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Abstract

Quasi-one-dimensional systems with multiple conduction channels are essential for describing a range
of physical phenomena. In this paper, we analyse transport in wires where electrons are subject to
arbitrary number of strong multi-particle backscattering terms. We present an exact calculation of
the system’s scattering matrix and derive a formula for the two-terminal conductance. We find the
conductance is reduced from its ideal value by a term corresponding to the projection of current
fields onto the subspace of integer-valued vectors characterising the gapped channels created by the
perturbations. Applying this result, we establish the minimal model required to reproduce the recently
observed, yet unexplained, fractional conductance plateaus with even denominators.

Keywords: multi-channel luttinger liquids; transport in coupled-wire systems; fractional conductance

1. Introduction
Coupled wire models are a powerful way to model complex systems and allow the analytical

methods of 1D quantum physics to be extended to higher dimensions. Starting from a Luttinger liquid
model that provides a universal description of low-energy excitations in one spatial dimension [1],
multiple copies can be stacked to form a discrete lattice with a continuum direction along the wire.
Through coupling different wires by a multi-particle backscattering process, the highly anisotropic
original geometry becomes a flexible model that can describe many different phenomena. The ver-
satility occurs through the interactions introducing gaps into the spectrum and freezing out a sector
of the field in the strong backscattering limit, resulting in controlling the number of gapped and
gapless modes. This approach has proved successful for describing many different phenomena, such
as the quantum Hall effect [2], fractional quantum Hall effect [3,4], topological edge modes [5–7], and
fractons [8,9]. The transport properties of coupled wire systems, such as the two-terminal conductance
in both the integer and fractional quantum Hall effect, provides an experimentally accessible way of
classifying the state of the system. Therefore it is important to understand what possible values of
conductance can be found from different coupled wire models.

Experimental results of the conductance in quantum point contacts with a shallow constriction [10,11]
reveal conductance plateaus upon varying the depth of the constriction. The values of the conductance
on these plateaus can be fractions of the quantum of conductance, e2/h, with a wide range of different
fractions being found. The fractional nature of two-terminal d.c. conductance has been previously
studied in two-wire systems in the presence of multi-particle backscattering [12–15]. Notably, fractions
with even denominators that appear in experiment (e.g., 1/2 and 1/6) remain unexplained. In
this paper we will describe the minimum possible coupled wire model that can account for these
experimental conductance values.

To find these models, we introduce a rigorous way to derive the linear conductance through a
generic 1D coupled wire model connected up to non-interacting leads with both forward and backward
scattering interactions. This is done by starting from the ‘scattering’ matrix in terms of the gapped

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 1 September 2025 doi:10.20944/preprints202509.0092.v1

Disclaimer/Publisher’s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and
contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://orcid.org/0009-0007-9579-6230
https://orcid.org/0000-0003-3415-1205
https://orcid.org/0000-0003-1447-8913
https://doi.org/10.20944/preprints202509.0092.v1
http://creativecommons.org/licenses/by/4.0/


2 of 12

and gapless modes and carefully finding the scattering matrix in terms of the original chiral fields
that describe the system far away from the interacting region. The non-local nature of the S-matrix
means that the simple local rotation of fields cannot be performed directly and we must instead use
the corresponding transfer matrix.

2. Model
Our system contains N coupled Luttinger liquid wires that are adiabatically connected to two

non-interacting leads. Both forward scattering and multi-particle backscattering processes occur inside
the interacting region [0, L]. Bosonised description of this setup starts from assigning two chiral fields,
φR

i and φL
i to each channel, i = {1, · · · , N}. In terms of 2N-dimensional vector φ = (φR,φL)T where

the N-dimensional vectors are φη = (φ
η
1 , · · · φ

η
N)

T , the Lagrangian density can be written as,

L = − 1
4π

∂x φΣ ∂tφ−H , Σ =

(
1 0
0 −1

)
(1)

where the canonical term defines the commutation relations in the operator formulation, and the
Hamiltonian, H = Hfs +Hbs, contains forward scattering and backscattering terms,

