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Abstract: The study of solutions to differential equations is crucial in addressing a wide range of practical
problems, and the Bessel function plays a critical role in this field. As a result, the theory of Bessel functions
and their applications is a rich and complex subject. The purpose of this paper is to introduce a new type of
generalized Bessel function and explore its applications. Specifically, the paper derives formulas for fractional
integrals and derivatives using the Riemann-Liouville approach, and presents a novel form of the fractional kinetic
equation that involves a first-order generalized Bessel function. The paper also discusses the broad versatility
of the generalized Bessel function and its potential to generate both known and new results. Several figures are
included to illustrate the properties of the solutions derived.
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1. Introduction

In contemporary engineering and physics, a profound understanding of applied mathematics,
specifically pertaining to the fundamental characteristics of special functions, is indispensable. Special
functions play a crucial role in various applications within the realm of physical sciences. The discipline
of analysis, devoted to the examination of these specialized functions, traces its roots back to the early
days of calculus, making it one of the most venerable fields of study. In recent decades, the discovery
of novel special functions and their application to unexplored mathematical domains has reignited
enthusiasm and rekindled scholarly curiosity in this area.

The investigation of Bessel functions holds significant relevance in the examination of crucial
differential equations, (see for example [1]). These functions, rooted in Bessel function theory, find
widespread application in diverse fields such as information theory, radiophysics, hydrodynamics, and
nuclear physics. Notably, there has been a resurgence of interest in the exploration of Bessel functions
within the context of fractional calculus theory, we may mention for example [2-7] and references
therein.

Fractional calculus, which extends the concepts of differentiation and integration to arbitrary
orders, is an intriguing branch of applied mathematics that has recently received a significant amount
of attention from mathematicians and physicists. It is a powerful tool for studying a wide range of
scientific problems, with many breakthroughs in control theory, hydrology, chaotic dynamics, kinetic
theories, biophysics, bioengineering, quantum mechanics, diffusion processes, statistical mechanics,
polymer sciences, thermodynamics, signal and image processing, astrophysics, and cosmology where
many of the associated models amount to replace the time and space derivatives in an evolution
equation with fractional derivatives of real orders (see [8-15]).

This subfield dates back to the late 17th century and evolved from the traditional definitions of
calculus integral and derivative operators in much the same way that fractional exponents evolved
from integer exponents. Several authors have stated that fractional-order operators are not only more
suitable for modelling but also have advantages over integer-order operators.

It is important to recognize that there are multiple definitions for fractional-order derivatives,
including divided-difference and infinite-sum types, such as the Griinwald-Letnikov fractional deriva-
tive, Weyl, Caputo, Feller, Riesz, Erdelyi-Kober fractional derivatives, and others. However, when it
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comes to fractional integration, the Riemann-Liouville (RL) and Caputo operators remain the most
widely utilized and well-known methods. In modeling problems involving the concepts of nonlocality
and memory effect, which are not well explained by integer-order calculus, fractional calculus stands
out. Indeed, fractional calculus deals with the concept of the derivative operator, which is a local
operator in integer order calculus but non-local in fractional calculus [16,17].

Indeed, fractional derivatives and integrals offer a more precise description of complex physical
systems. These operators have been successfully incorporated into classical and quantum dynamical
theories, demonstrating their utility in exploring novel fractal concepts [18]. They have introduced
fresh perspectives and bridged gaps in traditional calculus that have yet to be fully assimilated
or comprehended. Fractional calculus has proven effective in solving various physics problems,
spanning classical to quantum domains. It is now recognized as a powerful tool for characterizing
non-equilibrium complex systems exhibiting scale-invariant properties, dissipation, and long-range
correlations that defy representation using traditional analytic functions and ordinary differential
operators.

Presently, there are two prevailing approaches to describing fractional calculus. The first approach,
known as the Riemann-Liouville approach, involves iteratively applying the integral operator n times
and replacing it with a single integral using the well-known Cauchy formula. In this formulation, the
factorial n! is replaced with the Gamma function, enabling the definition of fractional integrals for
non-integer orders. The Riemann and Caputo fractional derivatives have also been rigorously defined
using integrals [19]. The second trend in fractional derivatives was pioneered by Grunwald-Letnikov.
Their method involves iteratively applying the derivative n times and then fractionalizing the binomial
coefficients using the Gamma function.

As they are used to model relevant systems, fractional differential equations have grown in
popularity across a wide range of applied sciences. These equations play a vital role not just in the
field of mathematics, but also in physics, control systems, dynamical systems, and engineering. They
make it easier to create mathematical models that represent a wide variety of physical phenomena.
Kinetic equations, in particular, are fundamental in mathematical physics and natural science because
they describe the continuous motion of substances. As a result, as seen in previous research [6,20-34],
there has been a pursuit of extending and generalising fractional kinetic equations by incorporating
diverse fractional calculus operators.

The structure of this paper is outlined as follows. Section 2 gathers the necessary concepts and
definitions, and additionally introduces new and more generalized Bessel functions in the same section.
In Section 3, we derive new Riemann-Liouville fractional integral and derivative formulas for the
defined Bessel function. Section 4 is divided into three subsections. In Subsection 4.1, we explore
the solutions of a novel type of fractional kinetic equation related to the generalized Bessel function.
Subsection 4.2 presents various special cases of our main results. The graphical interpretation of the
main findings is the focus of Subsection 4.3. Finally, concluding remarks are provided in Section 5.

