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Abstract

Inventory systems are typically evaluated using aggregate performance metrics such as out-of-stock
and average inventory. In supply chain management, it is important to understand the underlying
reasons for a period’s performance— specifically, how previous inventory management decisions, such
as order placement, lead to the result and what their contributions are. Traditional methods are often
restrictive and cannot be applied to broader cases. This paper proposes a Shapley-based decomposition
framework that attributes the realized performance gap between the observed inventory policy and
optimized reference policy to individual decisions. A numerical experiment on a simulated finite-
horizon periodic-review inventory system with stochastic demand and lead time is conducted to
illustrate the basic idea of the method. Compared to traditional methods, the proposed approach
directly explains a realized benchmark-relative performance difference and is applicable to integer-
constrained, non-differentiable, and simulation-based inventory systems. It enables transparent
inventory management performance evaluation and effective root-cause analysis.

Keywords: inventory management; Shapley value; counterfactual decomposition; performance attri-
bution

1. Introduction

Inventory management systems are typically evaluated using aggregate performance metrics
such as service level, stockout frequency, fill rate, average inventory, or composite cost functions
[1]. In practice, firms assess the quality of an ordering policy over a finite horizon by examining
summary indicators that balance service performance and inventory efficiency. While such evaluation
metrics are informative at the system level, they provide limited insight into which specific order
decisions contributed most to performance deviations from a desired benchmark. To understand
the underlying drivers of inventory performance during a given period, it is necessary to conduct
retrospective analysis and quantify the contribution of past decisions to realized outcomes.

Such a task, although practically important, is analytically challenging. For example, in periodic-
review systems with stochastic demand and lead time, order decisions are made at discrete epochs and
propagate dynamically through future inventory trajectories. Because inventory evolves recursively,
and current stock depends on prior stock levels, arrivals, and realized demand, the impact of a
single decision is inherently intertemporal. A suboptimal decision at one review epoch may influence
multiple downstream periods through altered stock levels, stockout occurrences, and holding patterns.
Consequently, it is difficult to attribute overall performance to individual decisions in a principled
manner.

Several quantitative approaches exist for analyzing the impact of inventory management de-
cisions. For example, gradient-based sensitivity analysis evaluates local marginal effects [2], while
variance-based global sensitivity methods decompose output variability across input factors [3,4].
Although valuable, as discussed in detail later, these methods have limitations and are not suitable for
retrospective reason decomposition.
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To address these limitations, this paper proposes a novel and broadly applicable decomposition
framework that attributes the gap between an observed inventory performance metric and an ideal
benchmark to individual decisions. The proposed method is inspired by the Shapley value from
cooperative game theory [5], which measures the average marginal contribution of a player across all
possible coalitions. In our setting, the “players” are decision variables. For each decision, we compute
its average marginal effect on the evaluation metric by comparing counterfactual policies in which
subsets of other decisions are replaced by their ideal counterparts. This procedure yields an attribution
measure that captures, in expectation, how much the evaluation metric would improve if a particular
order were aligned with its ideal value, while accounting for interaction effects among decisions.

Beyond the core decomposition idea, several components of the proposed framework are de-
signed to make the method applicable to realistic inventory management settings. First, the benchmark
is defined using feasible optimized reference policies rather than unrestricted or purely theoretical
solutions. When multiple high-performing reference policies are available, the framework can compute
attributions relative to each reference policy and aggregate them using distance-based weights, reduc-
ing sensitivity to an arbitrary benchmark choice. Second, for large-scale simulation-based systems, the
algorithm can incorporate a surrogate model to approximate the inventory evaluation function and
reduce repeated simulation costs. Third, because exact Shapley computation becomes infeasible as the
number of decision epochs increases, the framework uses a Monte Carlo estimator and can employ
more efficient permutation-sampling strategies, such as antithetic sampling, to improve computational
efficiency and numerical stability.

To illustrate the applicability of the decomposition method, we consider a finite-horizon multi-
location periodic-review inventory system with stochastic demand and lead time. The system is
evaluated using a composite metric that combines the proportion of periods experiencing stockouts
and normalized average inventory. The decision variables are the order quantity at each ordering
epoch. Applying the proposed method, we quantitatively calculate the contribution of each order
decision that leads to the gap of observed inventory evaluation results and the results under optimized
reference policy.

The contribution of this work is threefold. First, we formulate a Shapley-based counterfactual
decomposition framework that attributes a realized benchmark-relative inventory performance gap
to individual order decisions, treating decision epochs as the units of attribution rather than ex-
plaining local sensitivity, output variance, or model predictions. Second, we develop the framework
into an operationally applicable algorithm by incorporating feasible optimized reference policies,
feasibility-preserving counterfactual replacement, distance-based benchmark selection, multi-reference
attribution averaging, permutation-based Monte Carlo estimation, antithetic sampling, and optional
surrogate-assisted evaluation for computationally expensive simulations. Third, we demonstrate the
method in a multi-location periodic-review inventory system with stochastic demand and variable
lead times, showing how the framework identifies the location-epoch decisions that contribute most to
realized performance loss and supports transparent retrospective inventory diagnosis.

One thing worth noting is that this paper does not seek to develop a new Shapley value solution
concept. Rather, its contribution is to formulate a Shapley-based counterfactual decomposition frame-
work tailored to retrospective inventory performance diagnosis. In contrast to existing inventory-game
applications of the Shapley value, where the players are typically firms, retailers, or supply-chain
members and the objective is to allocate cooperative savings or profits, the present framework treats
order decision epochs as the units of attribution. In contrast to SHAP-style model explanation, where
the objective is to explain the prediction of a trained black-box model, our objective is to decompose
the realized inventory performance gap between an observed policy and an optimized benchmark
policy.

The remainder of the paper is organized as follows. Section 2 does a literature review. Section 3
describes the existing traditional approaches. Section 4 explains the algorithm detail. Section 5 presents
computational experiments. Section 6 discusses managerial implications, and Section 7 concludes.
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2. Literature Review

This paper builds on three streams of literature: (i) cooperative game theory and Shapley-value-
based allocation in inventory systems, (ii) decomposition and sensitivity analysis for complex simula-
tion models, and (iii) Shapley-based attribution methods used for explaining the output of black-box
functions.

