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Abstract

A review on the development of grid technologies and corresponding numerical approaches based
on lattice Boltzmann method (LBM) is performed in the present study. The history of the algorithmic
development and practical applications is presented and followed by a short introduction of the basic
theory of LBM, especially the classic LBGK D2Q9 model. In reality, all the different grid technologies
reported aim to solve one but very important problem, the local grid refinement, which largely
influences the stability, efficiency, accuracy and flexibility of the conventional LBM. The improvement
of these numerical properties after employing various grid technologies is analyzed. Several grid
technologies, such as body-fitted grid, multigrid, non-uniform rectangular grid, quadtree Cartesian
square grid, unstructured grid and meshless discrete points, as well as the corresponding numerical
approaches are compared and discussed.

Keywords: Lattice Boltzmann method; LBM review; numerical approaches; grid technology

1. Introduction

As an efficient and trustable numerical method, the lattice Boltzmann method (LBM) has been
developing rapidly for roughly 40 years, this is why the numerical applications cover a wide range
of engineering topics, for instance, aeronautics [1], acoustics [2], multi-phase-component flows [3],
porous medium [4], theology [5], heat and mass transfer [6], biofluids [7], magnetic fluid [8], image
processing [9], crystal growth [10], and PDEs [11]. After many improvements, the methodology has
progressed into a multi-functional interdisciplinary algorithm, covering subjects as fluid mechanics,
mathematics, statistical mechanics, and thermal dynamics.

The prosperity of LBM undoubtedly benefits from the famous numerical lattice gas automata
(LGA or FHP model), firstly introduced by Frisch et al. [12], which is usually viewed as the origin
of LBM. Since it has a good performance on symmetry, it can be recovered to the Navier-Stokes
equations, hence becoming an alternative solution for solving the Navier-Stokes equations. However,
since the basic theory of LGA is based on the Boolean operations, it inevitably brings inconvenience
and inaccuracy to the simulations. In order to improve this method, McNamara and Zanetti [13]
presented the earliest lattice Boltzmann model by introducing local particle distribution functions
and the Boltzmann equation to replace the Boolean operations and governing equation in LGA. This
breakthrough laid the foundation of LBM, although the multi-particle collision model remained highly
complex at the time, limiting its use for general numerical applications. Fortunately, Higuera and
Jiménez [14] introduced the concept of the equilibrium distribution function, which was used to
linearize the complex multi-particle collision model. Later, Higuera et al. [15] proposed an improved
model with the enhanced collision operator to improve the numerical stability. These two models
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eliminated the statistical noise of the lattice gas automata and overcame the complexity of the collision
operator.

Regardless of the success of the improved models [14,15] the defect inherited from LGA was still
a problem needed to be solved. Chen et al. [16] advanced a single-relaxation-time model, simplifying
the collision model even further, where the process to the equilibrium state was governed by a single-
relaxation time. Qian et al. [17], presented the famous LBGK model based on the BGK collision theory
[18], in which the complex collision term in the Boltzmann equation was further simplified. This LBGK
model gradually became a very popular model for numerical applications, however, the original LBGK
model suffers from the poor numerical stability whenever the single-relaxation time approaches to
0.5. As a result, many efforts have been done on improving the original LBGK models. For instance,
d’Humieres [19] developed a multiple-relaxation-time LB model, where the single-relaxation time
was replaced by multiple relaxation terms, considering the fact that the relaxation pace on different
discrete directions are different during the streaming process. They confirmed the superior numerical
stability of the multiple-relaxation-time lattice Boltzmann equation over the popular lattice BGK model.
Ansumali and Karlin [20], introduced an entropic lattice Boltzmann method combined with H-theorem,
where a new collision operator was introduced. When comparing with the original LBGK model, the
numerical stability was improved. Montessori et al. [21] proposed a regularized lattice Boltzmann
method, the core theory was to present several pre-collision distribution functions defined only in
terms of macroscopic quantities, like density, linear momentum, and momentum flux tensor. Whereas,
the higher-order non-equilibrium information was ignored. They proved a significant enhancement of
the convergence and numerical stability of the regularized LBM over the original LBM. Dong et al. [22]
presented a LES implemented LBM, advancing the original LBM to the applications of turbulence. For
the Smagorinsky model, the dependence of the model coefficients on the ratio of the grid width to the
Kolmogrov scale was investigated. Through numerical validations, they concluded that the LES-LBM
was appropriate for turbulence simulations producing satisfactory results. Teixeira [23] optimized the
LBM by incorporating k-epsilon two-equation turbulence model, improving the numerical stability of
the original LBM at high Reynolds numbers. Guo et al. [24] presented a pre-conditioned LBE with
an accelerated convergence rate. Compared with the original LBM, the main difference resides in
the definition of equilibrium distribution functions. Numerical tests confirmed that, the convergence
rate as well as the computational accuracy were enhanced. Shu et al. [25], based on the fractional
step techniques proposed a fractional step LBM, in which the evolution process was split into the
predictor step and the corrector step. Numerical results showed that the fractional step LBM had a
good performance for the flows with high Reynolds numbers, highly improving the numerical stability
of the original LBM. In order to extend the application of LBM to the compressible scenarios, Ansumali
and Karlin [26] presented a consistent lattice Boltzmann method with energy conservation considered.
This model was regarded as a genuine model for incompressible and weakly compressible flows,
generating a valid physical model for ideal fluid. Besides, Li et al. [27] proposed a coupled double-
distribution-function LBM. They proved that the model was able to be recovered to the compressible
Navier-Stokes equations with a flexible specific-heat ratio and Prandtl number. An additional energy
distribution function was introduced to recover the energy equation. The numerical results were
found to be in excellent agreement with analytic solutions. Kang et al. [28] introduced a unified lattice
Boltzmann method for flows in multiscale porous media. It was demonstrated that the method could
effectively simulate flows in porous systems with varying scales, including those with coexisting
multiple scales. Although the computational efficiency of LBM is quite advanced when compared
with those macroscopic models, it can be even accelerated by using GPU parallel techniques [29], due
to the highly parallel nature of LBM.

