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Abstract

Wireless communication applications above 300 GHz need careful analog electronics design that
takes into account the frequency-dependent nature of ohmic resistance at these frequencies. The
cumbersome development of electronics brings quantum optical communication solutions for the sixth
generation (6G) THz band located between 300 GHz and 10 THz into focus. In this manuscript, the
authors propose to replace the classical radio frequency based inner physical layer transceiver blocks
used in classical channel coded short range wireless communication systems by wireless quantum
optical communication concepts. Besides discussing the resulting generic concept of the wireless
quantum optical communications and illustrating optimum quantum data detection schemes, novel
reduced state quantum data detection and novel Kohonen maps based quantum data detection, will be
addressed. All the considered quantum data detection schemes provide soft outputs required for the
lowest possible block error ratio (BLER) at the output of the channel decoding. Furthermore, a novel
polar codes design approach determining the polar sequence by appropriately combining already
available polar sequences tailored for low BLER is presented for the first time after illustrating the basics
of polar codes. In addition, turbo equalization for wireless quantum optical communications using
polar codes will be presented, for the first time explicitly stating the generation of soft information
associated with the codebits and introducing a novel scheme for the computation of extrinsic soft
outputs to be used in the turbo equalization iterations. New simulation results emphasize the viability
of the theoretical concepts.

Keywords: 6G; Kohonen maps based quantum data detection; log-likelihood ratio (LLR); optimum
quantum data detection; polar codes; polar code design; polar sequence; reduced state quantum data
detection; soft outputs, turbo equalization with polar codes; wireless quantum optical communications

1. Introduction

Recent studies [1] have illustrated that radio applications operating above 300 GHz, which is
approximately equal to that particular natural frequency at the low end of the far infrared radiation
[2][Table E1-1, p. 208], [3], require meticulous analog design. This is due to the frequency-dependent
behavior of ohmic resistance at such high frequencies [1], which brings optical communication solutions
for the sixth generation (6G) THz band [300 GHz, 10 THz] into sharp focus. Following the experimental
demonstration of quantum supremacy [4], there has been a significant surge of interest in wireless
quantum optical communication concepts. These aim to replace conventional radio frequency-based
transceivers at the inner physical layer of classical channel coded wireless systems. Generally, quantum
communications means the transmission of classical information over a quantum channel, where the
information is encoded in quantum states [5-7]. In future generations of wireless communication
systems, the aforementioned growing popularity may suggest the replacement of mixed signal and
analog components in the transceivers for mobile radio systems by components relying on quantum
optics.
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The basic block diagram of the resulting physical layer transmission, originating at a single
transmitter located e.g. at a base station, usually called eNB, and terminating at a single receiver
located consequently at the user equipment (UE), is shown in Figure 1, cf. e.g. [8][Fig. 1.30, p. 289].
The transmitter consists of the classical channel encoder, which has been common in classical wireless
communication systems, cf. e.g [8], and a quantum transmitter, which represents the classical informa-
tion generated by the classical channel encoder by a sequence quantum states. In this communication,
we will focus on sophisticated channel coding based on polar codes, cf. e.g. [8][Chapter 4, pp. 336-388]
for a brief introduction. The quantum transmitter can e.g. be realized by a quantum mechanical
harmonic oscillator that provides coherent states, namely a laser [5][pp. 11, 80f.], [6][p. 1584], [O][pp.
125-128], which will be considered in this communication. The quantum channel, which conveys
the information generated by the transmitter to the single receiver, is connected to the output of the
quantum transmitter and to the input of the receiver, which consists of a quantum receiver followed
by a classical channel decoder. The quantum receiver is supposed to be a soft output quantum data
detector that consists of the measurement device, characterized by commuting measurement operators,
and the soft output generation unit, which uses the measured probability values to create soft outputs
in the form of log-likelihood ratios (LLRs). The mode of operation of the wireless quantum optical
communication system depicted in Figure 1 will be addressed in Sect. 2.

log-likelihood

sequence sequence .
d q ratios (LLRs)
codeword b {BT{U} {BRXJ vector L
' ' ' ' decoded
message i quantum : quantum i quantum i message
i transmitter i channel | receiver
(c—q) (a—>q) i (q—¢)
. quantum- counting, .
classical mechanical | uantum uantum classical ;
u—> channel ) ; a g channel —>u
harmonic M channel data
encoder ; : decoder
oscillator detection
L l ) L ] J
transmitter at e.g. eNB receiver at e.g. UE

(c - q) : classical information mapped to quantum information
(d—q): quantum information mapped to quantum information
(q — c) : quantum information mapped to classical information

Figure 1. Wireless quantum optical communication system with classical channel coding, cf. also [8][Fig. 1.30, p.
289].

Every communication system must be tailored to the physical conditions presented by the
transmission channel. In the context of short range communication links, which are typical for e.g.
IEEE 802.11 “Wireless Local Area Network” (802.11/WLAN) standard [10], recently amended to
accommodate light communications [11] in a similar manner discussed in e.g. [12], and for the
anticipated short range wireless optical solutions, becoming increasingly important in the context of
6G wireless communications, cf. e.g. [13], we may suppose that the quantum channel has one single
path, thus being memoryless, and the transmission is subject to little environmental interaction, i.e.
negligible scattering and turbulence, therefore, neglecting any decoherence [14-16]. Since the received
radiation field may contain a coherent signal, emitted by the quantum mechanical harmonic oscillator
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in the case it is on and superimposed by the omnipresent thermal radiation field [6,9,17] the statistical
operator of the received radiation field given in the basis of the number states may not be diagonal,
having unvanished coherences, i.e. interference terms, which are the off-diagonal elements of the matrix
representation of the said statistical operator, cf. also [14][p. 34]. However, in e.g. the case of unknown
random carrier phases [9][pp. 171f.], the said coherences will approach zero always yielding a diagonal
statistical operator in the basis of the number states, cf. also [14][pp. 88-93].

In the context of mobile communications, however, wireless communication links typically suffer
from multipath propagation with uncorrelated scattering, cf. e.g. [17,18], which will hold true for
the quantum channel, as well [19-21]. Similar to mobile communications, intersymbol interference
(ISI) at the quantum receiver depicted in Figure 1 must be expected, which had not been discussed
earlier than [19]. We will illustrate this still novel corresponding quantum mechanical system model in
Sect. 2, considerably extending the presentation of [19], by setting out from the quantum mechanical
communication theory known for single path transmission [6,9,17]. Also, soft output quantum data
detection, mitigating the effect of ISI will be treated in Sect. 2. Besides the discussion of optimum
quantum data detection with soft outputs, a novel soft output reduced state quantum data detection
approach will be introduced for the first time. In addition, the authors will propose a novel soft output
Kohonen maps based quantum data detection for the first time, which extends a concept recently
introduced for the data detection in classical mobile communications [22].

In Sect. 3 polar coding will be addressed, by briefly illustrating its general concept and also by
introducing a detailed design strategy for the first time summarized in e.g. Algorithm 2, yielding
an appropriately chosen polar sequence for wireless quantum optical communications. In addition,
applying polar codes in turbo equalization, explicitly stating, seemingly for the first time, the creation of
the required soft outputs for the codebits, and introducing two viable novel methods for the analytically
closed generation of the extrinsic soft outputs to be used in the turbo equalization iterations, will be
discussed for the first time in Sect. 3.

Sect. 4 reports obtained performance results, showing the feasibility and the viability of the
concepts suggested in this manuscript. Sect. 5 concludes the manuscript.

In what follows, complex values are underlined and (-)* denotes complex conjugation. Operators,
matrices and vectors are in bold face italics. [F; equal to {0, 1} denotes the Galois field with the two
elements 0 and 1. Nequal to {0,1,2- - - } is the set of nonnegative integers and N* equal to {1,2--- }
denotes the set of positive integers. K equal to {0,1---(K—1)}, K € N¥, is the set of message bit
indices and B equal to {0,1--- (N —1)}, N € N*, N > K, is the set of codebit indices. We will apply
the Dirac notation.

2. Quantum Mechanical System Model
2.1. Initial Considerations

Since the wireless quantum optical communication system model considered by the authors and
sketched in e.g. Figure 1 bears considerable novelty, first being addressed in recent publications such
as e.g. [20,21,23], the authors will illustrate its mode of operation in this Sect. 2 to facilitate an easy
access by the reader.

2.2. Transmitter

Let us begin with the transmitter, cf. Figure 1. Suppose that messages u# containing K € N*
message bits uy € [Fp, k € K, are to be transmitted. To improve protection against transmission errors,
the said messages u are encoded by the classical channel encoder, generating the codewords b with
N € N*, N > K, codebits b; € I, i € B. Ts denotes the codebit period of a codebit b; prevailing in a
time interval [iT, (i +1)Ts), leading to the total transmission period of NTs.

Next, the N codebits b;, i € B, are transmitted via a device converting this classical information
into quantum states. Analog to conventional antennas that generate an electromagnetic field in a
coherent state [6][p. 1584], we will use a laser [5][pp. 11, 80f.], [6][p. 1584], [9][pp. 125-128]. Any
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codebit b;, i € B, modulates the laser as follows. The laser light is turned on if the present codebit b;
is equal to 1 and off if the present codebit b; is equal to 0. This simple modulation scheme is termed
on-off keying (OOK) [5][pp. 11, 318-320], [17][pp. 435-446].

Suppose that only a single mode with a fixed angular frequency w is used for communication
purposes. With the number states |1), n € N, the coherent state of the radiation field emitted by the
laser and associated with the ith codebit b;, having the complex amplitude b;u € C, i € B, is given by
the coherent state vector [5][pp. 80, 479f.] B

2 n
’biﬁ>:exp bl; ,i‘b(lil/]/:?)' |n). (1)

If b; equals 0, the emitted radiation field is in its ground state |0) and contains no signal photons. On
the other hand, if b; equals 1 the number of signal photons in the radiation field represented by the
above coherent state given in (1) follows a Poisson distribution with the mathematical expectation N,
equal to |u|?. It is assumed that the modulus |u| remains constant throughout the entire transmission
duration NTS, see also [9, eq. (2.17), p. 125]. B

Although the coherent state ‘biy> described in (1) is not stationary over an observation time
interval of duration Ts, any time dependence within the ith observation time interval, characterized
by the angular frequency w and the initial phase angle ¢;, is entirely captured by the phase factor
exp{j(wt + ¢;)} in p, because the magnitude || is assumed to remain constant [9, pp. 125, 171]. There-
fore, apart from a phase factor, the number state |biN,, ;) stays constant throughout the observation
time interval [iTs, (i +1)Ts).

2.3. Short Range Transmission via a Single Path Quantum Channel

As previously noted in Sect. 1, we will first consider the transmission occuring via a single
path quantum channel, where the received radiation field consists of the coherent signal emitted
by the aforementioned laser, superimposed with the ever present thermal radiation field [6,9,17].
This situation was recently illustrated in [23, Sect. II], which forms the foundation of the following
illustration. Due to the short range nature of the link and the relatively weak thermal radiation field,
the interaction between the coherent signal and the surrounding environment remains minimal.

Let ¢ € C represent the complex amplitudes of the coherent states comprising the thermal
radiation field, and let N, equal to |¢|? denote the average number of thermal noise photons. Then,
during the observation time interval [iTs, (i +1)Ts), i € B, the statistical operator in Glauber’s “P-
representation” is given by [9, egs. (4.6) and (4.10), pp. 134f.]