2.1. Cooperative Game Theory in Inventory Management

A substantial body of work applies cooperative game theory to inventory systems, primarily to
allocate the gains from cooperation (e.g., risk pooling, inventory centralization, and joint replenishment)
among participating agents. For example, [6] uses the Shapley value to allocate savings generated
by inventory pooling in multi-retailer supply chains, showing that Shapley-based allocations can
coordinate the supply chain and yield individually rational outcomes. [7] further develops this idea
in the context of inventory centralization, using Shapley-based allocations to distribute profits in
centralized systems.

Beyond these specific models, surveys and reviews synthesize the broader class of inventory
games and highlight the role of solution concepts such as the core and the Shapley value in cost/profit
allocation problems ([8]). Related research on deterministic multi-period replenishment also formulates
cooperative games for lot-sizing and joint ordering ([9]).

2.2. Sensitivity Analysis and Variance-Based Decomposition

A second stream explores the decomposition of model outputs via sensitivity analysis. Local
(derivative or finite-difference) sensitivity methods quantify marginal responsiveness near a baseline
configuration but are often limited in non-smooth or integer-constrained systems. Global sensitivity
analysis addresses this by apportioning output uncertainty to input factors, typically via variance-based
indices. [3] provides a foundational treatment of global sensitivity indices and Monte Carlo estimators
for nonlinear models. [4,10] develop practical estimators and best practices for computing total effect
indices, emphasizing interaction effects and computational efficiency, and provide a comprehensive
synthesis in a widely used monograph.

These approaches are valuable for understanding how uncertainty in inputs drives variance in
outputs, but they generally do not answer the counterfactual question at the core of our study: given a
realized underperformance relative to a benchmark, which particular order decisions contributed most to
the observed gap? Our decomposition targets the realized performance difference y(x*) — y(x) rather
than variance, and it does so without requiring distributional assumptions over the decision variables.

2.3. Shapley-based Attribution for Explaining Complex Functions

A third, adjacent stream uses Shapley values for attributing the output of a complex function to its
inputs, most prominently in interpretable machine learning. [11] propose SHAP, a unified framework
that uses Shapley values to assign feature attributions for individual predictions and discusses desirable
axioms such as consistency. The theoretical origin of this attribution principle traces back to Shapley’s
seminal axiomatization of a value for n-person games ([5]). Our method is conceptually aligned with
Shapley-based attribution in that it computes average marginal contributions under coalitions of
“corrected” inputs.

3. Existing Approaches

Various methodologies have been proposed in the inventory and operations literature to analyze
the drivers of system performance. However, these approaches differ fundamentally in what they
decompose and how attribution is assigned. This section situates our proposed decomposition
framework relative to existing methods.
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3.1. Domain Knowledge-Based Decomposition

In practice, a widely used approach to diagnosing inventory performance relies on domain knowl-
edge and heuristic reasoning. Managers often analyze operational metrics such as order placement
quality (e.g., whether orders are systematically under- or over-sized), demand forecast accuracy, and
realized lead-time delays to infer the underlying causes of inventory outcomes. By examining these
factors, it is possible to form a qualitative understanding of the drivers behind observed performance.

While such domain knowledge-based analysis is intuitive and operationally convenient, it has
several limitations. First, it does not provide a principled quantitative framework for evaluating the
relative importance of different factors. Multiple drivers may simultaneously influence inventory
outcomes, and their effects are often interdependent, making it difficult to disentangle their individ-
ual contributions. Second, this approach typically relies on manually selected metrics and human
interpretation. As a result, the conclusions may depend on subjective judgment and may vary across
analysts. In complex systems with nonlinear dynamics and intertemporal interactions, such heuristic
reasoning may overlook subtle but important effects. Finally, domain knowledge-based methods do
not naturally support counterfactual analysis. While they can indicate potential causes, they do not
quantify how much performance would improve if a particular factor were corrected.

3.2. Gradient-Based Analysis

A common approach in inventory control and optimization is local sensitivity analysis, where the
impact of decision variables on system performance is evaluated through marginal effects [2,12]. Let

X = (x1,X2,...,%p)

denote the vector of decisions, where x; represents the decision quantity(assuming all decision variables
are numerical) at decision epoch j, and let y(x) denote the corresponding inventory performance metric.

In this setting, the sensitivity of performance with respect to decision x; is typically approximated
using derivatives or finite differences, such as

L xiteE ., x,) —
L YT e %)~y "
ax]- €

where € is a small perturbation. These quantities measure the marginal change in system performance
resulting from an infinitesimal or small change in the decision variable x;.

Such methods provide useful directional information and are widely used in continuous optimiza-
tion to study the stability and local behavior of optimal solutions [2]. In particular, they can indicate
whether increasing or decreasing a specific decision quantity is likely to improve performance in the
neighborhood of The current policy.

However, several limitations arise when applying gradient-based analysis of inventory systems.
First, these methods are inherently local: they describe the responsiveness of the system near a fixed
operating point x and do not capture how decisions influence performance globally across the decision
space. As a result, they are not suitable for explaining large deviations between two policies. Second,
inventory systems often exhibit nonlinear and non-smooth dynamics. For example, lost-sales models
involve max operators, inventory truncation at zero, and discrete event transitions . In such settings,
the mapping from decisions to performance may not be differentiable, and derivatives may be ill-
defined or unstable. Third, decision variables are frequently non-numeric or constrained in practice,
which further limits the applicability of differential methods. Finally, gradient-based methods do not
capture interaction effects among decisions. In dynamic inventory systems, the impact of one decision
may depend on other decisions through state propagation over time. While higher-order derivatives
could, in principle, account for such interactions, they are rarely tractable in simulation-based or
high-dimensional settings.
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3.3. Variance-Based Decomposition and Surrogate-Model-Based Attribution

Another class of approaches for explaining inventory performance is global sensitivity analysis.
Unlike gradient-based methods, which characterize local responsiveness near a fixed operating point,
global sensitivity methods study how variation in the input decisions contributes to variation in the
output over a broader decision space [3,4]. In variance-based sensitivity analysis, the objective is
not to decompose a realized gap between two policies, but rather to decompose the output variance
Var(y(x)) into components associated with individual decision variables and their interactions.

A standard formulation is the functional ANOVA decomposition, under which the model output
is represented as

p
y(x) = fo+ Z%fj(xj) + Y fij(xix) -+ fp (e xp), )
iz

i<j

where fj is a constant term, f;(x;) captures the main effect of decision x;, and higher-order terms
represent interaction effects among decisions [4]. This decomposition induces a variance decomposition
of the form
p
Var(y) = 1 Vi+ ) Vij+ oo ©
j=1 i<j

where V; = Var(E[y | xj]) is the main-effect contribution of decision x;, and V;; denotes the pairwise
interaction contribution between x; and x; [3,4]. The corresponding first-order Sobol index is S; =

W](y)' which measures the share of output variance explained by the decision x; alone [3]. In principle,
such quantities can be estimated by generating many decision combinations, simulating the inventory
system under those combinations, and applying Monte Carlo estimators [3,4].