2. Preliminaries and Basic Concepts

It is important to note that Riemann-Liouville and Caputo fractional derivatives are nonlocal
operators with convolutional integrals with weak singularities. In the physical system, these non-local
fractional derivatives introduce inherent memory and genetic effects.

The RL fractional integral and derivative of order a € [n — 1, 1) are defined as follows (see, e.g.,

(8]):

. The left-side RL fractional integral

(D) () = (a3 = iy [ Loz, @)

) (x—pt
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¢ Theright-side RL fractional integral
- 17 f)
(D=1 () = (1)) = 7 | il 2.2)
X
*  The left-side RL fractional derivative
d n
(D8 1)) = () Guulf ) )
, N I (2.3)
=—"-|+ ————t,
I'(n—a) <dX) 0/ (x — ) "H!
¢  Theright-side RL fractional derivative
—d\"
(D £ = (Zr) (al )
) 24
SE ALY O ey
- T(n—a)\dx (t—x)*
X
Lemma 2.1. Let R(«) > 0,R(p) > —1andt > 0, then
F'(p+1)
[ T o+
rRLlp: t F(p—l—tH—l)t , (2.5)
and r
R0 = (5(;)"‘)1&”. (2.6)

We now review the essential definitions that will be used in the sequel.

Definition 2.1. The Fox-Wright function, denoted as ,1;(x), is defined by a formula in which p
represents the numerator and q represents the denominator of the function.

p
F . .
< (“ilei)l,p 'x> = - 1:1 (a; + ne;) x"

= = - 2.7
= iy ) T -
j=1

9 P

where a;,b; € R (i=12,..,p;, j=1,2,..,q) and such that ) vj — ) € > —1. In particular, when
j=1 i=1

€; =vj =1, piy(x) immediately reduced to the generalized hypergeometric function ,F; (see [35,36]).

Mittag-Leffler functions arise as inherent solutions to equations involving fractional order differ-
entials and integrals.

In 1903, Mittag-Leffler [37] introduced and named the function after himself, defining it using a
power series representation.

>0 2.8
rzo T( rp 1) %(e) 28

Wiman generalised this function in 1905 [38] as
Eo0(8) = Y mrm— R(p), R(p2) >0 (2.9)

r= er@1+@2)
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In the present paper, we take into account a brand-new generalised Bessel function with the following

form: ; "
]6,77,%1,)(2 i (_ ) (Xl )azn (‘:) e (2.10)
01,02, ¢+1 2 / ’
n=0 (7’117+€—|— )(XZ)(Tln

L(x+opm)
I'(x)

where €,7, x1, x2,¢,w,& € C, () > 0, N(e) > 0, 01,00 € N, and (x), = 1, (X)azn =
denotes the generalized pochhammer symbol (see, e.g [39]).

Remark 2.1. The series (2.10) generalizes many special cases as follows

(i) Putting oy =0y =0, and 7 = 1in (2.10), we obtain the generalized Bessel function of the first
kind, we ¢, (t) defined by [40].

_ ) (760)71 <C>€+2n c 511
we,rp,w(f:) ,;)n!l"(n+e+¢;’1> 5 , ¢eC. (2.11)

(ii) Settingoy =02 = 0,7 = 1,and ¢ = w = 1,in (2.10), the generalized Bessel function ], ZZXJ)ZJZ ()
reduced to the familiar Bessel function of the first kind of order €, given by [40].

o0 1)71 é- €+2n
X_lor++1)<z> P Eet 212)
(iii) Ifweputoy = o = 0,and ¢ = —w = 1, in (2.10), then the generalized Bessel function
];Zﬁff (€) reduced to generalized type of modified Bessel function of the first kind, I (¢)
defined by [41].

(&) = i 1<5>€+2n rfeC (2.13)
Y =l Ty +e+1)\2 ’ ’ '

(iv) Settingoy =02 =0, =1,and ¢ = —w = 1, 1in (2.10), we have the familiar modified Bessel
function of the first kind of order €, I (&) given by [40].

- 00 1 6 €+2n
Ie(‘:) - rgm (2> ’ C eC. (2.14)

(v) Puttingoy =09 =0,¢ =2,and w = 1, in (2.10), we obtain the spherical Bessel function of order
€, je(&) defined by [40].

o o\ e+2n
je(€) = 72-(,;)11'1"((71—1-1)64-%) (g) , feC. (2.15)
(vi) Setting¢ = w =1,and oy = 0, in (2.10), we the generalized Bessel function ]j?,ﬁ, X2 () reduced
to

Toonres (6) = (g)e}%’“ (f) (2.16)

where Jcy X1 (&) is the generalized matland Bessel function defined by [42]

o o\

i ; n')? na;njfei)l) FeC. (2.17)
(vil) Putting ¢ = w =1, and 07 = 0 =0, in (2.10), we the generalized Bessel function ] i ZZX(},XZ( )

reduced to

P T S AT T s
Jor s (€) = (2) Je <4>, (2.18)
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where feﬂ (¢) is the familiar matland Bessel function given by [43].

