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Abstract: In superconductors gauge U(1) symmetry is spontaneously broken. According to Goldstone theorem
this breaking of a continuous symmetry establishes the existence of the Bogoliubov phase mode while the gauge-
invariant response also includes the amplitude fluctuations of the order parameter. The latter, which are also
termed "Higgs” modes in analogy with the standard model, appear at the energy of the spectral gap 2A when
the superconducting ground state is evaluated within the weak coupling BCS theory and are therefore damped.
Previously we have shown that in the time-dependent Gutzwiller approximation (TDGA) Higgs modes appear
inside the gap with a finite binding energy relative to the quasiparticle continuum. Here we show that the binding
energy of the Higgs mode becomes exponentially small in the weak coupling limit converging to the BCS solution.
On the other hand, well-defined undamped amplitude modes exist in strongly coupled superconductors when

the interaction energy becomes of the order of the bandwidth.

Keywords: superconductivity; time-dependent Gutzwiller; collective modes

1. Introduction

There exists a close analogy between the mechanism at the heart of the mass generation for scalar
and vector bosons in the Standard Model [1,2] and the mechanism responsible for superconductiv-
ity [3,4]. In both cases, the spontaneous breaking of a continuous symmetry comes along with the
emergence of new elementary excitations. In the context of superconductors they are identified with
the collective fluctuations of the macroscopic (complex) order parameter. These comprise the massless
phase fluctuations, which in a charged superconductor are pushed to the plasma frequency via the
Anderson-Higgs mechanism [5]. Moreover, amplitude fluctuations represent the analogous to the
Higgs field in the Standard Model and therefore are also labeled as "Higgs” modes in a superconducting
system, cf. Figure la. In conventional (weakly-coupled or BCS) superconductors the energy of the
Higgs mode coincides with the spectral gap 2A for single-particle excitations which influence on its
dynamics, leading to a non-relativistic strongly overdamped mode. In addition, its effects can be
hardly probed experimentally, unless one strongly perturbs the system out of equilibrium [6-12].

In a recent paper [13] we have shown that in the limit of strong coupling the Higgs mode is
shifted inside the spectral gap which leads to undamped Higgs oscillations, cf. Figure 1b. Such a
situation could be realized in cold atomic Fermion condensates and in fact, a well-defined collective
mode throughout the entire crossover from BCS to Bose-Einstein condensation has been observed
recently [14] in a system with weak modulation of the confinement. Our previous work was based
on the time-dependent Gutzwiller approximation (TDGA) [15-23] which allows for the investigation
of dynamical properties of systems with a strong local interaction U (i.e. Hubbard-type models). By
evaluating both the spectral gap 2A and the energy of the Higgs mode it could be shown that both
quantities start to separate when the magnitude of the local attraction |U| becomes larger than the
bandwidth. However, within this numerical approach, it is difficult to analyze the situation at weak
coupling. In particular, it is hard to distinguish between the situation where a critical coupling has
to be exceeded for the Higgs mode to be pushed inside the spectral gap or a scenario where at weak
coupling the difference between Higgs mode energy and 2A becomes exponentially small.
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Figure 1. a) Ginzburg-Landau (GL) potential landscape of a superconductor. Bogoljubov phase
excitations (®) and amplitude "Higgs’(H) modes are indicated by yellow and blue arrows, respectively.
b) Evolution of the spectral gap and the energy of the Higgs mode as a function of the interaction
parameter |U| (in terms of the bandwidth) for a two-dimensional system. In the regime |U| > B the
Higgs mode is significantly split off inside the gap, cf. inset.

Here we analyze analytically the situation in the weak-coupling limit of the TDGA and show
that the latter scenario is realized in this case. Section 2 introduces the model and first discusses the
appearance of amplitude modes within the standard BCS+RPA approach. The analysis of the Higgs
excitation within the TDGA is then performed in Section 4 in the weak coupling limit and we finally
conclude our discussion in Section 5.