When the inventory simulator is computationally expensive or the decision space is high-
dimensional, one may instead fit a surrogate model (x) ~ y(x). for example using a neural network,
and then studying variable importance through the surrogate. In that case, one may use variance-
based importance measures or feature-attribution tools such as SHAP values to quantify how the
surrogate prediction depends on each input variable [11]. This strategy is attractive because it can
reduce repeated simulation costs and leverage modern predictive models.

Despite their usefulness, these methods have several limitations for the retrospective decomposi-
tion problem considered in this paper. First, variance-based methods explain performance variability
over a hypothetical distribution of decisions, rather than the realized performance difference between
an observed policy and a benchmark policy. Second, these methods require the specification of a
sampling distribution over decision variables. In practical inventory problems, this is not straight-
forward, because the decision space may be constrained and the decisions may be dependent. For
example, later order quantities may be limited by earlier replenishment choices, budget constraints, or
policy rules. Classical functional ANOVA and Sobol decompositions are most naturally formulated
under independent inputs, and dependent inputs complicate both the interpretation and estimation of
variance-based effects [4]. If simulated decision combinations do not respect the actual dependence
structure, the resulting importance measures may be misleading. Third, the surrogate-model approach
introduces an additional layer of approximation error. Reliable attribution then depends not only
on the decomposition method itself, but also on the predictive accuracy of the fitted model. In high-
dimensional settings, this may require a large number of simulated decision combinations for training
and validation, which can be computationally demanding. Moreover, if the sampled combinations are
infeasible or operationally implausible, the surrogate may learn relationships that do not reflect the
true decision environment.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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4. Algorithm Details

This section explains the algorithm in detail. Each sub-section discusses one component of the
algorithm. Table 1 gives an overall view of the algorithm, while Algorithm 1 outlines the detailed
pseudo code.

Table 1. How the proposed framework addresses limitations of traditional approaches.

Approach How the proposed framework addresses the limitation

Domain-knowledge-based diagno- Provides a formal quantitative attribution value for each deci-

sis sion epoch, reducing reliance on subjective managerial inter-
pretation.

Gradient-based analysis Does not require differentiability or continuous decision

variables, making it applicable to integer-constrained and
simulation-based inventory systems.

Variance-based decomposition Decomposes the realized benchmark-relative gap y(x*) —
y(x°%), rather than explaining output variance over a hypo-
thetical input distribution.

Surrogate-model-based attribution  Can directly evaluate feasible counterfactual policies through
the inventory system, avoiding attribution that depends solely
on surrogate-model accuracy.

4.1. Decomposition Methodology

Let x denote the observed decision vector and let x* denotes an reference optimized decision
vector obtained via numerical optimization. Define

y=yx), y =y, (4)

and the performance gap

A=y"—uy. ()

Our objective is to decompose A into contributions associated with each decision variable x;.
Let N = {1,2, .., p} denote the index set of decisions. For any subset A C N, define a hybrid
decision vector

¥, ifje A,
MUV B T (6)
x]', lf] é A.

Thus, decisions in A are replaced by their optimized reference counterparts.
Define the value function

v(A) = y(xA). 7)

Observe that

v(@) =y(x),  o(N)=yx). ®)
The decomposition problem becomes attributing
v(N) —v(2) ©)

across the p decisions.
For decision j € N, define its marginal contribution relative to subset A C N \ {j} as

Aj(A) = v(AU{j}) —o(A). (10)

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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The canonical Shapley value for decision j is
Alllp — |A] = 1)! :
o= ¥ B0 g - o) a
ACN\(j) r
The Shapley value satisfies the efficiency property
p
Y. ¢ =o(N) —v(2), (12)
=1

ensuring that the total performance gap is fully allocated.

4.1.1. Properties of the Decomposition

The proposed decomposition inherits key properties from the Shapley value in cooperative game
theory. For completeness, we state these properties in the context of our formulation.

Proposition 1. Let v(A) = y(x(4)) be the value function defined over subsets of decision indices. The
Shapley-based contribution ¢; satisfies:

e Efficiency: Contributions sum to the total gap
14
Z([)]- =9(N) —v(9).
j=1
e Symmetry: If two decisions have identical effects in all coalitions, they receive identical contri-
butions. If for two decisions i and j,
v(AU{i}) =v(AU{j}) VACN\{ij},

then (Pi = (P]
®  Null player: If correcting a decision never changes performance, its contribution is zero. If

v(AULj}) =o(A) VACN\{j},
then ¢; = 0.

These properties follow directly from the linearity and symmetry of the Shapley value construction.
The efficiency property arises from telescoping marginal contributions across permutations. Symmetry
follows from identical marginal effects across all coalitions, and the null player property holds when
marginal contributions are zero in all contexts. See [5] for the original derivation.

Algorithm 1 Surrogate-Assisted Feasibility-Preserving Multi-Benchmark Monte Carlo Shapley Decom-
position

Require: Observed policy x°%%; feasible set X'; operational policy class Xj,icy; inventory simulator y(-); optimized reference candidate set R;
distance threshold €; number of retained benchmarks K; number of Monte Carlo permutations M; repair/projection operator ILy (-); distance
function d(-, -); distance-weighting constant § > 0; surrogate validation tolerance T,; surrogate retraining interval B; simulator audit
probability G-

Ensure: Decision-level attribution values ¢, ..., J)p and improvement contributions Iy, ..., I,,.

1: Step 1: Generate feasible optimized reference candidates.

2: Solve

Xeg;ljlliuy y(x), Xpolxa cx.

3: Store feasible optimized reference candidates:

R = {x*,x*2,... x"H},

4: Store all simulator-evaluated candidate policies and outcomes in the initial dataset:

D = {(x, y(x") 1"

r=1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Algorithm 1 Cont.

1: Step 2: Select benchmark policy or benchmark set by distance.
2: forh=1,...,Hdo
3:  Compute

dh = d(x*,h,xobs)_

4: end for
5: Construct
Be = {x*’h eER: d(x*'h,xOhS) < e}.

