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Abstract

We discuss Markov edge processes {Y,;e € E} defined on edges of a directed acyclic graph (V, E) with
the consistency property:
Pr(Yee € E') = Pp(Ye;e € EY)

for a large class of subgraphs (V', E’) of (V, E) obtained through a mesh dismantling algorithm. The
probability distribution Pg of such edge process is a discrete version of consistent polygonal Markov
graphs studied in [1,2]. The class of Markov edge processes is related to the class of Bayesian networks
and may be of interest to causal inference and decision theory. On regular v-dimensional lattices,
consistent Markov edge processes have similar properties to Pickard random fields on Z?, representing
a far-reaching extension of the latter class. A particular case of binary consistent edge process on Z3
was disclosed by Arak in a private communication. We prove that symmetric binary Pickard model
generates Arak model on Z? as a contour model.

Keywords: directed acyclic graph; Markov edge process; clique distribution; consistency criterion;
mesh dismantling algorithm; Bayesian network; Pickard random field; regular lattice; Arak model;
evolution of particle system; broken line process; contour edge process

1. Introduction

Bayesian network is a probabilistic graphical model that represents a set of variables and their
conditional dependencies via a directed acyclic graph [Wikipedia]. Bayesian network is a fundamental
concept in learning and artificial intelligence, see [20,21,25]. Formally, a Bayesian network is a random
field Xy = {Xy;v € V} indexed by sites v € V of a directed acyclic graph (DAG) G = (V, E) whose
probability distribution writes as a product over of conditional probabilities of X, given its parent
variables X,,, u € pa(v), where pa(v) C V is the set of parents of v.

Bayesian network is a special case of Markov random field on (generally undirected) graph
G = (V,E). Markov random fields include nearest-neighbor Gibbs random fields and play an
important role in many applied sciences including statistical physics and image analysis [4,13,17,18].

As noted in [5,10,23] and elsewhere, manipulating marginals (e.g., computing the mean or the
covariance function) of a Gibbs random field is generally very hard when V is large. A class of Markov
random fields on Z? which avoids this difficulty was proposed by Pickard [22,23] (the main idea of their
construction belongs to Verhagen [30], see [22, p.718]). Pickard and related unilateral random fields
have been found useful applications in image analysis, coding, information theory, crystallography,
and other scientific areas, not least because they allow for efficient simulation procedures [5,7,10,11,14]

Pickard model Xy (rigorously defined in sec.2) is a family of Bayesian networks on rectangular
graphs G = (V,E),V C Z? enjoying the important (Kolmogorov) consistency property: for any
rectangles V' C V we have that

Pyjyr =Py, (1.1)
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where Py is the distribution of Xy and Pyy» is the restriction of marginal of Xy on V' C V. Property
(1.1) implies that Pickard model extends to a stationary random field on Z? whose marginals coincide
with Py and form Markov chains on each horizontal or vertical line.

Arak et al [1,2] introduced a class of polygonal Markov graphs and random fields X1 = {X;;t €
T} indexed by continuous argument ¢ € R? satisfying a similar consistency property: for any bounded
convex domains T’ C T the restriction of Xt to T/ coincides in distribution with X7s. The above models
allow a Gibbs representation but are constructed via equilibrium evolution of a one-dimensional
particle system with random piece-wise constant Markov velocities, with birth, death and branching.
Particles move independently and interact only at collisions. Similarity between polygonal and Pickard
models was noted in [28]. Several papers [15,16,29] used polygonal graphs in landscape modeling and
random tesselation problems.

The present paper discusses a far-reaching extension of polygonal graphs and Pickard model,
satisfying a consistency property similar to (1.1) but not directly related to lattices or rectangles.
The original idea of the construction (communicated to the author by Taivo Arak in 1992) referred
to a particle evolution on the three-dimensional lattice Z>. In this paper, the above Arak model is
extended to any dimension and discussed in sec.5 in detail. It is a special case of a Markov edge
process Yg = {Y,;e € E} with probability distribution P introduced in sec.2 and defined on edges
e € E of a directed acyclic graph (DAG) G = (V,E) as the product over v € V of the conditional
clique probabilities 71, (g, (0) Ve, (0) ) SOmewhat similarly to Bayesian network, albeit the conditional
probabilities refer to collection yg, (o) = {Yese € Eout} of ‘out-going’ clique variables and not to a
single ‘child” x, as in a Bayesian network. Markov random fields indexed by edges discussed in
the literature [13,17,18] are usually defined on undirected graphs through Gibbs representation and
experience a similar difficulty of computing their marginal distributions as Gibbsian site models. On
the other hand, ‘directed” Markov edge processes might be useful in causal analysis where edges of
DAG G = (V, E) represent ‘decisions” and Y, can be interpreted as (random) ‘cost’ of “decision’ e € E.

The main result of this work is Theorem 2, providing sufficient conditions for consistency

Ppp =Pp, VG <G (1.2)

of a family Pr/, G’ = (E/, V') € S of Markov edge processes defined on DAGs G’ with the partial
order G' = (V/,E') < G" = (V",E") givenby V' C V", E’ C E”. The sulfficient conditions for (1.2) are
expressed in terms of clique distributions 7t,, v € V and essentially reduce to marginal independence of
incoming and outgoing clique variables (i.e., collections y¢,_(,) and y¢_ (1)), see (3.16), (3.17).

The class S of DAGs G’ satisfying (1.2) is of special interest. In Theorem 2, S = Sypa(G) is
the class of all sub-DAGs obtained from a given DAG G = (V,E) by a mesh dismantling algorithm
(MDA). The above algorithm starts by erasing any edge that leads to a sink v € V or comes from
a source v_ € V, and proceeds in the same way and in arbitrary order, see Definition 4. The class
Swmpa (G) contains several interesting classes of ‘one-dimensional” and ‘multi-dimensional” sub-DAGs
G’ on which the restriction in (1.2) is identified as a Markov chain or a sequence of independent r.v.s
(Corollary 2).

Section 4 discusses consistent Markov edge process on ‘rectangular’ sub-graphs of Z" endowed
with nearest-neighbor edges directed in the lexicographic order. We discuss properties of such edge
processes and present several examples of generic clique distributions with particular attention to the
binary case (referred to as Arak model). In dimension v = 2 we provide a detailed description of Arak
model in terms of a particle system moving along edges of Z2. Finally, section 5 establishes a relation
between Pickard and Arak models, the latter model identified in Theorem 3 as a contour model of the
former model under an additional symmetry assumption.

We expect that the present work can be extended in several directions. Similarly to [5,10] and some
other related studies, the discussion is limited to discrete probability distributions, albeit continuous
distributions (e.g., Gaussian edge processes) are of interest. A major challenge is the application
of Markov edge processes to causal analysis and Bayesian inference, bearing in mind the extensive
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research in the case of Bayesian networks [20,21]. Consistent Markov edge processes on regular lattices
may be of interest to pattern recognition and information theory. Some open problems are mentioned
in Remark 7.

2. Bayesian Networks and Pickard Random Fields

Let G = (V,E) be a given DAG. A directed edge from v; to vp,v1 # vy is denoted e = (v; —
vp) € E. With any vertex v € E we can associate three sets of edges

En(@):={e= (' —>0v) € Ed eV}, Euw) :={e=@w—7)eEd eV} (21)
E(v) := &En(v) U Eout(v)

representing the incoming edges, outgoing edges, and all edges incident to v. A vertex v € V is called
a source (respectively, a sink) if &, (v) = @ (respectively, Eout(v) = @). The partial order (reachability
relation) v; < v, on G means that there is a directed path on this DAG from v; to v;. We write v1 < vy
if v1 < v, 1 # vy. The above partial order carries over to edges of G, namely, ¢; = (0] — v1) < e =
(v — v2) © v1 = v). Following [21], the set of vertices pa(v) := {¢/ < v: (v = v) € E} C Vis
called the parents of v, whereas F (v) := {v} Upa(v) C V is called the family of v.

Definition 1. Let G = (V, E) be a given DAG. A family distribution at v € V is any discrete probability
distribution ¢y = o(Xr(0)), XF(0) = (Xp; 0" € F(v)), that is, a sequence of positive numbers ¢o(x F(y)) > 0
summing up to 1:

Y Polxre) = 1.