2

1 ‘g B blﬂ‘ 2

Prx b ~ / NPV, |ov) (| da. )
I3

=P(a)

Given the Boltzmann constant kg, the temperature T, and the reduced Planck constant 7, the average
number N, of thermal photons is determined by the Planck distribution law [9,17]

= hiw !
- enf i) )
Let L,(f‘) (x) denote the associated Laguerre polynomial of degree n [24], and let the standard
Laguerre polynomial of degree n, written as L, (x), be defined as LY (x) [24]. Also, let n! denote the

factorial of n € N. Assuming N, is the average number of signal photons present in the coherent
radiation field emitted by the laser when b; equals 1, i.e., when the laser is active, and N, is the average
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number of thermal photons present in the thermal radiation field, and computing in the number
state basis {[0), [1), - - - }, the matrix element (n[p_,  [m) in the nth row and mth column of the matrix
representation of p.. , -as defined in (2) is given by

N al b\
(P I11) = ——2 [ 2 [ 5=
ERXb; (1+Na)m+1 m!

bN,
ex e
P 1+ N,
T (R . @
(1+ Na) N,

in the case where m > n, that is, within the upper triangular submatrix including the main diagonal of

the said matrix representation of p__. . , cf. e.g. [9,17] for a similar representation. For the case where
m < n, corresponding to the strict lower triangular submatrix excluding the main diagonal of the
matrix representation of p ., , , we obtain

(nlpgyp, M) = (Mmlpgy, I1)7 )

see also e.g. [9,17].
When a nonvanishing coherent signal is present in the received radiation field, that is, when b;
equals 1, equations (4) and (5) reveal the existence of nonzero interference terms called coherences,

indicated by the nonzero off-diagonal elements of p.. . Clearly, orresponds to a scenario

P c
without decoherence and with a known carrier phase of the quantityER’Z( gppearing in (4). Since Prxp
is an observable and, thus, a Hermitian operator, it admits a diagonalization, yielding a complete
orthonormal system of eigenkets that constitute a new basis of the Hilbert space, distinct from the
number state basis.

If decoherence, an unknown carrier phase, or both dominate the transmission scenario, the phase
of the quantity u* has to be revisited. The said phase, which is then appropriately modelled as a
uniformly distributed random variable, must be averaged out during the data detection process. As a
result, all interference terms, that is, all off-diagonal elements in the matrix representation of Prx1 with
respect to the number state basis, vanish. The resulting statistical operator then becomes diagonal,
having the matrix representation [9]

~ - N, Ny
Prx1 = )y )n+1'exp{_1+Na}

n=0 (1 + Ny
N

L“(‘W) In) ©)

o 14

When the coherent signal is absent, i.e., when b; equals 0, equation (2) simplifies to [9,17]
) NZ

Prxo = 2 7= ot (nl, 7)

ZRX,0 n;() (1 + Na)t’l-‘rl

representing the Bose-Einstein distribution of thermal photons within the thermal radiation field.

Clearly, is diagonal when expressed in the number state basis, which therefore forms the set of

Prx0
its eigenkets. Then, no interference terms, i.e., no coherences, are present, indicating that the carrier
phase of the thermal radiation is unknown and can be accurately modelled as a uniformly distributed

random variable.
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According to (4) as well as (5) and (7), the operators p, | and Prx o POSSEsS different eigenstates
and therefore do not commute. In contrast, p from 6) and Prx from (7) share the same com-
plete orthonormal system of eigenkets, namely, the number states, and are thus compatible. These
observations govern the design of the optimum soft output quantum data detector.

Since the considered quantum channel has one single path, no memory effects need to be taken
into account when designing the optimum quantum data detector. Therefore, quantum data detection
can be performed independently within each observation time interval.

We begin with the ith observation time interval [iTs, (i + 1) Ts), supposing that b; equal to 0 and
b; equal to 1 are equally probable. Using the Kronecker delta ;, ;;, and defining the cost C;,,; equal
to (1 — d,,m) for deciding in favor of hypothesis H, when the transmitted codebit b; had the value
m, where m, n € F,, under the maximum a-posteriori probability (MAP) concept [17, eq. (3.1181), p.
433], and considering the Hermitian measurement operator M,, corresponding to hypothesis Hj, the
average cost of the measurement strategy during the ith observation time interval [iTs, (i +1)Ts) is
given by [9, eq. (1.3), p. 90]

1
- ng:O Pibi=m} &1,”.3 tr{BRX,bi:mMn}

=(1=0um)
ST M)
ot -]}

Let |¢,) be the eigenkets and ¢, n € N, the corresponding real eigenvalues of the Hermitian
detection operator

D =py, — P{O}/P{1}pgy ©)

The optimum measurement operators are then given by [6,9]

My =Y [Gn)(Cnl (10)
¢n<0
and
My =Y [En)(Gul. (11)
&n>0

If the measurement at the input of the quantum receiver, represented by the trace tr{ DM, } of DM,
yields the eigenstate |§,) with eigenvalue ¢, > 0, the detected codebit is Ei equal to 1. Otherwise, the
detected codebit is b; equal to 0. Similarly, if the measurement represented by the trace tr{ DM, } of
DM, yields the eigenstate |&,) with eigenvalue &, > 0, the detected codebit is b; equal to 1. Otherwise,
it is b; equal to 0. Therefore, with

P{0}

(uIDIEn) = (Gulogy,18n) — By

=

(EnlPr ), 12)

the optimum soft output in the ith observation time interval [iT;, (i + 1) Ts) is hence represented by the
LLR

(13)

' P{b; —1}<§n|PRXb [
l {P{b _0}<§”|pRXb 0§n>}

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Using the sign function sgn{-}, the MAP detection rule applied by the optimum soft output quantum
data detector is expressed as

~sgn{L;i} +1
b = =2 (14)
- argn'z?x{ln{P{bi}} +In{ @ulpy , 10 } }- (15)

Nota bene that in the special case where ERX | s given by (6) and Prxo by (7), equation (13)
simplifies to the well-known expression for L;

Li=In{ L, - Ny ~ N (16)
: "\ (14NN, 1+ N,

for equiprobable bits, i.e. P{b; = 0} equal to P{b; = 1} [17].

2.4. Multipath Transmission and Reception with Decoherence

In particular, scenarios involving longer transmission links often experience multipath transmis-
sion and reception. In such cases, the quantum channel is characterized by multiple paths, through
which the transmitted signals arrive at the receiver. This situation has been illustrated very recently for
the first time, cf. e.g. [19-21].

Consider a quantum channel modelled as a linear multipath channel that causes uncorrelated
scattering of the signal photons emitted by the laser. These scatterers are randomly located and
statistically independent, forming a continuum of uncorrelated scatterers similar to what occurs in
mobile propagation channels [18,19]. The channel impulse response (CIR) of this multipath channel,
parameterized by the delay 7, is denoted as (7) [19]. We assume that the CIR k(7) is nonzero only for
T within the delay time interval [0, Tmax], where Ty < Tmax. Under these conditions, ISI arises at the
quantum receiver. Defining

def | Tmax Tmax
p— > )
Wp ’V T, -‘ A Wp S {2, 3, }, (17)

the said multipath channel is referred to as a Wp-path channel. The signal arriving at the receiver can
be expressed by the ket vector [19]

N-1
lv(t)) = Y h(t—iTs)|biN,;). (18)
i=0

The previously mentioned uncorrelated scattering induces decoherence [14-16,25], which con-
tributes to the loss of phase coherence between the transmitter and the receiver, see e.g. [19-21]. As a
result, we should assume that no phase coherence is preserved between the transmitter and receiver
[6][p- 1590], [19], [9][p. 171]. Consequently, the zero phase angles ¢; appearing in the aforementioned
phase factors mentioned in Sect. 2.2 are considered unknown and modelled as uniformly distributed
random variables with the constant probability density function of 1/ (27r). Moreover, the uncorrelated
scattering inherent to the multipath quantum channel further contributes to the degradation of phase
coherence, cf. e.g. [19] and the references therein.

In the absence of phase coherence, the optimum quantum receiver employs photon counting
at its front end [6][p. 1590]. Assume that the transmitter and the receiver are synchronized in time,
meaning that the quantum receiver operates over mutually disjoint and consecutive observation time
intervals [iTs, (i + 1) Ts) of duration T, each beginning with the arrival of the corresponding codebit
b; [19]. Using the number operator A/ and denoting mathematical expectation by E{-}, the average
number of signal photons N, ; received during the observation time interval [iT, (i +1)Ts) is given by
(v(t)|NM]u(t)), after averaging over all uniformly distributed phase differences ¢, and we obtain

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(i+1)Ts 27
— . Nzl 1 2
Nyi=Ny- an'T P |h(t —nTs)|" de; dt
n=0 s .
iTs 0
first integral
_ N-IN-1
N X bubu B0y, )
n=0 m=0
n#m
(+1)T,  2n
1 1 %
T / o /h (t —nTs)h(t — mTs) de; dt. (19)
iTs 0

second integral

Due to decoherence and averaging over ¢;, the second integral vanishes, while the first integral
remains unaffected. Therefore, equation (19) simplifies to [19]

(i—n+1)Ts
o ~ N-1 1 9
Nui=Ny- Y by = / |h(t)|” dt, (20)

which becomes

Wp—1
Ny,i = N‘ubiSO + NP‘ Z b;_wSw, (21)
w=1
ISI term
supposing that only W, channel coefficients s, w € {0,1--- (Wp — 1) }, can assume nonzero values.
In the case of a single path channel where W, equals 1, only the first term N, b;, so of equation
(21) remains. The scenario where sy equals 1 has already been discussed, for instance, in [6, pp. 15891.]
and [9, pp. 171-176]. Moreover, if sg is a nonnegative random variable with unit expected value, the
result is a fading single path turbulent channel, also known as a turbulence channel, which was already
investigated from a quantum communications perspective several decades ago [26][pp. 1630-1644].
For Wy, > 1, the ISI term Zgi;l b;_y5w in equation (21) does not vanish [19]. As a result, the
average number of received signal photons N, ; of (21) depends not only on the current codebit b;, but
also on the (Wp — 1) preceding codebits bi,wpﬂ, bi—Wp+2 -+ bj_1. Therefore, equation (21) describes
a finite state machine (FSM) that operates according to a Markov chain model [17,19,27].
In the context of Mealy modelling, cf. e.g. [27], the previously described FSM consists of

states s;, defined as (bi_wp+1,bi_wp+2 e bi_l) at each time index i € {0, 1 (N+Wp — 1)} Since

2Wp—1

the term Nll b;sg can take on either of two distinct values, 0 or Nyso, each of the 2"»~! states s; gives
rise to two transitions, labelled by the hypothetical codebit value b; € F, = {0,1}. This results in
a total of 2"V» distinct transitions, which lead to the 2"p~! states s;,; at the next time step (i + 1)
[19]. The behavior of the said FSM is conveniently represented by a trellis diagram, often abbreviated
as trellis [17,19,28]. Accordingly, the 2"¢ possible transitions correspond to the 2""¢ different values
that the average number of received signal photons NW" as defined in (21), can assume during each
observation time interval [iTs, (i +1)Ts), with i € {0,1--- (N 4+ W, —2)}. For this reason, we will
denote N ; as Nﬂ/[5irbi] going forward, identifying these quantities as the 2""¢ distinct hypotheses
employed in the quantum data detection scheme [19]. Note that the said hypotheses N, (5, ] do not
necessarily match the actual number of received signal photons NW- observed in the ith observation
time interval [19].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 2 shows the detail of a trellis representing a quantum channel with W, equal to 3 possibly
nonvanishing channel coefficients sy, s; and sy, thus, when applying Mealy modelling, having 2" !
equal to 4 states at each time instant. The two states s; equal to (0,0) and s; equal to (1,0) at time
instant 7 are connected to the two states s, 1 equal to (0,0) and s; 1 equal to (0, 1) at time instant (i + 1)
by a total of 2"»~! equal to four transitions. The said states and the aforementioned four transitions,
all represented in black color, form the first of the two butterflies of the considered trellis. The two
states s; equal to (0,1) and s; equal to (1,1) at time instant i are connected to the two states s;,1 equal
to (1,0) and s;,1 equal to (1,1) at time instant (i + 1) by a total of 2"»~! equal to four transitions.
These states and the associated four transitions, all represented in green color, form the second of the

two butterflies of the considered trellis.