6: if B, = @ then
7: Select
x* = arg min d(x™",x°%).
xheRr

8  SetB={x*}.
9: else if single-benchmark decomposition is used then
10:  Selectl
x* =arg min d(x™",x°%).
x*heBe

11:  SetB = {x*}.

12: else

13: Retain up to K policies from B with the smallest distances to x°*.
14:  Denote the retained benchmark set by

B={x",x*?,. ., v}, K =min{K,|B.|}.

15: end if

16: Step 3: Train and validate initial surrogate.

17: Split D into training and validation sets.

18: Train a surrogate model §(x; 6) using the training set.
19: Compute validation error E,,j, such as MAE,; or RMSE,,;.
20: if Eyy < Tour then

21:  Setsurrogate status to active.

22: else

23:  Setsurrogate status to inactive.

24: end if

25: Step 4: Initialize attribution values.

26: for each benchmark policy x* € B do

27: for each decision epochj =1,...,p do

28: Set /) = 0.
29: end for
30: end for

). Distributed under a Creative Colr ns CC BY license.
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Algorithm 1 Cont.

1: Step 5: Monte Carlo Shapley estimation with surrogate-assisted coalition evaluation.
2: Set simulator evaluation counter C = 0.

3: for each benchmark policy x** € B do

4 form=1,...,Mdo

5: Sample a random permutation 7, of decision epochs {1,..., p}.

6:

7:

Set current policy x™" = x°s.
Repair current policy:
fcur — IIX (xCll"V) .

8: Evaluate current value:
v = Evaluate(¥"").
9: for each decision epoch j in the order 77,, do
10: Replace the observed decision with the benchmark decision:
ok
s o S
11: Repair the hybrid policy:
fnew — HX (xClU‘)'
12: Evaluate the new coalition value:
v = Evaluate(¥"").
13: Record the marginal contribution:
A](m,k) — plew _ peur,
14: Update:
,UCUV — vnew, xCM" — Xne'lb'.
15: end for
16: if C is positive and C is a multiple of B then
17: Retrain surrogate §(x; 0) using the updated dataset D.
18: Recompute validation error E,; on newly simulated validation policies.
19: if Eyyy < Tour then
20: Set surrogate status to active.
21: else
22: Set surrogate status to inactive.
23: end if
24: end if
25: end for
26:  for each decision epochj=1,...,p do
27: Compute
M
) — 1 ()
9 =3 LA
M m=1
28: Compute Monte Carlo standard error
(k)
s:
sE® _ S
i VM
29:  end for
30: end for

31: Step 6: Average attribution values across benchmarks.
32: for each benchmark policy x*¥ € B do
33:  Compute distance-based weight

[d(xk, xt) + 5]
Wy = 8] - .
Yoy [d(xwt, xobs) 4 6]-1
34: end for

35: for each decision epochj =1,...,p do
36:  Compute

37:  Compute improvement contribution:

38: end for
39: return {(‘i’frli)}f:r

4.1.2. Intuition Behind the Shapley-Based Contribution

The Shapley-style contribution used in our framework can be interpreted as the expected marginal
improvement obtained when a particular decision is aligned with its ideal” value, averaged across all
possible interaction contexts.

In a dynamic decision system like inventory management, the impact of a single decision depends
on other decisions made before and after it. For example, correcting an early under-order may have
little effect if subsequent orders compensate for the shortfall. Conversely, the same correction may

© 2026 by the ). Distributed under a Creative Commons CC BY license.
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substantially reduce stockouts if later decisions are also aligned with the benchmark policy. Thus, the
marginal effect of correcting decision j is inherently context-dependent.

Formally, the marginal contribution of decision j depends on the subset A of other decisions
already corrected:

Aj(A) = v(AU{j}) —o(A). (13)

Different subsets A may produce different marginal effects due to interaction among decisions.

The quantity ¢; can be interpreted as:The expected reduction in the performance gap if order
decision j were aligned with the optimized reference policy, accounting for interaction with other
decisions.

If ¢; is large in magnitude, decision j plays a substantial role in explaining the gap between the
observed and optimized reference policies. If ¢; is close to zero, correcting that decision alone has a
limited impact once interactions are averaged.

One may view the optimized reference policy as a fully corrected system. Starting from the
observed policy, imagine gradually correcting decisions in random order. Each time a decision is
corrected, the performance improves by some amount. The Shapley contribution assigns to each
decision its average improvement across all possible correction sequences.

4.1.3. Positioning Relative to Traditional Decomposition Approaches

Section 3 discussed several existing approaches for analyzing inventory performance, including
domain-knowledge-based diagnosis, gradient-based sensitivity analysis, variance-based decomposi-
tion, and surrogate-model-based attribution. Table 1 summarizes the central methodological distinction
of the proposed framework. Overall, the proposed method is better suited to the retrospective reason-
decomposition problem studied in this paper. It is benchmark- relative, interaction-aware, globally
interpretable, and applicable to nonlinear, non-differentiable, and integer-constrained inventory sys-
tems. These properties make it more informative than domain knowledge-based diagnosis, more
globally relevant than gradient-based analysis, and more managerially meaningful than variance-based
decomposition for explaining realized inventory performance.

4.1.4. Comparison with Expectation-Based Attribution

To further explain the advantages of the proposed decomposition method, we comparee the
method with an alternative, more traditional perspective for defining the contribution of each decision
variable. Such a traditional approach is based on comparing the realized performance with an expected
baseline. Specifically, one may define the contribution of decision x; as

(P]/ = y(x) — Ex,]‘ [y(x]/ X_]‘H, (14)

where x_; denotes all decision variables except x;, and the expectation is taken over a distribution of
possible values for the remaining decisions.

While this formulation is conceptually appealing in some contexts, it is less suitable for the
inventory performance decomposition problem considered in this paper.

First, the two approaches differ fundamentally in their reference points. The expectation-based for-
mulation attributes the difference between the realized performance y(x) and an average performance
across hypothetical decision combinations. In contrast, the proposed method attributes the difference
between the realized performance and an optimized benchmark. From a managerial perspective, the
benchmark-relative comparison is more meaningful, as decision makers are typically concerned with
how far the current policy deviates from an attainable optimal or target policy, rather than from an
abstract average over all possible decisions.

Second, the expectation-based approach requires specifying a distribution over x_; and evaluating
the performance over all possible combinations of decision variables. In high-dimensional settings, this
leads to significant computational challenges. Moreover, many such combinations may be operationally

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.2499.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 19 May 2026 d0i:10.20944/preprints202603.2499.v2

11 of 22

infeasible (e.g., violating capacity or policy constraints), which can distort the resulting attribution. In
contrast, the proposed decomposition considers a structured set of counterfactual scenarios in which
decisions are transitioned from their observed values to their benchmark values. This reduces the
computational burden and ensures that all evaluated combinations remain interpretable and relevant
to the underlying decision problem.