Hfs = ∂xφ V̂ ∂xφ , Hbs = −
n

∑
a=1

νa cos(kT
a φ) . (2)

Outside the wire (interacting section of length L) matrix V̂ tends to the diagonal matrix V̂ij(x →
±∞) = δijvi/4π, where vi is the velocity of the i-th channel in electrodes. The contacts are assumed to
be adiabatic, with the confining potential varying slowly along the wire on the scale of the Fermi wave-
length for the electrons originating from the leads. This requirement results in reflectionless contacts
so that any particle in the wire will transmit into the leads. The bosonic collective excitations described
by a Luttinger liquid represent long-wavelength oscillations and, therefore, spatial dependences of the
forward-scattering matrices inside and outside the system do not affect adiabaticity.

The n vectors ka, called backscattering vectors, are all integer-valued and describe the multi-
particle backscattering process. For these to represent possible processes, the number of particles must
be conserved in the process. Defining the ‘parity vector’ t which is 1 for the first N entries and −1 for
the other N elements, the backscattering vectors must obey

tTΣka = 0. (3)

Assuming strong backscattering limit when all ∆a → ∞, we expect that all these terms will gap
the system leading to the freeze of corresponding fields, i.e., arguments of cosines. This effect is
similar to locking modes in Coulomb dots [16,17] and gapped phases in the Luttinger liquid wire
constraction [3]. This is possible only if the corresponding operators commute. This so-called Haldane
criterion imposes that the backscattering vector satisfy

kT
a Σkb = 0. (4)

This bilinear form defines an n-dimensional vector space of backscattering vectors G = Span{ka}n
a=1

that satisfy this condition. In the limit of strong backscattering, which will be considered for the rest of
the paper, backscattering Hamiltonian pins all kT

a φ sectors of the field to zero modulo 2π. Exciting
oscillations around this minimum configuration costs energy, resulting in a gap in the spectrum.
Therefore it is natural to rotate the problem into a basis that distinguishes between these sectors of the
field. We transform the fields via the 2N × 2N matrix M

φ(x) = MTϕ(x), (5)
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such that the commutation relations are unchanged. This enforces that MTΣM = Σ with the group of
possible transformations being the split orthogonal group O(N, N). The transformation to the gapped
and gapless sectors of the field can be described by the column vectors ma of matrix M, with the
requirement that ma − ma+N = ka. For later calculations, it is useful to define these column vectors as,

mi − mi+N = MT i, (6)

T i = (0, · · · 0, 1︸︷︷︸
i

, 0 · · · , 0, −1︸︷︷︸
i+N

, 0, · · · , 0).

With this transformation the arguments of cosines become kT
a φ = kT

a MTϕ = TT
a ϕ = ϕR

a − ϕL
a .

Note that this definition does not fully specify the matrix, even when there are N backscattering
interactions, as there is freedom in how to define the sum of the two column vectors. This freedom in
the choice of matrix M does not affect the conductance result.

2.1. Scattering And Transfer Matrices

Calculating the conductance through 1D systems requires a description of the contacts and
external leads. In both the original quantisation of conductance for a non-interacting system [18] and
when there is a region of forward scattering [19–22], the leads solely determine the d.c. conductance.
The dominance of the leads suggests that we can consider the transport problem with a scattering
matrix that connects the incoming and outgoing original chiral fields, φR and φL. These fields propagate
freely outside the interacting section of the wire but are mixed up inside the wire. However, when
incoming excitations are in the energy gap, all the gapped sectors of the field will not be supported
inside the wire and must be reflected in the low temperature limit. Therefore, there will be a simple
description of the ‘scattering’ matrix in terms of the gapped and gapless modes. The gapped and
gapless modes are not guaranteed to be chiral, so they are not related simply to incoming and outgoing
modes, but the equivalent ’scattering’ matrix still relates the values of the fields on either side of the
interacting region.