(e} g)n
X:: n17+e+1) ceC. (2.19)

Inspired by the preceding discussions and the existing literature on Bessel functions, this study
intends to conduct additional research involving the generalised Bessel function (2.10). To begin, we
provide fractional integral and differential formulations, as shown below.

3. Fractional Calculus Approach of ] </X1X2 (&)

01,02,,w
In this section, we derive the Riemann-Liouville fractional integration and fractional differentia-
tion of the recently defined generalized Bessel function, denoted as |, i ZZX;, X2 (&) . The obtained results
are presented as follows.

3.1. Fractional Integral Forms

Theorem 3.1. Suppose A and 1 are complex numbers such that the real part of A is greater than 0 and the real
part of 17 is greater than 0. Additionally, assume that the conditions stated in equation (2.10) are satisfied. Under
these circumstances, the following formula for fractional integration is valid.

16L+ (tn l](: ZZX(;),Xz (t)) (6) r( ) (’;’/\-‘rE-‘rT] 1

2T (x1) -
- (x1,02), (e +1,2); —o2] O
203 ( +¢+1,17) (Xx2,01), A +e+1,2); 4
Proof. Denoting the left-hand side of (3.1) by <. Using (2.10), we obtain
e (—w)" (x1) £\
o =m0 f e (1))
n=0 n! F(n;y +e+ T) (X2)oyn
. _n 1 e+2n
- 1 () (e (1) i (2 @)
n=0 (1’177 +e+ ¢+ )(XZ)aln
Using (2.5) of Lemma 2.1, we get
. _n 1 €+2n
Sl o ( CU) (Xl)azn 2) r(e + 27’1 + 77) ér/\+€+211+17*1
B (o e+ 252 () TO € 42041
: (=)
_ T) ety T'(x1+0on) I(e+2n+1) t )

2T (x1) n=0 F(nn+e+ %H)F(X2+Uln)F(A+e+2n+17) nt

In view of the definition of the Fox-Wright function (2.7), we have

31 =

F(X2) Ate+y—1
¥
2T (x1)° °

(x1,02), (e +1,2); e
(€+¢2 ”7) (x2,01), (A +e+1,2); 4

as desired. O
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Theorem 3.2. Suppose A and 17 are complex numbers such that the real part of A is greater than 0 and the real
part of 17 is greater than 0. Additionally, assume that the conditions stated in equation (2.10) are satisfied. Under
these circumstances, the following formula for fractional integration is valid.

A enxixe (1 T(X2) rey—e
Io- <t 17]171 02,0 <t>)(‘:) 251—-()(1)6 =
(x1,02), (1 —e—A,2); —w] (3.2)

¥ -
* 273 (€+ ngHrn)/(Xbo'l)r(Tl+€’2); 462

Proof. Denoting the left-hand side of (3.2) by &,. Using (2.10), we have

R B e I A R G
% = I (t Wriz—()n!F(nﬂ+€+(l7erl>(X2)01n (2t> )(C)
(—w)" (Xl)azn (%)Hzn

T (ny + €+ 27 ) (02)

_ i 16\+ <t7(6+2n+77)) (&

Using (2.6) of Lemma 2.1, we get

" 1 e+2n
5 - ©  (—w) uﬂ@nG) F@+Qn+ﬂ A%?%FMﬂ
= 0n'1“(n17+e+¢+1) 2oy [(e+2n+7)
T )(:A -1 v I'(x1+on)T(e+2n+n—-A7A) (@)
2°T(x1) '

n=0 F(niy +e+ 4’%1)1’(){2 +on)T(e+2n+1) n!
In view of the definition of the Fox-wright function (2.7), we arrive at the desired result. [

3.2. Fractional Derivative Forms

Theorem 3.3. Let A, 7 € C be such that R(A) > 0, R(n) > 0,and the conditions given in (2.10) are satisfied,
then the following fractional integral formula holds true

D (P (0) (@) =gyt

(x1,02), (€ +1,2); —wi?

1}’ 7
* 2% <€+(PT—H/U)/(XZI‘H)I(G‘FU_)\,Z)} 4

] (3.3)

Proof. Denoting the left-hand side of (3.3) by 33. Using (2.10) and (2.3), we obtain
d A =1y &nxux
oo <d<’:> B (P o (0) ©)

A" o (—w)" (X1) gyn (%)Hzn m—A ( ge+2n+y—1
_ (d@') L on'r<nﬂ+€+¢+l) I+ (t )(C)

(7'17[
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Using (2.5) of Lemma 2.1, we have

" 1 €+2n
Sy = <d)m @ (@) (o (z) I(y+e+2n) gm—Atite+2n—1
ac/) i=on! F(n17+e—|— (PTH)(Xz)mn [(m—A+n+e+2n)

0 - )n (Xl)@n (%)€+2"
g 'F(n17+€+¢+1)(X2) I(m—A+n+e+2n)