4.1.5. Comparison with the Current Shapley Attribution Method

Although the proposed framework is inspired by the Shapley value and is conceptually related to
SHAP-style attribution, it differs from these methods in the object of attribution, the construction of
the value function, and the interpretation of the resulting contributions. In classical cooperative-game
applications in inventory management, Shapley values are commonly used to allocate the gains from
cooperation, such as inventory pooling or centralized replenishment, among multiple firms or retailers.
The unit of allocation is therefore an economic agent. In the present study, by contrast, the unit of
attribution is an inventory decision epoch within a single dynamic ordering process.

The proposed method also differs from SHAP-style feature attribution. SHAP explains the output
of a predictive model by assigning contributions to input features, usually relative to an expected
model output. In our framework, the function being explained is not a black-box prediction model
but an inventory evaluation function generated by simulation or optimization. The baseline is not an
unconditional expectation over feature values, but the realized observed policy. The reference point is
not an average prediction, but an optimized benchmark policy. Therefore, the attribution answers a
different question: which order decisions explain the realized performance gap between the observed
policy and the benchmark policy?

This distinction is important for managerial inventory diagnosis. A manager evaluating a com-
pleted planning horizon is often less interested in explaining model predictions or output variance
over hypothetical decision distributions than in identifying which past decisions contributed most
to underperformance relative to an attainable benchmark. The proposed framework addresses this
diagnostic question by constructing hybrid counterfactual policies and averaging each decision’s
marginal contribution across possible correction sequences.

4.2. Feasible and Robust Selection of Optimized Reference Policy

The proposed decomposition is based on comparing the observed policy with an optimized
reference policy. Because the attribution results depend on this reference policy, the benchmark must
be selected carefully. In this study, we use the following principles to construct and use optimized
reference policies.

First, the optimized reference policy must be feasible. let X’ denote the feasible policy set. The
feasible set includes all operational constraints, such as nonnegative integer order quantities, capacity
limits, budget constraints, and other replenishment rules. Therefore, any optimized reference policy x*
must satisfy x* € X.

This means that the optimized referenced is defeined as following;:

x* = argminge yy(x) (15)

This requirement ensures that the reference policy is not only numerically high-performing, but
also operationally valid.

Second, there may be multiple optimized reference policies. In nonlinear or integer-constrained
inventory systems, different feasible policies may achieve the same optimized evaluation value. Since
the attribution result depends on the chosen reference policy, it is important to avoid selecting an
arbitrary benchmark. In this study, we select optimized reference policies that are close to the observed
policy.

Let

R = {x*'l,x*'z,. ..,x*'H}
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denote the set of feasible optimized reference policies obtained from the optimization procedure. These
policies have the same optimized evaluation value, or are treated as alternative optimized reference
policies generated by the benchmark construction procedure. To select the benchmark, we measure
the distance between each optimized reference policy and the observed policy:

d(x*’h,xObs), h=1,..., H

A simple choice is the absolute deviation distance:
g h
d(x*", x00) = Y~ |x]* — x}-’bs | (16)
j=1

Alternatively, one may use the normalized Euclidean distance:

P xit— xobs uh
d x*,h’ xohs _ ] ] 17
( ) ]; max{l,x;?bs} {7

The primary benchmark can then be selected as the optimized reference policy that is closest to
the observed policy:

x* = arg min d(x*", x°%). (18)
x*heR

This rule selects the optimized reference policy that requires the smallest deviation from the observed
policy. As a result, the decomposition attributes the performance gap relative to the most conservative
optimized benchmark.

Alternatively, instead of selecting only one benchmark, one may retain all optimized reference
policies whose distance from the observed policy is within a pre-specified threshold:

Be = {x*'h ER: d(x*’h, x"bs) < e}. (19)

Here, € controls how far an optimized reference policy is allowed to be from the observed policy. A
smaller € restricts the decomposition to reference policies that are very close to the observed policy,
while a larger € allows a broader set of optimized reference policies to be included.

4.3. Feasible Counterfactual Policy

Third, when decomposing the performance difference between the observed policy and the
optimized reference policy, every counterfactual policy generated during the permutation procedure
should remain feasible. For a subset of decision epochs A C N = {1,..., p}, the basic counterfactual
policy is define in Equation 6. However, this hybrid policy may violate operational constraints.
Therefore, before evaluating its performance, we apply a feasibility repair or projection operator

Iy :RP — X.
The feasible counterfactual policy is defined as
A =11, (x(A)) : (20)
The coalition value function is then computed as

v(A) = y(f(A)) = y(HX (x(A)>). (21)
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Therefore, the marginal contribution of decision epoch j is

Aj(A) = o(AU{j}) —o(A),

where both v(A U {j}) and v(A) are evaluated using feasible counterfactual policies. This guarantees
that the Shapley decomposition is based only on operationally valid policies.

4.4. Monte Carlo Method for Estimating ¢

Exact computation requires evaluating 27 coalitions, which becomes computationally infeasible
for large p. We therefore employ a Monte Carlo permutation-based estimator.
Let 7t be a random permutation of N. For each permutation:

1.  Start from baseline x.
Sequentially replace decisions by their ideal values following 7.
3. Record the marginal effect when decision j is switched:

A](.”) =0(S(j) U {j}) — v(Sx(})), (22)

where S, () is the set of decisions preceding j in permutation 7.
The Monte Carlo Shapley estimator is

b=~ AZA; Al (23)
! M m=1 ! '
where M is the number of sampled permutations. As M — oo, ¢; converges to ¢;.
As an alternative decomposition, we define
$j = Excn(jlo(AU{j}) —o(4)], (24)

where each subset is assigned equal probability. In practice, we approximate this expectation via
Monte Carlo sampling of subsets.

Although the permutation-based Monte Carlo estimator provides a practical way to approximate
Shapley contributions, its accuracy depends on the number and quality of sampled permutations. Stan-
dard random permutation sampling may converge slowly, especially when the marginal contribution
of a decision varies substantially across coalition contexts. Therefore, variance-reduction techniques
can be used to improve the efficiency and reliability of the estimator. In our algorithm, we consider
sampling methods such as antithetic permutation sampling and stratified permutation sampling. The
explanation of these two techniques are outlined in the Appendix.