2. Model and BCS Approximation

We exemplify the evaluation of amplitude modes within the single-band attractive Hubbard
hamiltonian

Etz] i0Cjor VZ":’ —|u| Z"z‘,ﬂlw (1)
1 1

where in the following we denote the Fourier transform of ¢;; as the dispersion ¢.
Decoupling in the pair channel yields the usual BCS Hamiltonian

NG
H = Z@kckgcka—l—Z(A c_ kickT+AckTC—k¢)+N|u|| 2)
with A = —[U|(c_k ¢k 1), Gk = €k — p and N denotes the number of lattice sites.
Eq. (2) can be diagonalized with the Bogoljubov transformation
Gt = YKo — Bivia (©)
Ckp = PBrviot kv 4)
and one obtains
+ + |A%]
H=) Ex (’Yk,o’rk,o + ’Yk,l’Yk,1> +Y (& —E) + N ] (5)
k k

where E;, = \/6% + AZ?, oc % <1 + ¥ Sk ) and ,B% = %(1 — %) The self-consistency condition (zero

temperature) reads
1

6
;2 (6)
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3. Collective Modes Beyond Weak-Coupling BCS Theory

The mean-field decoupling neglects the following fluctuation contributions in the pairing channel

Vi = —|u|% ;M;Mq 7)
with
0hg = ;[Lkw/uckw/m - <C7k+q/2,¢ck+q/2,T>} ®)
= ;[“;O‘I;’)’k—q/Z,lr)’k-&-q/Z,O - ﬁljﬁlz72—q/2,07z+q/2,l
+ B Y20 Tkrgr20 + B 'YltJrq/Z,l’Yk*q/Z,l]
M; = [Clt+q/2,TCik+q/z,¢ - <Cz+q/2,'rcik+q/2,¢>} )

_ +o—nt + +p-
= Z[ﬂék M Vitq/2,0Vk—q/21 — B B Yi+q/21Yk—q/2,0
k

+g-nt + oyt
T @ B Yhqr2,0Vk—q/20 T Br ,kaq/Z,l’YkJrq/z/l] ’

and we have defined ocki = Qg+q/2 and ‘B,f = Brkxq/2-
In the same way the the fluctuation contribution in the charge channel is obtained as

vjflh“’ge S |2ﬂ % ; 504604 (10)
with
opg = Zk:{(“;fﬁz? o B (Mg /21 Vhg/20 + Vh-q/20Vk4g/2,1)
+(af o = BB (V21 Tera/21 + Vi g/20Me-9/20)] - (11)

3.1. Correlation Functions and RPA Resummation

We denote correlation functions by
Xom(A, B) = —i / At (T A (£) By (0)) (12)

where in the following A,B correspond to either pair or charge fluctuations Eqs. (8,9,11).
It is convenient to define the 3 x 3 matrices
XI(OAT 60T A0(6AY, 00 ) A0(6AT, 00 y)
Xg(w) = Xg(‘mq/ 5A;) X2(5Aq/ 6A—y) X2(5Aq/5p—q)
Xq(80q,088)  x((8pq,08-9)  Xx3(Spg,0p—g)

where the superscript ‘0’ indicates that the elements are computed with the bare BCS wave function
and are given in the appendix.

The correlations of the interacting system are then defined by an analogous matrix x,(w) but
without superscript. From Egs. (7,10) the matrix for the local interaction is given by o

0 —ju o
v=1| —ju o 0 . (13)
0 0 —|ul/2

The RPA resummation can then be written as
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which is solved by
-1
X= [l — XOK} x°. (14)

3.2. Amplitude and Phase Correlations

Introducing amplitude A, = (67, + 5AT q)/ V2 and phase operators ®; = (6A; — 5Aiq) /2 the
amplitude and phase correlation functions are obtained from

= MAq,A_q):%[Xq(mtq,m;)+Xq(m+_q,m_q)
+ Xg(08g,07) + xq (08,08 y)] (15)
AP = Xq(q>q,q>,q):%[xq(mt o OA1) — xq(86% 68 _y) (16)
— Xq(08g,Y) + x4 (68,08)] (17)

and analogously for the mixed correlations between amplitude, phase, and charge.
The susceptibility and interaction matrices can now be transformed to the amplitude-phase
representation by introducing the matrix

1 1 9
V2 V2
1= 5 -5 0 (18)
0 0 1
so that
A
X[I?A X‘%‘KI) qu
D
wy = | xdt xgt oK' (19)
pA Qo po
Xg  Xqg Xg
—ul o 0
TVy = 0 U 0 (20)

and the RPA equation Eq. (14) also holds in the transformed representation. Therefore the interaction
in the amplitude channel is attractive whereas it is repulsive in the phase channel.

3.3. The Ph-Symmetric Case in the Limit q = 0

In the case of particle-hole symmetry and for q = 0 (where ch;E = wy, ﬁ]f = By) one finds a
decoupling of amplitude from phase and charge fluctuations, i.e.