Considering the LBM approach, the development appears to have no limits, in fact various
modified LBM models were recently presented. Ilyin [30] proposed a Gaussian LBM, where the
conventional BGK equation was discretized by using a new approach. The linear streaming step
and conservation of moments inherited from the original LBM were preserved in the new method,
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whereas the distribution function was described with a controllable error. Kellnberger et al. [31]
presented a novel LBM for viscoelastic fluids to solve the problem that appears in the simulation of
strongly shear-thinning fluids, where the ratio between the high-shear and low-shear viscosities is
large, causing numerical stability issues in general. Fu et al. [32] focused on the volume-averaged
Navier-Stokes equations in multiphase flows and introduced a pressure-based LBM. Different from
the original LBM, the pressure was decoupled from density in this method. Two challenges known
as the volume conservation under large pressure gradient and stability across discontinuities in void
fraction were solved. Liu et al. [33] developed an enthalpy-based LBM for conjugate heat transfer,
tackling the problem that the continuity of temperature and heat flux at conjugate interface is unable
to be accurately enforced without special treatment. With this model, the continuity condition for
temperature and heat flux on the conjugate interface can be enforced automatically without special
treatment. Zhang et al. [34] presented a volumetric lattice Boltzmann method for modeling and
simulating pore-scale diffusion-advection of radioactive isotopes within geopolymer porous structures,
in which a concentration field of an isotope seamlessly coupled with the velocity field was introduced
and simulated by the evolution of distribution functions.

Furthermore, as the artificial intelligence (Al) is nowadays booming, the development of LBM
benefits a lot from it. Specifically, the emergence of Al-implemented LBM [35-40] is becoming a new
trend. Generally, the studies are classified into two kinds, using LBM solutions as dataset [35-38]
only to train Al models, and improving the numerical performance of original LBM [39,40], both of
which accelerate the development of LBM towards a wider range of applications. Considering the
improvement of LBM based on Al technology, it generally shows a great computational efficiency and
accuracy over the original LBM.

The literature review reveals that LBM development has primarily emphasized numerical stability,
computational accuracy, efficiency and applicability, all strongly dependent on grid structure and
associated numerical algorithms. As a result, in the present review study we will mainly focus
on the improvement of grid technologies related to LBM, as well as the corresponding numerical
algorithms. The rest of the paper is designed as follows: section 2 introduces a brief introduction of
LBM foundations, section 3 presents the different grid technologies employed and the corresponding
algorithms and the paper ends with the summary of the work presented.