4.5. Surrogate-Assisted Coalition Evaluation

In large-scale simulation-based inventory systems, repeatedly evaluating y(x) during Monte Carlo
Shapley estimation can be computationally expensive. To reduce this cost, the proposed algorithm can
be extended with a surrogate-assisted evaluation module. The main idea is to use policy-performance
pairs generated during benchmark optimization and permutation-based decomposition to train an
approximation model

9(x) = y(x).

During benchmark optimization, many candidate policies are simulated, producing (x, y(x)) pairs.
During the Shapley permutation procedure, additional hybrid counterfactual policies are also simu-
lated. These observations are accumulated into a dataset

D = {(x",y(x")

A surrogate model, such as a neural network or gradient-boosting model, can then be trained on D.
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The surrogate is used only when its validation accuracy is sufficiently high. Let D,, be a
validation set of newly simulated counterfactual policies. The validation error can be measured by

1

AE,,; =
M oat |Dvul| (

[9(x) — y(x)].
%,Y(x))EDyqp

If
MAE,; < Teur,

then the algorithm may use
8(4) = 9 (Tx (xY))
instead of

o(4) = y(Tx (xY))

for some coalition evaluations. After every B new simulator evaluations, the surrogate is retrained
and revalidated. Even when the surrogate is active, a fraction of counterfactual policies should still be
evaluated by the original simulator to monitor surrogate accuracy and update the training dataset.

4.6. Averaging of Attributions under Multiple Optimized Reference Policies

If multiple optimized reference policies are retained, the final attribution can be obtained by
averaging the attribution values across these benchmarks. Suppose

Be = {x*'l,x*'z, . ..,x*'K}
is the selected set of feasible optimized reference policies satisfying
d(x*'k,x"bs) <eg, k=1,...,K

For each reference policy x*¥, we compute the Shapley attribution value 4>](k) for decision epoch j. A
simple average attribution is

o1 &
@zigﬁﬂ (25)

Alternatively, one may use a distance-weighted average, giving larger weight to optimized
reference policies that are closer to the observed policy. Define

[d(x*'k, x0bs) 4 (5} !

= 26
Z§:1 [d(x*’e, xobs) + 5} -1 ( )

Wi

where 6 > 0 is a small constant used to avoid division by zero. The distance-weighted attribution
is then

oo (k)
¢ =) wp; - (27)
k=1

Under this weighting rule, optimized reference policies closer to the observed policy receive
larger weights. This reduces sensitivity to any single optimized reference policy and makes the final
attribution more conservative.
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xobs

[ 1. Start from observed policy }

\d
2. Compute feasible optimized reference policies
{x*1,x*2,...,x*K}, and assign weights
based on closeness to x°*

A\

3. For each reference policy, use permutation-based
Monte Carlo Shapley estimation to obtain

(k)

attribution values (f)

A\

4. Average attribution values across reference policies
using the corresponding weights

Figure 1. Brief workflow of the proposed decomposition framework. Starting from the observed policy, the
method computes feasible optimized reference policies, estimates attribution values under each reference policy
using permutation-based Monte Carlo Shapley decomposition, and then averages the attributions across reference
policies using distance-based weights.

5. Numerical Experiment

This section illustrates the proposed decomposition framework using a multi-location inventory
system with stochastic demand and variable lead times. The purpose of this experiment is to demon-
strate that the proposed framework can be applied to a more general inventory setting while still
providing interpretable decision-level attribution.

5.1. Multi-Location Inventory Setting

Consider a finite-horizon inventory system with L locations and T periods. Orders are placed
every r periods. Let

J=A1...,p}

denote the set of order decision epochs, where p = T/r. The decision variable is
X0j, {=1,...,L, j=1,...,p,

where x/; denotes the order quantity for location ¢ at decision epoch j. The full decision vector is
written as
X = (X1’1, .. .,xlrp,xz,l, .. .,lep,. s XL, .,erp).

Thus, each Shapley “player” is a location-epoch ordering decision.
The feasible policy set & includes integer order constraints, lower and upper bounds, and a
capacity constraint across locations at each decision epoch:

Xy € Z>q, Jmin < Xe,j < Gmax,

and

L
ZXg,jSC]', jzl,...,p.
(=1
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If a counterfactual hybrid policy violates these constraints, the policy is repaired using the feasibility
projection operator Iy (-).

5.2. Realized Stochastic Demand and Lead-Time Environment

To reflect stochastic operational conditions while preserving the retrospective nature of the
decomposition, demand and lead times are generated stochastically once and then treated as the
realized historical environment. Let w°” denote this realized environment, including both demand
and lead-time realizations. The evaluation metric is therefore written as

y(x) = glx, w™), (28)

where g(x, w®?) is the realized inventory performance of policy x under the generated demand
and lead-time trajectory.
For each location ¢, demand is generated from a stochastic seasonal process:

. . (27t
Dy ~ Poisson(pigs), pes = by +agsin (S + W) (29)

with by representing the base demand level, a, the seasonal amplitude, s the seasonal cycle length,
and ¢ a location-specific phase shift. Lead times are also generated stochastically:

Lyj~ DiscreteUniform{ Lin, - - -, Lmax } (30)

After these stochastic quantities are generated, they are fixed for all policy evaluations. This
design is consistent with the retrospective goal of the proposed framework: the objective is to explain
the realized performance gap in a completed planning horizon, rather than to estimate expected
long-run performance over many future scenarios.

5.3. Inventory Dynamics, Evaluation Metrics

Let Sy denote the end-of-period inventory level at location ¢ in period t. Orders placed at
decision epoch j arrive after the realized lead time L. Let A/ ;(x) denote the realized arrival quantity
at location / in period t under policy x. The inventory dynamics are

Spp =max{0, Sps_1+ Agt(x) — Dy} (31)

Stockout occurs when available inventory before demand fulfillment is less than realized demand.
The inventory performance metric is a loss-type composite metric:

y(x) =w-00S(x) + (1 —w) - Sg), (32)
where b f locati iods with stockout
005(x) — number of location-periods with stockou ’
LxT
()= =Y Y S D=3 Y
S(x) = +— Si;y D=— Dy,
LT (== LT /33

The parameter w € [0, 1] controls the trade-off between stockout reduction and inventory effi-
ciency. Since y(x) is a loss-type metric, a smaller value indicates better inventory performance.