YF(v)

The set of all family distributions ¢, at v € V is denoted by ®,(G).

Forv € V, ¢, € ®y(G), the conditional probability of x, given parent configuration Xpa(v) =

(xy; 0" € pa(v)) writes as

Po(X0|Xpa()) = if Po(xrw)) >0, 22)

with ¢y (X0 |Xpa(o)) = 01f o (X £(p)) = 0and ¢o(x0|Xpa(0)) 1= Po(x0) if pa(v) = @.

Definition 2. A Bayesian network on a DAG G = (V, E) corresponding to a given set {¢p,;v € V'} of family
distributions ¢, € Oy(G) is a random process Xy = {Xy; v € V'} indexed by vertices (sites) of G and such
that for any configuration xy = (xy;v € V)

Py(xy) = P(Xp = x0;0 € V) = [ ] ¢o(x0]xpa(0))- (23)
veV
We remark that the terminology ‘family distribution” is not commonplace, whereas the definition
of Bayesian network varies in the literature [3,20,21], being equivalent to (2.3) under the positivity
condition Py (xy) > 0. Actually, the conditional (family) distributions ¢ (xy|xp4(0)) in (2.3) are most
intuitive and used instead of ¢»(x 7 (,)). A Bayesian network satisfies several Markov conditions [21],
particularly, the ordered Markov condition:

Py (xo|xy, 0" < 0) = Py(xo|Xpa(0)) = Po(X0lXpa()), v E V.

In the rest of this subsection, G = (V, E) is a directed subgraph of the infinite DAG (Z?, E ~(Z?))
with lexicographic partial order v’ = (/,s') < v = (t,5) (t,s,t',s' € Z):

vV <v = ¢ <s,t' <t

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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and edge set
E A(Z*) :={(v' = v);v,v € Z%, v =v—(0,1),v— (1,0),0 — (1,1)}. (2.4)
The class of ‘rectangular’ subDAGs G = (V, E) with
V={veZ?:v_=<v=vy}, E={e= (=) €E(2 v €V} (2.5)

(v € Z?,v_ < v;) will be denoted grec(Za). Given two ‘rectangular’ DAGs G; = (V;, E;) €
grec(Zz/‘),i = 1,2 we write G < Gy if Vi C V,. For generic family in Figure 1, right, the family
distribution is is indexed by the elements of the table

C D
o) oo

and written as the joint distribution ¢(A, B, C, D) of four r.v.s A, B,C, D with Xo—(11) = A Xy_(1,0) =
B, x,_(10) = C,x, = D. Marginal distributions of these r.v.s are designated by the corresponding
subsets of the table (2.6), e.g., ¢(A) is the distribution of r.v. A. The conditional distributions of these
r.v.s are denoted as in (2.2), viz., ¢(B|A) = ¢(A, B)/¢(A) is the conditional distribution of B given a
value of A.

Figure 1. Left: rectangular DAG in (2.5), right: generic family F(v) = v Upa(v),pa(v) = {v/,0",v"'}

Definition 3. We call Pickard model a Bayesian network Py on DAG G = (V,E) € grec(Zz/‘) with family
distribution ¢, = ¢ independent of v € V and satisfying the following conditions:

¢(A) = ¢(B) = ¢(C) = ¢(D), 27)

(stationarity), and
¢(B,ClA) = ¢(B|A)¢(C|A),  ¢(B,C|D) = ¢(B[D)p(C|D) (28)
(conditional independence).

In Pickard model, the family F(v) of v € V consists of 4 points, see Figure 1, except when v
belongs to the left lower boundary 0_V := {v = (t,s) € V : t =t_ors =s_},v_ = (f_,s_)
of rectangle V in (2.5) and |F(v)| < 2, for v = v_ it consists of the single point: F(v_) = {v_}.
Accordingly, the family distributions ¢»(xr(,)) = ¢(xr(,)), v € 0-V are marginals of the generic
distribution ¢ in Definition 3. We note that Pickard model (also called Pickard random field) is defined
in [5,10,14,23] in somewhat different ways, which are equivalent to Definition 3.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Theorem 1. [23] The family {Py;V € Vrec(Z?)} of Pickard models on DAGs G = (V, E) € Grec(Z,) and
corresponding to the same generic family distribution ¢ in (2.7)-(2.8) is consistent; in other words, for any
G'=(V',E') <G =(V,E),G,G € Grec(Z2) we have that

Py (xyr) = Py (xyr) (2.9)

Remark 1. The consistency property in (2.9) implies that for G = (V,E) in (2.5), v+ = (f4,5+)
and any s— < s < s; the restriction of Pickard model Py on the horizontal interval Hs :=
{(t=,s), -+, (t+,s)} C Vis a Markov chain

Py(xp,) = ¢(x_ o)X s1) %) P(X, 0 [% (¢, 1)) (2.10)

with initial distribution ¢(A) and transition probabilities ¢(B|A). Indeed, H; = {v € Z? : (t_,s) <
v < (t4,s)} is the set of vertices of Gs < G and the corresponding ‘one-dimensional’ Pickard model
on G; is defined by (2.10). In a similar way, the restriction of Pickard model on a vertical interval
Vs :={(t,s-),---,(t,s4+)} C VisaMarkov chain

Py (xv,) = ¢(x(rs )X 4 1) X(ts)) - P(X (15 X (15, 1)) (2.11)

with initial distribution ¢(A) and transition probabilities ¢(C|A).

[23, Thm.3] extend Markov chain identifications in (2.10) and (2.11) to any non-increasing undi-
rected path in V. This fact and the discussion in sec.3 suggest that Pickard model and the consistency
property in (2.9) can be extended to non-rectangular index sets V C Z2.

Remark 2. In the binary case X, € {0,1} or A,B,C,D € {0,1} the distribution ¢ is completely
determined by probabilities

(PA = P(A:1>, ety (PABCD = P(A:B:CZDzl) (212)
In terms of (2.12), conditions (2.7)-(2.8) translate to

$a = ¢ =¢Pc =¢p, Pap=¢cp, ¢Pac = ¢PBD, PaBc = PDBC, (2.13)
PapcPa = Papdac, (Pa —Pap)(Pa — Pac) = (Prc — Papc)(1 —¢Pa), ¢Pasc = PBcD,

see [23, p.666]. The special cases ¢4 = 0,1, ¢4 = Pap, Ppa = Pac correspond to degenerated Pickard
model, the latter implying A = B and A = C, respectively, and leading to a random field which takes
constant values on each horizontal (respectively, vertical) line in Z2. Hence, a binary Pickard model
can be parametrized by 7 parameters

¢pa=:1a, ¢ap=:b, ¢Pac=:c, ¢Pap, Pacp, PaBp, PABCD, (2.14)
as ¢ apc, Ppc in the non-degenerated case can be found from g, b, c:

bc  (a—"b)(a—rc)

bc
_ _ 21
$apc=—, ¢pc=_—+—7 (2.15)

The parameters in (2.14) satisfy natural constraints resulting from their definition as probabilities,
particularly, 1 >a > b Vc.

3. Markov Edge Process: General Properties and Consistency

It is convenient to allow G to have isolated vertices, which of course can be removed w.Lg., our
interest primarily being focused on edges. The directed line graph Gz = (V(Gg’), E(Gg")) of DAG

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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G = (V,E) is defined as the graph whose set of verticesis V(G;’) := E is the same as that of undirected
line graph and the set of (directed) edges is

E(GE) :={(e1 = e2) €1 € Ein(v), €2 € Eout(v) (Fv € V)}

Note G5’ is acyclic, hence a DAG.
Given a DAG G = (V,E) we denote S(G) the class of all non-empty sub-DAGs (subgraphs)
G' = (V',E')with V! C V,E' C E.

Definition 4. A transformation G — G' € S(G) is said a top mesh dismantling algorithm (top MDA) if it
erases an edge ¢’ € Ein (v ) leading to a sink vy € V; in other words, if G' = (V', E") with

V=V, E=E\{}, €¢€nlv:), Eoulvy)=07. (3.1)

Similarly, a transformation G —_ G’ € S(G) is said a bottom mesh dismantling algorithm (bottom MDA) if it
erases an edge €' € Equi(v_) starting from a source v_ € V, in other words, if G' = (V', E") with

V=V, E=E\{}, €€culv), Enlv_)=07.