Figure 2. Detail of a trellis representing a quantum channel with W}, equal to 3 possibly nonvanishing channel
coefficients s, s; and sy, thus, when applying Mealy modelling, having 2"p ~1 equal to 4 states at each time instant;
the two states s; equal to (0,0) and s; equal to (1,0) at time instant 7 are connected to the two states s;,1 equal
to (0,0) and s, 1 equal to (0,1) at time instant (i + 1) by a total of 2"p~1 equal to four transitions, forming the
first of the two butterflies; the two states s; equal to (0,1) and s; equal to (1,1) at time instant i are connected to
the two states s, equal to (1,0) and s;1 equal to (1,1) at time instant (i + 1) by a total of 2"»~1 equal to four
transitions, forming the second of the two butterflies; on-off keying (OOK) is assumed.

To support trellis initialization in the state sp equal to (1,1---1) and trellis termination in the
state syyw,—1 equal to (1,1---1), a choice known to improve data detection performance, we in-
troduce (Wp — 1) initial and (Wp — 1) terminal tailbits. Specifically, we set b; equal to 1 for all
ie{(-Wp+1)---—1,N---(N+ W, —2)}. All other codebits b;, fori < —Wpandi > (N+Wp —1),
are assumed to be 0.

The schematic representation of the transmitted bit vector used when applying the trellis based
quantum data detectors, which set out from the Mealy modelling of the FSM representing the multipath
quantum channel, is depicted in Figure 3. As pointed out above, the said transmitted bit vector consists
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of N codebits, (Wp — 1) initial tailbits and (W, — 1) terminal tailbits, hence, containing (N + 2W,, — 2)

bits.
(N +2, - 2) bits
e
(W, 1) initial tailbits N codebits (W, ~1) terminal tailbits
D P A
VT v
by =1{by =1 e e [ b =1 b, b, b, ) by, by, by=1 | by,=1| o e e by, =l
i,
Wo+3 -l 0 1 2 3 N-2 N-1 N N+l N2
W, +2 N+W, -2
-+ N+, -1
P P
Y Y Y
duration (Wp —1)2 duration NT, duration (WP —l)TS

~
duration (N +2W, - 2) T,

Figure 3. Schematic representation of the transmitted bit vector used when applying the trellis based quantum
data detectors, which set out from the Mealy modelling of the FSM representing the multipath quantum channel;
the transmitted bit vector consists of N codebits, (Wp — 1) initial tailbits and (Wp — 1) terminal tailbits, hence,
containing (N + 2W, — 2) bits.

At the output of the quantum channel, the radiation field resulting from laser emission is linearly
superimposed with the omnipresent thermal background radiation field, which is in a thermal state
characterized by Bose-Einstein distributed thermal noise photons. As already mentioned above, N,
denotes the average number of thermal noise photons and & € C represents the complex amplitudes
of the associated coherent states present in the thermal field. The said linear superposition is modelled
by the map

g{ﬂTx,i} = PRX s, 0] (22)

Given

E[5ilbi] - \/mexp{lel}r (23)

where 0; is a zero phase angle, the corresponding statistical operator in Glauber’s “P-representation”
with P(a) defined as [9, egs. (4.6) and (4.10), pp. 134f.]

2
1 )g a E[s b;]
(@) = N, &P Na @)
is denoted by
2
1 ‘& " Hls ‘ 2
Puony = | 0 P TR (W
“PRrx,i
=P(a)

during the observation time interval [iT;, (i + 1)Ts), i € {0,1--- (N + W, —2)}.

Since the function P(a) of (24) used in (25) is always nonnegative, the associated laser light is
often referred to as “classical.” In contrast, light, for which P(«) takes on negative values in some
regions is sometimes labelled “nonclassical” [29][p. 60]. However, this distinction may be misleading.
For instance, a Fock state is entirely nonclassical by nature [29][p. 58], and, fundamentally, all states of
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light are governed by quantum mechanics [29][pp. 60, 150]. Thus, the binary classification of light as
either “classical” or “nonclassical” may not be entirely appropriate. Considering that Max Planck’s
treatment of thermal radiation on December 14, 1900, marked the beginning of quantum mechanics, cf.
e.g. [30][pp. 217, 277], and that laser light was theoretically introduced by Albert Einstein in 1917 on
the basis of quantum principles, it seems inconsistent not to regard both thermal radiation and laser
light as “nonclassical”.

With the regular Laguerre polynomial Ly, (x) of degree N;, we find

p _ i Ni\]i -exp 7N1"'[5i1bi]
TRX, [s7,b;] K (1 + N )N,"Fl 1+ Na
14

N;=0
L Nisfoi
A Bz e <Y
Nu(1+N,)

neglecting any phase coherence, see also [19][p. 2], [9][pp. 136f.]. Equation (26) is based on the
assumption that the quantum receiver front-end essentially consists of a photon counting detector.

, (26)

Ni)(N;

This photon counting detector measures the number N; of photons present at the receiver during the
observation time interval [iTs, (i + 1)Ts) [19]. Using the trace operation, denoted by tr{-}, and the

7

projection operator Iy, defined as |N;)(N;

P{Nl' | 5, bi} d:ef I‘Nl_ (ﬁi,ﬁlqu) = tr{BRX,[si,bi]HNi}

7Nl -
=T R 'eXP{—NH'[ﬁi'b"] }
(1 + Na) ' 14 Ne
N}‘/[5ilbi]

Ly, (‘ W) (27)

is the conditional probability of detecting N; photons at the photon counting detector, given the
transmission of the codeword b. Equation (27) describes this probability as a Laguerre distribution, see
also [5, eq. (4.71), p. 174]. Notably, P{Ni | s;, bi} coincides with the transition probability FNi (si,8i+1)
associated with the FSM introduced earlier [19]. It follows that equation (27) assumes the use of an
ideal photon counting detector, such as the one discussed in [31][pp. 231f.], as the front-end component
of the optimum quantum data detection scheme.

If the photon counting detector cannot precisely count the exact number of photons but is only able
to differentiate among zero photons, one photon, or more than one photon, we may use I'g(s;, 5;11),
I'1(s;,8;,41) and I'>1(s;, 8;41) equal to (1 —T'o(s;, 8;41) —I'1(s;,8:41)) instead of Iy, (si,8;11) for arbi-
trary N; [19]. Accounting for real-world effects such as dark counts with the mathematical expectation
N4 and quantum efficiency 1 < 1, in equation (27) N, should be replaced by (7N, + Ng) and Nﬂ, [s.,b1]
has to be replaced by (Uﬁy,[si,bi] + Wd) [19].

Based on the above discussion, the actual number of received signal photons NW- in the ith
observation time interval [iTs, (i + 1) Ts) results from a linear superposition of W, Poisson distributed
random variables Ny, ; ¢,b;_Sw, each with mean Nybi_ys0. Consequently, NW- itself follows a Poisson
distribution [19,32]. It is important to note that Poisson distributed random variables are, by definition,
mutually independent [32]. Moreover, the thermal noise photons, governed by the Bose-Einstein
distribution, follow a memoryless geometric distribution [19,32]. As a result, measurements taken
across any two disjoint observation time intervals are statistically independent. This insight aligns
with Forney’s classical considerations [28].
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With reference to, e.g., [33][pp. 100-104], the likelihood function P{N | b}, which denotes the
conditional probability of observing the photon count vector

A,

N = (NO, Xy, . ..,NNWP,Z) (28)

given the transmission of the codeword b including the terminal tailbits, is defined as follows. Let
N+Wp—2

®i—o represent the tensor product of the corresponding (N + W, — 1) statistical opera-

ERX/ [5 i rbi }
N+Wp—2 : foct
tors ppy (1]’ and ®,_, Iy, the tensor product of the associated projection measurement operators
IIy, . Then, the likelihood function is given by:

P{N b}

N+Wp—2 N+Wp—2
—ut | ® b || ® Ly 29)
1= 1=

This expression reflects the joint probability of measuring the specific photon count sequence N
conditioned on the transmission of the bit sequence b, via the tensor product structure of the quantum
states and measurements across all observation intervals. We obtain

A N+Wp—2
P{N|b} = T1 tr{ﬁRx,[s,-,bf]ENi}’ G0

i=0

=Ty, (si8i11)

When the codebits b; are treated as outcomes of statistically independent random experiments,
the a-priori probability P{b} of a specific codeword b including the fixed-value terminal tailbits set to
1 is given by the regular product of the individual a-priori probabilities

N+Wp—2

P{b} = T[] P{bi} (31)

i=0

Applying the definition of conditional probability as found in [17, Def. 3.25, p. 270], the corresponding
a-posteriori probability is obtained by

P{N | b} - P{b}

P{b|N} = PN

/ (32)

where P{N} denotes the total probability of observing the photon count vector N, accounting for all
possible codewords. Using the definition of the conditional probability [17, Def. 3.25, p. 270], [34, eq.
(5), p- 5], we yield

N2
P{b|N} o ] P{b:} 'tr{BRx,[s- b‘]ﬂNi} (33)
i=0 -

=P{bi} Ty, (si,5i1)<P{b;| N }

from (30) after multiplying by the joint a-priori probability P{b} of (31).
The likelihood function P{N | b} and its logarithmic counterpart

N-+Wp—2 N+Wp—2
Z ln{l“Ni (5ir5i+1)} = Z TR, (si,5i41), (34)
i=0 i=0
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as well as the a-posteriori probability P{b | N'}, or its logarithmic form
N+Wp—2
Y In{P{b} Ty (50504}
i=0
N+Wp—2
= L (In{P{bi}} + g (susi)), (35)
i=0

constitute the foundation of the quantum data detection process that directly follows photon counting
and serves to mitigate ISI [19]. The term TN (si,8i41) is referred to as the metric increment. In summary,
optimum quantum data detection leverages either the likelihood function P{N | b}, as defined in
(30), or the a-posteriori probability P{b | N }, see (33). Since classical channel decoding follows the
quantum detection step, cf. Figure 1, producing LLRs at the quantum data detector output, assembled
into the LLR vector L, is advantageous.