2. Foundations of the Conventional LBM

The Lattice Boltzmann method is a mesoscopic model which connects the microscopic movement
of fluid particles and the macroscopic flow properties [41], which is originated from lattice gas automata
(LGA) and then improved into the lattice Boltzmann method by replacing the lattice gas automata
with the continuous Boltzmann equation, which is given by [42]

9f (r, 5, t) If (r,5,t) of(t gt _
S HE g e S = () M

where f(r, ¢, t) is the distribution function, r defines space vector, ¢ determines velocity vector of
fluid particles, « is velocity acceleration on each fluid particles, and t is the time. On the right hand
side of the equation J(ff1) is defined as the collision term, which is a complicated integral function.
It is assumed that the flow consists of fluid particles and these particles propagate and collide
continuously on a discrete mesh, simulating the macroscopic behavior of fluids. With a further
development based on BGK collision theory, the Boltzmann BGK equation can be written as:
of d of oy @)

§+g.a+a.87€:

where Q¢ = v( fxl — fa) is the BGK collision operator, v is a constant, f" represents the discrete
equilibrium distribution function and f, defines the discrete distribution function.

Assuming the velocity vector ¢ can be simplified into an N-dimensional limited space (e,, &« =
1,.....N), the velocity discretized single-relaxation-time Boltzmann equation is written as:
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where F, is the external force term, e, define the discrete velocity of fluid particles, and 7 is the
single-relaxation time.

When discretizing Equation (3) on time and space, it is obtained the single-relaxation-time discrete
lattice Boltzmann BGK equation, given by:

fa(r+eqAt, t + At) — fu(r,t) = f% [fa(r,t) — fal(x,t)] + Fa(r, t) (4)

which is the governing equation for the present study of all simulations. Based on this equation
the propagation and collision process of fluid particles is accomplished, the macroscopic quantities
in the fields are then calculated through distribution functions Equation (5). For instance, taking
the incompressible Navier-Stokes equations as the target equation, which can be recovered from the
discrete single-relaxation-time Boltzmann equation [17,42-45], the relevant macroscopic quantities,
like density (p) and velocity (u), are calculated through equilibrium distribution functions and given
by:

P:thx
{ ‘ ®)

pu=Y e
14

Notice that for different target equations, the equilibrium distribution functions are constructed
in different forms. Moreover, even for the same target equation, in different LBGK models, the
mathematical formulas of equilibrium distribution functions could be different as well. Specifically
for the popular LBGK D2Q9 model [17], the corresponding equilibrium distribution functions for a
two-dimensional case are defined as:

2 2
eq e,u  (eyu) u B
=w 1+ — —— 1, a«a=0,1,... ,8, 6
£ =142 + 55 - ©)

where, w, is defined as the weight coefficients, cs represents the lattice sound speed, which is also
written in terms of cs = -5, where ¢ = 4% = 1 s the lattice velocity, Ax is the grid spacing, and At is

the time step. The discrete velocities model is sketched in Figure 1.

6 ‘:' 4

?P/ 5 "‘3

Figure 1. Discrete velocities model of LBGK D2Q9.
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3. Grid Technologies and Corresponding Algorithms

In the present study, we aim to highlight the importance of the grid considered in any simulation,
which represents the discretization of the computational domain, including a real mesh or meshless
discrete points. Regardless of the numerical method considered, the essence of any numerical simula-
tion is to employ the appropriate mesh. Generally, the grid discretizes the computational domain in
space, based on which, the governing equations can be solved. Regarding the numerical applications,
the Navier-Stokes equations are assumed as the target equation, and in the present study, the most
popular single-relaxation-time LBGK D2Q9 model is chosen to perform the grid technology analysis.

Different from the macroscopic methods, where the grid structures employed are not directly
connected with governing equations, the choice of the grid in LBM simulations usually considers the
specific discrete lattice velocity model in the first place, especially during the earlier stage of the LBM
history. It it reasonable to think that using an appropriate grid which corresponds to the discrete lattice
velocity model, the evolution process (streaming-collision) of fluid particles can be more easier and
conveniently accomplished.

(a) Discrete velocities (b) Triangular grid

Figure 2. Discrete lattice velocities of LBGK D2Q7 model [46] and corresponding grid.

2
6 i °
/
3 = 2 -1
’ Y \
7 4 8
(a) Discrete velocities (b) Cartesian square grid

Figure 3. Discrete lattice velocities of LBGK D2Q9 model and corresponding grid.