5.4. Searching for Optimized Reference Policies

The proposed decomposition compares the observed policy with one or more optimized reference
policies. In the numerical experiment, these reference policies are generated using a heuristic search
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procedure. Therefore, they should be interpreted as high-performing feasible benchmarks rather than
globally optimal policies.

The search starts from the observed policy x°%

. Candidate reference policies are created by
perturbing the observed order quantities. The perturbation includes both a systematic upward
adjustment and random noise. The upward adjustment allows candidate policies to reduce possible
stockouts, while the random noise creates diversity across candidate policies. After each candidate
policy is generated, it is passed through the feasibility repair operator ITy (-), which ensures that the
policy satisfies integer constraints, order bounds, and capacity constraints.

Each feasible candidate policy is then evaluated using the same inventory performance metric
y(-) used throughout the experiment. Since y(-) is a loss-type metric, a smaller value indicates better
performance. After all candidates are evaluated, the best-performing feasible candidates are retained
as the optimized reference candidate set.

When a single reference policy is required, the retained candidate closest to the observed policy
is selected as x*. When multiple reference policies are used, the retained candidates closest to the
observed policy are selected and assigned weights based on their distance from x°. Attribution
values are first computed separately under each selected reference policy and then averaged using
these weights.

5.5. Experimental Parameters

Table 2 summarizes the main parameters used in the extended numerical experiment. Since the
environment for this numerical experiment is not complicated, the inventory system outcome can be
efficiently computed via simulation, we skipped the model-fitting component.

Table 2. Parameters for the extended multi-location numerical experiment.

Category Parameter Value
Inventory system Planning horizon T 24 periods
Inventory system Number of locations L 2
Inventory system Review interval r 4 periods
Inventory system Order epochs per locationp =T/r 6
Inventory system Total decision variables Lp 12
Inventory system Initial inventory 20
Inventory system Minimum order quantity gmin 0
Inventory system Maximum order quantity gmax 80
Inventory system Capacity per epoch C; 130
Demand and lead time =~ Demand process Stochastic seasonal Poisson
Demand and lead time  Lead-time range 1-3 periods
Evaluation metric Stockout weight w 0.6
Reference generation Number of candidate policies 80
Reference generation Number of retained candidates 12
Benchmark averaging ~ Number of benchmarks K 3

Monte Carlo estimation Number of permutations M 300

5.6. Monte Carlo Convergence

In this numerical experiment, we use antithetic permutation sampling to improve the efficiency
of the Monte Carlo Shapley estimator.

Also, to evaluate the numerical reliability of the Monte Carlo estimator, the decomposition is

repeated under different numbers of sampled permutations. For each M, we compute the mean and
maximum Monte Carlo standard errors of the estimated attribution values.

The Monte Carlo convergence analysis evaluates the numerical stability of the estimated Shap-
ley attribution values. Since the exact Shapley value requires evaluating all possible coalitions, the
proposed method uses a permutation-based Monte Carlo estimator. For a fixed number of sam-
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pled permutations M, the attribution value for each decision is estimated by averaging its marginal
contribution across the sampled permutations.

To quantify Monte Carlo uncertainty, we compute the sample variability of the marginal contri-
butions obtained across permutations. For each decision j, the Monte Carlo standard error is then
computed as

g
SE(¢;) = —, 33
where sj is the sample standard deviation of A](.l), e, A](M). Therefore, the convergence anal-

ysis does not measure inventory-demand uncertainty; rather, it measures the numerical sampling
uncertainty caused by approximating the Shapley value with a finite number of random permutations.

Figure 2 visualizes the Monte Carlo convergence pattern. In this numerical experiment, as As M
approaches to 300, the standard errors decreases to a stable low level.

le—18 Monte Carlo convergence
—8— Max SE
3.5 4 —®— Mean SE
_ 3.0+
e
@
T 2.5
©
©
G
& 2.0
1.5 A
1.0 A
50 100 150 200 250 300

Monte Carlo permutations M

Figure 2. Monte Carlo convergence diagnostic. The mean and maximum standard errors of the estimated
attribution values decrease as the number of sampled permutations increases, indicating improved numerical
stability of the Shapley estimator.

5.7. Decision-Level Attribution Results

Figure 3 visualizes the location-epoch attribution results. Since the evaluation metric is a loss-type
metric, larger positive values of I; indicate that the corresponding observed location-epoch decision
contributed more strongly to the performance loss relative to the optimized reference policies. Figure 3
indicates that in this specific numerical example, the current value of decision epoch L1-E1, L2-E3,
L2-E4 is contributing most to the average improvement of the evaluation metric if they switch to their
optimized reference counterparts. In contrast, L1-E4, L1-E5, L2-E1 on average makes the evaluation
metric worse if they switch to their optimizd reference counterparts.
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Decision-level improvement contributions
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Figure 3. Location-epoch improvement contributions. Since the evaluation metric is minimized, the improvement
contribution is reported as I; = —@;, where a larger positive value indicates a larger expected reduction in the

evaluation metric.

5.8. Sensitivity to Algorithm Parameters

Finally, we evaluate the sensitivity of the decomposition to algorithm parameters, including the
distance-order parameter A, the number of retained benchmark policies K, the number of Monte Carlo
permutations M, and the averaging method.

Table 3 summarizes the sensitivity analysis, which shows that the algorithm yield similar impor-
tant decision epochs across reasonable choices of A, K, M, and the averaging scheme. The top and
lowest contributors are in general consistent with the observation in section 5.7.

Table 3. Top and lowest contributors under different algorithm parameter settings.