Referring to optimum quantum data detection as first presented in e.g. [19-21], like in Sect. 2.3,
we set out from the ith observation time interval [iTs, (i + 1) Ts). Again, with the Kronecker symbol
On,m, with the cost Cy,,; equal to (1 — Jy,,) of the decision in favor of hypothesis H, when the codebit
b; with value m was transmitted, m, n € {0,1}, and with the Hermitian measurement operator M,,
reflecting the hypothesis H;;, in the case of the MAP concept [17, eq. (3.1181), p. 433] the average cost
of the observational strategy in the said ith observation time interval [iTs, (i + 1)Ts) is

1
- Z;op{bizm} S 0 Pr oMo |

mn=
=(1=bnm)

=001 { paien ~ )Pt M
= P{l}{l - tr{ {P Jsid] mpm,[si,o]}Ml}}’ (36)

which is a modified version of (36), replacing p.. , _ used in (36) by p_., , hence taking the

[s;,b;=m]

FSM related to the ISI into account explicitly.
Eachp_ (o161 is diagonal in the Fock basis, with the Fock state vectors |Nl> acting as eigenkets,

and the associated eigenvalues given by I'y (s;, §;+1), which are equal to P {N; | s;,b_i}. Asan example,
consider the Hermitian detection operator in equation (36), corresponding to M; and given by

_ P{0}
D= BRX,[B,‘J] - P{l}BRX'[ﬁj,O]’ (37)

with the eigenvalues

‘;IN,- ZP{NZ' |5i/bi:1}_mP{Ni |5i/bi:0}- (38)
Accordingly, the optimum measurement operators that minimize C of (36) and are naturally realized
by the ideal photon counter discussed in Sect. 2 are M, given by ZN:‘V@NZ- <oy, and M, given by
Ly, >0 Ly, [9]-

Aic the conclusion of the measurement within the ith observation time interval [iT;, (i +1)Ts),
the exact Fock state |Nl> of the received radiation field, as present in the ideal photon counter, is
known. Consequently, only the projector Il within M, or M, contributes a nonzero eigenvalue
¢x;- This nonzero eigenvalue (. is then evaluated using the conventional classical likelihood ratio
test. Nonetheless, due to the presence of ISI, the decision made in the ith observation time interval
[iTs, (i+1)Ts) not only depends on earlier transmitted codebits but also influences the decisions in
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following intervals. As a result, and as reflected in equation (33), the classical likelihood ratio test must
be modified, accordingly, taking the following form

Y P{bIN},_y

all codebits

Pip. =1 N i= ht
UESTE TR i )
P{bi=0|N} L P{bIN}, 50

all codebits

except b;=0

This result is an extended variant of Helstrom’s theory [9], as expressed in equation (33). Hence, the
optimum MAP symbol by symbol quantum data detection strategy is expressed as

by = argmax{P{bi | N} }

= argrr}]qx{ln{P{bi [N}, (40)

cf. e.g. [35][p. 216], being a classical likelihood ratio test, because we left the quantum regime at the
end of the quantum measurement process. However, due to the occurrence of ISI, modelled by the
FSM discussed above and, thus, by a Markov chain, (40) requires an appropriate detection scheme, e.g.
the trellis based Bahl-Cocke-Jelinek-Raviv (BCJR) algorithm [17,19,35,36]. It seems that this approach
has been first introduced by [19].

Correspondingly, also taking ISI and Markov chain modelling into account explicitly, with (33),
the optimum MAP sequence quantum data detection strategy is presented by

b= argml?x{P{b |N}} = argml?x{ln{P{b |N}}, (41)

cf. e.g. [35][p. 216], which can be implemented by the trellis based Viterbi algorithm [17,19,35].

Maximizing the likelihood function In{P{N | b} } over all possibly transmitted codewords b will
yield the maximum-likelihood (ML) sequence detector, which can be realized by the soft output Viterbi
algorithm (SOVA) [17,19,35]. Maximizing the a-posteriori probability P{b | N'} over all possibly
transmitted codewords b will yield the MAP sequence detector. Since a-priori information is processed
in the latter case, the corresponding variant of the SOVA is termed APRI-SOVA [35,37]. Both the
SOVA and the APRI-SOVA are considered optimum because they maximize the probability of correct
sequence detection, which is equivalent to minimizing the sequence error probability, provided that
the metric increments discussed above are used. Details of the mode of operation of the SOVA and the
APRI-SOVA have been well-known [17,19,28,35,37].

ML symbol by symbol detection focuses on maximizing the conditional probabilities of the
observed data given the symbol, P{N | b;}, while MAP symbol by symbol detection aims to maxi-
mize the posterior probabilities of the symbol given the observed data, P { b; | N } [17,35]. To reduce
computational complexity, both detection methods are typically implemented in the log domain,
similar to optimum sequence detection. Accordingly, ML symbol by symbol detection employs metric
increments 7y, (si,si11), whereas MAP symbol by symbol detection uses metric increments of the

form (1n{ P{bi}} + vx, (si, 5i+1)) [17,19]. Both approaches can be efficiently realized using the BCJR
algorithm [17,19,36], which is considered optimum as it maximizes the probability of correct symbol
detection, equivalently, minimizing symbol error probability, when the metric increments 7y, (si,5i11)
are used. The operational details of the BCJR algorithm are well-established, see e.g. [17,36]. It is
important to note that optimum symbol by symbol detection schemes implemented in the log domain
apply the Jacobian logarithm [17][pp. 472f.], which leads to the so-called “log-ML” and “log-MAP”
algorithms [17][p. 479]. Approximations of the Jacobian logarithm yield variants known as “max*-log-
ML” and “max*-log-MAP”, as well as “max-log-ML” and “max-log-MAP”, respectively [17][pp. 472f.,
p- 479].
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Optimum sequence quantum data detectors, as well as optimum symbol by symbol quantum data
detectors, operate as “forward /backward” algorithms that conceptually consist of four key processing
units. These are:

1. The transition metric unit, which computes the metric increments . (s;,8;11) for ML detection, or
<ln{P{bi}} + 5, (si,5i+1)) for MAP detection.

2. The forward recursion unit, responsible for calculating the forward path metrics.

3. The backward recursion unit, which either computes the backward path metrics or performs
traceback to identify the most likely path through the trellis.

4. The LLR generation unit, which produces the LLR vector L mentioned earlier.

Importantly, only the computations within the transition metric unit differ from those in e.g. classical
mobile radio, such as mobile radio detection. The other three units can be reused without modification.

For the SOVA and the APRI-SOVA algorithms, only approximate LLRs can be generated, using
three distinct LLR computation methods known as the “SIMPLE RULE (SR)”, the “THUBER RULE
(HR)”, and the “BATTAIL RULE (BR)” [17][pp- 463-475]. In contrast, all optimum symbol by symbol
quantum data detectors produce LLR vectors L containing exact LLRs when implemented as log-ML or
log-MAP algorithms, and approximate, though very close to exact, LLRs in the cases of max*-log-ML,
the max*-log-MAP, the max-log-ML and the max-log-MAP. implementations.

Trellis based reduced state quantum data detection sets out from the now well-known trellis based
optimum sequence quantum data detection, respectively the trellis based optimum symbol by symbol
quantum data detection discussed above. Like in the cases of these optimum data detection schemes,
the reduced state quantum data detection continues until all LLRs to be determined and, consequently,
all the corresponding data symbols have been detected. Trellis based reduced state quantum data
detection requires small modifications and extensions of the transition metric unit and the forward
recursion unit, which we will discuss in what follows. Since the said modifications and extensions only
concern the transition metric unit and the forward recursion unit, which are identical in the case of
the max-log-MAP symbol by symbol detection and the SOVA, the novelties presented are identically
applicable to

¢ the trellis based reduced state sequence quantum data detection, which is formed by setting
out from the SOVA, termed rsSOVA with the “prefix rs” indicating the reduced state version,
respectively from the APRI-SOVA, termed rsAPRI-SOVA, and

e the trellis based reduced state symbol by symbol quantum data detection, which is formed by
setting out from the max-log-MAP symbol by symbol detection, termed rsmax-log-MAP, the
max-log-ML symbol by symbol detection, termed rsmax-log-ML, the max*-log-MAP symbol by
symbol detection, termed rsmax*-log-MAP, the max*-log-ML symbol by symbol detection, termed
rsmax*-log-ML, the log-MAP symbol by symbol detection, termed rslog-MAP and the log-ML
symbol by symbol detection, termed rslog-ML, the latter two differing from the max*-log-ML
symbol by symbol detection and the max-log-MAP symbol by symbol detection only in the used
version of Jacobi’s logarithm but not in the processing of the trellis states and the trellis transitions.
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Suppose that we require reduced state quantum data detection with only 2"pred 1 trellis states,

Wpred < Wp, Wp € {2,3- -+ }, W, req € N*. Using W, req explicitly, (21) can be written as follows
N#,[thi] = Ny bi so
Wp,red_l
+ N U Z bifw Sw
w=1
[ —
contains

(Wp,req—1) binary data symbols

bieW, roq+1 - bi g+2 v bic1,

p.re
governing the 2"pred ™!
distinct trellis states s;
Wp—1
+ Ny, Y bigsw ) (42)
w:Wp,red
—_————

contains
(Wp—Wp,req) binary data symbols

biwp+1 Dicwp 2+ biew, ogr

required to be preliminary decided

- Wp,re

. W, . e
prior to the 2 pred trellis transitions 5;—8;11]

Reduced state data detection requires that the (Wp — Wp,red) binary data symbols bi—wp+1/ bi_wp +2
. bi_wp =1 bi_wp oq contained in the third term on the right side of (42) are known to the quantum
data detector prior to the 2Wered trellis transitions s; — s;4+1. This requirement calls for preliminary
decisions IA)Z-,WP 11 Bipr IPREE Ei*Wp,re a1 Bipr,re , needed for the transition metric computation and
hence in the forward recursion. The said preliminary decisions can be accomplished by recursive
processing and adds iteratively one single decision per forward recursion step. Therefore, reduced
state quantum data detection requires the modification of the transition metrics computation by using
Nﬂ/[si/bi] of (42), which relies on the preliminary decided binary data symbols ZAJZ',WPH, E,',WPJFZ e
bi—w, eq—1, Di-w,, ., and the extension of the forward recursion by adding preliminary decision taking.
In the reduced state trellis, there are 2"Ypred~! trellis transitions s; — s;,1, which originate at those
2Wpred =2 states

sily = (bi—wp/,ed+1,bi—wp,red+z s bi—l)/ (43)

=0
leading to the 2"Vpred ™! possible forward recursion path metrics

Qsilg) + {In{P{bi}} + 1, (silo 5i41) |,

Q(si|y) denoting the path metric of the state s;|, at the time instant i. Also, there are 2Wored =1 trellis
transitions s; — s;,1, which originate at those 2Wpred =2 gtates
Sily = (Dimw, g +1, i, g 42+ bic1), (44)
———

=1
leading to the 2Wpred—1 possible forward recursion path metrics

Qsily) + {In{P{bi}} + 7, (sily5i41)

Q(sj|;) denoting the path metric of the state s;|; at the time instant i.
Figure 4 depicts a butterfly of the trellis with 2"pred — 1 states per time instant, considered in trellis
based reduced state quantum data detection, which comprises of the two states s;|, of (43) and s;|; of

(44) at the time instant i and the two states s; 1 equal to (bi—Wp,re 442 bi_wp,red FEREE 0) and s;,1 equal
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to (bi,w

p.re
originating at the state s;|, at time instant i and two transitions originating at the state s;|; at time

a+2s bz‘pr 3 1) at the time instant (i + 1). The butterfly consists of two transitions
instant i. Two of these four transitions terminate at the state s;,1 equal to (bi_wp,red iy bi—Wp,red 3 0)

at time instant (7 + 1) and the remaining two of these four transitions terminate at the state s, 1 equal

to (bi_wpred+2, bi—Wp ed+3 1) at time instant (Z + 1).

; nfefs, =1} 43, [s],

7(bi—W;m,dﬁ»‘Nbi—W;“MJrS 1)) i+1

ily l VW 2
:b?'* Wpred t1
1 — .
5i+1 _ biprderZ’bipr’wdﬁ»S 1
b, =, 1 bl
infp{t, = 1)} 7 (3], (0,1
infp{t, = 0} +9, o] i o, o)
N\,
b =0,
: A
b=07] Sitn = biprmw?bipr‘,_edw 9
b
ifp _ 9 275 Wp‘red+
T W, req +1

m{p{b, = 0}} +, (s ) ,(bszwﬂ,bHWW; 0))

Figure 4. Butterfly of the trellis with 2"prd — 1 states per time instant considered in trellis based reduced state
quantum data detection; on-off keying (OOK) is assumed.