We denote S\ipa (G), Sypa(G), Smpa (G) the classes of DAGs containing G and the subDAGs
G’ € S(G) which can be obtained from G by succesively applying top MDA, bottom MDA, or both
types of MDA in an arbitrary order:

Sypal(G) = {GIU{G' =GLk>1}, G—=4 G =+ Gy =4 - =4 Gy,
Sypa(G) = {G}U {G'=GLk>1}, G—_G —>_Gy—_ - —_G,
Svpa(G) = {G}U{G' =GLk>1}, G—4+G =+ Gy —s - —1 Gy

Note that the above transformations may lead to a subDAG G’ containing isolated vertices which can
be removed from G’ w.l.g.

Definition 5. A subDAG G = (V",E") € S8(G) is said:
(i) interval DAG if

Vi={veV:iny2v=0n}, E'={=0 —9")eE:d, v eV} (3.2)

forsome vy < vy, v; € V,i=1,2;
(ii) chain DAG if V"' = {vg = vf <v) <--- <0/ =0y, E" = {(v] = 05),---, (vf_; = v))} (3k > 1),
forsome vy < vy, v; € V,i=1,2;

(iii) source-to-sink DAG if any edge e = (v/ — v"") € E” connects a source v’ of G to a sink v" of G”.

The corresponding classes of subDAGs G” = (V", E") in Definition 5 (i)-(iii) will be denoted by
Sint(G)l Schain(G)r and Ssts(G)~

Proposition 1. For any DAG G = (V, E) we have that
Sint(G) C SMDA(G). Schain(G) € SMpA(G).  Ssts(G) C Smpa(G). (3.3)

Proof. The proof of each inclusion in (3.3) proceeds by induction on the number |E| of edges of G.
Clearly, the proposition holds for |[E| = 1. Assume it holds for |E| = n — 1, we will show that it holds
for |E| = n. The induction step n — 1 — n for the three relation in (3.3) is proved as follows.

(i) Fixvy < vpand G” = (V",E"”) € S(G') be as in (3.2). Let {vy 1, -+, v} be the set of sinks of
G.Ifvyisasinkand m = 1 (or v, = vy ;1) then G” = G belongs to Sy (G) by definition of the last
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class. If v; is a sink and m > 2, we can dismantle an edge ¢ € &,(v2) and the remaining graph
G' = (V/,E') in (3.1) has n — 1 edges and contains G” = (V”, E”), so that the inductive assumption
applies, proving G” € Sipa (G') C Sypa(G) € Smpa(G).

Next, let vy & {v4 1, ,v4m}. Then there is a path in G from v; to at least one of these sinks.
If v < vy = v41, we apply top MDA to v and see that G’ in (3.1) has the number of edges
|E'| = n — 1 and contains the interval graph G” in (3.2), so that the inductive assumption applies to G’
and consequently to G as well, as before, proving the induction step in case (i).

(i) Let G” be a chain between v1 < v and G” # G, since G” = G belongs to Sy, (G) by definition.
Let {v41, - ,v4m} be the set of sinks of G. If v; is a sink and m = 1 then G contains an edge
e = (v — v 1) which does not belong to G”. Then, by removing e from G by top MDA we see that
G' = (V/,E’) in (3.1) contains the chain G”, viz., G” € S(G'), and therefore G” € Syip,(G') by the
inductive assumption. If v, is a sink and m > 2, we remove from G any edge leading to v, » and arrive
at the same conclusion. If v, € {vy 1, -, vy} is not a sink, we remove any edge leading to a sink
and apply the inductive assumption to the remaining graph G’ having n — 1 edges. This proves the
induction step in case (ii).
(iii) Let G” # G,G" € Sss(G), V" = V' U VY, where V! = {o” |, - - ,v’i’k},VJ’r’ = {1, ,U’J’n[}
are the sets of sources and sinks of G”, respectively. Let V_, V. be the sets of sources and sinks of
G=(V,E).IfV =V_UV,,ie, Gisasource-to-sink DAG, we can remove from itaedgee € E,e ¢ E”
and the remaining graph G’ in (3.1) contains G” and satisfies the inductive assumption. If G is not
a source-to-sink DAG, it contains a sink v ¢ V!, or a source v_ ¢ V. In the first case, there is
¢ = (v/,v;) € E, ¢ ¢ E" which can be removed from G and the remaining graph G’ contains G” and
satisfies the inductive assumption. The second case follows from the first one by DAG reversion. This
proves the induction step n — 1 — 1 in case (iii), hence the proposition. O
An edge process on DAG G = (V,E) is a family Yg = {Y,;e € E} of discrete r.v.s indexed by edges
of G. It is identified with a (discrete) probability distribution Pr(yg), ¥ = (Yese € E).

Definition 6. Let G = (V,E) be a given DAG. A clique distribution at v € V is any discrete probability
distribution 1ty = 7o (Ye(0)), Ye(o) = (Vese € E(v)), that is, a family of positive numbers 7y (yg (o)) > 0
summing up to 1:

Y mo(ye@) = 1.
Ye)
The set of all clique distributions 71, at v € V is denoted by IT,(G).

Given 71, € I1,(G), the conditional probabilities of out-configuration Yeou(o) = (Ye;€ € Eout(v))
given in-configuration y¢,_(,) = (Ve; € € Ein(v)) write as

o (Ve (0))

70 (Y ui (0) [V i (0)) = o (Ve (0)

with yg () = (Yese € Eout(v) U Eout(v)) and ”U(ysout(v)h/&n(v)) =1 for Eout(v) = @, 1= 7y (Eout(v))
for &in(v) = @.

Definition 7. A Markov edge process on a DAG G = (V, E) corresponding to a given family {1ty;v € V'} of
clique distributions 7t, € I1,(G) is a random process Yg = {Ye; e € E} indexed by edges of G and such that
for any configuration yg = (Ye;e € E)

Pe(ye) = P(Ye = yese € E) = [ | mo(Yeou(o)Ven(o)- (34)

veV

An edge process Y = {Y,;e € E} ona DAG G = (V,E) can be viewed as a site process on
the line graph Gg = (V(Gg),E(Gg)) of G = (V,E), with V(Gg) := E, E(Gg) := {(e1 = e2) : ¢1 €
Ein(v),e2 € Eout(v) (Fv € V) }.
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Corollary 1. A Markov edge process P in (3.4) is a Bayesian network on the line DAG Gg = (V(Gg), E(Gg))
if
o (Yeou(o) Vo) = 11 moelve, ) YoeV. (35)

eeéfout (‘I))

Condition (3.5) can be rephrased as the statement that outgoing’ variables Y., e € Eout(v) are
conditionally independent given ‘ingoing’ variables Y/, ¢’ € &, (v), for each node v € V. Analogously,
P in (3.6) is a Bayesian network on the reversed line graph Gy~ under a symmetric condition that
‘ingoing’ variables Y,/, ¢’ € &pn(v) are conditionally independent given ‘outgoing’ variables Y, e €
Eout(v), for eachnode v € V.

Definition 8. Let G = (V,E) bea DAG and 8'(G) C S(G) be a family of subDAGs of G. A family of edge
processes {Pp; G' = (V',E') € §'(G)} is said consistent if

Pe(yer) =Pp(yp), VG =(V,E)eS(G), (3.6)
Given edge process Pr in (3.4), we define its restriction on a subDAG G’ € S(G) as

Prp(ye) = Pe(ye), yer = (Yese € E'). 3.7)
In general, Pr | is not a Markov edge process on G’, as shown in the following example.

