminate among trouble sorts and choose suitable techniques, main to deeper expertise and
higher transfer.

Integration: An exercise consultation may want to contain figuring out fractional elements of a
fractal (Maryan et al., 2023), then ordering fractions represented through distinct fractal scales,
observed through a trouble requiring addition of fractions associated with a multi-level fractal
creation. This contrasts with doing 10 “discover the fractional component” troubles
consecutively(Maryan et al., 2023). The visible cues from the fractals can assist college students make
connections throughout trouble sorts.

7.3. Adaptive Feedback and Personalisation

Intelligent exercise structures regularly offer immediate(Qi et al., 2023), centered remarks and
adapt to the man or woman learner’s development, presenting extra help in which wanted and extra
tough troubles while ready.

Integration: Digital fractal mills may be designed to be adaptive. If a scholar struggles to discover
ginside a Sierpinski tetrahedron(Lim et al., 2021), the gadget may want to offer tips through
highlighting sections or simplify the fractal temporarily. If they grasp it quickly, the gadget may want
to introduce extra complicated fractal styles or require them to carry out operations on fractal
quantities (Lim et al., 2021). This lets in for personalized pacing and help, making sure all college
students are challenged appropriately.

7.4. Varied Examples and Non-Examples

Exposure to an extensive variety of examples and non-examples enables novices to generalise
standards and keep away from over-generalisation.

Integration: Intelligent exercise structures may want to gift a numerous array of fractals (e.g.,
Mandelbrot set, Julia set, Barnsley fern, Dragon curve, easy self-comparable polygons)( Tharaniya et
al.,, 2024; Bunimovich & Skums, 2024) and fractal-like styles. Students might want to discover which
styles exhibit fractional self-similarity and follow fractional expertise to them. This range guarantees
that scholars recognize fractions(Tharaniya et al., 2024; Bunimovich & Skums, 2024) as a standard
mathematical idea, now no longer simply tied to at least one precise fractal representation.

7.5. Retrieval Practice

Retrieval exercise, or the act of recalling statistics from reminiscence(Carpenter et al., 2022), is
one of the best studying techniques.

Integration: Practice sports must regularly require college students to remember and follow
fractional standards without searching up rules. For example, “Draw the subsequent new release of
this fractal and label the fractional elements of the location” or “If this fractal represents a whole
(Shcherbatykh & Polyakova, 2020) what fraction does this highlighted component constitute?” These
open-ended, fractal-primarily based totally retrieval cues beef up reminiscence traces.

By strategically weaving those smart exercise methodologies right into a curriculum that
leverages fractal geometry(Fuat et al., 2025), educators can create effective studying surroundings
that promotes energetic creation of knowledge, deep conceptual expertise, and long-time period
retention of fractional mastery.

8. Practical Implications and Classroom Strategies
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Implementing a fractal geometric technique (Buehl, 2023) to coaching fractions calls for a shift
in pedagogical technique and the combination of latest sports. Here are a few realistic implications
and lecture room techniques for Key Stages Two and Three:

8.1. Key Stage Two (Ages 7-11)

At this level, the point of interest must be on constructing foundational expertise of unit
fractions, equal fractions, and easy addition/subtraction, mostly through visible and tactile sports.

Paper Folding Sierpinski Gasket(Morska & Rogerson, 2023): Students can begin with a
rectangular or equilateral triangle and again and again fold it into smaller self-comparable shapes,
figuring out the fractions of the location or perimeter at every level.

“Fractal Pizza/Cake(Granville, 2022)": Use round reduce-outs or draw circles. Repeatedly divide
them into halves, quarters, eighths, etc., demonstrating how every new reduce creates ”—; of of a —; “
or ”—; of of a quarter,” certainly linking to fractional multiplication standards like —; X —; = %Koch
Line Segments: Start with a line segment (e.g., 27 cm). Students divide it into 3 identical elements
(nine cm every), then discover one-third. They can then “construct out” the Koch curve concept
through changing the center third, extending the idea of duration and perimeter in a fractional way.

Visual Equivalence(Tot et al., 2025): Create units of fractal “constructing blocks” (e.g., small
squares representing 1—16 of a bigger rectangular). Students can discover how combining distinct
numbers of those small blocks can constitute %, %, or %, visually reinforcing equivalence, as visually
illustrated by Figs.8-12(c.f., Tot et al., 2025) .
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Figure 8. An experiment with Polygon (A) and SoundPolygon (B) during the acquisition stage.
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Figure 9. overview of the Polygon test’s structure. White (A1), light grey (A2), dark grey (B1), and black (B2) are

the predecessors, which are circles in greyscale. A triangle (X1), a square (X2), a rhombus (Y1), and a concave

deltoid (Y2) are the consequents, which are basic geometric shapes. There are two stages to the test: the

acquisition phase, which includes feedback, and the test phase, which does not. Participants must then apply

the equivalency rule to fresh stimulus pairs and recall the previously learnt associations.
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Figure 10. An overview of the SoundPolygon test’s structure. The sounds of a cat (A1), a guitar chord (A2), a car
(B1), and a woman'’s voice (B2) are the antecedent stimuli. The structure is congruent with the Polygon test, and

the consequents are identical.
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Figure 11. performance in the two tests’ acquisition phase. Acquisition learning error rates are represented by
ALER, and the number of trials in the acquisition phase is represented by NAT. The boxes” upper and lower
margins, respectively, represent the top and bottom quartiles. The median is indicated by the line inside the
boxes. The 90th and 10th percentiles are indicated by the upper and lower whiskers, respectively. The outliers

are shown by the dots above and below the whiskers.
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Figure 12. performance in the two tests during the test phase. RER stands for retrieval error rate; GER is for
generalisation error rate. The significant difference is indicated by asterisks: ** at the p < 0.01 level and *** at

the p < 0.001 level. The remaining customs are identical to those shown in Figure 9.