When summing up all the 2"Vpred 1

above-mentioned possible forward recursion path metrics

Q(sily) + {ln{ P{bi}} + rx,( 5i|0,51-+1)} by iteratively applying Jacobi’s logarithm, we yield the for-

ward recursion estimate of the logarithmic probability ln{ P{ {bi*Wp,re a1 = 0} } } Next, when sum-

ming up all the 2"Ypred ~1 possible forward recursion path metrics Q(s;|; ) + {ln{ P{bi}} + vy, (sil1 si41) }

by iteratively applying Jacobi’s logarithm, we yield the forward recursion estimate of the logarithmic
probability ln{ P{ {bi_wpyredﬂ =1 } } } Subtracting ln{ P{ {b,-_wplredﬂ = 0} } } from ln{ P{ {bi—Wp,red-lrl =1 } } }
yields the forward recursion LLR of bi*Wp,re ++1, which is to be used for the preliminary decision

b;,_ . Since we now have the viable decision b;_ , we may continue with the next iteration
1 Wp,red +1 i Wp,red +1 y
step in the forward recursion.
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Figure 5. System design of the Kohonen maps based detector employing a neural network using variable neuron
weights, cf. e.g. [22][Fig. 1].

While state reduction is an advantageous strategy for managing detection complexity, Kohonen
maps can be employed for resource-efficient implementations, and near optimum performance in
classical mobile communication systems [22]. The Kohonen maps based sequence detector, also
referred to as “Kohonen maps based detector” or “Kohonen detector”, is also applicable to quantum
channels. It consists of four processing units, namely the metric calculation unit, the metric aggregation
unit, the trace back unit and the LLR calculation unit [22]. The combination of these four units follows
the signal processing principle of a APRI-SOVA by applying a neural network with a one-dimensional
linear structure in both the input plane and the output plane using distinct features of the Kohonen
map by appropriately adjusting the weights and the distance function [22]. More specifically, the neural
network adopted by the Kohonen maps based detector is a hybrid of learning vector quantization (LVQ)
and Kohonen maps, both belonging to the family of soft competitive learning clustering algorithms
[38]. This approach enables leveraging neural networks to perform near optimum sequence detection
by efficiently utilizing existing hardware resources [22]. Training the Kohonen map by incorporating
LLR feedback has been shown to improve the overall performance of the Kohonen maps based detector
[22].

In order for the Kohonen maps based detector to be applied in quantum communication channels,
the aforementioned FSM has to be modelled by means of a Moore machine. In the case of Moore
modelling, the FSM contains 2We unique states s; equal to (bi,wp, bi—WpH e bi—l) at each time instant
i€ {0, 1---(N+ Wp — 1) } For this reason, we will use W, initial and W, terminal tailbits, setting b;
equaltolforallie {—Wp--- —1,N--- (N+ W, —1)}.

The schematic representation of the transmitted bit vector used when applying the Kohonen map
based quantum data detector, which sets out from the Moore modelling of the FSM representing the
multipath quantum channel, is shown in Figure 6. As pointed out above, the said transmitted bit
vector consists of N codebits, W, initial tailbits and W), terminal tailbits, hence, containing (N + ZWP)
bits.
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Figure 6. Schematic representation of the transmitted bit vector, used when applying the Kohonen map based
quantum data detector, which sets out from the Moore modelling of the FSM representing the multipath quantum
channel; the transmitted bit vector consists of N codebits, W;, initial tailbits and W, terminal tailbits, hence,
containing (N + 2W,) bits.

Each possible state at a given time instant i is associated with a state number, i.e. a state index
Ve {0, 1---2" —1 } Interpreting the FSM as a Moore machine involves a doubling of the number
of states and a reinterpretation of the transition metrics, as they no longer depend on transitions,
i.e., both the initial states and the target states, but solely on the target states. We further denote the
set of possible states in the Mealy case by Syjealy and the corresponding set in the Moore case by
SMoore- The remodelling as a Moore machine necessitates the introduction of a mapping function in
order to assign the previously determined transition metrics (ln{ P{bi}} + 7y, (5i/5i+1)) , 5,841 €

SMealy, for the Mealy case to transition metrics for the Moore case (ln{ P{bi}} + 7y, (51‘)), respectively,

(ln{P{biH}} + 8, (5i+1)) ,5i,5i+1 € SMoore- We define a surjective mapping
M : Smoore — SMealy X SMealy/ (45)

to assign the transition of a Mealy state pair to a Moore state. For each v € {O, 1.2 — 1} the
mapping is defined as

M(v) = (Vinitr Vtarget)/
1%
Hinit = EJ, (46)
Htarget = {z,uinit + (1/ mod 2)} mod pr_l,

where |- | denotes the floor function (in German “Gauflklammer”). Furthermore, yin;; denotes the state
index of the initial state and parget the state index of the target state in the case of Mealy modelling.
Once the transition metrics according to Moore modelling are obtained and summarized in a
2% x (N + Wp) matrix ¥, the Kohonen detector operates similarly to the case of classical wireless
communication systems. At this stage, the Kohonen map serves as a state mapper allowing for an
adequate add-compare-select (ACS) operation for the permissible state transitions [22]. In what follows,
(i) d

s; ' denotes a possible predecessor state with its state index x € {0,1,..., 2We — 1} at the time instant

i of the successor state s with state index v € {0,1,... ,2We — 1} at the time instant (i + 1). The

i+1
output neuron for the state 51(1)1 with state number v € {0,1,...,2"%» — 1} at the time instant (i 4 1) is
configured with the weight vector
(1) _ (o) 0ov) (P -1o)
Wiy1 = (Wi VWi Wiy (47)
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using
Q(s!”) +n{P{bi1}} +x,,, (s)
wlg_’fjv) = if transition ¥ — v is permissible, (48)

—oo otherwise,

where Q (55’()) denotes the path metric of the state with state number « at the time instant i. Any

(v) (k) (¥)
i+1 i i
path metrics at the time instant (i + 1) for each possible successor state s

state s, ’; can be reached by two distinct predecessors, s; ' and s; ’ say. In order to determine the

v)

i1, solely the weights of the

Kohonen map must be examined. We obtain

Q(el2) = max{ult}}
= max{Q(s{"),Q(s) } (49)
+In{P{bis}} + 7y, (510)).
which can be arranged in the 2" path metrics row vectors

Q(V) — (Q(()v)ngv) . Ql(") ... lewpil). (50)

We will illustrate the above discussions of the soft output Kohonen maps based quantum data
detection in what follows. Let the states with the state indices « and @ refer to the predecessor states at

()

time instant (i — 1) of the state s; ' with the state index « at time instant i. Furthermore, let the state

indices B and B refer to the predecessor states at time instant (i — 1) of the state 51@) with the state
index « at time instant i. As shown in Figure 7, the state

51(1() = (bi(f)V\/p-‘rl’ bz(f)wpﬂ o bff)lfbi(K)) (51)

S
W1 TimWpt2

with this state 51(’{), and the state

with the state index x, bl( . bz(f)l and bl(K) denoting the particular bit values associated

51@ = (e bi(i)v‘]p-i-l’bl(i)vvp-‘rz o ~b§f)1,b(’()) (52)

with the state index ¥, (1 P bl-(f)wp +1>, bl(f)wp 2 bl(ﬁ)l and bl.(K) denoting the particular bit values
()

associated with the state 51'% , are the predecessor states at time instant 7 of the state

sith = (60 0061 (53)

with the state index v at time instant (i + 1). The aforementioned states 551{) of (51), 51@) of (52) and
l@l of (53) are part of the trellis representing the multipath quantum channel with W,, possibly

nonvanishing channel coefficients sy, w € {0,1--- (Wp — 1) }, setting out from the Moore modelling

S
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applied in the soft output Kohonen maps based quantum data detector. In Figure 7, the average
numbers
N, = Nysw, 16"
wlsl] T T E W+
W2 © =
+N, 21 swbl™ 4+ Nysob™, (54)
w=
N - N (@)
+N, Y swb!™ + Nyusob!, (55)
w=1

and

= NP‘ Z Sw—&-lbl(i)wr +N]451bl-(x)
w=1

N
pls z(+)1]
+ Nyusob™) (56)

of signal photons at the photon counter are associated with the appropriate states. Also, the recursive
computation of the path metrics

Q(si") = max{Q(s). (=)}

+In{P{bi}} + g, (s7), (57)
Q(s!") =max{o(s)),0 (s )}

+In{P{b;}} + g, (s”), (58)
Q(s%h) =max{Q(s”) (")}

+In{P{bis}}+ 75, (512)) (59)

by the soft output Kohonen map based quantum data detector is also illustrated.
The calculated path metrics are arranged in the 2" x (N + Wp) matrix

r= : (60)
Q(ZV‘}Pfl)

for further processing. The optimum path is found in the trace back unit by again utilizing the Kohonen
map as a state mapper, yet in a reverse-oriented manner. The weights of the neurons representing the
possible predecessor states 55'() are configured with

Q (5(’()) if the transition

1

(k=v) _ K—> v . 61)
is permissible,

—0 otherwise.
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(s)

Denoting the state index of the survivor state at time instant (i + 1) by 7,";,

its predecessor state
is found according to

A(s)
171(5) = argmax (xi(K_WIH) > . (62)

The remaining predecessor states can be determined recursively. All predecessors along the survivor
path can be arranged in the vector ?(®) of length (N + Wp). Similarly to the case of SOVA, respectively
the APRI-SOVA, approximate LLRs can be generated using the Kohonen detector [22].

Owing to its simplicity and promising performance, the authors choose to begin with the afore-
mentioned “SIMPLE RULE” (SR). According to the SR, approximate LLRs are built based on the path
metric differences of the survivor and concurrent predecessor states [17, p. 466]. In the case of Moore
modelling of the FSM, the path metric difference at time instant i 4 1 is given by

2 2(©
Af-sf)l—Q<5i(l >>_Q<5i(l >> (63)

denotes the path metric of the concurrent predecessor at time instant i. The structure

(%)
where Q| s;
of the Kohonen map employed in the generation of LLRs mirrors that of the trace back unit, with the
sole modification being the inversion of the sign of the concurrent predecessor state’s path metric and

the insertion of zeros instead of —co for impermissible state transitions, i.e.

oy if x is predecessor

of v,

xl(j_?v) = 0 (5(2-(’())) if x is concurrent (64)

predecessor of v,

0 otherwise.

s)

The path metric difference A§ y

; represents the distinct metric deviation that allows to distinguish

)
i

between whether the FSM was in the predecessor state s

)

5;

or in the concurrent predecessor state

. Due to the structure of FSM modelling and the influence of ISI, these two states differ by only a
single symbol, specifically, the one at time instant (i — Wp + 1). Therefore, the path metric difference
is interpreted as a reliability measure for that particular symbol at time instant (i — Wp 4 1). The LLRs
are found recursively using

O ksl
S%\)/PH = Ai(ﬁ ) = Z<xi(+1 )> (65)

The updates according to the “THUBER RULE” (HR) and the “BATTAIL RULE” (BR) can be performed
in accordance with [17, pp. 469, 474].