Example 1. Let G = (V,E),V = {1,2,3},E = {e; = (1 — 2),ep = (1 = 3),e3 = (2 = 3)},E' =
{e2,e3}. Then Pe(Yey, Yey, Yes) = 701 (Yey, Ye, ) 702 (Yes e, ) and

PE|E/(y€2/y€3) = Z 701 (Yers Yer ) 02 (Yes [Yer )- (3.8)
]/el

The subDAG G’ = (V, E) is composed of two edges going from different sources 1 and 2 to the same
sink 3. By definition, a Markov edge process Pr on G’ corresponds to independent ye,, Ve, ,, Viz.,

Pp (yezl 3/63) = 7.[1 (yfz)né(yfs) (3.9)

It is easy to see that the two probabilities in (3.8) and (3.9) are generally different (however, they are
equal if 771 (Ve,, Ye,) = 711 (Ye,) 71 (Ve, ) is a product distribution and 711 (y,, ) = 72(ye, ), in which case

71 (Yer) = m1(Ye,) and 755 (ves) = 72(es))-

In Example 1, the restriction Py to E' = {ey, e2} is a Markov edge process with Pgipr (Ye,, Ye,) =
711 (Ye,, Ye, )- The following proposition shows that a similar fact holds in a general case for subgraphs
G’ obtained from G by applying top MDA.

Proposition 2. Let Pg be a Markov edge process on DAG G = (V,E). Then for any G' = (V',E') €
Syipa(G), the restriction Pr s is a Markov edge process on G’ with clique distribution 7tj, € T1,(G'),v € V'’
given by

T (Yer(w) = To(Yerw), vEV (3.10)

which is the restriction of clique distributions 11, to (sub-clique) €' (v) = E(v) N E'.
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Proof. It suffices to prove the proposition for a one-step top MDA, or G’ in (3.1). Let &in(v4) := {e1 =
(v = 0v4), e = (v = v4)}, k> 2,¢ = er. From the definitions in (3.4) and (3.10),

Prp(e) =  T1 moWeww Ve ) X o Wewo) | Yemon)
veV\{v;} Yey
= ‘Q }ﬂu(ysout(v)|y5m(v))7f§;k Wer (o0 [Vem(on) = g/”;(ysgut(v)h/si;(v))- O
ve Uk v

Example 2. Markov chain. Let G = (V,E),V = {0,1,--- ,n}, E={eg = (0 —» 1),ep = (1 —
2),--+,en = (n—1 — n)} be a chain from 0 to n. The classes SyipA(G), Sypa (G), and Sypa (G)
consist respectively of all chains from0toj € {1,---,n}, fromi € {0,--- ,n — 1} ton, and from i to j
(0 <i < j<mn). AMarkov edge process on the above graph is a Markov chain Yg = {Y,,- -+, Ye, }
with probability distribution

PE(Yer Yoy, 1 Yen) = 700(Yey ) 701 (Yey [Yer) =+ - Tn—1(Yeu [Ye,_y)

where 7y is a (discrete) univariate and 73,1 < k < n — 1 are bivariate probability distributions;
Tk (Yegs1 [Yer) = Tk (Yerr Yero1 )/ Xy 7k (Ve y) are conditional or transitional probabilities. It is clear that
the restriction Pgjp on E' = {e,--- ,ej} is a Markov chain with my = Mo, M, = M, 1 < k < j;in
other words, it satisfies Proposition 2 and (3.10). However, the restriction PE‘ ptoE ={e,--- ,eq}or
G' = (V',E') € Sypa(G) is a Markov chain with initial distribution

i T (Fepr erin)
ﬂl{(yei) = Z 70 (Tey ) H %/ Ye; = Ye;
ey ei_q 1<k<i k\Yex

which is generally different from 7;(y,,). We conclude that Proposition 2 ((3.10) in particular) fail for
subDAGs G’ of G obtained by bottom MDA. On the other hand, 7/ = 71;,1 < i < n hold for the above
G/, G provided the 71;’s satisfy the additional compatibility condition:

nk(yek):”k—l(]/ek), ek:(kflg)k), k:l,---,nfl

Proposition 3. Let Pr be a Markov edge process on DAG G = (V, E) in (3.4). Then for any edge e = (v] —

Z)z) € E
Pe(Yelye, e’ #ee €E) = Pe(yelye, e’ € Eout(v2) U Ein(v1))
_ T oo [Yeim(00)) 0 (Veou(r) [Vein(02)) (3.11)
Zgg e (g&)ut(vl) Wé,’m(vl))ﬂvz (ggout('UZ) ngn(vz))
and
Pe(yelye, e <€) = Pe(yelye, e’ € &in(v1)) = 7o, (Velve, (o)) (3.12)
with § = (Je; e € E) satisfying Jo = yq, ¢’ # e.
Proof. Relation (3.11) follows from
Pe(ve)
P e £ee €E)= —EJE) 3.13
E(yel]/e 7é ) Zﬂe PE(yE) ( )

and the definition in (3.4), since the products [ ], o, cancel in the numerator and the denominator of
(3.13).

Consider (3.12). We use Propositions 1 and 2 according to which the interval DAGs G; =
(Vi,Ei),V; == {v € V:v 2 v;},i = 1,2 belong to Sjip, (G). The ‘intermediate’ DAG G = (V,E)
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constructed from Gy by adding the single edge e = (v; — ©v5), viz., V := V; U {0y}, E := E; U {e} also
belongs to Sy (G) since it can be attained from G, by dismantling all edges with the exception of E.
Note {e} U {e’ € E :< e} = E. Therefore, by Proposition 2, Pre(yg) = Pg(yg) where Py is a Markov
edge process on G with clique distributions

(Yo (w)) = Mo(Yew)) veV. (3.14)

The expression in (3.12) follows from (3.14) and (3.11) with E replaced by E, by noting that v; is a sink
in G, hence 7o, (Ve (o) V&, (0p)) = 1 Whereas 7o, (Ve (01) Ve, (01)) = o2 (VelVey(0r))- O

Remark 3. Note that ¢’ € Eout(v2) U Ein(v1) in the conditional probability on the r.h.s. of (3.11) are
nearest neighbors of e in the line graph (DAG) Gr = (V(Gg), E(GE))

Theorem 2. Let G = (V,E) be a given DAG and Pr a Markov edge process in (3.4) with clique distributions
mty € Iy, v € V satisfying the compatibility condition

7o, (Ye) = 0o, (Ye), Ve=(vy —>v)€E (3.15)

and two marginal independence conditions:

To(Yeouw) = 11 7o) (3.16)
eeéfout(v)
and
(e, 0) = 11 7oye) (3.17)
ee&n(v)

Then the family of Markov edge process Ppi, G' = (V', E') € Svpa (G) with clique distributions 7, € I1,,v €
V' given in (3.10) is consistent, viz.,

PE|E’ = Pp, VG = (V/, El) S SMDA(G)- (3.18)

Remark 4. (i) Conditions (3.16) and (3.17) do not imply mutual independence of the in- and out- clique
variables yg () and yg (o) under 7.

(ii) Conditions (3.16) and (3.17) automatically are satisfied if card(&in(v)), card(Eout(v)) € {0,1}
(Markov chain).

(iif) Conditions (3.16) and (3.17) are symmetric w.r.t. DAG reversion (all directions reversed)

(iv) In the binary case (Y, = 0,1), the value Y, = 1 can be interpreted as the presence of ‘particle’
and Y, = 0 as its absence on edge e € E. ‘Particles’ ‘move’ on DAG (V, E) in the direction of arrows.
‘Particles’” “collide’, “‘annihilate’, or ‘branch’ at nodes v € V, with probabilities determined by clique
distribution 71,. See sec.4 for a detailed description of particle evolution for Arak model on Z2.