For example, the discrete lattice velocity LBGK D2Q7 model is sketched in Figure 2a. Indeed,
with more advanced numerical models, the grid could theoretically be of any sort, however, the
triangular grid presented in Figure 2b is usually the most appropriate choice for the LBGK D2Q7
model. Because only with the triangular grid, the smooth evolution process is guaranteed exactly on
the grid points. Since LBGK D2Q9 model (Figure 1) is the most popular model employed in LBM
numerical simulations, the corresponding grid is usually chosen as the uniform Cartesian square grid

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(Figure 3), which provides a good performance in most of the simulations. However, it is important to
note that the numerical stability of LBGK model deteriorates whenever the single relaxation time ©
approaches to 0.5 [41-43]. The relation between T and the Reynolds number is given by:

T = 3UL/(ReAx) + 0.5 @)

where, U is the velocity, L is the characteristic length, and Re defines the Reynolds number.
As can be seen from the previous equation, as Reynolds number increases to a large number, the
relaxation time approaches to 0.5, at which the numerical stability is collapsed. For this reason, in
order to simulate the flows at high Reynolds numbers, it is always required to use a very fine grid,
having a very small value of Ax. Besides, in some cases, the local grid refinement, adjacent to the wall
boundaries, is inevitable. Yet, the grid refinement for uniform Cartesian square grid is not always a
smart option, since it will cause a huge computational burden, decreasing the computational efficiency.

The dilemma scientists are trying to resolve consists in that, on one hand, the uniform Cartesian
square grid perfectly fits the nature of LBGK D2Q9 model, while on the other hand, the grid refine-
ment for the uniform Cartesian square grid is a nightmare for efficient simulations. As a result, the
applications of LBM are highly restricted. In order to solve this problem, many efforts have been done
to enhance the grid technologies and the corresponding algorithms, these efforts will be revealed and
discussed in the remaining part of the present section.

3.1. Body-Fitted Grid

The body-fitted grid, as sketched in Figure 4, is often employed for local grid refinement along the
wall boundaries with complex configurations. Inspired by the success of the body-fitted grid on the
conventional computational fluid dynamics (CFD), some modified models of LBM were presented, for
instance, the finite difference lattice Boltzmann method (FDLBM) [47-49], interpolation-supplemented
lattice Boltzmann method (ISLBM) [50,51], and the Taylor series expansion and least square-based
lattice Boltzmann method (TLLBM) [52].

507

s
S
5
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£

25}
~0

25

50 25 0 25 50
X

(a) General view (b) Zoomed view

Figure 4. Body-fitted grid for a circular cylinder.

Regarding the FDLBM, it follows the same procedure used in the conventional CFD approach, a
coordinate transformation (see Figure 5) is required in the first place to transform the physical discrete
domain (curvilinear system) to a computational domain (Cartesian system) through the Jacobian
matrix, given by Equation (8).
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where, the Jacobian is defined as | = g—g g—z — STJ; g%' Besides, the partial derivatives of distribution
Ofa Ofus

functions respect to space V f, = 37+ Sy in the original evolution (Equation (3)) are also replaced

by % = % g—g and % = % g—z. Then, the evolution equation is solved by using numerical difference
schemes. For example, the third order upwind scheme along horizontal direction x is given by:

o Y e
afa_afaaé_{ = e 2 0 o
0x — 0G 0x | eftt A" gl of M o
6AC seagy <0
4 A
~ —— <
— >
X > &
Physical domain Computational domain

Figure 5. Coordinate transformation from the physical domain to computational domain.

Although the FDLBM with body-fitted grid is appropriate for local grid refinement, in particular
for complex geometries, the computational accuracy, efficiency and numerical stability highly depend
on the choice of the specific difference schemes employed. In addition, in order to maintain the second
or higher order of accuracy for the method, the order of accuracy for the selected time discrete scheme
should be high enough.

For the ISLBM, the coordinate transformation used in FDLBM is also considered. Yet the difference
is that in FDLBM there is no evolution process at all, the governing equation is solved by using finite
difference schemes, however in ISLBM, the evolution process, also known as the streaming-collision of
fluid particles, is accomplished although not in the physical domain (see Figure 5), but the transformed
computational domain instead (Figure 5). Since it is assumed that the flow domain can be described by
a transformed computational domain (&, 7) = (&(r), 7(r)) with a one to one correspondence in position,
where r = r(x, y) is a space vector in the physical domain. And considering that the computational
domain can be projected onto a uniform Cartesian square grid. The end point of the streaming process
is generally no longer a grid node regarding the body-fitted grid, an interpolation is therefore required.
According to He and Doolen [50] the second-order upwind interpolation scheme is given by:

2 2
fa(@mjt+A8) =Y Y aixbj fa(Givk iar i1 ja) = fa(t b+ Ab) (10)
k=01=0

where a; and b;, represent the interpolation coefficients, id and jd define the streaming directions.
Taking the discrete direction # = 5 for a grid node (black dot in Figure 6) for example. The post-
streaming distribution function can be calculated through the interpolation using the neighboring
points (red dots in Figure 6). Notice that all those points can be transformed into the physical domain
by using Equation (8).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202507.1240.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 July 2025 d0i:10.20944/preprints202507.1240.v1

8 of 21

deﬁ%

gﬁh

(cim,) }H ﬁ+
| x

¢

Figure 6. Streaming process on a computational domain, interpolated and transformation to a physical domain.