NOZC A 1 Ck{ 1,1 }:0 1)

q _ﬁ T Ek w — 2E; w + 2E;
(0).Ap _ A Sk 1 — 1 =0 22

As a consequence, the amplitude correlations decouple from the phase-charge sector in the RPA
equation Eq. (14), and one finds

A5 ()

= (23)
1+ Ul ()

X?:Ao(w)
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and from Eq. (15) together with the bare correlation functions listed in the appendix one obtains

2
0AA, 2«6 1 ”
Xg=0 (w)_N;Ekw2—4E%' 24)
Noting that
2
OAA (@ _gpy— 2y 8k 1 1y 1 2
Ym0 (@ =28) =g} g 42 N L 3E, ®)
it becomes apparent that the ‘pole’ of Eq. (23) is given by

A4y _opy =g Uy 1

1+ Ulx,20 " (w=24) =1 N ;ZEk =0 (26)

because this is identical to the self-consistency equation Eq. (6).

Therefore the energy of the amplitude mode at 4 = 0 is given by w = 2A and coincides with
the onset of quasiparticle excitations. Thus it is not a pole but rather a branch cut in the amplitude
correlation function.

Note also that a similar result appears in the case of the repulsive Hubbard model where the
amplitude excitations of the SDW order parameter appear at the energy of the SDW gap as has been
shown in Ref. [24].

Figure 2 visualizes the condition to find the Higgs pole in Eq. (23) for a two-dimensional system.
As a function of w the (negative) bare amplitude correlation function Eq. (25) is a continuously
decreasing function which at w = 2A reaches the value X,SO:)(I)L‘ A (w = 2A) = —1/|U| which leads to the
Higgs pole exactly at w = 2A. This can change if we hypothesize an interaction between quastiparticles
V different from the static interaction U that appears in the BCS equation. In case V would be more
negative than U (blue dashed line in Figure 2), the pole of Eq. (23) would occur at w < 2A and therefore
would correspond to a bound state inside the spectral gap. We will show in the following section
that this is exactly the situation that is realized within the TDGA because in this variational scheme
the denominator of Eq. (23) is not related to the self-consistency condition for the spectral gap when
w = 2A. This can understood as vertex corrections in the effective interaction between quasiparticles
in the same spirit as Ref. [25].

g
:i: 1/V=-0.8/|U]

- S PPN FOOYy syl ot SO |
x
=1

1/V=-1/|U|
B 1 S T R B
I | I | I | I | I
0 0.2 0.4 0.6 0.8 Oy 1
o [2A]

Figure 2. The black line shows the amplitude correlation function Eq. (24) times |U|. The intersection of
the horizontal lines with the black curve yield the position of the Higgs pole in Eq. 23. In the BCS+RPA
approximation quasiparticles interact with an effective matrix element V = —|U]| [Eq. (20)] (red dashed
line). This produces a pole in the denominator of Eq. (23) at w = 2A. In the TDGA it turns out that the
effective interaction (exemplified by the blue dashed line) produces a pole within the spectral gap.
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4. TDGA

The TDGA ground state is obtained by optimizing the number of doubly occupied sites in the
underlying BCS state |BCS) by applying the ‘Gutzwiller projector’ Pg, i.e.

[¥c) = P6|BCS).

The variational energy EC4(D, ] ) = (¥g|H|¥s)/(¥5|¥s) depends on the double occupancy D and
the anomalous correlations |~ = (c;| ¢it), cf. e.g. [26]. A first step in the application of the TDGA is
the evaluation of the so-called Gutzwiller hamiltonian, defined as the derivative of ES4(D, J~) with
respect to the density matrix [15,16]. One obtains (for the homogeneous system, N lattice sites) [26]

HY = Y E [’Y}Jg,o’Yk,O + ’YZ,ﬁk,l} +) (& — Ex) —2NA]” —N[U|D.
P X

where now the quasiparticle energy in & = z%¢; — y is renormalized by

\/m(\/D—F—]ﬂr\/D—]ZJrr)

-0

z =

(27)

and J* is related to the density n via J* = 1/2(n — 1). In contrast to weak-coupling BCS theory, where
the spectral gap parameter is given by A = —|U|]~, in the TDGA this quantity is obtained from the
variational principle as

Z2

1
A==
20

28 [ } (28)

On the other hand, the equation for the anomalous correlations still resembles the corresponding BCS

result and reads
1Al

) =% M 29)

4.1. Ground State for the Half-Filled Case

Similar to the BCS case we focus in the following on the half-filled system where analytical results
can be obtained in the weak-coupling limit. The renormalization factor simplifies to

1-2D
2 = T_( ¢ [D +y/D% - (1)2} (30)
=
and expanding Eq. (30) for small ]~ (weak coupling) yields

1
2 _ _ _ __
2> =8D(1-2D) +32D(1 - 2D)(1 - -

(7). (31)
Furthermore, for the half-filled system we can write D = 1/4 + d and obtain in lowest order in |,

72 =1—16d> +32d(])2. (32)

We proceed by evaluating Eqs. (28,29) for a constant DOS, p(w) = 1/(2B) for —B < w < B. For Eq.
(29) we obtain
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W?
wi
Vw? + A?