Proof of Theorem 2. it suffices to prove (3.18) for 1-step MDA:
E—_E =E\{¢} and E—E, =E\{}

which remove a single edge ¢/ = (v—- — ') coming from a source v_ € V, and a single edge
e/, = (v = vy) going to a sink v4. € V, respectively. Moreover, it suffices to consider E”_ only. The
proof for E, follows from Proposition 2 and does not require (3.15)-(3.17). (It also follows from E’_ by
DAG reversion.) Then, by marginal independence of 71, v = v_,v" and 71, (o) = 70y (Yer ),
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Tyt (y in (0 UEout (v )
PE(yE) = ﬂvf(ye’)< H nv,(ye)> Ein (©/)UEour () H ﬂv(yé'out(v)‘y&n(v))

e€Eout(v_),e#e’ Ty (]/g/)nv/ Qfgin(”')\{e’}) veV,v£v_ v
= [T 7y )nv,(ygi“(vl)ugm(v’)) 700 (Y ut (0)|Y€in ()
v-\Je 4 out\V inl0)/*
e€&out(v-)ee. 7TU,(y‘g‘ir\(z’/)\{‘fl}) veV,utv_ v

From the definition of 77, in (3.10) we have that [Toce, (0. ) et 7To- (Ve) = o (Ver (o))
T (Ve {e'}) = Ty Wer @) Tloevoro o To(Yer (o

out

)[Yer (v)) and therefore

T (Y4 (0 ) Ut (o)) 11

T (Yer (o) Ver (v)-
Ty Wep)  weviede w o VERD

Pe(ye) = mo_(Yer ()

leading to

T (Yer (oyuer, (o))
in ou H

o (Yer (o

Pe(ye) = o (Ve (o)) OLLZAG)

”;;/ (ygi’n(v’)) veVuto_ o
= T e, @lve,©)

veV

and proving (3.18) for E = E’_ defined above, or the statement of the theorem for 1-step MDA E — E’ .
O

Corollary 2. Let Pr be a Markov edge process on DAG G = (V, E) satisfying the conditions of Theorem 2.
Then:

(i) The restriction Pgp: of Pg on a chain DAG G’ = (V',E') € Senain(G), V' = {vo,v1,- -, 04}, E' =
{e1, -+ ,ex}, ei = (vi_1 — v;) is a Markov chain, viz.,

PE\E’ (yew' o ryek) - 7-[;;0 (yel) 4] (y€2|y31) Uk 1(y€k|yek 1) (3'19)

where

7'[;0 (]/6‘1) = Tty (]/6’1)/ 7T;;l. (yei—l’yei) = Tly; (]/&‘4/]/&‘)/ i=1--,k

(ii) The restriction Pg g of Pk on a source-to-sink DAG G' = (V', E') € Ssts(G) is a sequence of independent
1.0.8, viz.,

Prp(yeecE)=T1 I mve) (3.20)

veV’! ee€l (v)
where V! C V' is the set of sources of G', € Out( )= out(0) N E' is the set of edges coming from a source
v € V! and ending into a sink of G', 7, (ye) = 7o (Ye), € € Ebe(0).
Proof. (i) By Proposition 1, G’ belongs to Syipa (G) so that Theorem 2 applies with 77}, in (3.10) given
by (3.14), resulting in (3.19).
(ii) By Proposition 1, G’ belongs to Sypa (G) so that Theorem 2 applies with 77}, in (3.10) given by

(ys(’mt( ) = To(Yer  (0) = [T m@)= Il m() veV.,
Eeg{)ut(v) eeg{)ut( )
(the second equality holds by (3.16)), resulting in (3.20). O

Remark 5. A natural generalization of chain and source-to-sink DAGs is a source-chain-sink DAG
G' = (V',E') € S(G) with the property that any sink v € V' is reachable from a source v_ € V' by a
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single chain (directed path). We conjecture that for a source-chain-sink DAG G’, the restriction Pz
of Pg in Theorem 2 is a product of independent Markov chains on disjoint directed paths of G/, in
agreement with the representations (3.19) and (3.20) of Corollary 2.

Gibbsian representation of Markov edge process. Gibbsian representation is fundamental in the study
of Markov random fields [4,17]. Gibbsian representation of Pickard random fields was discussed in
[5,10,22,30]. The following Corollary 3 provides Gibbsian representation of consistent Markov edge
process in Theorem 2. Accordingly, the set of vertices of DAG G = (V,E) is writtenas V = V, U9V,
where the boundary 9V := {v € V : &, (v) = @ or Eoue(v) = D} consists of sinks and sources of G,
and the interior Vj := V \ 0V of the remaining sites.

Corollary 3. Let P be a Markov edge process on DAG G = (V, E) satisfying the conditions of Theorem 2 and
the positivity condition Pg(yg) > 0. Then

Petve) = exp{ ¥ Qulvew) + L @ (e}, (321)

veVy vedV

where the inner and boundary potentials Q,, Q3" are given by

o (Ye (0))

Qo(Yew)) = 10gneg( ng(yg(v)) =log [] 7mo(ve) (3.22)

) ﬂv(ye)’ ec&(v)

Formula (3.21) follows by writing (3.4) as Pr (yg) = exp { Yoev (1og 7o (ye(v)) —10g e, (v) o (Ye)) }
and rearranging terms in the exponent using (3.15)-(3.17). Note (3.21) is invariant w.r.t. graph reversal
(direction of all edges reversed). Formally, the inner potentials Q, in (3.22) do not depend on the
orientation of G, raising the question of the necessity of conditions (3.16)-(3.17) in Theorem 2. An
interesting perspective seems the study of Markov evolution {Yg(¢); t > 0} of Markov edge process
on DAG G = (V, E) with invariant Gibbs distribution in (3.21).

4. Consistent Markov Edge Process on Z" and Arak Model

Let (ZY, E(Z")) be infinite DAG whose vertices are points of regular lattice Z" and whose edges
are pairs e = (v — v'),|v — ¢'| = 1,v < ¢’ directed in the lexicographic order: v = (t1,- -+ ,t,) =
o' = (), -, t,)ifandonlyif t; < t,i=1,--- ,v. Wewritev < v if v <0, v # v'. A 7-dimensional
hyperplane (1 <7 < v)

Hy = {(t1, " ,to, 8901, ,50) €ZY : (1, ,ty) € Z'} (4.1)

can be identified with Z7, for any fixed (741, -+ ,sy) € Z'7.

Let Grec(Z") denote the class of all finite ‘rectangular’ subgraphs of (Z', E(Z")), viz., (V,E) €
Grec(Z")f V={veZ’:v_- v =<v;}forsomev_ <v= €Z', vy €Z',andE={e= (v —7) €
E(Z'),v,v" € V}. We denote

Grec(V) ={Gp, 1 <7 < v} 4.2)

the class of all subgraphs Gy = (Vy, Ey) of (V, E) € Grec(Z") formed by intersection V; = VN Hy, Ey =
{e = (v = v') € E,0,v/ € V;} with a 7-dimensional hyperplane H; C Z",Hy; NV # @ can be
identified with an element of Grec(Z"). Particularly, for v = 3 and any (s, s3) € 72,

Hy = {(t1,82,83) : t1 €2}, HINV #QD (4.3)
the subgraph G; = (V3, E1) can be identified with a chain

Ei={v] =0, +1 = =0 =120}, of >0 (4.4)
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of length n = v > v > 1. Similarly, for any s3 € Z,
Hy = {(t1,t2,83) : (t1,12) € Zz}, H,NV #Q (4.5)

the subgraph G, = (V3,E3) of G = (V,E) € Grec(Z?) is a planar ‘rectangular’ graph belonging to
grec(Z2)-

Proposition 4. Let G = (V,E) € Grec(ZV). Any subgraph Gy € Grec(V),1 < ¥ < v can be obtained by
applying MDA to G.

We designate Yi,Y3,- -+, Yp,_1 ‘outgoing’ and Y3, Yy, - -, Ys, ‘incoming’ clique variables (see
Figure 1). Let 7t be a generic clique distribution of random vector (Y;,,Y2 -, Y2,—1, Y2,) on incident
edges of v € ZY. We use the notation w4 (ya) = n(Y; = y;,i € A),ya = (y;,i € A),A C Ay :=
{1,--,2v}, A #@. A, = AUt U AN, A9t = {1,3,... ,2v—1}, AN :={2,4,--- ,2v}.

The compatibility and consistency relations in Theorem 1 write as follows: For any

mi(y) = miy(y), i=13,--,2v-1 (4.6)
and
Tagut(Wage) = [T m),  man(yan) = T miyi) 4.7)
iEA,?ut l'EALn

Let I1, be the class of all discrete probability distributions 7t on R% satisfying (4.6)-(4.7).