Regardless of the successful applications of ISLBM on simulations based on body-fitted grid, it
usually brings an extra computation for both coordinate transformation and interpolation at each time
step, increasing the computational costs. To the best knowledge of the present authors, the ISLBM
indeed developed the LBM applications to the non-uniform irregular grid with a good numerical
stability, but the computational efficiency still has room for improvement.

Furthermore, Chew et al. [52] also introduced a modified LBM for curvilinear systems, the basic
purpose is the same as that presented in ISLBM, calculating the post-streaming distribution functions,
which are not located exactly on the grid nodes. As described in Figure 7, the distribution function in
discrete direction « = 5 of the grid nodes A, B, C, D, E and P moves towards the corresponding virtual
points A’, B, C’, D’, E’, and P’, which are not located exactly on the real grid nodes. The core theory of
this modified model is that, taking point P for example, the post-streaming distribution function is not
obtained through the interpolations as introduced in ISLBM, instead, by using the neighboring points,
a Taylor series expansion and the least square-based approximation is introduced.

C' E'

E/P
B P
A’ D'

r

A D

Figure 7. Streaming of fluid particles in discrete direction « = 5 [52].

3.2. Non-Uniform Rectangular Grid

In order to fulfill the purpose of local grid refinement for LBM simulations, another option of
the rectangular grid is considered. When employing the grid refinement scale just around the wall
boundaries, the total number of cells is reduced by about half when compared with the conventional
Cartesian square grid, which to some extent, alleviates the computational burden. As a result, based
on the uniform rectangular grid presented in Figure 8a, a rectangular LBM [53-55] was presented. A
new rectangular LBGK D2Q9 model was introduced with the discrete velocities sketched in Figure 8b,
where a = A Y defines the grid aspect ratio. Consequently, the construction of equilibrium distribution
functions are different that of the original LBGK D2Q9 model, based on which, both the multi-
relaxation-time LBM [53] and single-relaxation-time LBM [54,55] models were introduced. Since the
grid structure perfectly matches the streaming principle of fluid particles specifically for the rectangular
LBGK D2Q)9 discrete model, the evolution process is smoothly accomplished.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202507.1240.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 July 2025 d0i:10.20944/preprints202507.1240.v1

9of21

| |
| 2 |
€6 €2 €5
¥ T
€
€3 [« € 2a
ey €4 €g
(a) Uniform rectangular grid (b) Discrete velocities model [53-55]

Figure 8. Grid structure and discrete velocities of rectangular LBM.

In reality, the rectangular grid is widely used in a more popular form, also known as the non-
uniform rectangular grid, sketched in Figure 9.

Figure 9. Non-uniform rectangular grid [56,57].

Compared with the uniform rectangular grid, the non-uniform rectangular grid is more flexible
for local grid refinement, further reducing the total number of cells. In reality, the present authors
introduced a radial basis function implemented LBM (RBF-LBM) and a Lagrangian interpolation-based
LBM (LAG-LBM). The discrete velocity model remains the same as that introduced in LBGK D2Q9
(see Figure 1). Due to the fact that the evolution can not be performed exactly on grid nodes, in
other words, the post-streaming distributions remain unknown after each time step, enlighten by the
ISLBM, we presented two different interpolations for approximately calculating the post-streaming
distribution functions on every grid nodes. Figure 10 describes the streaming process on the non-
uniform rectangular grid along a discrete direction. The interpolation scheme is constructed by
using the neighboring point, as shown in Figure 10a and Figure 10b, respectively for RBF 9-bit and
Lagrangian 25-bit interpolations. For the RBF-LBM, the interpolation scheme is given by:

M
flr) = ¢(ry) = ;Aiq)(ﬂrt—rill) (11)

where f(r;) represents the post-streaming distribution functions of the target node r;, ¢ (r;) defines
the interpolation function, ¢(||r; — r;||) is the general form of radial basis function, also known as the
kernel function, r; stands for the position of the controlling point and r; characterizes the positions of
the surrounding points. ||r; — r;|| represents the Euclidean distance between two positions, A; is given
as the coefficient of the ith radial basis function and M is the total number of controlling points. The
interpolation scheme employed for the LAG-LBM, is given as:

fs! = Z ViGifs’ (12)
1

]':1 =
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Where the superscripts A;; and a;; respectively represent the real grid nodes and virtual nodes, 7;
and ¢; represent the interpolation coefficients.
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(a) RBF 9-bit interpolation [56] (b) Lagrangian 25-bit interpolation [57]

Figure 10. Streaming demonstration on the non-uniform rectangular grid.