I'(n+e+2n) <;l§> " [gmf)\+r1+e+2nfl} )

after some simplification

" 1 €+2n
3y = @ (-w) (Xl)azn (j) I(n+e+2n) gr]+e+2n7)\71
nzon!F(niy+e+¢+l) I(n+e+2n—2A)
_w§2 n
C12) iy n (o + o) (y + -+ 2n) (=)
2T (x1) n=0 F(nn+e+¢+1)1"()(2+c71n)1“(17+e+2n—)x) nt

In view if the definition of the Fox-wright function (2.7), we have

r
(Xz) €+77*)L71 21{{

R
P37 2T ()

(Xl/ 02)/ (6 + 1, 2)/ —C(J(:_,z2
(e+ (PTH,ﬂ),()Q,Ul), (e+n—A2); 4

as required. O

Theorem 3.4. Let A, n € C be such that R(A) > 0, R(n) > m — R(A),and the conditions given in (2.10)
are satisfied, then the following fractional integral formula holds true

e (1 o

o () -+

(X1,02), (A +11+¢€,2); Cw (B4
(€+¢+1/’7) (x2,01), (11 +€2); 4¢2

x 2¥3

Proof. Denoting the left-hand side of (3.4) by 4. Using (2.10) and (2.4), we have
1
Sy = ot (t o oo (t) ) ()

—d\" = (_CU)” (Xl)‘Tzn <%>€+2n - .
- <d'§> n=0 n! F(my +e+ ‘PH) Uln o+ (t >(€)

Using (2.6) of Lemma 2.1, we obtain

. (_d)mw (~w) le(

1 €+2n
& 2) 77+€+2n_m+/\)§m A—n—e—2n
4 e | ( o1l

n=0n!T(ny+e+ (x2

T'(n+e+2n)

(7’11’!

e+2n
© (—w)" (X1 oyn <%) I'(y+e+2n—m+A)
n=0 n!I‘(nn—I—e—k‘PTH)(Xz)mn I(y7+e+2n)

(_l)mr(m —A- n—€e— 2n + 1) g*/\*ﬂ*E*ZTl
I'1—A—n—e—2n)

X
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[(e—0) _ (=D)T(e+1)

Using the identity (o) — (—=0), = Tlomot1)  We have

" 1 e+2n
(—w) (Xl)azn (z) IF'(A+7 +e+2n)€_A_,7_€_2n
'F(ﬂ?]+€+ ¢+l)(X2)g'1n r(?’]+€+21’l)

e}
So= Xy

n
—w
T ey & TmtemTaigreran ()
2T (x1) n=0 T(nn+e+ &1L T'(x2 +on) (7 +e+2n n!
Ul i Ul

In view of the definition of the Fox-wright function (2.7), we arrive at the desired result. [

4. Fractional Kinetic Equation

In light of the kinetic equation’s effectiveness and importance in certain astrophysical problems,
the authors devise a new generalised form of the fractional kinetic equation involving a newly defined
Bessel function of the first kind.

Haubold and Mathai [21] have formulated a functional differential equation that relates the rate
of reaction change, the rate of destruction, and the rate of production in the following manner:

dN
5 = ~d(Ne) + p(Ny), (4.1)
where N = N(t) is the rate of reaction, d = d(N) is the rate of destruction, 07 = p(N) is the rate of
production, and N¢(t*) = N(t —t*), t* > 0.

When spatial fluctuations or inhomogeneities in the quantity N(f) are ignored, Haubold and
Mathai studied a special case of the equation, which is given by the equation.

dN;
dar

—wj Ni(t), (4.2)

together with the initial condition that N;(t = 0) = Nj, is the number of density of species i at time
t =0, ¢c; > 0. If the index i is dropped and the typical kinetic equation (4.2) is integrated, we receive

N(t) = Ng—w oD;IN(t), (4.3)

where oD, ! is the special case of the Riemann-Liouville integral operator ¢D; ” defined in (2.1).
Haubold and Mathai [21] have given the fractional generalization of the standard kinetic equation
(4.3) as
N(t) = No —w" oD;"N(t). (4.4)

Then the solution for N(f) is a Mittag-Leffler function E, (.)

N(t) = NoEy(—w"t') = NZ v)r:(—:tl)) (4.5)

In addition, Saxena and Kalla [22] thought about the subsequent fractional kinetic equation
N(#) = Nof(t) = —w” oDy "N(), (4.6)

where f(t) € L(0, ).

We now utilize the Laplace transform technique to obtain the solution for an integral equation
more encompassing than the one referenced as (4.6). This is achieved by employing the findings
presented in the work by [32].

L{rLDy " y(t)} =s7"¥(s), (4.7)
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where -
L{p(D)} = ¥(s) = / eStp(Hdt, R(s) > 0. 4.8)

0

In the following subsection, we solve novel fractional kinetic equations that incorporate the recently
introduced generalised Bessel function, as defined in Equation (4.6). Furthermore, we create a variety
of distinct special scenarios.

4.1. Solution of Fractional Kinetic Equation

Within this subsection, we explore the resolution of the fractional kinetic equation linked to the
generalized Bessel function outlined in section 2.

Remark 4.1. The solutions we are about to deduce for the appropriate fractional kinetic equations will
be ascertained using the generalized Mittag-Leffler function E , (x) introduced by [38], as defined in
Equation (2.9).