Corollary 4. Let Yg = {Y,;e € E} be a (consistent) Markov edge process on DAG G = (V,E) € Grec(Z")
with clique distribution 7t € I1,. The restriction

Yg:={Yysec€E}, E=ENHy (4.8)

of Y on any v-dimensional hyperplane Hy in (4.1) is a consistent Markov edge process on DAG Gy = (V,E) €
Grec(Z7) with generic clique distribution 7(y,) := 71(ya,), & € Iy. Particularly, the restriction

Yg, :=={Ys;ec€ B}, E1=ENH (4.9)
of Y to a 1-dimensional hyperplane Hy in ... is a reversible Markov chain with probability distribution
P(Ye, =y1,-o Yo, =yn) = my)m(valys) - m1(yalyn—), (4.10)

where 71 (y1,Y2) = m2(y1,¥2) and 1 (v1ly2) = 7 (y1,v2)/ 7 (y2), T (y2) > O are the conditional
probabilities.

Example 3. Broken line process. Let v =2 and Y;,i = 1,2, 3, 4 take integer values Y; € N={0,1,--- }
and have a joint distribution

K AV +Y2+Y3+ya

Alys—l 1(y1 = Y3 =ya—¥2), (4.11)

”(y1/y2/y3/y4) == (1 - )\2)(1
yi € Ni=1,2,3,4, where 0 < A < 1is a parameter. Note that for y; > y3

Y, myuyaysys) = (1=A2)(1=APA% Y ARTH1(y) —y3 = ys — o)
y2,y4€N Y2,y4€EN

= (1- /\)2/\y1+y3
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the last equality is valid for y; < y3, too. Therefore, 7 in (4.11) is a probability distribution on N*
with (marginals) 7r13 and 7p4 written as the product of the geometric distribution with parameter
A > 0. We see that (4.11) belongs to Il, and satisfies (4.6) -(4.7) of Corollary 4. The corresponding
edge process called the discrete broken line process was studied in Rollo et al [24] and Sidoravicius et al
[26] in connection with planar Bernoulli first passage percolation (edge variables are interpreted as
random passage times between neighboring sites). The discrete broken line process can be described
as an evolution of particles moving (horizontally or vertically) with constant velocity until collision
with another particle and dying upon collision, with independent immigration of pairs of particles.
An interesting and challenging open problem is the extension of the broken line process to higher
dimensions, particularly, to v = 3 or G € Grec(Z?).

Definition 9. We call Arak model a binary Markov edge process Yg = {Ye;e € E} ona DAG G = (V,E) €
Grec (Z") with clique distribution 7t € I1,,.

We also use the same terminology for the restriction of Arak model on a subDAG G’ € §(G),G €
Grec(Z"), and speak about Arak model on Z" since Y extends to infinite DAG (Z", E(Z")); the extension
Y = {Y,;e € E(Z")} is a stationary binary random field whose restriction coincides with Y. Note that
when (Yq,- -+, Ya,) € {0,1}%, the clique distribution 7 is determined by 23" — 1 probabilities

pa=P(Yi=1i€A), ACA, A#Q. (4.12)
Particularly, for v = 3 the compatibility and consistency relations in (4.6)-(4.7) read as

P1="P2, P3= P4 P5=Pes (4.13)
pP135s = pP1pP3pPs, P13 = PiP3, P15 = PiP5, P15 = P1P5,
P2a6 = P2P4aPe, P24 = P2P4, P26 = P2P6, Pa6 = P4Pe-

The resulting consistent Markov edge process on Z3 depends on 63 — 3 — 8 = 52 parameters. In
the lattice isotropic case it depends on 9 parameters p1, p13, P14, P135, P123, P1234, P1345, P12345, P123456
satisfying 2 consistency equations: pi35 = p‘;’, P13 = p%, resulting in a 7-parameter isotropic binary
edge process communicated to the author by Arak

Denote v; := (0,---,0,1,0,---,0) € R",1 < i < v unit vectors in Z¥, ¢; = (v — v+ 1v;),

i—1

The; := (v+nv; — v+ (n+1)v;) - edges parallel to vectors v;,1 < i < v. The following corollary is
a consequence of Corollary 1 and the formula for transition probabilities of binary Markov chain in
Feller [8][Ch.16.2].

Corollary 5. Covariance function of Arak model. Let Yg be Arak model on DAG G = (V,E) € Gyec(Z") Then
foranyl1 <i<v,neN,e; € E, 14¢; € E

Pi,i+3_P12)n (414)

_ 2 (1= p;
EYeiYTnei = P1+Pz(1 pl)(pi(l—pi)

where p; = P(Y,, = 1) = P(Y; = 1) are as in (4.12).

Remark 6. The conditional probabilities in Corollary 2 (3.5) for Arak model can be expressed through p 4 in
(4.12). Particularly, Arak model in dimension v = 2 is a Bayesian network on the line graph of (Z*, E(Z?)) if

2 2 2
T3 = 701234, TTyp3 = 711711234
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In the two-dimensional case v = 2 Arak model on DAG G = (V, E) € Grec(Z?) is determined by
clique distribution 7 of (Y1, Y, Y3, Yy) in Figure 1 (b) with probabilities p; = P(Y1 = 1), -+, p1osa =
P(Y; = --- =Yy = 1) satisfying four conditions:

pP1 = P2, P3 = P4, P13 = P1P3, P24 = P2Pas. (4.15)

The resulting edge process depends on 11 = (15 -4) parameters. In the lattice isotropic case, we have 5
parameters p1, p12, P13, P123, P1234 Satisfying a single condition p13 = p? and leading to a 4-parameter
consistent isotropic binary Markov edge process on Z2. Some special cases of parameters in (4.15) are
discussed in Examples

Evolution of particle system. Below, we describe the binary edge process Yr in Remark 2 on DAG
G = (V,E) € Gree(Z?),V = {(t,5) : 1 <t <m,1 < s < n}in terms of particle system evolution. The
description becomes somewhat simpler by embedding G into G = (V, E), where

V=vudlvuadvuaivualv,
where )V = {(1,0),- -+, (m,0)},93V = {(0,1),---,(0,n)},01V = {(L,n+1),- -+, (m,n+1)},0iV =

{(m+1,1),---,(m+1,n)} are boundary sites (sources or sinks belonging of the extended graph G)
as shown in Figure 2. The edge process Y is obtained from Yz = {Y,:e € E} as Yg = {Y, : e € E}.

Y3

Y,

Figure 2. Generic clique variables of Markov edge process on Z¥, ‘v = 3,2, 1.

The presence of a particle on edge e = (v/ — v) € E (in the sense explained in sec.2) is identified
with Y, = 1. A particle moving on a horizontal (respectively, vertical) edge is termed horizontal
(respectively, vertical). The evolution of particles is described by the following rules:

(p0) Particles enter the boundary edges oYE = {(1,0) — (1,1),---,(m,0) — (m,1))} and d9E =
{(0,1) - (1,1),---,(0,n) — (0,n)} independently of each other with respective probabilities
p3 and p;.

(pl1) Particles move along directed edges of G independently of each other until collision with another
moving particle. A vertical particle entering an empty site v € V, either

(i) leaves v as a vertical particle with probability (pzs — p13a — p23a + P123a)/p3(1 — p1); or

(i) changes the direction at v to horizontal with probability (p14 — p124 — p134 + p1234) /p3(1 —
p1); or

(iii)  branches at v into two particles moving into different directions, with probability (pi34 —
p1234)/p3(1 — p1);, or

(iv)  dies at v, with probability (ps — p14a — P24 — P34 + P124 + P13a + P23a — P123a) / p3(1 — p1).

Similarly, a horizontal particle entering an empty site v € V exhibits transformations as in

(i)-(iv) with respective probabilities (p12 — p123 — p12a + P1234) /P1(1 — p3), (P23 — P12 — pasa +

p1234)/p1(1 = p3), (p123 — p123a) /p1(1 — p3), and (p2 — p12 — p23 — paa + P123 + P1oa + pasa —

p1234)/ p1(1 — p3).
(p2) Two (horizontal and vertical) particles entering v € V, either

(i)  both die with probability (p24 — p124 — P23a + P1234)/ p1p3; or

(ii) the horizontal one survives and the vertical one dies with probability (p124 — p1234)/ P1P3-
or

(iii)  the vertical one survives and the horizontal one dies with probability (pozs — p1234)/ p1P3-
or
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(iv)  both particles survive with probability p1234/ p1p3-

(p3) Atan empty site v € V (no particle enters v), either

(1) a single horizontal particle is born with probability ( P1— P12 — P13 — P14 + P123 + P124 +
p13s — p1234)/ (1 = p1)(1 = p2); or

(if) a single vertical particle is born with probability (ps — p13 — P23 — P34 + P123 + P13a +
P23s — p123a)/ (1 = p1)(1 — p2); or

(iii) no particles are born, with probability (1 — p; — p2 — p3 — pa + p12 + P13 + p1a + p23 +
P24+ P34 — P123 — P124 — P13a — P23a + p1aza) /(1 — p1)(1 — p3). or

(i) two (horizontal and vertical particles) are born with probability (p13 — p123 — p13a +
p1234)/ (1 = p1)(1 = p3).