2 / 2 2
_32d]—i Bﬂ/B2+A2—A—InL/BH
2B 2 J1+4+A2/B2-1
A% 2B

—16d]~ [B ~ 5 In A] ~ —16Bd] ", (33)

1 B
A = —32drﬁ/ d
-B

Q

and in the last line, we used the limit of weak coupling.
In the same limit the anomalous correlations Eq. (28) are obtained as

)= e [
N 4B /B /w2 + A2
Aln V1+A2/B2+1

4B 1+ AZ/BT-1

2
|
|
|

(34)
Inserting Eq. (34) into Eq. (33) finally yields
A = 2Be (35)

T = ——ew, (36)

where it should be noted that B = Byz? with By being the bare bandwidth. The dependence of A and
J~ on U is encoded in the dependence on d with A — 0, ]~ — O whend — 0.
We are now in the position to evaluate the total Gutzwiller approximated energy

EGA 1 B
— = —— [ dovw?+A2-2A] +UD
N 2B J_-B
1 VB2+ A2+ B
= ——[2BVB24+ A2+ A’ In~—"—""| —2A]” +UD
43[ VB2 +A2—B I

~ —B/2—-2A]” +UD

~ Do) qep 2} £ By qep 2 e—# — (L
~ (1 1642 + 32d(] ))+2d<1 1642 + 32d(] ))e a—[ul( g +d
_ By _qep b i\ _ Bofo o o 1 a1 (1

= > <1 16d + 540 4d>+2d<1 16d +54¢ 4d>e i |U|<4+d)

and the minimization dE¢4 /3d = 0 leads to the equation

16d —16e— % + - { 1 1] {1“% . 1} e
N e —

4d? |4d | |d
1 2
3
1 (1 > 1 1] 1 U
+ 2d2[4d 1}[1 16d +2d6 4d:|6 4d—B0. (37)

4
Contribution "1” determines the double occupancy in the absence of SC, i.e. dy = 1'53|0 .
On the other hand, it can be seen from Figure 3 that for small d the contributions "2 — 4" in Eq. (37)
are exponentially small, so that by setting d = d( + € the leading correction for small U/ By is given by



https://doi.org/10.20944/preprints202409.0166.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 September 2024 d0i:10.20944/preprints202409.0166.v1

8of 11

1

1 ¢ 2o By \* _%h

N —m g = — IFET) ul

€ 128 dé 512( ) e , (38)

i.e. the double occupancy decreases with the onset of SC order.

1
0.8
0.6/
0.4
0.2F
|
02l
odl
0 001

Figure 3. The individual terms contributing to Eq. (37).

4.2. TDGA for the SC Half-Filled Case

Within the TDGA and employing the weak-coupling limit the effective interaction in the ampli-
tude channel can be evaluated by expanding the renormalized kinetic energy (per site)

ep=—»=—-By = —%BO [1 — 164> +32d(]—)2} (39)

in terms of the fluctuations éd and 6] .

One obtains
; 1( od 16B —32By]~ od
H" = = 0 0 : 40
2( o]~ ) ( —32ByJ- —32dBy o]~ 40
In the spirit of the anti-adiabaticity principle [15] we eliminate the high-energy double occupancy
fluctuations from Eq. (40) using the condition 0H int /96d = 0 which yields éd = 2]~ 6] ~. The resulting
interaction in the amplitude channel alone (note that 6]~ = \ﬁ(SAqZO, cf. Section 3.2) is given by
HAAA = 1/2V,1p6 Ag—00 Ag—o with

veff — _16B, [d +2( ]*)2} 41)

or whenweused = dy+ ¢
Vel = —|u| —16Bo e +2()7 2] 42)

From Egs. (36,38) it turns out that in the considered limit (half-filling, weak coupling) the TDGA
provides an exponentially small correction to the bare interaction —|U].