In order to improve the adaptability of the Kohonen map based detector, a novel updating
procedure was also introduced, where, instead of investigating spatial distribution of FSM states, a
probability based neighborhood function is calculated [22]. These probabilites are calculated based on
the LLRs, which can be filtered and fed back in order to update the Kohonen map. Since Kohonen
maps follow a “winner takes most” approach, not only the weights of the winning output neuron
are updated, but also those within a defined “winning neighborhood” (). The probability of each

state v € {O, 1.2 — 1} at each time instanti € {0,1--- (N + W, — 1) } is governed by the a-priori
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probabilities of the W}, most recently received codebits, which are supposed to be mutually independent.
It is thus obtained by

Wp—1
p(s)) = T1 P{bi u). (66)
w=0
Given the state probability (66) and the probability threshold 7, which must be exceeded if the weights
of a neuron shall be updated, the neighborhood of the winning output neuron is given by

Qg = {sl@ € Swtoore | P{sl@} > r}. (67)

[22]. This purely local perspective can be improved by using a “forward/backward” approach to
obtain the optimum state probabilities.

By combining two megatrends, namely artificial intelligence and quantum communications, soft
output quantum data detectors using Kohonen maps may provide low-complexity, high-performance
detection methods that enhance the scalability and efficiency of next-generation communication

networks.
i i+1
_ _ _ WP—Z _
Nﬂ ] =N ﬂswp,lb,-(fn),vﬂ +N, z swb,(,auf +N Hsobl.('()
L - w=1
K 5(K) = (bl(jlW +1 9bi(—a¥4)/ +2 bl(—oi) ’bi(K) ) N
P P N ”,-2 _ _
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Figure 7. Schematic representation of the connections between the states s5; ' and s; ’ with the state indices x

(v)
i+1
of the trellis representing the multipath quantum channel with W, possibly nonvanishing channel coefficients

and ¥ at the time instant { with the state s, ’ with the state index v at the time instant (i 4+ 1), which are part

sw,w € {0,1--- (Wp —1)}, setting out from the Moore modelling applied in the soft output Kohonen maps

st

counter are associated with the appropriate states; also, the recursive computation of the path metrics Q(sEK) ),

based quantum data detector; the average numbers Nll (s Nﬂ ()] and Nll of signal photons at the photon

Q(sl@) and Q(sg_];_)l) by the soft output Kohonen map based quantum data detector is also illustrated.

3. Polar Coding for Wireless Quantum Optical Transmission
3.1. General Concept of Polar Codes

In 2009, Erdal Arikan introduced polar codes as a class of capacity-achieving error-correcting
codes for binary memoryless symmetric channels [39]. The construction of polar codes is inspired by
Reed-Muller codes and builds on the Plotkin construction proposed in 1960 [40], or alternatively, it can
be described using a recursive formulation based on the Kronecker product [39].
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Polar codes are notable for their deterministic construction and their ability to asymptotically
achieve the capacity of binary memoryless symmetric channels under successive cancellation decoding.
Understanding the polarization process requires some familiarity with information-theoretic concepts
such as mutual information and entropy. For a more detailed theoretical background, the reader is
referred to relevant literature, cf. e.g. [8, Chapter 4, pp. 336-388]. The key idea of channel polarization
is the transformation of a set of identical channels into a set of virtual channels with split reliability
levels, which allows a distinction between information bits and frozen bits.

For the construction of polar codes of even length

N=2" & n=Ilog,{N}, neN, (68)

u denotes the input vector to the encoder, containing K < N information bits, and b denotes the
encoded codeword at the output of the encoder, consisting of the K information bits and the (N — K)
frozen bits. Let Gy be the generator matrix. The polar code is then given by the linear transformation
of u using Gy [39]

b = uGy. (69)

Setting out from the smallest code length, i.e. N equal to 2, the basic generator matrix becomes

G2=<1 2) (70)

being capable of generating both parity and systematic codebits. The square N x N generator matrix

[41]

of the 3GPP polar code is recursively defined by the multiple Kronecker product [8, Sect. 1.16, pp.
224-233]

G5 =6y"V G, (71)

Arikan prefers to define the generator matrix in his work based on a permutation matrix, denoted here
as Iy, and the identity matrices I/, and I, [8,39]

GN = (In/2 ® G2)IIN(I2 ® G 2)- (72)

The two variants of the linear transformation using Gy, as defined by 3GPP and by Arikan, each
require a dedicated decoder structure to correctly decode the encoded message. For N equal to 4,
Figure 8 illustrates the decoding scheme according to the 3GPP standard and Figure 9 shows the
decoding structure according to Arikan.
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decoder { decoder
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Figure 8. Illustration of the information flow in a successive cancellation decoder based on the 3GPP implementa-

tion for a nolar code of lenoth N = 4.

Stage 2 Stage 1

decoder A i decoder
output "+ input
A3 29
2 2
A3 A9 -
— Uy D Uy

Uq

Figure 9. Illustration of the information flow in a successive cancellation decoder based on Arikan’s original
construction for a polar code of length N = 4.

The values A; represent the LLRs. In each decoding stage, two functions are applied, namely, the
f function, represented by circles in Figure 8, and the g function, represented by squares in Figure 8.
These functions are used to recursively update the LLRs based on previously decoded bits. The f and
g functions operate on two input LLR values, typically denoted as A, and A;, and in the case of the
g function, also on previously decoded bits ii. These inputs correspond to values from nodes in the
decoding tree. The f and g functions can be defined as follows [8, Eq. (3.114), p. 364; Egs. (4.260) and
(4.261), p. 386]:

A+ Ay — A — A
Fharhg) o Lot =0 = el 73)

g(Aa, Ap, 1) = (1= 240) - Ay + Ap. (74)

The expression for the f function represents an approximation of the exact soft decoding rules using
the arctanh [8, Eq. (4.260), p. 386]. After a total of log, (N ) stages, the message 7 is fully decoded using
recursive decoding. This process starts with the least significant bit 7y and proceeds toward the most
significant bit 715 _1. Previously decoded bits are reused as intermediate results across the decoding
stages.

A comparison of the 3GPP and the Arikan constructions of the polar code reveals that the indexing
must be handled differently in the implementation of the respective decoder structures. This is due to
the fact that the generator matrices used in the 3GPP and Arikan constructions are not identical and
transform the message in different ways through linear operations. Another key difference between
the 3GPP and the Arikan constructions lies in the structural symmetry present in every stage in the
3GPP decoder, as indicated by the horizontal dashed lines in Figure 8, which is not present in the
Arikan construction. Furthermore, it becomes evident that a decoding error, e.g. at the position of
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AY, highlighted as dashed circles in Figures 8 and 9, effects the decoding process differently in each
structure. The error propagation paths diverge between the two constructions, as illustrated by the
dashed circled elements in the figures. Even under identical channel conditions, the decoders may
produce similar but not identical results.

3.2. Design of Polar Codes: Finding the Polar Sequence

Even though the generator matrices Gy are known, constructing the strongest possible polar code
for a given code rate R, equal to K/ N remains a laborious task. It requires identifying those virtual
channels that should be frozen and thus excluded from carrying information [8,39]. This identification
leads to a ranking list of all virtual channels, often referred to as the reliability sequence [8][pp. 347, 364,
378, 380], polar sequence [41], or reliability order [42]. The process of constructing this polar sequence is
commonly known as polar code definition [39] or polar code construction [42].

For a combined channel Wy of length N, the process of channel combining and splitting results
in a set of polarized subchannels {WI(\? 0<i<(N- 1)} [8, Chapter 4, pp. 336-388]. The task of
polar code construction is to select the most reliable subchannels from this set, i.e., to determine an
appropriate subset of virtual channels that will be used to carry the information bits. As Arikan has
shown in his original work, the polar sequence depends on the transmission channel. For the binary
erasure channel, he suggested the Bhattacharyya parameter Z (WZ(\;)) to determine the polar sequence
[39]. Since the Bhattacharyya parameter of a binary erasure channel is equal to the erasure probability
¢, the channel capacity C of a virtual channel approaches 1 when Z (Wg)) approaches 0 [8].

Arikan’s Bhattacharyya parameter Z (WI(\;)) based approach is clearly dependent on the particular

channel and its actual quality. Regrettably, it does not seem that the Bhattacharyya parameter Z (Wﬁ?)
can be determined in analytic closed form for the quantum channels considered here. Therefore, other
methods for determining the polar sequence when considering transmission channels other than the
binary erasure channel must be used such as the Monte Carlo simulation approach [39] and the density
evolution method [43]. In all these cases, the definition of the polar sequence will involve lengthy and
cumbersome analyses and is likely not to yield a single optimum polar sequence for all circumstances.

The likelihood of never being able to define the optimum polar sequence in a closed form analytic
expression and thus at the lowest possible cost has led to the abandonment of the strict requirement for
an optimum solution. Instead, the focus has shifted toward a sufficiently good, best possible solution
for the time being. In the case of 5G/New Radio (5G/NR), 3GPP delegates have succeded in defining
such a polar sequence [41][Table 5.3.1.2-1, pp. 17-19], which enables an impressively low block error
ratio (BLER) performance in all required cases. The approach chosen in the 3GPP standardization of
5G/NR sets out from a closed form expression, which to the best of the authors” knowledge was first
suggested in the technical document R1-167209 presented at the TSG RAN WG1 Meeting #86. We will
briefly summarize this approach in what follows:

1)  Set out from the virtual channel with index i € {0,1--- (N — 1)} being a nonnegative integer

and having the binary representation given by the values B](i) € {0,1} beginning from the least
significant bit j equal to 0, i.e.

i=BY .20 4Bl .ol ... B on) (75)
n=log,{N}, B\ e {0,1}.

2)  Then, by replacing 2 by v/2 being approximately equal to 1.1892 in (75), define the quality factors
called polar weights [42, Eq. (4), p. 2]

n—1 ) ;
W@ZW(%Y (76)
j=0
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Comparing (75) with (76), we immediately realize that (76) represents the generalization of the
binary representation of (75).

3) Since a virtual channel with high quality is associated with a large value of the polar weight
W; given by (76), establish the polar sequence as that particular sequence of the indices of W; in
ascending order of the polar weights W;.

The authors believe that the suggested approach of the technical document R1-167209 presented at
the TSG RAN WGI Meeting #86 presents a promising start. However, owing to the considerable
difference between the mobile radio channel and the quantum channel faced in the case of wireless
quantum optical communications, it must be studied whether there may exist better polar sequences
for wireless quantum optical communications than the existing 3GPP 5G/NR polar sequence published
in [41][Table 5.3.1.2-1, pp. 17-19]. In a first step, we will replace (76) by the following definition

o)
W; = ZB]. v, pe(L2], (77)
j=0

of the quality of the virtual channel with index i. The base p chosen in (77) determines the polar
weights Wi of the N virtual channels. Nota bene that the representation of (77) is sometimes attributed
to Alfréd Rényi as a number theoretical concept published in 1957. However, its roots are more than
half a century older as we will see in a moment.

Equation (77) is based on the p-adic expansion of integers illustrated in [45, p. VI; Eq. (2), pp. 49£.],
for a finite number of n equal to log,{N} terms and only nonnegative exponents j > 0, a concept
well-known in number theory first introduced in 1897 by the German mathematician Kurt Hensel
[44], see also [46], yielding a unique result for any nonnegative integer. In the p-adic expansion, the
base p is a prime number, however, it is straight-forward and trivial to relax this requirement in favor
of any base (in German “Grundzahl”) g [45, p. VI], such as e.g. g equal to 10, leading to the more
general g-adic expansion [45, Eq. (7), p. 54]. In the case of the p-adic as well as the g-adic expansions, the
coefficients B](i) are taken modulo p, respectively, g [45, p. 54]. Hensel also investigated the case of the
general base g being a power p* of the prime number p [45, p. 73]. Setting out from these insights, it is
an immediate approach to obtain (77), neglecting the number theoretic burden of this step. Supposing
p to be a general, preferrably nonnegative, real number, the said p-adic expansion based approach (77),
although according to the above discussion being suboptimum, is channel independent and provides
a solution in analytic closed form.