The above list provides a complete description of particle transformations or transition probabilities of
the edge process in terms of parameters py, - - -, p1234.

Example 4. (Y1,Y>,Y3,Yy) are independent r.v.s, P(Y; = 1) = P(Y2) = p1,P(Ya=1) =P(Yy =1) =
P3, P12 = P2, P3a = P3, -+, P1o3a = p3p3. Accordingly, Y., e € E take independent values on edges of
a 'rectangular’ graph G = (V, E), with generally different probabilities p; and p3 for horizontal and
vertical edges. In terms of the particle evolution, this means the ‘outgoing’ particles at each site v € V
being independent and independent of the ‘incoming’ ones.

Example 5. pj; = p1, implying P(Y; # Y2) = 0 and Y,, = Ye,41,, for any horizontal shift of e;.
The corresponding edge process Yf in this case takes constant values on each horizontal line of the
rectangle V. Similarly, case p34 = p3 leads to Y taking constant values on each vertical line of V.

Example 6. P(Y; # Yi.j #ij =12 3,4) = 0,i = 1,2,3,4, meaning that none of the four binary
edge variables can be different from the remaining three. This implies EY;Y,Y3(1 —Yy) = -+ =
E(l — Yl)Y2Y3Y4 = EY1Y2Y3Y4, or

P123 = P124 = P134 = P234 = P1234, (4.16)

and E(1-Y1)(1 - Y2)(1 —Y3)Ys = E(1 = Y1)(1 - Y2)(1 — Y)Yz = E(1 - Y1)(1 - Y3)(1 - Yu)Y2 =
E(l — Yz)(l — Yg)(l — Y4)Y1 = O, or

P14 = P23, P12 =pP1— P13 — P14+ 2p1234, P3s = p3 — P13 — P23 + 2p123. (4.17)

The resulting 4-parameter model is determined by p1, p3, p23, P1234- In the isotropic case we have two
parameters p1, p1234 since p3 = p1, p23 = p%. This case does not allow for death, birth or branching of a
single particle; particles move independently till collision with another moving particle, upon which
both colliding particles die or cross each other with probabilities defined in (p1)-(p3) above.

5. Contour Edge Process Induced by Pickard Model
Consider a binary site model Xy = {Xy;v € V} on rectangular graph G = (V, E),

V={veZ*:v_ <v=v.}, E={(0 —0),;v,0eV,v=0v-(0,1),v—(1,0),v—(1,1)}, (5.1)

Let Z? := Z? + (1/2,1/2) be the shifted lattice, 5 = v_ + (1/2,1/2),94+ = v_ — (1/2,1/2),94 € Z?
and G = (V,E) € Grec(Z?) be the rectangular graph with V = {6 € Z? : 5 <6 <9, },E = {¢ =
(6 — ') € E(Z?),6,9 € V}. For any horizontal or vertical edge ¢ = (v/ — ©v) € EN E(Z?) we
designate
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the edge of G which ‘perpendicularly crosses e at the middle’ and is defined formally by
— v+ (-1/2,1/2), o =0v-(1,0), o 7—(0,1), o =v-(1,0), 52)
v+ (1/2,-1/2), o =0v—-(0,1), 7—(1,0), v =v—(1,0).

A Boolean function B = B(i, ), i,j € {0,1} takes two values 0 or 1. The class of such Boolean functions
has 4% = 16 elements.

Definition 10. Let B4, B, be two Boolean functions. A contour edge process induced by a binary site model
Xy on G = (V,E) in (5.1) and corresponding to By, B, is a binary edge process on G = (V, E) defined by

X, X ifv! =v—(1,0),
Yoo = Ay, Xo) / , (1,0 (5.3)
B (X, Xo) if0' =0 (0,1),
Probably, the most natural contour process occurs in the case of Boolean functions
Br(i,j) = B=(i,j) :==1(i #j), i,j=0,1, (5.4)

visualized by ‘drawing an edge’ & € E across neighboring ‘occupied” and ‘empty’ sites v, v’ in the site
process. The introduced ‘edges’ form ‘contours’ between connected components of the random set
{v € V: Xy, = 1}. Contour edge processes are usually defined for site models on undirected lattices
and are well-known in statistical physics [27] (e.g., the Ising model), where they represent boundaries
between £1 ‘spins’ and are very helpful in rigorous study of phase transitions. In our paper, a contour
process is viewed as a bridge between binary site and edge processes on DAG G = (V,E) in (5.1),
particularly, between Pickard and Arak models. Even in this special case, our results are limited to the
Boolean functions in (5.4), raising many open questions for future work. Some of these questions are
mentioned at the end of the paper.

Theorem 3. The contour edge process Yz in (5.3)-(5.4) induced by a non-degenerate Pickard model coincides
with Arak model on G if and only if Xy is symmetric w.r.t. Xy — 1 — X,. The last condition is equivalent to

$a=1/2, ¢app = Pacp, ¢Bc —2¢aBc = PaD — 2¢4BD- (5.5)

Moreover, Yg coincides with Arak model in Example 6 with

pr=p2=1-2¢ac, p3=ps=1—2¢a3, (5.6)
P23 =1/2 = ¢pap — pac + Pap, P123a =1 —2¢p — 2¢ac + 2¢ABcD-

Proof. Necessity. Let Y in (5.3)-(5.4) agree with Arak model. Accordingly, the generic clique distribu-
tion (Y1, Y, Y3, Yy) is determined by generic family distribution (A, B,C, D) as

Yi=1B#D), V,=1(A#C), V3=1(C#D), Ys=1A#B), (5.7)

see Figure 3. From (2.13) we find that

pr=PY1=1) = 2(¢p—¢pp) =2(pa —pac) =P(Ya=1) =py, (5.8)
p3=P(Yz3=1) = 2(pa—¢ap) =P(Y4=1)=py,
PY,=Y,=1) = py=P(A=0B=C=1)+P(A=1,B=C=0)

= ¢pc+Pa—Pap—pac =P(Y1=Y3=1).
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The two first equations in (4.15) are satisfied by (5.8). Let us show that (5.8) imply the last two equations
in (4.15), viz., P(Y, = Y4 = 1) = P(Y, = 1)P(Y; = 1). Using (2.8), (5.8) and the same notation as in
(2.15) we see that pps = paps is equivalent to equation

da—b)(a—c) = a—b—c+%3+@§¥¥%iﬂ.

that factorizes as (2a — 1)2(a — b)(a — ¢) = 0. Hence, a = ¢4 = 1/2 since a = b,a = c are excluded by
non-degeneracy of Xy .

| |

c Y@L D Yﬁ‘A '
| |
| |
| |

~ | ~ | ~
B N . N O
| |
| |
| |
| |
_A _A

A Yl B Y51 A
| |
| |

Figure 3. Contour edge variables in Theorem 3

Let us show the necessity of the two other conditions in (5.5). Let V.= {A,B,C,D,A’,C’} be a
2 x 1rectangle as in Figure 3, and (Yl, cee, Yy) be the corresponding edge process, where Y;,i=1,2,34
are as in ... and
Ys=1(B#A"), Ys=1D#C), Y,=1(A" £C).

The last fact implies that (Y,, Y3, Yy) and (Y5, Vg, Y7) are conditionally independent given Y; = 0, 1.