Theorem 4.1. Ifd > 0, v > 0, €,1,x1, X2, ¢, w € C, R(y) > 0, R(e) > 0, and oy,00 € N, then the
solution of the equation
N(t) = NoJy, ogis (1) —d” oD N(8), (4.9)

02,0

is given by the following formula:

d (_w)n (Xl)azn r(e +2n+ 1)

N(t) = Np
n=0 1! F(n;y +e+ 4%1) (7(2)01;1

€+2n
<2) Ev,e+2n+1(_dvtv) (4.10)

where E,, ;14 2i11(.) is the generalized Mittag-Leffler function.

Proof. By employing the Laplace transform to both sides of (4.9) and utilizing (4.7), we arrive at the

result
LIN(t)} = NoL{ [ (t) } — ¥ L{ oD "N(1)}
b oo _ n e+2n
=No [e*' )] (@) (X1)eyn L dt —d" s "N(s)
¢+1 2
0 n=0 n! F n17+e+ )()cz)gln
Hence,
€+2n
- o (—w0)" (X))o (3 7
N(S) |:1_|- (2) V] = Ny Z 02n+12) /e—stte+2ndt
n=0 n! F(niy+e+ A )(Xz)gln 0
1 €+2n
- (=@)" (X1)oyn i) T(e+2n+1)
= 0
n=0 n! F(nﬂ +e+ 4)%1) (XZ)(Tln seamtd
Therefore,
€+2n
o (—w)" (x1),., Tle+2n+1) (3
N(S) _ N() on (2) 1 1

= (e )0, T 1+ ()7

; r ) 1 1 €+2n
0 (_w) (Xl)azn (e +2n+ ) (i) i(il)rdws—(€+2n+w+1) (4.11)
= 1"(m1 te+ "’T“)(Xz)oln r=0
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tl/

Taking Laplace inverse of (4.11) and using L™![s "] = (;1) , we obtain

(=) (X1)gyn T(e +21+1) (%)6“"

00 pet2n+tvr
9+1 e v 1
n'r(i’lﬂ+€+7) (X2)01n r=0 (€+ n+vr+ )

NGs) = No io

No

oo (_w>n (Xl)o’n Ile+2n+1) <t)e+2ni (_thV)I’
n=0 n'l"(nn+e+¢+l>()(2)aln 2 S T(e+2n+ur+1)

In view of (2.9), we get the required result. [

Theorem 4.2. Ifd > 0, v > 0, €,1,x1,x2,¢,w € C, R(yy) > 0, R(e) > 0, and 0,00 € N, then the
solution of the equation
N(t) = NoJ TMAX2(qviy — gv D VN(t), (4.12)

01,02,9,w

is given by the following formula:

® (—w)" €+2n)v vy €421
N = o 1 O Gl T 20021

Ev,(€+2n)1/+1 (_dvtv) (4'13)
n=0 n! F(ﬂﬂ +e+ (PTH) (XZ)U'll’l

Proof. Applying the laplace transform to the both sides of (4.12), and using (4.7), we obtain

L{N(t)} = NOL{] et Xz(d“tV)} —d" L{ oDy N(t)}

01,02,P,w

i - —w)" v\ €+2n
= NO/Q_St Z ( ) (Xi)lﬂzn dzt ) dt 7dl/ S—VN(S)
0 n=0 n! F(ﬂﬂ+€+ ¢T)<X2)gln
Hence,
av €+2n
- e (—w)" (x o0
N(s) [1 + (f) V] = Ny Z Uzn—ElZ ) /efstt e+2n)v g4
‘ " On'r(my—l—e—l—"’ >(X on 0
av €+2n
= N i (me)” ‘72”<7) e+2n)v+1)
- 0
Therefore,
n e+2n
o (—=w)" (X1)gyn F((e+2n)v+1)< ) . .
N(S) = No Z o+ gle+2n)v+1 v
"0 H!F(nﬂ+€+T> (Xz)mn [14- (H) }
) (_CU)” ( ) T((e+2n)y+1)( >€+2n .
N(s) = No Z X1)oyn Z(il)rdvrs—((e+2n+r)v+l) (4.14)

ot T (ny+e+ 250 (x2)o =0
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Taking Laplace inverse of (4.14) and using L~![s "] = tv(;l) , we obtain

(~@)" (1) Tl (e +20p + 1) (4) (n+2i+7)

o (— 1 a 0 n+2i+r)v
NG = NoY ey o L
n=0 n! T(my +e+ ¢T) (X2) oy =0 I((n+2)v+rv+1)
_ N i (—=@)" (X1)gyn T((€+2n)v +1) <thV)€+2” i (—dvt")’

n=0 n! F(my +e+ (PTH)(XZ)VM 2 = T((e+2n)v+vr+1)

o (_w)n (Xl) r((€+2n)v—|— ]) AN .
= Ny Z on < 5 ) E ,(€+2n)v+1(—d t),

n=0 ! F(my +e+ ‘PTH) (X2)oyn
this completes the proof of theorem 4.1. O

Theorem 4.3. Ifd > 0,a > 0,v > 0, €,7,x1, x2,.$,w € C, R(y) >0, R(e) >0, 01,00 € N, and
a # d,then the formula