Digital Explorations (Lynch & O’Mara, 2019): Introduce easy online fractal mills in which college
students can extrude new release numbers and have a look at the ensuing fractional partitions.

8.2. Key Stage Three (Ages 11-14)

Building on KS2 foundations, KS3 can discover extra complicated fractions, operations,
decimals, percentages, and doubtlessly early algebraic fractions(Karakus & Baki, 2021), that
specialize in conceptual know-how and problem-fixing.

Fractal Dimension Introduction(Mageed, 2025c, Mageed, 2024j; Mageed, 2024k; Mageed, 20241;
Mageed, 2024m): Introduce the concept of fractal size informally. While now no longer without delay
approximately fractions, the idea that a few fractals have non-integer dimensions (e.g., Sierpinski
triangle ~1.58) may be a charming extension, prompting questions on portions among integers and
reinforcing the continuum of numbers.

Fibonacci Sequence and Fractal Trees (Retaningsih, 2024): Explore how the Fibonacci series and
the golden ratio seem in nature’s fractal-like structures (e.g., branching patterns). Students can join
this to ratio and proportion, and doubtlessly to the convergence of fractional sequences.

Recursive Rules and Algebraic Fractions: Introduce easy recursive guidelines for producing
fractals (e.g., “Take —; of the modern-day period and upload new segments”). This may be a(Mageed,

2025c, Mageed, 2024j; Mageed, 2024k; Mageed, 20241; Mageed, 2024m) herbal bridge to algebraic
questioning and know-how how fractions are embedded in iterative processes. For example, if a
system keeps éof an amount at every step, after n steps, the final amount is (é)" of the unique.

Fractals at the Number Line: Use the Cantor Set creation to illustrate how (Mageed, 2025¢,
Mageed, 2024j; Mageed, 2024k; Mageed, 20241; Mageed, 2024m) fractional factors exist at numerous
scales and the way subsets of a line may be shaped thru fractional removals. This allows deepen
know-how of the density of rational numbers.

Problem Solving with Fractional Parts of Fractals(Shah et al., 2024): Design issues in which
college students must calculate the location or perimeter of a fractal after a sure variety of iterations,
main to sums of fractional collection or geometric progressions. For instance, “What fraction of the
unique location stays in a Sierpinski triangle after three iterations?”
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Advanced Digital Tools(Borcherds et al., 2025): Utilise software program like GeoGebra or
Python with easy Turtle snap shots to programmatically generate fractals, permitting college
students to govern parameters and have a look at the effect on fractional relationships. This
introduces computational questioning along mathematical concepts.

8.3. General Strategies

Concrete-Representational-Abstract (CRA) Sequence(Flores & Milton, 2020): Begin with
concrete fractal manipulatives (paper folding), pass to representational drawings/diagrams of
fractals, and subsequently connect with summary numerical notation.

Visualisation and Discussion (Wang et al., 2025): Always inspire college students to explain what
they see taking place to the fractional elements as fractals are constructed. Use wealthy mathematical
language all through discussions.

Collaborative Learning (Yang, 2023): Group sports for building fractals or fixing fractal-
primarily based totally fraction issues can foster peer mastering and shared know-how.

Cross-Curricular Links(Honzik et al., 2020): Connect fractals to art, nature, and generation to
expose the real-international relevance and splendour of arithmetic.

By embracing those realistic strategies, educators can rework the coaching of fractions into a
fascinating, intuitive, and conceptually enriching experience, laying a sturdy basis for mathematical
mastery.

Conclusion

Fractions continue to be a perennial task in arithmetic education, regularly hindering college
students” development and confidence. This article has argued for the untapped ability of fractal
geometry as a effective pedagogical device to cope with those deep-seated difficulties, mainly for Key
Stages Two and Three. The inherent self-similarity, scaling, and recursive nature of fractals provide
intuitive visible and structural analogues for center fractional concepts, from the part-complete
dating and equivalence to complicated operations. By attractive with fractal constructions, college
students can broaden an embodied and conceptual know-how that transcends rote memorisation,
fostering authentic mastery.

While the theoretical blessings are compelling, the implementation of a fractal geometric
technique offers numerous open issues, mostly regarding empirical efficacy, seamless curriculum
integration, powerful instructor training, and making sure accessibility for various learners. These
regions call for rigorous studies and collaborative improvement to translate ability into extensive
pedagogical effect.

Nevertheless, supported with the aid of using a blended theoretical framework drawing on
cognitive load theory, constructivism, inactivism, embodied cognition, and Vygotsky’s Zone of
Proximal Development, the fractal technique is located to beautify mastering significantly.
Furthermore, the strategic integration of smart exercise methodologies—together with spaced
repetition, interleaving, adaptive feedback, and sundry examples—can fortify and consolidate this
deep mastering, making sure long-time period retention and bendy utility of fractional knowledge.

Ultimately, with the aid of using embracing the visible beauty and structural intensity of fractal
geometry, arithmetic educators have a possibility to revolutionise the manner fractions are taught.
This technique guarantees to convert a not unusual place supply of mathematical tension into a
fascinating adventure of discovery, equipping college students with a sturdy and intuitive know-
how of fractions that serves as a cornerstone for destiny mathematical success. Further studies and
pedagogical innovation on this promising location aren’t simply useful however critical for fostering
a technology of mathematically gifted and assured learners.
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