Notice that the rectangular-based LBM is quite solid for computational accuracy and local grid
refinement, however when considering the objects with curved boundaries, the grid generation
becomes a bit more complicated and time-consuming. In particular, for the RBF-LBM, it remains the
second-order of accuracy as the original LBGK, but converges much faster, indicating the computational
efficiency is significantly improved as well.

3.3. Multigrid Technology

The multi-grid method is a mathematical algorithm for solving linear systems based on multi-grid
principles. It is a numerical strategy which accelerates the convergence speed through the iterative
operation among several meshes with different resolutions, for instance, the coarse grid, medium grid
and fine grid. The core concept resides in the information transferring process between the coarse
and fine grid, in which a coarse grid system of equations is solved initially, and then the solution is
transferred to the fine grid through interpolations. Afterwards, the solution on the fine grid transfers
back to the coarse grid, closing an iteration loop. The cycle finishes when the convergence is satisfied.
This grid technology is suitable for improving the computational efficiency of the original LBGK based
on the uniform Cartesian square grid. Actually, it has already been employed in LBM simulations,
known as the multigrid LBM [58-61]. During the past few decades, the multi-grid method has seen a
great progress, including many specific schemes, for instance, the V-cycle, P-cycle, W-cycle and F-cycle.
Among which, the V-cycle scheme was regarded as the information transferring process from the
coarse grid consecutively to the medium grid and the fine grid (prolongation), and then transfers
back from the fine grid to medium and coarse grid (restriction). Numerically, the restriction and
prolongation operators are respectively given by the following two equations.

¢(ig, ju) = E[(P(lh =L+ 1) +2¢(@n ju +1) + @i+ 1, ju +1)

+2¢(ip — 1, jn) +4@(in, jn) + 29 +1, ji)
+ oy — 1Ly — 1) +2¢(ip, jn — 1) + @(in + 1, j, — 1)]

(13)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202507.1240.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 July 2025 d0i:10.20944/preprints202507.1240.v1

11 of 21

@(in, ju) = @(in, ju)
Plin+ 1) = 510(its i) + 9lisn +1,ji)]
1 (14)
2

@(in, jn +1) = @i, ju) + ¢(in, ju +1)]

L p(in+ 1, +1) = }L[QD(iH/jH) +¢(in+1,ju) + ¢(in, ju +1) + @(in +1,ju +1)]
where ¢(i, j) denotes the macroscopic quantities, like velocity u and density p, on the grid node with
coordinates of (i,j), iy and jp are coordinates on the coarse mesh, i, and jj, are coordinates on the
fine mesh. A full period of the classic V-cycle method is introduced in Figure 11 and Figure 12, the
information on the fine grid is transferred to medium and then coarse grid through the restriction
operator defined by Equation (13). While, the prolongation operation is fulfilled by using Equation
(14) to transfer the information from coarse to medium and then fine grid. This procedure is repeated
until a converged solution is obtained.

O finegrid

QO medium grid
A coarse grid

Restrictior\ %’rolongation

Figure 11. The computational procedure of V-cycle.

Multi-grid V-cycle — - -— —

interpolation interpolation interpolation interpolation

Figure 12. Numerical diagram for the multigrid V cycle.

Indeed, with the usage of the multi-grid technology, the computational efficiency has been
improved, even when using a very fine mesh, as long as the multigrid strategy is appropriately
employed. The technology works fine with an acceptable accuracy for steady states, however, it fails
to predict the unstable solutions with a good accuracy.

3.4. Non-Uniform Cartesian Square Grid

In order to further improve the computational efficiency of LBM based on the Cartesian square
grid, apart from the multigrid technology, another efficient strategy for local grid refinement is the
non-uniform Cartesian square grid, which was actually named differently in different studies, for
instance, quadtree grid [62-64], the tree grid [65], multi-domain grid [66-68], multi-resolution grid
[69,70], hierarchically refined grid [71], nested grid [72], and composite grid [73,74]. However the final
purpose is consistent, generating the local refined Cartesian grid for LBM simulations, the difference
among these studies resides in the specific methods for grid generation and the treatment of the
boundary conditions on the overlapping borders between coarse and fine meshes. From Figure 13, it is
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observed that, although different refine strategies were employed, the grid structure is pretty much
similar, serving for the same purpose.