N(t) = Ng i (=@)" (X1)gyn T(e +2n)v +1)

=0 T (ny+e+230) ()

d]/ty €+2n
< 2 ) Ev,(e+2n)v+l(_avtv> (4.15)

is a solution of the fractional kinetic equation

N(t) = NoJ oI 22(d"#) — a¥ oDy VN(t), (4.16)

01,02,4,w

Proof. The proof of theorem 4.3 is parallel to theorems 4.1 and 4.2, so details of the proof are omit-
ted. O

4.2. Special Cases

(i) Choosing o1 = 02 = 0, and 1 = 1, the generalized Bessel function (2.10), ]Uj’, szqu)(f;z (t) reduced to

the generalized type of Bessel function of the first kind, we ¢, (t) as we mentioned in (2.11).
Then theorems 4.1, 4.2, and 4.3 reduce to the following corollaries.
Corollary 4.1. Ifd >0, v >0, €,¢,w € C,and R(e) > 0, then the solution of the equation

N(t) = Nowepw(t) —d" oDy "N(t), (4.17)

is given by the following formula:

® (—w)' T(e+2n+1) [+\T"
n=0 n'r(?’l—f—e‘f—T)

Corollary 4.2. Ifd >0, v >0, €,¢,w € C,and R(e) > 0, then the solution of the equation
N(t) = Nowepw(d't") —d" oD VN(t), (4.19)

is given by the following formula:

© (—w)"T((e+2n)v+1) [dVt'\ 2"
N(t) = No Z ( ) (< ¢)+1 ) ( 2 > Ev,(e+2n)v+1<_dvtv) (4.20)
n=0 n!l"(n+e+T)
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Corollary 4.3. Ifd >0, v >0, ¢,¢,w € C, R(e) > 0, and a # d,then the formula
N(t) = No i (—w)" T((e+ 2n)1/1+ 1) (thU>€+2nEy,(e+2n)v+l(_avtV) 4.21)
n=0 n!I“(n—l—e—i—(P%) 2
is a solution of the fractional kinetic equation
N(t) = No wepw(d't") —a” oD, "N(t) (4.22)
(ii) Settingoy =0y, =0,7 =1, and ¢ = w = 1, the generalized Bessel function (2.10), ] Ufzzxéfff(t)
reduced to Bessel function of the first kind, J¢(f) as mentioned in (2.12).
Then theorems 4.1, 4.2, and 4.3 reduce to the following corollaries.
Corollary 44. Ifd >0, v > 0, € € C,and R(e) > 0, then the solution of the equation
N(t) = NoJe(t) —d" oD;'N(t), (4.23)
is given by the following formula:
Nt = Ny 3y, G e 2n s ) (t>€+anU,e+zn+l(—d“t”> (4.24)
= nlT(n+e+1) 2
Corollary 4.5. Ifd >0, v > 0, € € C,and R(e) > 0, then the solution of the equation
N(t) = NoJe(d"t") —d" (D' N(8), (425)
is given by the following formula:
v = 3 LB (LENT =) a2
Corollary 4.6. Ifd >0, v >0, e € C, R(e) > 0, and a # d,then the formula
N(t) = No g (—1):! g((}gejezj)lv)jt 1) (dvth>€+2” Ey ot (—a't)  @427)
is a solution of the fractional kinetic equation
N(t) = No Je(d"t") —a" oDy "N(t) (4.28)
(ii) Choosing o4 = 0y = 0, and ¢ = —w = 1, the generalized Bessel function (2.10), ] 061 Zf;,ﬁz(t)

reduced to generalized type of modified Bessel function of the first kind, I/ (t) as mentioned in
(2.13).

Then theorems 4.1, 4.2, and 4.3 reduce to the following corollaries.

Corollary 4.7. Ifd >0, v > 0, €,57,¢,w € C, R(y7) > 0and R(e) > 0, then the solution of the
equation
N(t) = Nold (t) —d" oD;'N(t), (4.29)

is given by the following formula:

N(t) =No ), 5

2 T(e+2n+1) (t
= n!T(nmy+e+1)

€+2n
> Ev,e+2n+1(_dvtv) (4-30)
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Corollary 4.8. Ifd >0, v >0, €,17,¢,w € C, R(yy) > 0and R(e) > 0, then the solution of the
equation
N(t) = NoId (d"t') —d" oD;'N(¢t), (4.31)

is given by the following formula:

N(t) =Ny 3

I'((e+2n)v+1) (d't"
= n!'T(ny+e+1)

€+2n
2 ) Ev,(e+2n)v+l (_dvtv) (4.32)

Corollary 4.9. Ifd >0, v >0, €,17,¢,w € C, R(y7) >0, R(e) > 0, and a # d,then the formula

i e+2n)v+1) avev €+2"E
= n!T(np+e+1) \ 2

v,(e+2n)v+1 (_avtv) (4.33)

is a solution of the fractional kinetic equation

N(t) = No I (d"t") —a” oD; VN(t) (4.34)
(iv) Choosing 01 = 0 = 0,5 = 1, and ¢ = —w = 1, the generalized Bessel function (2.10),
ot ‘,’ZXJJ’Z,Z( ) reduced to modified Bessel function of the first kind, I¢(t) as mentioned in (2.14).