The crux of the problem is that our knowledge of the sectors of fields is for local linear combina-
tions of the original chiral fields, but the S-matrix is a non-local object. In order to change the local
basis of the S-matrix we first must create the appropriate transfer matrix. Then the local transformation
of fields can be applied, and the corresponding scattering matrix in terms of the original chiral fields
can be found. An important point to note is that transfer matrices cannot be meaningfully defined
when there is perfect reflection, so the limit of perfect reflection can only be taken for the S-matrix.
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Figure 1. Demonstrating how to relate scattering matrices in different bases through implementing the local
rotation of fields on the transfer matrices, which are local objects. The S matrix relating combinations of fields at
x = 0, L can be determined easily in the gapped and gapless basis but this is a non local object, while the transfer
matrix acts on local combinations of fields.

The scattering matrix S and the transfer matrix T are defined by a combination of the original
chiral fields at two points 0, L,(

φR(L)
φL(L)

)
= T

(
φR(0)
φL(0)

)
,

(
φR(L)
φL(0)

)
= S

(
φR(0)
φL(L)

)
. (7)

The two matrices can be related to each other through matrix algebra,

S =

(
TRR − TRLT −1

LL TLR TRLT −1
LL

T −1
LL TLR T −1

LL

)
, T =

(
TRR TRL

TLR TLL

)
, (8)

where Tηη′ are N × N matrices that connect the right and left movers at different positions x = 0, L.
The transfer matrix for the rotated fields T can be found by applying the transformation M

ϕ(L) = (MT)−1T MTϕ(0) = Tϕ(0), (9)

which defines the relation between the transfer matrices T = ΣMΣT MT . Finally we can get the
S-matrix in the rotated basis through inverting Equation (8). In this basis, for energies below the size of
the gap at low temperatures and small voltages, the gapped sectors will fully reflect, and the gapless
sectors will perfectly transmit. However, as mentioned earlier, due to the divergence of the transfer
matrices, we cannot assume that the S-matrix perfectly reflects, and therefore we must consider the
more general case and take the perfect reflection limit at the end.

To illustrate the process, we start with the one-channel case. In the rotated fields, we can write the
scattering matrix as

S =

(
t r
r′ t′

)
, (10)

with current conservation, giving the conditions r + t = 1 = r′ + t′. We only consider the situation of
complete reflection t = t′ = 0 and perfect transmission r = r′ = 0, which means that we can consider
r = r′ and t = t′. The corresponding transfer matrix in this basis can be expressed using ρ = r/t
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T =

(
1 − ρ ρ

−ρ 1 + ρ.

)
. (11)

Although the perfect transmission limit is well defined as ρ → 0, the ρ → ∞ limit diverges. This can
be understood as a transfer matrix that gets reflected, will not relate the fields on either side of the
wire, resulting in a singular matrix.

Performing any local rotation of chiral fields on the transfer matrix and then finding the equivalent
scattering matrix S for the rotated fields will result in the ρ → ∞ limit producing a finite S matrix
with only non-zero off-diagonal elements. Upon implementing current conservation, the off-diagonal
elements will be equal to one and match Equation (10). In the one-channel case, this states something
obvious, that any linear combinations of chiral fields on either side of the interacting section are
completely unrelated to each other in the case of perfect reflection. This freedom of choice in rotation
of the chiral fields is a product of the ρ → ∞ limit and will manifest again when we include more
channels into the description.

For multiple channels, the scattering matrix will be given by

S =

(
T R
R′ T′

)
(12)

where T, R, T′, R′ are all N × N matrices with entries T = δijti, R = δijri and these describe the reflection
and transmission of each channel. Current conservation now becomes the expression ∑i ri + ∑i ti = N,
but if we assume that there is no scattering between channels, then we will have current conservation
in each channel so that ri + ti = 1. Then the total transfer matrix can be written as

T =

(
1 − P P
−P 1 + P

)
, P = diag(ρi), (13)

where ρi is the reflection ratio for each channel. For any of the ρi that correspond to gapless modes,
these can be safely taken to be 0 as the transfer matrices are well defined. The remaining ρa, where a
now only indexes the gapped sectors, can be set to the same value ρa = ρ as they will all be taken to be
infinite. This allows us to simplify the transfer matrix to be T = 1 − ρΣTa ⊗ TT

a where repeated indices
now imply summation. Using the transformation in Equation (9) we can find the transfer matrix in the
original fields, for ka = (ra,−la)T where ra, la are N-dimensional vectors,