Particularly,
PYi=1Y,= =Y, =1PV1=1)=PM=Yo=Y3=Y,=1)P(V1 =V =Y, =Y, =1) 59)
and

PYi=1Y,=-=Y,=0PM1=1)=P(M1 =1V, =Y =Y, =0P(V1 =1,V =Y, =Y, =0). (5.10)

From ¢4 = 1/2 and (2.13) we find that P(Y; = 1) = P(A # C) =1 —2¢c,

PVi=Yo=--=Y=1)
= PA=D=A'=1,B=C=C=0)+P(A=D=A"=0B=C=C' =1)
= ¢(A=D=1B=C=0)¢p(A'=1|B=0)p(C' =0/A' =D =1,B=0)
+ ¢(A=D=0,B=C=1)¢p(A' =0B=1)¢p(C'=1A'=D=0,B=1)

4(¢ppc —2¢aBc + PaBcD)(PaDp — PacD — PaBD + Papcp)/ (1 —2¢ac),

and

PV =Y, =Y3=Y,=1)=PV1=Ys=Ys=Y,=1)
— P(A=D=1,B=C=0)+P(A=D=0,B=C=1)
= (¢ap — PaBD — PacD + Pascp) + (Pc — 2¢aBC + PaBCD)

Hence, (5.9) for x := ¢pc — 2P apc + PaBcD, Y := PaD — PacD — PaBD + PapcD leads to 4xy = (x +y)?,
or

¢Bc —2¢aBc = Pap — PacD — PaBD (5.11)
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Next, consider (5.10). We have

(Y V,=-=Y=0)
( =D=1,B=A"=C=0)4+P(A=C=D=0B=A"=C'=1)
( =D=1,B=0)¢(A' =0/B=0)¢(C' =0|A’ =B=0,D=1)
+ ¢(A=C=D=0,B=1)p(A'=1|B=1)¢(C' =1|A'=B=1,D =0)
(
(

|
-

2((¢aBD — PaBcD)* + (Pacp — Papcp)?) /(1 —2¢ac),
PYV1=1Y,=Y3=Y4=0)=P(Y; =1,Y5=Ys =Y, =0) = papp + Pacp — 2¢A5cD-

Hence, (5.10) for x := ¢app — PABcD, Y ‘= $AacD — PABCcD Writes as 2(x? + yz) = (x+ y)2 yielding
x =yand

$ABD = PAcD- (5.12)

Equations (5.11) and (5.12) prove (5.5).
Finally, let us show that (5.5) implies symmetry of family distribution ¢ and Pickard model Xy .
Indeed, ¢(A,B,C,D) = ¢(1— A,1—B,1—C,1— D) is equivalent to equality of moment functions:

EA=E(1-A), ---, EABCD =E(1— A)(1 - B)(1—C)(1— D). (5.13)

Relation EA = 1/2 implies the coincidence of moment functions up to order 2: EAB = E(1 — A)(1 —
B), EAC=E(1-A)(1-C),EAD =E(1- A)(1—-D), EBC =E(1— B)(1 — C) so that (5.13) reduces
to

EABC =E(1— A)(1—B)(1—C), EABD =E(1— A)(1— B)(1—-D), (5.14)
EACD = E(1— A)(1-B)(1-C), EABCD =E(1— A)(1— B)(1—C)(1— D).

Relation E(l — A)(l - B)(l - C) =1-3/2+ ¢ap + Pac + Ppc — apc = ¢apc = EABC follows
from (2.13), whereas the remaining three relations in (5.14) use (2.13) and (5.5).

It remains to show the symmetry of Pickard model Xy. Write fy = {£,,v € V}, %, :=1—x, €
{0,1} for configuration of the transformed Pickard model X, := 1 — X,. Then by the definition of
Bayesian network in (2.3),

2v) = [ ] #o(20l2r ) (5.15)

veV

where ¢y (20]2 £ () = Po(x0|x £(p)) provided ¢o (25 (1)) = Po(xf(y)) have the symmetry property. The
latter property is valid for our family distribution ¢ , implying Py (%y) = Py (xy) and ending the proof
of the necessity part of Theorem 3.

Sufficiency. As shown above, the symmetry Py (£y) = Py (xy) implies (5.5) and (4.15) for the distribu-
tion 7t of the quadruple (Y1, Y2, Y3, Yy) in (5.7). We need to show that Y in (5.3)-(5.4) is a Markov edge
process with clique distribution 7t following Definition 7.

Let v— = (1,1) be the left bottom point of V in (5.1) and

Ve = {yé(e) €{0,1} : 3xy = {xp;vc V} € {0,1}" st. (5.16)

B (xy,xp) e= (v = 0v),v =0v—(0,1)

o) Xo — (] o =0 —(1,0),
yé(e):{ﬁT(x xp) e= (v —=v),v=0v—( )}

be the set of all configurations of the contour model. It is clear that any yz = {ys E} € YV uniquely
determines xy = {x,;v € V} € {0,1}" in (5.16) up to the symmetry transformation: there exist two
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and only two configurations xy = {x,;v € V}, 2y = {fp;0 € V}, %, =1 — Xo,x(1,1) = L X1, =0
satisfying (5.16). Then, by the definition of Pickard model, and the symmetry of ¢

P(Yyo) =y € E) = Py(xy) +Py(2y) =2 [ ] ¢(xo0|xpa(e) (5.17)
veV
where
~ ¢(A,B,C,D)
P(x0|Xpa()) = TOABC) (5.18)

for xo = D,x,_11) = A, Xy_(1,0) = C, Xy_(01) = Dand v € V '\ 0_V having a 4-point family as in
Figure 1, right. From the definitions in (5.7) we see that

P(Yy,Ys,Y3,Yy) = ¢(A,B,C,D) +¢(1 — A, 1-B,1—C,1— D) =2¢(A,B,C,D),
P(Y, ) (AB C)+¢(1-A1-B,1-C)=2¢(A,B,C),

P( 4) /B)+¢(1—A,1-B)=2¢(A,B),

P(Y,) = ( C)+¢(1—A,1-C)=2p(A,0).

This and (5.18) yield

(P(xv|xpa(v)) = (yel(v Y&y (v |ye2 yé4(v))/ vE V\a_V (5.19)

where & (v) = (v —(1/2,1/2) - v+ (1/2,-1/2)),&3(v) = (v —(1/2,1/2) - v+ (—1/2,1/2)) are
out-edges and & (v) = (v —(3/2,1/2) - v—(1/2,1/2)),84(v) = (v —(1/2,3/2) = v —(1/2,1/2))
in-edges of Z?. An analogous relation to (5.19) holds for vd_V,v # v_ whereas for v = v_ we have
¢(x0|Xpa(o)) = P(x0) = 1/2, cancelling with factor 2 on the rh.s. of (5.17). The above argument leads
to the desired expression

P(Yoe) =vyeie € =[] Weou) Ven@) (5.20)

1%

of the contour model as the Arak model with clique distribution 7 given by the distribution of
(Y1, Ys,Y3,Yy) in (5.7).

Let us show that the latter model coincides with Example 6 and its parameters satisfy (5.6), (4.16).
and (4.17). Indeed, (5.7) imply P(Y; # Y;.j # i,j = 1,2,3,4) = 0,i = 1,2,3,4 hence (4.16) since
P23 = p1a = ¢ap — ¢ app follow from the 2nd equation in (5.5). Finally, (5.6) is a consequence of (2.15).
Theorem 3 is proved. U

Remark 7. (i) The Boolean functions (i, j), B (i,j) in (5.4) are invariant under symmetry (i,j) —
(1—1i,1—7j),i,j = 0,1. This fact seems to be related to the symmetry of Pickard model in Theorem 3. It
is of interest to extend Theorem 3 to non-symmetric Boolean functions, in an attempt to completely
clarify the relation between Pickard and Arak models in dimension 2.

(ii) A contour model in dimension v > 3 is usually formed by drawing a (v — 1)-dimensional plaquette
perpendicularly to the edge between neighboring sites |v — v'| = 1, Xy, # X, of a site model X in ZY
[12,27]. It is possible that a natural extension of the Pickard model in higher dimensions is a plaquette
model (i.e., a random field indexed by plaquettes rather than sites in Z"), which satisfies a similar
consistency property as in (2.9) and is related to the Arak model in Z". Plaquette models may be a
useful and realistic alternative to site models in crystallography [6].
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