Since the entire computational domain is divided into many sub-domains with different grid
levels (grid spacing), the grid consists of the staggered coarse and fine grid. The overlapping borders
belongs to both, the fine and coarse grid, which is regarded as the interface of information exchange
between these two grids and need to be treated specially. This treatment usually requires a spatial
interpolation scheme with high order of accuracy. It is to be noted that the values of grid spacing Ax
for coarse and fine grids are different. A generic mathematical expression relating two grid spacings
reads as.

AXcoarse
Axfine

=2 (15)

Which means that during one At time step, the distribution functions evolve twice on the fine
grid with grid spacing Ax, but only once on the coarse grid with grid spacing 2Ax. Since it is assumed
in general that c = % = 1, which is an enforced condition, we can be certain that the evolution is to be
accomplished exactly on the finest grid nodes. As a result, when considering the interpolation along
the overlapping borders, it must be performed with the same timing for both coarse and fine grid.

It was evaluated that with the employment of the non-uniform Cartesian square grid, the compu-
tational efficiency was highly increased, it was about 20 times faster than that of the original LBM for
a given case and using the same equipment, the computational accuracy was excellent. Besides, the
non-uniform Cartesian square grid is applicable for any kind of complex geometries, which makes
the LBM applications even more convenient and plausible. However, due to the existence of the
overlapping borders, on which the serrations of contours out of the discontinuity are observed, see
the marked red box in Figure 14, the non-uniform Cartesian square grid can be employed in limited
applications.
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Figure 14. Serrations on contours on the overlapping borders

3.5. Unstructured Grid

As LBM quickly develops, apart from the efforts to effectively use the Cartesian grid, many
scholars have tried to extend the conventional LBM to unstructured grid. Since the structured grid
(uniform Cartesian square grid) has a natural limitation for practical engineering applications with
complex geometries, in particular a grid refinement adjacent to the wall boundaries [74]. Besides,
in the conventional LBM, the discretizations for moment velocity and space are coupled with each
other, which can be clearly seen in Figure 2 and Figure 3. But in reality, these discretizatoins do not
necessarily have to be coupled [75]. Hence, a finite volume LBM [76-82] based on unstructured grid
emerge as a requirement. For this method, the unstructured grid usually consists of triangle or polygon
elements, as respectively shown in Figure 15a and Figure 15b.
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(a) Triangle element [78] (b) Polygon element [79]
Figure 15. Unstructured grid

Among all these studies, Peng et al. [77] presented a finite volume LBM, which is regarded as the
first improved approach in which the grid is really free of structure form [76]. Based on these excellent
studies [76-85], the consistent development the finite volume LBM method has been performed. Notice
that in these studies, the classic LBGK D2Q9 model was usually used for velocity discretization and
the space was discretized based on, generally two approaches, the cell-vertex scheme [76-83] and the
median-dual scheme [84,85]. Taking for example, the cell-vertex scheme with the triangle element, it
is observed that the triangular elements surround an interior node (centroid) of the grid, on which
the flow variables are arranged, as sketched in Figure 16. Regarding the construction for the finite
volume LBM, no further elaboration will be provided in present study, since the detailed information
has already been introduced in the literature [76-85]. Notice that with the prosperity of the finite
volume LBM, the applicability of LBM simulations was further extended, since the unstructured grid
shows a great adaption for complex geometries, especially with curved boundaries. Besides, the
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grid refinement can be perfectly performed on the wall boundaries, maintaining the computational
efficiency as good as that of the non-uniform Cartesian square grid.

P>

P Ps
4

Figure 16. Diagram of finite elements sharing one node [75].

Furthermore, another option known as finite element lattice Boltzmann method [86-88], was
introduced for unstructured grids, which also increases the flexibility of LBM with an acceptable
computational efficiency and accuracy. The core theory is that the governing equation (Equation (4))
without the external force term F,(r, t) can be split into two separate parts, streaming and collision,
and are given by:

fole+ eat t4+ A1) — fulr £) = 2 [fulr,£) — £27(x,1)]

streaming collision

(16)

Due to the fact the collision process is performed locally, there is no need to involve unstructured
grid, whereas the streaming must be discretized on an unstructured grid. As a result, the entire
evolution is accomplished with two steps, streaming and collision, are calculated separately.