The definition of the polar sequence by a closed expression of the type shown in (77) is elegant,
efficient and implementation-friendly. Setting out from these facts, the authors will present further
results on the selection of suitable polar sequences for quantum optical communication systems in
what follows, proposing distinct polar sequences for wireless quantum optical communications with
carrier phase knowledge versus random carrier phase scenarios as such a distinction facilitates a
lowest possible BLER for the considered applications. In other words, the authors suggest using
channel adaptive polar sequences in future applications, in particular, for wireless quantum optical
communication systems.

In wireless quantum optical communications, the transmission is predominantly governed by
unknown, random carrier phase most of the time, cf. e.g. Sect. 2.3 and [20]. In the absence of any
channel state information (CSI) at the transmitters and the receivers, the polar sequences corresponding
to

p =/~ 11777 (78)

p— o= il +2‘/5 ~1.1278 (79)

and
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are found to be good choices. Furthermore, if the transmission preserves the carrier phase, using
(79) leads to the preferable polar sequences for any code rate R.. These observations show that the
suggested base p equal to v/2 used in the technical document R1-167209 presented at the TSG RAN
WGI1 Meeting #86 differs from the choice of p in the case of wireless quantum optical communications.
The following Algorithm 1 summarizes the approach.

Algorithm 1 Computation of Polar Sequences

Require: Code length N, positive real g > 1, e.g. ®, 2, exp{1}, 77; exponent g € (0,1], e.g. the code
rate R.
: Determine base p = g1
: fori=0to N —1do
Convert channel index 7 to binary:

1

2

3

4 i— (BSZ),Bgl) . 37(21)

5 Compute the weight: W; = Z;.‘;Ol B](i) -p/
6: end for

7. Sort all channel indices i in ascending order of W;
8: return the resulting order as the polar sequence S

Since standardized implementations typically prefer a single, channel-independent polar se-
quence, the authors propose a polar sequence suitable for both coherent and incoherent transmission.
This new polar sequence is derived from the combination of the two previously considered polar

sequences found for p equal to /7 and 4/ (1 + v/5) /2. To the best of the authors’ knowledge, the ap-
proach of constructing a new polar sequence by combining multiple sequences has not been previously
published and therefore seems to be novel in the context of constructing new polar sequences.

This work considers two analytical approaches for combining multiple reliability sequences. The
first approach considers, at each position x; of the polar sequence, only the largest channel index i
among the available sequences. Therefore, the largest channel index i at that position x; is selected as
the winner. The second approach evaluates a data set consisting of at least three predefined reliability
sequences. In this case, the selection is based on the absolute frequency of each channel index i at the
position x;. If no clear winner can be determined on the basis of frequency, the decision falls back to the
selection of the larger channel index i according to Algorithm 1. In this manuscript, the first approach
is preferred as it is more resource-efficient and easier to implement. The procedure to generate the
aforementioned combined polar sequence is summarized in the novel Algorithm 2. The central idea of
this algorithm is to resolve conflicts incrementally, position by position, by giving preference to the
channel with the higher channel index i and filling the remaining gaps with unused indices, sorted by
ascending weight. It is almost needless to mention that the iterative application of Algorithm 2 will
facilitate to combine a multitude of available polar sequences.
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Algorithm 2 Combination of Two Polar Sequences

Require: Two polar sequences Sq, Sy, each of length N
Ensure: Combined polar sequence S.ombined of length N
1: Sort all channel indices i of both sequences Sy, S; in ascending order of channel weight W;
2: fori =0to N —1do
3 if 51 [l] =5, [l] then
4 ASSign Scombined [l] “— 5 [1]
5: else
6 Assign Seompined i]  max($1]il, Salil)
7 Store S1[i] and S;[i] (if not used)
8 in temporary list
9 end if
10: end for
11: Sort remaining unused channel indices i
12:  in ascending order
13: for each unassigned position x; in Scompined d0

14:  Assign next smallest channel index i
15: from temporary list
16: end for

17: return S.ompined

3.3. Turbo Equalization with Polar Codes

Turbo equalization is an iterative scheme, which involves both data detection and channel
decoding, striving for the iterative reduction of errors contained in the decoded message 7. Turbo
equalization was first introduced in 1995 [47] in the case of additive white Gaussian noise (AWGN)
channels with ISI and with as well as without fading. Both the data detector and the channel decoder
applied in [47] were using the SOVA. A similar concept for source-controlled channel decoding was
used in [37,48], which clearly demonstrates the necessity of providing soft information like LLRs
from the source decoder to the channel decoder. None of these concept has yet been applied to polar
coded wireless quantum optical communications via multipath quantum channels with uncorrelated
scattering and ISL

The principle of turbo equalization in polar coded wireless quantum optical communications
via multipath channels with uncorrelated scattering and ISI is depicted in Figure 10. The generic
receiver consists of the quantum data detector, the polar code decoder, the block error iteration control
unit and the extrinsic information computer. Since in wireless communication systems interleaving
is widely deployed and since the authors suggest the inclusion of quantum optics in future wireless
communication systems, the optional introduction of an interleaver with the interleaver (permutation)
matrix IT and its corresponding deinterleaver with the matrix I~ is also depicted in Figure 10. In
this work, a simple square block interleaver will be considered when analyzing turbo equalization for
wireless quantum optical communications. Suppose the square N; X Nj interleaver matrix IT, yielding
the interleaver size N2. Using the ceiling function (in German “obere Gauklammer”) [-], choose N

equal to [\/ﬁ —‘ and form the extended codeword

b= (bo,bl---le,0,0---O) (80)
N——
(Nf=N)
zeros

of length NI2 > N. The said extended codeword b of (80) is then entered into the square block
interleaver from left to right in a row by row fashion, beginning with the first row and the first
column and the interleaved extended codeword is determined from top to bottom in a column by
column fashion, beginning with the first row and the first, i.e. leftmost, column. The deinterleaving is
accomplished by the reversed operation.
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Figure 10. Generic receiver structure for data transmission in polar coded wireless quantum optical communica-

in

tions via multipath channels with uncorrelated scattering and intersymbol interference (ISI) including the turbo
equalization concept.

Turbo equalization is only possible when the quantum data detector is capable of processing
a-priori information. Regrettably, the said a-priori information is not known to the receiver prior to
the quantum data detection. This fact requires the generation and continuous updating of some sort
of information, which can serve as “a-priori information”, while the turbo equalization iterations are
ongoing. Hence, there is no true a-priori information but some sort of an estimate. This estimate
must be delivered by some receiver unit, which cannot be located in front of the input of the quantum
data detector due to the above-mentioned prerequisite. In fact, a modified channel decoder, which
in addition to providing the decoded message i is capable of determining the soft output vector L
corresponding to the N > K, codebits b; € I, i € B, provides the basis for the said estimate of the
aforementioned “a-priori information”, which we will call the interleaved extrinsic soft output vector
denoted by IIL.. In the context of the turbo equalization considered here, the expression “extrinsic”
means “generated during the channel decoding in addition to the input vector L;,”. In other words,
the extrinsic soft output vector has not been part of the input to the channel decoder prior to the
channel decoding.

According to Figure 10, after processsing the photon count vector N introduced in (28) and the
“a-priori information” ITL,, the quantum data detector delivers the soft output vector Ly, corresponding
to the N > K, codebits b; € Fy, i € B. In order to optimize the mutual information governing the
turbo equalization process just as in the case of turbo code decoding, the “a-priori information” IIL, is
subtracted from Ly, prior to the optional deinterleaving. At the output of the deinterleaver, the input
vector

Lin =17 'L, — L (81)
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prevails, which is obtained from e.g. (88) for <y equal to 1 and represents the input to the polar code
decoder. Besides the decoded message i, the polar code decoder generates the vector L., which is
composed of soft outputs associated with the N > K, codebits b; € F,, i € B. In the block error
iteration control unit, the decoded message i is analyzed in order to identify block errors. If a block
error is detected by e.g. evaluating a cyclic redundancy check (CRC) code, which is supposed to be
part of # and, consequently, of i, according to the 5G/NR specification [49, Sect. 6.13.2.1, pp. 140-142],
a further turbo equalization iteration is carried out. In the case # successfully passes the analysis in the
block error iteration control unit without any detected block error, the turbo equalization is terminated
for the inspected message u. As illustrated, the authors deploy adapative iteration control of the turbo
equalization, which facilitates considerable savings of processing efforts and, consequently, power
consumption.

In the case of a required turbo equalization iteration, the soft output vector L. is processed in
the extrinsic information computer, generating the extrinsic soft output vector L. at its output by
exploiting the input vector Li, of (81). After the optional interleaving, which yields I1L., the quantum
data detection process can start again.

The success of turbo equalization based on polar coding relies on two prerequisites, namely

1)  the availability of soft information per codebit b; € IF5, i € B collected in the soft output vector L.
and
2)  the availability of extrinsic information of good quality, collected in the extrinsic soft output vector

Le.

With respect to the first item, two alternative approaches have been mentioned in the open
literature. The first concept is based on the sum product algorithm (SPA) [8, Sect. 3.2.3, pp. 332-335]
used for the decoding of LDPC (low density parity check) codes when computing the LLRs of the
check nodes, cf. e.g. [8, Sect. 3.2.2, pp. 327-332]. The second concept was suggested by Fayyaz and
Barry as part of their soft cancellation (SCAN) polar decoding scheme [50]. Since the first concept
provides correct LLRs, the authors do not pursue the second approach [50] further in this manuscript.

Nota bene that, although claimed, [50] does not provide any turbo equalization. It is merely a
clever adaptation of the SPA to polar codes.

Furthermore, the rather little performance improvement of the SCAN polar code decoding
reported by Fayyaz and Barry [50] demonstrates the strong correlation of the soft inputs vectors and
the corresponding soft output vectors of the SCAN polar code decoder, which is governed by the code
structure.

Regrettably, it seems that no one has explicitly stated the chosen approach in the context of polar
codes. Hence, the authors are now making up for this omission in what follows:

Suppose that in the nth, n € {0,1--- (N — 1)}, column of the generator matrix Gy of the polar
code of length N only the elements g;, , in the rows denoted by i; with i taken from a subset of
{0,1--- (N —1)} are equal to one.

Let us denote the said subset by O, C {0,1--- (N — 1)}, having the cardinal number |O,| < N.

Define

(O)n = {ik|gikn = 1V1k S {0,1 cee (N— 1)}}
is equal to(Z)forn N—

Denoting the soft output associated with the Nth message bit uy_1 by L, (y_1), for every n,
initialize L € R by

B + Lu,(N—l)/

(83)
Oy < O,\{N —1}.
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Denoting the “box plus” operation by H, which realizes
def, [1+ePtlui

either exactly or by some approximation, cf. e.g. [51][pp. 357-366] and the references given therein,
while O, # @ iterate

B« BHL,; icQy,
. (85)
Oy + O, \{i}.
The final output is
Len = B. (86)

Probably the most critical part of turbo equalization lies in the determination of the extrinsic soft
output vector L, cf. the second item mentioned above. According to Douillard’s seminal paper [47,
Fig. 5, p. 510], we obtain

Le = Lc - Lin (87)
— L. — {nflLb - fyLe} (88)
 L-1'L, N

Although Douillard et al. do not explicitly give the range of the coefficient -y, the reference to the
variance on page 509 of [47] implicitly suggests that y is nonnegative and real. It is also plausible to
suppose that (89) implies y € [0,1). In 1997, Hagenauer [52, Fig. 4, p. 7] illustrated that (87) is optimum
in the case of MAP based symbol by symbol data detection and MAP based channel decoding. A third
known approach appeared in 1993 in the seminal paper [53, p. 1096] by Berrou et al. introducing turbo
codes for the first time, suggesting the ith component [Le]; of the extrinsic soft output vector L to be

Lo — Ly
[Le = Linl; 6 =015 icB, (90)

= AT

although all constituent decoders applied in [53] are MAP symbol by symbol decoders.