T = 12N − ρΣka ⊗ kT
a =

(
1N − ρra ⊗ rT

a ρra ⊗ lT
a

−ρla ⊗ rT
a 1N + ρla ⊗ lT

a

)
(14)

The TLL matrix can be explicitly inverted to give

T −1
LL = 1N − Qabla ⊗ lT

b , (Q−1)ab = − δab
ρ

+ gab (15)

where gab = la · lb = ra · rb with the equality guaranteed from the Haldane criterion in Equation (4).
The matrix Qab refers to the ab-th element of the inverse of matrix Q−1. Therefore, the scattering matrix
in the new basis will be

S =

(
1N − Qabra ⊗ rT

b Qabra ⊗ lT
b

Qabla ⊗ rT
b 1N − Qabla ⊗ lT

b

)
, (16)

which defines the transmission and reflection elements in the original basis. In the total reflection limit,
we can see that Q−1 = g, which then means that the operators become projectors.
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S =

(
1 − gabra ⊗ rT

b gabra ⊗ lT
b

gabla ⊗ rT
b 1 − gabla ⊗ T

b

)
= 12N − 2ΠG (17)

for ΠG = (gab/2)ka ⊗ kT
b being the projector onto the space G.

The d.c. current through the system can be written in terms of the scattering matrix by symmetris-
ing the current on either side of the scattering region. Using the ’parity’ vector t of Equation (3), the
total d.c. current is defined as,

J = tT

(
OR

IL

)
= tT

(
IR

OL

)
. (18)

To show that these two expressions are equivalent, subtract the two vectors and use the particle
conservation requirement. This equality implies that the total current is constant across the system.
This then allows the total current to be written as a symmetrisation of the previous equation

J =
1
2

tT(S + 1)I =
1
2

tT(1− ΠG)I, (19)

where I = (IR, IL). The incoming currents are emitted from the reservoirs at chemical potentials
µL, µR for the left and right reservoirs, respectively. The voltage drop across the system will be the
difference between the chemical potentials and therefore the conductance is given by

g = N − 1
2

tTΠGt =
1
2

tTΠ⊥
G t. (20)

All of the details of the forward scattering interactions drop out in the d.c. limit and the conduc-
tance is entirely determined by the space created by the backscattering vectors. Note that this can be
represented as projecting to the orthogonal complement space to G. This space G⊥ can be decomposed
into two orthogonal spaces ΣG and F, where ΣG = Span(Σka)n

a=1 and the free space is what remains,
F = G⊥/(ΣG). From Equation (4), we can see that the spaces G and ΣG are orthogonal. Therefore
the projector can be written as Π⊥

G = ΠΣG + ΠF. However, due to the structure of vectors y ∈ ΣG, as
they must satisfy t · y = 0 due to current conservation, the projector ΠΣG does not contribute to the
conductance in Equation (21). The conductance can then be written as g = tTΠFt/2, the overlap of the
parity vector with the projection of the parity vector on the free space.

3. Results
To show the complementary approach of calculating the gapped and free projection operators, we

will consider two cases in the N wire system - one backscattering interaction and N − 1 backscattering
interactions.

3.1. Single Backscattering Mechanism

When only one backscattering vector is relevant, the projection operator can be simply con-
structed. The interaction can encompass multiple wires, but the corresponding vector κ must satisfy
Equation (3) and (4). An illustration of a possible realisation of this is shown in Figure 2 where l parti-
cles scattering from the left to right movers in one channel is balanced by m and n particles scattering
in the opposite direction in two other channels.
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Figure 2. Depicting a possible backscattering interaction that results in one sector of the fields being pinned
to zero. The empty holes indicate an annihilation operator has acted on that chiral field, and the filled circles
correspond to particles being created. This would be described by (n, m,−l,−n,−m, l)T .