Then theorems 4.1, 4.2, and 4.3 reduce to the following corollaries.

Corollary 4.10. Ifd >0, v> 0, €,¢,w € C,and R(e) > 0, then the solution of the equation

N(t) = Nole(t) —d" oD; "N(t), (4.35)
is given by the following formula:
S T(et2n+1) [\
No Z M( ) Eyetontr(—d"t") (4.36)

Corollary 4.11. Ifd >0, v> 0, €,¢,w € C,and R(e) > 0, then the solution of the equation
N(t) = Nole(d"t") —d" oD/ "N(t), (4.37)

is given by the following formula:

_ i ((e+2n)v+1)

dVey e+2n
VLV
nT(n+e+1) < 2 ) Ey (er2np+1(—d"t") (4.38)

Corollary 4.12. Ifd >0, v >0, €,¢,w € C, R(e) > 0, and a # d,then the formula

(e+2n)v+1) [dVt\ €T
n' T n+i+ 1)) ( 2 ) Ey (exompp1(—a"t") (4.39)

Mz

n=0

is a solution of the fractional kinetic equation
N(t) = No Le(d"t") —a" oD; "N(t) (4.40)

(v) Choosing 07 = 02 =0, ¢ = 2,and w = 1, the generalized Bessel function (2.10), ]Ul";’zxé’ff(t)

reduced to spherical Bessel function, je(t) as mentioned in (2.15).

Then theorems 4.1, 4.2, and 4.3 reduce to the following corollaries.
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Corollary 4.13. Ifd >0, v> 0, €,¢,w € C,and R(e) > 0, then the solution of the equation
N(t) = Noje(t) —d” oDy "N(t), (4.41)
is given by the following formula:
(€+2n+1) ( >€+2n
=1/= N E —dvt¥ 4.42
O n' 1_, 1’l—|—€+ ) > v,e+2n+l( ) ( )
Corollary 4.14. Ifd >0, v> 0, €,¢,w € C,and R(e) > 0, then the solution of the equation
N(t) = Noje(d"t") —d" oD;"N(t), (4.43)
is given by the following formula:
T((e+2n)v+1) [d't\ " Vv
\/7N Z Tl' 1—~ 1’1 +e+ 3 ) ( 2 > Ev,(e+2n)1/+1<_d t ) (4.44)
Corollary 4.15. Ifd >0, v> 0, ¢,¢,w € C, R(e) > 0, and a # d,then the formula
T((e+2n)v+1) [dt\ " Vv
\/7N Z Tl' 1_, Tl Tet ) ( > ) Ev,(e+2n)1/+l(_a t ) (4.45)
is a solution of the fractional kinetic equation
N(t) = No je(dt') —a* oD; VN(t) (4.46)
(vi) Setting ¢ = w =1, and 7 = 0, the generalized Bessel function (2.10), ], ? ZZXJ, X2 () reduced to
o) _ n
J e b = Z (-1 (Xl)azn t e t I'I?ﬁ tz (4.47)
T2 0 =n!T(ny+e+1)\2 '

where J. Xl( t) is the generalized matland Bessel function given in (2.16).

Then Theorems 4.1, 4.2, and 4.3 reduce to the following corollaries.

Corollary 4.16. Ifd >0, v >0, €,7,x1 € C, R(y7) >0, R(e) > 0,and q € N, then the solution of
the equation

2
N(t) = < ) ]’”‘1( ) —d” oD;VN(t), (4.48)
is given by the following formula:
2 (1) (X1)gyn Tle+2n+1) /4 H2 v
NG = No 1 e (3)  Bemaler) @)

Corollary 4.17. Ifd >0, v >0, €,17,x1 € C, (1) > 0, R(e) > 0,and q € N, then the solution of

the equation
AVt € g d2vt2v
N(t)—No< > ) Jeiq 1( 1 )—d“ oD VN(t), (4.50)

is given by the following formula:

= (— Xl) F(e +2n + 1) v e+2n
- Z n' T :12;;71 +e+1) < 2 > Ev,(e+2n)v+1(_dvtv) (4.51)
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Corollary 4.18. Ifd >0, v > 0, ¢,7,x1 € C, R(yy) > 0, R(e) > 0, g € N, and a # d,then the
formula

o (— Xl) r<€+21’l—|—1) qvev et2n
- 2 n'rzz;; Te+1) ( 5 ) E, (eqonypr1(—a’t") (4.52)

is a solution of the fractional kinetic equation

v 2v 42V
N(t) = No (d; ) Jer¥ (d 4t ) —a" oD VN(t) (4.53)

(vii) Setting ¢ = w =1, and 07 = 0 = 0, the generalized Bessel function (2.10), ], Ui ZZX;,ZJZ( ) reduced

XX - -1)" £\ E\C =y (12
ey 2 I ey _ b ~ [
]mltfz,(P, ; ””7 Tedt 1) <2> <2) Je <4 ), (4.54)

where ]/ (t) is matland Bessel function given in (2.17).

to

Then theorems 4.1, 4.2, and 4.3 reduce to the following corollaries.