Notice as well that, based on the theory of RBF-LBM [56] introduced by the present authors,
the improved RBF-LBM, can also be applied to the unstructured grid and meshless methods. The
main idea is the same as that used in RBE-LBM, suggesting that after the streaming process, the
distribution functions (red arrows in Figure 17) on the grid node (black dots in Figure 17), stream to
the virtual points (red dots in Figure 17). By calculating the Euclidean distance (red line segments in
Figure 17), the neighboring points needed for the interpolation are allocated. In reality, we choose
the 9 neighboring points most close to the target grid node P, forming a 9-bit RBF interpolation for
approximately predicting the distribution functions.
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Figure 17. RBF based interpolation on unstructured grid.

3.6. Meshless

Following the same idea, consisting in decoupling the velocity and space discretizations, the
meshless lattice Boltzmann method [89-93] was introduced. When compared with the unstructured
grid LBM, the difference is that instead using a grid, the discrete points are directly employed for
simulations.
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Figure 18. Meshless computational domain with discrete points [92].

Based on Taylor series expansion and least square method, Shu et al. [89] presented a modified
LBM which according to the authors, shows a remarkable computational efficiency. The basic theory
is the same as the one introduced in their investigation [52] in Section 3.1, suggesting that the post-
streaming distribution functions which do not exactly fit on the grid nodes are approximately obtained
through Taylor series expansion combined with the least square method. Based on the RBF interpola-
tion, Strzelczyk and Matyka [90] also introduced a meshless LBM to simulate the evolution equation
on the discrete points. The basic idea is exactly the same as that introduced by the present authors
when dealing with the non-uniform rectangular grid and unstructured grid. It was concluded that the
meshless LBM based on RBF has a better performance when considering the convergence. Bardow
et al. [91], introduced a multispeed meshless LBM, in which the discrete velocities were obtained from
minimization of the entropy function H with mass and momentum conservation applied. Since the
meshless lattice Boltzmann methods are not restricted to rational-number ratios between discrete veloc-
ities, the exact Hermite models along with their rational-number approximations can be directly used
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in the design of the meshless LBM. It was proved that the computational accuracy was improved by
using the multispeed model. The method presented by Musavi and Ashrafizaadeh [92,93] is regarded
as the simplification of the finite element LBM, where the evolution equation was solved separately
with two steps, streaming and collision. The space was discretized by using local Petrov-Galerkin
scheme and the time was discretized by using the Lax-Wendroff scheme. Obviously, the meshless LBM
further increases the flexibility of LBM, whereas the numerical procedure is relatively a bit simpler
than that of the unstructured grid LBM.

4. Summary

In this paper, a review on the grid technologies and the corresponding algorithms under the
framework of lattice Boltzmann method is presented. In order to improve the numerical accuracy,
efficiency, stability and flexibility, different grid strategies along with the modified approaches were
proposed.

Although the body-fitted grid is perfect for local grid refinement especially for complex curved
boundaries and the corresponding methods, like finite difference LBM and interpolation supplemented
LBM are proved to be solid, the computational accuracy and stability highly depends on the differential
schemes, which leads to a poor performance for generic applications. In addition, the extra computation
on coordinate transformation and interpolation somehow decreases the computational efficiency.

The multigrid technology works appropriately for steady states with a faster convergence speed,
however, it fails to deal with the unstable solutions.

The non-uniform rectangular grid could alleviate the computational burden to some extent with
a relatively good performance on local grid refinement, and the corresponding methods are trustable.
Regardless of the fact that the extra interpolation process increases the computational workload, the
total number of cells is under control, maintaining a satisfactory computational efficiency as good as in
other methodologies. But it is not convenient for complex geometries with curved boundaries.

The quadtree grid is capable of highly increasing the computational efficiency of LBM with a
trustable computational accuracy. Meanwhile, it is perfect for local grid refinement even with complex
curved geometries. In addition, the physical background is relatively simple and easy for coding.
However, the election of the interpolation schemes for information exchange along the overlapping
borders must be prudent.

The unstructured grid endues a remarkable flexibility to LBM, improving the generalization of
LBM to an unprecedented level. Yet, the complicated physical background of finite volume LBM and
finite element LBM usually brings a more complex numerical process, which is difficult for coding and
relatively more time-consuming over the non-uniform Cartesian square grid-based LBM. Regarding
the meshless LBM, the advantages achieved through the unstructured grid LBM are even extended.

Anyhow, all these methods are recognized as reliable numerical approaches for simulations with
engineering purposes, as long as the chosen method is appropriate to the given problem.

With the fast development during the last few decades, it seems that the improvement on novelty
of new approaches nearly reaches to a limit. Whereas, as the technology of artificial intelligence is
nowadays booming, the great breakthrough in LBM for the next ten years could possibly happen in
the research of Al supplemented LBM.
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