We proceed by investigating the consequences for the resulting Higgs mode within the TDGA.
Similar to the BCS+RPA case the amplitude mode occurs as a pole in Eq. (23), 1 + |V5f f | X;O:)a‘l A (w)=0
with ) 2 .

X,SO:)([)L‘A(W) = N;ﬁm (43)

where now ¢ contains the renormalization of ¢; by the GA factors z2.

Comparison of Eq. (26) and Eq. (28) reveals that the Higgs mode would occur at w = 2A when
the effective interaction would be given by V, 7f = A/(]"). From Eq. (33) one finds
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J‘_> — —16Bydz* = —16Byd [1 — 1642 +32d(]—)2] (44)
or when we make use of d = dy + ¢
A —\2 2 —\2
7= +16d|u|[d—2(] ) } —16305[1—1&1 +324()7) } (45)
Thus
A . 1, (luly®
off B 21 _qe2] _ 3 _ 3_ L
Ve - = —32B0()) [1 16d ] 256B0d” ~ ~256Byd} = — 6BO< B ) <0. (46)

i.e. V¢/f is more negative than A/J~ in the small coupling limit so that according to the analysis
related to Figure 2 one obtains the pole for the Higgs mode below the spectral gap 2A.
Expanding the amplitude correlation function Eq. (43) around the spectral gap

OAA[ apn N~ (0AA Ty
Xq=0 (w=2A V)qu:() (w-2A)—|—4BO A 47)

yields the pole from the resonance condition 1 4 |V¢//| X;():)aq Aw=20—v)=0at

u 2B
v =2A—wy ~A|B|~U|exp<—0) (48)
0

i.e. the shift of the Higgs mode inside the spectral gap is exponentially small in weak coupling.

5. Conclusions

We have shown, that the TDGA applied to the weak coupling limit of the attractive Hubbard
model leads to amplitude ("Higgs’) modes which are split-off from the quasiparticle continuum at
2A but the corresponding binding energy is exponentially small in the attractive interaction. This
is different from the BCS+RPA approach where the 'Higgs’ excitation always appears at 2A and
therefore is damped due to the interference with quasiparticle excitations. When the interaction
becomes comparable with the bandwidth the Higgs binding energy becomes sizeable [13] and thus
long-lived amplitude modes could be observed in the crossover regime from BCS to BEC. In fact,
recent investigations on cold atomic fermion condensates [14] confirm this picture although in this
experiment also the modulation of the confinement seems to play a role. Our theory also goes beyond
the applicability to superconductors and should also have relevance in magnetic systems where the
collective modes comprise the amplitude excitation of the magnetic order. In fact, in Ref. [13] we have
proposed an experimental setup where the predicted bound state of the antiferromagnetic amplitude
mode in undoped cuprates may be observed via magneto-optical methods. Of course, the main
difference between superconducting and magnetic systems is the absence of low-lying excitations in
the former due to the Anderson-Higgs mechanism which pushes the Bogoljubov-Goldstone mode to
the plasma energy. On the other hand, in a magnetic system, the decay channel of the amplitude mode
into low-lying magnon excitations persists. In this regard, it is interesting that strong correlations can
also stabilize quantum matter [27] so that the proposed split-off magnetic amplitude modes may have
a lifetime long enough to be detected via a frequency-dependent Faraday rotated optical signal [13].
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Appendix A. BCS Correlation Functions
The correlation functions in the non-interacting BCS limit read
X06AT ATy = A0(6A,, 08 ,) = _2 Yl B B B +E (A1)
q —q/77q q qs q Nk k Pk "k kw2_(Elj+Ek_)2
+\2(3—)\2 +32(—)2
XO((SA-L,JA_) _ lz (ﬁk)(ﬁk) _ (“k)(“k) (A2)
e N\ \w—-E —E w+E +E
320 —)2 +\2(p—)2
XO((SA,(SA+) _ lz (“k)(“k) _ (ﬁk)(ﬁk) (A3)
T N\ w—E —E w+E +E
2 .2 EF+EC
0 — + + k k
Xq(0pg 00—g) = ;(“k B+ By) W — (E] +E )2 (Ad)
XE,’((SAJQW op—q) = Xg(dpqr‘qu) (A5)
T, o B Bx oy
= =) \a +u +
e
Xg(‘mq/ op—q) = X2(5Pq,5Af§) (A6)
1 w g BBy
— +3- —pt k "k k Pk
= —=) (« +u +
N;( P kﬁk){w—Ek*—Ek w+Ef+Ef
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