Corollary 4.19. Ifd > 0, v > 0, ¢, € C, R(yy) > 0,and R(e) > 0, then the solution of the

equation
AN Ta5
N(t) = No <2> I <4) —d” oD/ "N(t), (4.55)
is given by the following formula:
> (—1)" F(e+2n+1)(t>€+2n
= = Eyciont1(—d't") (4.56)
rg n'me—i—e+1) 2 veran

Corollary 4.20. Ifd > 0, v > 0, ,5 € C, R(y7) > 0, and R(e) > 0, then the solution of the

equation
AVHV\ € . d2vt2v
N(t)=N0< > ) Ie”( 1 )—dV oD/ VN(t), (4.57)

is given by the following formula:

e (~1)" T(e+2n+1) (d't "
Z n' T m1(_|_€_|_1) ) < 2 > Ev,(e+2n)v+1(_dvtv) (4.58)

n=0

Corollary 4.21. Ifd >0, v >0, ¢, € C, R(7) >0, R(e) > 0,and a # d,then the formula

[o¢] n l—v €+2n+1 d]/ty €+27’l
2 n'F n1§—|—e+1) )< 5 ) E, (eranp1(—a"t’) (4.59)

n=0

is a solution of the fractional kinetic equation

Vv \ € 2v 42V
N(t) = No (d; > TJ(d 4t > —a" oD;VN(t) (4.60)

4.3. Graphical Interpretation

In this subsection, we present graphical representations that illustrate the main results obtained
in Theorems 4.1, 4.2, and 4.3. These graphs depict the solution curves of equation (4.9) for various
parameter values. Specifically, we consider the parameters Ng = w = = 2,01 = 0 =€ =1,
¢ =d=23,andv =1,1.25,1.5,1.75,2,and 2.25. The solution curves are shown in Figure 1 for the
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time interval t = 0 : 0.02 : 2, where x; = 1 and x» = 2. Furthermore, Figure 2 presents the curves
for the same parameter values, but with x; = 4 and x> = 1, and for the time interval t = 0: 0.02 : 2.
Additionally, Figure 3 displays the curves for the time interval t = 0: 0.05 : 5, with 1 = 1 and x» = 4.

From these figures, it is evident that N(t) = 0 at the initial time ¢ = 0 for different parameter
values. Moreover, it is observed that selecting a = d in Theorems (2.16) and (2.18) yields identical
solutions. Our observations also reveal that N(t) exhibits both positive and negative values for
different parameter settings.

0.1

---v=1
e y=1.25
03— v=1.5
---v=1.75
* p=2
—v=2.25
[

-0.4
0 0.2 0.4 0.6 08 1 12 1.4 16 18 2

Figure 1. Solution of Theorem 4.1 forNo =w =2 =1=2x1 =0 =mn=€=1¢ =d =3 and
v=1,125,15,1752and 2.25 witht =0: 0.02 : 2.

0.2

Figure 2. Solution of Theorem 4.1 for Ny =w=151=201 = =e=) 2 =1L, ¢ =d =3; x;1 =4and
v=1,125,15,1.75,2 and 2.25 with t = 0: 0.02 : 2.
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05— —

v
- - -y=1.75

v=2.25

Figure 3. Solution of Theorem 4.1 forNgo =w=1=201 = =€e=x1 =1, ¢ =d =3; xp =4and
v=1,125,15,1.75,2and 2.25 with t = 0: 0.05: 5.

5. Conclusion

The inclusion of convolution integrals with power-law or exponential-law memory kernels
through fractional derivatives enhances the significance of fractional differential equations in elucidat-
ing the memory effects exhibited by complex systems.

The objective of this paper was to introduce a novel generalized Bessel function and establish for-
mulas for fractional integrals and fractional derivatives. We conducted a comprehensive investigation
of several intriguing fractional kinetic equations, considering a range of special functions [22,29-32]).
Furthermore, we proposed a new and generalized solution for the fractional kinetic equation associated
with the introduced generalized Bessel function, which we analyzed utilizing the Laplace integral
transform technique. The main findings can serve as a basis for constructing a diverse set of kinetic
equations and their potential solutions. Based on our graphical results, it can be concluded that N(t)
exhibits either positive or negative values across different parameter values and time intervals. The
results obtained in this study have significant implications, as they have the potential to generate
numerous established findings and potentially uncover new ones.

Our future work will be dedicated to further exploring and studying the recently introduced
generalized Bessel function in the realm of solving fractional differential equations. We recognize the
potential of this function in offering solutions to a wide array of fractional differential equations, which
necessitates thorough investigation. Our focus will be on examining its properties, analyzing its behav-
ior under different parameter configurations, and assessing its applicability across various scientific
and engineering domains. Furthermore, we will investigate numerical methods and algorithms that
can efficiently compute solutions involving the generalized Bessel function (see our previous work [6]).
The aim of this research is to enhance the understanding and utilization of this function in solving
intricate fractional differential equations, thereby advancing the field of fractional calculus.

Conflicts of Interest: The authors declare no conflict of interest.
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