A K M Weighting ~ Top 3 contributors Lowest 3 contributors
1 1 100 Distance [L2-E3, L1-E1, L2-E4] [L1-E4, L2-E2, L2-E1]
1 1 100 Simple [L2-E3, L1-E1, L2-E4] [L1-E4, L2-E2, L2-E1]
1 1 300 Distance [L2-E3, L1-E1, L2-E4] [L1-E4, L2-E2, L2-E1]
1 1 300 Simple [L2-E3, L1-E1, L2-E4] [L1-E4, L2-E2, L2-E1]
1 3 100 Distance [L1-E1, L2-E3, L2-E4] [L1-E4, L2-E1, L1-E5]
1 3 100 Simple [L1-E1, L2-E3, L2-E4] [L1-E4, L2-E1, L1-E5]
1 3 300 Distance [L1-E1, L2-E3, L2-E4] [L1-E4, L2-E1, L1-E5]
1 3 300 Simple [L1-E1, L2-E3, L2-E4] [L1-E4, L2-E1, L1-E5]
2 1 100 Distance [L2-E3, L1-E1, L1-E2] [L2-E1, L2-E6, L1-E5]
2 1 100 Simple [L2-E3, L1-E1, L1-E2] [L2-E1, L2-E6, L1-E5]
2 1 300 Distance [L2-E3, L1-E1, L1-E2] [L2-E1, L2-E6, L1-E5]
2 1 300 Simple [L2-E3, L1-E1, L1-E2] [L2-E1, L2-E6, L1-E5]
2 3 100 Distance [L1-E1, L2-E3, L2-E4] [L2-E1, L1-E4, L1-E5]
2 3 100 Simple [L1-E1, L2-E3, L2-E4] [L1-E4, L2-E1, L1-E5]
2 3 300 Distance [L1-E1, L2-E3, L2-E4] [L2-E1, L1-E4, L1-E5]
2 3 300 Simple [L1-E1, L2-E3, L2-E4] [L1-E4, L2-E1, L1-E5]
4 1 100 Distance [L2-E3, L1-E1, L1-E2] [L2-E1, L2-E6, L1-E5]
4 1 100 Simple [L2-E3, L1-E1, L1-E2] [L2-E1, L2-E6, L1-E5]
4 1 300 Distance [L2-E3, L1-E1, L1-E2] [L2-E1, L2-E6, L1-E5]
4 1 300 Simple [L2-E3, L1-E1, L1-E2] [L2-E1, L2-E6, L1-E5]
4 3 100 Distance [L1-E1, L2-E3, L2-E4] [L2-E1, L1-E4, L1-E5]
4 3 100 Simple [L1-E1, L2-E3, L2-E4] [L1-E4, L2-E1, L1-E5]
4 3 300 Distance [L1-E1, L2-E3, L2-E4] [L2-E1, L1-E4, L1-E5]
4 3 300 Simple [L1-E1, L2-E3, L2-E4] [L1-E4, L2-E1, L1-E5]

Notes: Top contributors are the location-epoch decisions with the largest improvement contributions I; = —¢;. Lowest
contributors are the location-epoch decisions with the smallest improvement contributions. The same realized demand and
lead-time series are used across all parameter settings.

6. Summary
6.1. Conclusion

This paper proposes a Shapley-based decomposition framework for attributing inventory perfor-
mance gaps to individual order decisions. We introduce a counterfactual contribution mechanism that
allocates the realized performance difference between an observed policy and an optimized benchmark
across decision epochs.
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The key innovation of the framework lies in treating decisions as contributors within a cooperative
game defined over dynamic inventory evaluation. By averaging marginal effects across all possible
correction contexts, the Shapley-based decomposition provides a straightforward insight into each
decision’s contribution to the gap between the desired and the observed evaluation results.

Compared to traditional knowledge-based reason analysis, sensitivity analysis, and variance-
based decomposition, the proposed approach directly addresses a distinct diagnostic question: which
specific decisions explain the realized gap between two policies? This focus on counterfactual gap attribution
provides a decision-level perspective that complements existing inventory evaluation tools. This
approach is also distinct from the traditional idea of Shapley value, with the former being more
relevant to business applications and less computational burden.

From a managerial standpoint, the framework enhances transparency and accountability in
inventory governance. It enables quantitative assessment of decision contributions, supports root-
cause analysis of forecasting error or lead-time delay, and facilitates continuous policy improvement
relative to optimized benchmarks. Because the method does not rely on differentiability or convexity,
it can be integrated into modern analytics platforms built on simulation or data-driven optimization.

6.2. Future Research Direction

The decomposition framework can be extended beyond direct order quantities to analyze the
underlying drivers of ordering decisions. In practice, order quantities are often determined by rules
that depend on demand forecasts, safety stock calculations, and anticipated lead times. Moreover,
realized arrivals may deviate from planned lead times due to logistical delays.

Let the order decision at epoch j be expressed as a function

x]- = f(D], tj, 9),

where Dj denotes demand forecasts, ﬁj denotes expected lead time, and 6 represents policy parameters.

By redefining the “players” in the decomposition as components such as forecast inputs or realized
lead-time deviations, the same counterfactual framework can be applied to attribute performance
gaps to forecasting accuracy or delivery delays. For example, it is possible to replace realized demand
forecasts with ideal or unbiased forecasts while holding other inputs fixed. It is also possible to replace
realized lead times with planned lead times to measure the contribution of delay.

In this way, the method extends naturally from decision-level attribution to root-cause analysis,
enabling managers to distinguish whether underperformance is primarily driven by forecasting error,
execution delays, or discretionary ordering behavior.

Appendix A. Variance-Reduction Techniques for the Monte Carlo Shapley
Estimator
Antithetic permutation sampling.

Antithetic sampling is a classical variance-reduction method in Monte Carlo simulation. The
basic idea is to generate negatively correlated or complementary samples so that the average of paired
samples has lower variance than the average of independently sampled values [19,20]. In the context
of permutation-based Shapley estimation, this idea can be implemented by pairing each sampled
permutation with its reverse order. Let

= (m,m,. .., Tp)
be a sampled permutation of the decision epochs. Its antithetic counterpart is

nre‘o — (

T, np_l,...,nl).
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For each pair (71, 1"°?), the marginal contribution of decision j is computed under both correction
sequences and then averaged:

i 1 T e
At =2 (a7 + A7),
This pairing is useful because a decision that appears early in 7t appears late in 777°°. Thus, the
estimator samples both early-correction and late-correction contexts more evenly. Recent work on
permutation sampling for Shapley value estimation also discusses antithetic sampling as a way to

improve permutation-based Shapley approximations [23].

Stratified permutation sampling.

Stratified sampling reduces variance by ensuring that samples are drawn from different parts
of the sampling space rather than relying purely on independent random draws [19,20]. In Shapley
estimation, the marginal contribution of a decision epoch j may depend strongly on the number
of other decisions that have already been corrected. Therefore, instead of sampling permutations
completely at random, one may stratify by the position of decision j in the permutation, or equivalently
by the coalition size |A]|.

For example, the set of possible positions {1,..., p} can be divided into strata, and permutations
can be sampled so that each decision epoch appears approximately equally often in early, middle,
and late positions. This improves coverage of different coalition sizes and reduces the chance that the
estimated attribution is driven by an unbalanced set of correction contexts. Sampling-based methods
for Shapley value estimation have been studied in cooperative-game settings, and stratification is a
natural extension for improving the statistical efficiency of such estimators [22,23].
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