We can construct the projection operator onto a vector using ΠG = κ ⊗ κ/(κTκ). The total
conductance through the system becomes,

g = N − (t · κ)2

2κ2 . (21)

In the two-wire case, there are two possibilities that κ can be, either κ1 = (n1, n2,−n1,−n2)
T [15]

or κ2 = (n1, n2,−n2,−n1)
T [23]. Both of these cases give the same two-terminal conductance of

g =
(n1 − n2)

2

n2
1 + n2

2
(22)

which is shown in Figure 3. This matches up with the expression of Reference [15] and a generalisation
of Reference [23] where they studied the case n2 = n1 + 1.
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Figure 3. The possible different fractions that can be obtained from the two-wire case. a) The surface produced by
Equation (22). Notably the conductance is always zero for n = m and equal to two for n = −m. b) The fractional
conductance values are show for integer values of n, m for two different lines along the surface. The upper plot
shows the values when m = n + 1, as originally discussed in Reference [23], while the lower plot is for m = 3.

3.2. Single Gapless Mode

To show how to utilise the free sector description, we now consider an N-channel system
with identical N − 1 interactions between all neighbouring wires described by 2N-dimensional
backscattering vectors {k1, · · · kN−1}[2,23]. The interaction between the first two wires is k1 =

(n1, n2, 0, · · · 0,−n2,−n1, 0, ...0). All other interaction vectors are obtained by a shifting non-zero
values of k1, consequently to the right. An example of such a system with three channels is shown in
Figure 4.

There are two ways to approach the construction of the projector in the gapped space. One
possibility is to explicitly construct ΠG from all n perturbation vectors ka by putting them as column
vectors into the matrix κ and calculating ΠG = κ(κTκ)−1κT (one should keep in mind that κ is a 2N × n
matrix and not a square one). Another option is to construct an orthonormal basis ea for the space
G = Span{ka}N−1

a=1 . Then the projection can be written as ΠG = ea ⊗ ea. However, from Equation (20)
we can construct the orthogonal projection onto the free space by finding vectors w that are orthogonal
to all ka and Σka. Calling q = −n2/n1,

wT = (1, q, q2, · · · qN−1︸ ︷︷ ︸
N

,−qN−1, · · · − q2,−q,−1︸ ︷︷ ︸
N

) (23)

The other vector in the free space is given by Σw, but it does not contribute to the conductance as
t · Σw = 0. Therefore, we can write the projector onto the free space as ΠF = w ⊗ wT/(wTw). Then,
using equation g = tTΠFt/2, we find the conductance

g =
1 + q
1 − q

1 − qN

1 + qN , (24)

in a perfect agreement with the case n1 = n2 + 1 considered in Reference [23], and the result for the
two-wire system obtained above in Equation 22. When the number of channels N ≫ 1, then the
result becomes

g∞ =

∣∣∣∣n1 − n2

n1 + n2

∣∣∣∣ . (25)
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Figure 4. Constructing a single gapless mode from two 2-wire interactions in a 3 wire system. This backscattering
would be described by the vectors k1 = (n,−m, 0,−n, m, 0)T , k2 = (0, n,−m, 0,−n, m)T .

4. Finding Even Denominators
Having applied the conductance equation to specific backscattering interactions, we can now ask

the inverse question of what backscattering interaction can produce a specific value of conductance. The
most puzzling results of the experiments [10] are the fractional conductances with even denominators.
For a two-channel system with only one relevant perturbation, Equation (22), there can only be
conductance with odd denominators. The proof of this can be seen through choosing both n1, n2 to
have the same parity (in order to guarantee that the denominator is even), with the even parity case
being insensitive to an overall factor of 2 and the odd parity case having an odd denominator. Through
this, any choice of even n1, n2 can be reduced into the case of opposite parity or odd n1, n2 covering all
possibilities. A similar, but lengthier, procedure of mathematical induction shows that conductances of
systems with three and four channels can also have only odd denominators.

The smallest number of channels, and therefore the minimal coupled wire model, necessary for an
even denominator in the presence of one relevant perturbation is five (N = 5). Surprisingly, choosing
the perturbation that involves the smallest nontrivial number of quasiparticles in all five channels
r1 = (2, 1, 1, 1, 1) provides the 1/2 conductance

g = N − (2 + 1 + 1 + 1 + 1)2

22 + 12 + 12 + 12 + 12 =
1
2

. (26)

To discuss possible values of conductance in systems with many channels in the presence of n rel-
evant perturbations, it is easiest to first consider the case where all backscattering vectors {q1, · · · qn},
where qa = (ra,−la), are orthogonal to each other. Using the Haldane criterion and particle conserva-
tion, the conductance can be written in terms of only N-dimensional vectors ra = (na

1, na
2, · · · , na

N)
T ,

g = N −
n

∑
a=1

(∑N
j=1 na

j )
2

∑N
j=1(n

a
j )

2
. (27)

This simplified expression shows how the total conductance is the difference between the number of
channels (which is the conductance of the system in the absence of perturbations) and the conductance
“stolen” by the gapped channels. To have g be an even denominator fraction, at least one of the terms
in the a sum must be a fraction with an even denominator; therefore, we can restrict our attention to
terms with this form.

According to the experiments, the wires have spinful channels due to the lack of an external
magnetic field, and therefore, a coupled wire model that describes the appearance of even denominator
fractions must have an even number of channels. For the N = 6 wire system, both the 1/2 and
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1/6 conductance fractions can be obtained with orthogonal backscattering interactions. The two
perturbations r1 = (0, 0, 0, 0, 0, 1) and r2 = (2, 1, 1, 1, 1, 0) lead to

g = 6 − (0 + 1)2

02 + 12 − (2 + 1 + 1 + 1 + 1 + 0)2

22 + 12 + 12 + 12 + 12 + 02 (28)

= 6 − 1 − 9
2
=

1
2

.

With the addition of another orthogonal perturbation, r3 = (−1, 0, 0, 1, 1, 0), we can find

g =
1
2
− (−1 + 1 + 1 + 0)2

(−1)2 + 02 + 12 + 12 =
1
6

. (29)

Very recent experiments have shown a fractional conductance plateau of 1/4 [24] and the minimal
coupled wire model needed to obtain this result exactly has N = 12 channels with three mutually
orthogonal perturbations.

Although we have only discussed the case when all the backscattering vectors are orthogonal,
this analysis holds when the vectors are linearly independent. For any non-colinear vectors, we can
construct orthogonal vectors through Gram-Schmidt and choose a scaling of the new orthogonal vector
such that every element has integer values. The projection operator is independent of a basis chosen to
span the space G and therefore the conductance for any backscattering operators can be represented
by Equation (27) with the appropriate choice of ra.

5. Discussion
In constructing the minimal coupled wire model required to match experimental measurements

of fractional conductance plateaux, we have made no attempt to provide a microscopic reasoning for
the occurrence of the backscattering interactions. It is important to note that there are multiple different
choices of backscattering operators that can produce the same conductance result due to the projection
operator that appears in the conductance. However, they will differ by the number of particles involved
in the multi-particle backscattering, with higher-order processes becoming increasingly unlikely. The
fact that at least 6 (three spin-degenerate) channels are required to get an even denominator fractional
conductance, with more channels for higher multiples of 2 in the denominator, means that any coupled
wire model must explain the appearance of extra channels.

Finally, it is possible to approach even-denominator fractions using results with odd denominators.
The difference between the approximation and the actual value comes at the expense of higher-order
multi-particle backscattering. For example, in the four-channel case with three two-wire perturbations,
where we can use Equation (24), if q = −3 by n2 = 3, n1 = 1 then the conductance is g = 20/41 ≈ 0.488.
Choosing instead n2 = 25, n1 = 8 produces a closer result of g ≈ 0.504, but requires more particles to
be involved in the backscattering, resulting in the process being less likely to be relevant.

Future work is to examine more transport characteristics of these systems, such as shot noise, in
order to determine the nature of the quasiparticles in the gapped sector.
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