Since optimum polar code decoders, which can be efficiently realized, are not known, the authors
suppose that deployed polar code decoders are and will probably always be suboptimum. Therefore,
one must raise the question, whether the above-mentioned schemes (87)-(90) are applicable. In
what follows this concern will be addressed and the authors will suggest a viable solution for turbo
equalization using polar codes.

The treatment of the availability of extrinsic information of good quality, collected in the extrinsic
soft output vector L., seems still to be in its infancy as far as turbo equalization using polar codes is
concerned. In fact, it seems that turbo equalization using polar codes has not been addressed explicitly
prior to a paper [54] published in 2024 by Eltohamy, Hofmann, Knopp and Korb. Although not
discussed in detail in [54], Eltohamy et al. either use the above stated approach for the generation
of the soft output vector L. or an equivalent one. With respect to the generation of the extrinsic soft
output vector L., Eltohamy et al. apply [54, Fig. 6, pp. 146f.]

Le = Cs(L. — Ly,), Cs €RT, (91)

using the real nonnegative scaling factor Cs € R, which is “empirically optimized”, leaving a certain
feeling of discomfort. Surprisingly, Cs may be arbitrarily chosen [54, Fig. 8, p. 147], which suggests
a certain degree of novelty in comparison to (87)-(90). Although the number of turbo equalization
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iterations was not stated in [54], the authors are convinced that this number was fixed in all cases, not
being adapative to the actual transmission. Furthermore, the performance gains reported in [54, Figs.
8 and 9, pp. 147f.] seem to be limited. This is a clear hint to the fact that notable correlations between
L. and L;, exist.

Regarding the availability of extrinsic information of good quality, collected in the extrinsic soft
output vector L, the authors propose the following two realizations of the extrinsic soft output vector,

shown as Lél) and ng)

in Figure 10. The said solutions proposed by the authors present an analytic
way forward, avoiding any empirical optimizations. Correlations vanish when the vectors L. and L,
are mutually orthogonal, at least on average. The demanded orthogonality is however unlikely, which
yields a nonvanishing inner product Li, LY, supposing that L. and L, are row vectors and denoting

transposition by (-)T. Therefore, when subtracting that particular component (LinLE /|| Le ||2> L. of
L;,, which is collinear to L., from L, the remainder {1 — (LinLE /|| Lc ||2>} L. may serve as extrinsic

information of desirable quality. The authors therefore propose the following first version of the
extrinsic soft output vector

L LT L, LT
Le=[1—-2"¢|L.xL, —2=¢cR, (92)
2 2
[l Ll | Le|l

illustrated by L,(gl) in Figure 10.

The second version of the extrinsic soft output vector, identified by ng)

the assertion that the extrinsic soft output vector L. should be collinear with (L. — L, ), which has

in Figure 10, sets out from

been considered traditionally, cf. e.g. (87)-(90), and is also assumed in (91). As it was already observed
by Eltohamy et al. [54], the real nonnegative scaling factor Cs € ]R(J{ cannot be left equal to 1, hence (87)
and its direct descendants do not seem viable. Extending the above derivation leading to (92) yields

LinLT Lo (Lo —Lin)"
_ (1 Zinbe Zelle=Bin) )y o (93)
e C n
( ILl?  ILc - Lin)® ‘
LinL! Lc(Le— Lin)"
ILe|®  [|Le — Lin®

x {LC - Lin}/

7

cf. the geometrical illustration depicted in Figure 10. With (93), the real nonnegative scaling factor Cg
of (91) becomes
T T
_ LinLc . LC(LC - Li_n)
2 2
IZe]l™ [[Le = Linll

g =

(94)

Nota bene that both approaches (92) and (93) suggested by the authors are fully adaptive with a
clear theoretical foundation and without any empirical optimization. Furthermore, as opposed to the
approaches presented in (87)-(91), the novel solutions (92) and (93) suggested by the authors use the
real coefficients
e LinL!/||L|* and
o« (LnLT/ILel?) (Le(Le = Lin) /| Le = Linl?),

respectively.

4. Selected Simulation Results
4.1. Uncoded Transmission and Reception

First, we will consider the short range transmission via a single path quantum channel, cf. Sect.
2.3. Consequently, the channel impulse response of the said quantum channel called CIR#1 in what

follows has one single nonzero channel coefficient sy equal to 1, cf. Table 1. Both the scenario without
decoherence and, thus, with known carrier phase as well as the scenario subject to decoherence and,
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hence, with unknown carrier phase, the phase being a uniformly distributed random variable, have
been evaluated by simulations in terms of the uncoded bit error ratio (BER) P, i.e. the BER obtained
before the channel decoding. The obtained uncoded BER curves are depicted in Figure 11. In any of
the two scenarios, the uncoded BER P, decreases monotonically with increasing N, for a given value
of N,. Similar to e.g. [6][Fig. 3, p. 1590], the average number of thermal noise photons N, was chosen
from {0.01,0.03,0.05,0.1}. Furthermore, the uncoded BER P, increases with increasing thermal noise,
i.e. with increasing N,, fora given value of N},. Also, the steepness of the uncoded BER curves seems
to decrease with increasing thermal noise, i.e. with increasing N,. Remarkably, the uncoded BER P, is
always lower in the case of known carrier phase than in the case of unknown carrier phase for given
values of N, and N,.

Table 1. Channel coefficients s, w € {0,1,2} of the selected channel impulse responses [55, Tab. 3.7, p. 662].

channel number channel channel channel Wp—1

impulse of paths coefficient coefficient coefficient Y Sw

response Wp S0 s1 Sz w=0
CIR#1 1 1 1
CIR#4 2 0.6667 0.3333 1
CIR#5 3 0.6250 0.3125 0.0625 1

T T

T

T

T

= 0.1, unknown carrier phase
= 0.1, known carrier phase

= 0.05, unknown carrier phase| |
= 0.05, known carrier phase

= 0.03, unknown carrier phase
= 0.03, known carrier phase |7
= 0.01, unknown carrier phase| ]
= 0.01, known carrier phase

0.1¢

P,

0.01 |

0.001 * *
0 1 2 3 -+ 5 6 7 8 9 10

Figure 11. Detail of simulation results of the uncoded bit error ratio (BER) P, performance versus the average
number N, of signal photons per message bit with the average number N, of thermal photons as the curve
parameter for the transmission via the single path quantum channel CIR#1 with W;, = 1; the dashed curves refer
to the case of unknown carrier phase, cf. e.g. [6][p. 1590], [9][pp. 171-174], [17][pp. 435-446] while the solid curves
refer to the case of known carrier phase, cf. [5][pp. 390f.] for a similar result.
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Next, we consider multipath transmission and reception under the presence of decoherence, see
Sect. 2.4. The standardization of mobile radio systems has necessitated the development of widely
accepted channel models, cf. e.g., [35,56,57]. Unfortunately, quantum communication systems, such
as those discussed here, have not yet reached a comparable level of standardization. Consequently,
commonly accepted multipath quantum channel models are not yet available. To proceed, we adopt
multipath quantum channels with time-invariant channel impulse responses (CIRs), as first introduced
in [55, Tab. 3.7, p. 662]. Specifically, we consider two distinct multipath quantum channels, referred
to as CIR#4 and CIR#5 [55, Tab. 3.7, p. 662]. The corresponding CIR coefficients s, w € {0,1,2}, are
listed in Table 1 [55, Tab. 3.7, p. 662]. The selected multipath quantum channels are assumed to be
energy-preserving, that is, they neither amplify nor attenuate the transmitted signals. The CIRs of both
CIR#4 and CIR#5 are normalized accordingly by ensuring

Wp—1

Y su=1 (95)
w=0

This guarantees that all depicted results are comparable in terms of average received energy. Conse-
quently, if the laser remains continuously on, the average number of received signal photons is N,
regardless of the chosen channel model, see, e.g., (21).

Figure 12 shows a detail of simulation results of the uncoded BER P, performance versus the
average number N, of signal photons per message bit with the average number N, of thermal photons
as the curve parameter in the case of the transmission via the multipath quantum channel CIR#4,
which has the two channel coefficients sy equal to 0.6667 and s; equal to 0.3333. Similar to e.g. [6][Fig.
3, p. 1590], the average number of thermal noise photons N, was chosen from {0,0.1,0.3,0.5,1.0}.
Furthermore, Figure 13 illustrates a detail of simulation results of the uncoded BER P, performance
versus the average number N, of signal photons per message bit with the average number N, of
thermal photons as the curve parameter in the case of the transmission via the multipath quantum
channel CIR#5, which has the three channel coefficients sy equal to 0.6250, s equal to 0.3125 and s
equal to 0.0625. In both cases, the optimum quantum data detection schemes log-ML and SOVA are
used. The uncoded BER curves obtained in the case of the log-ML are shown as solid lines while the
uncoded BER curves determined in the case of the SOVA are depicted as dashed lines. As expected,
the uncoded BER P, decreases monotonically with increasing N, for a given value of N,. Furthermore,
the uncoded BER B, increases with increasing thermal noise, i.e. with increasing N, for a given value
of Ny,.. Also, the steepness of the uncoded BER curves seems to decrease with increasing thermal
noise, i.e. with increasing N,. Remarkably, for given values of NV and N,, the log-ML and the SOVA
perform almost identically. In addition, compared with the multipath quantum channel CIR#4, the
multipath quantum channel CIR#5 has a greater multipath spread. For given values of N, and N,
this leads to an increased uncoded BER P, in the case of the multipath quantum channel CIR#5 versus
the multipath quantum channel CIR#4.
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Figure 12. Detail of simulation results of the uncoded bit error ratio (BER) P, performance versus the average
number ﬁﬂ of signal photons per message bit with the average number N, of thermal photons as the curve
parameter for the transmission via the multipath quantum channel CIR#4 with W}, = 2; the optimum quantum
data detection schemes log-ML (solid lines) and SOVA (dashed lines) are considered.
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Figure 13. Detail of simulation results of the uncoded bit error ratio (BER) P, performance versus the average
number N, of signal photons per message bit with the average number N, of thermal photons as the curve
parameter for the transmission via the multipath quantum channel CIR#5 with W}, = 3; the optimum quantum
data detection schemes log-ML (solid lines) and SOVA (dashed lines) are considered.

Figure 14 shows a detail of simulation results of the uncoded BER P, performance versus the
average number N, of signal photons per message bit with the average number N, of thermal photons
as the curve parameter in the case of the transmission via the multipath quantum channel CIR#5,
having W}, equal to 3 nonzero channel coefficients sy equal to 0.6250, s1 equal to 0.3125 and s; equal to
0.0625, hence, three distinct paths. The reduced state quantum data detection schemes rslog-ML with
Wh red €qual to 2 and rsSOVA with W, o4 equal to 2 are applied. The uncoded BER curves obtained
in the case of the rslog-ML are shown as solid lines while the uncoded BER curves determined in
the case of the rsSOVA are depicted as dashed lines. As expected, the uncoded BER P, decreases
monotonically with increasing N, for a given value of N,. Furthermore, the uncoded BER P, increases
with increasing thermal noise, i.e. with increasing N,, for a given value of N. Also, the steepness
of the uncoded BER curves seems to decrease with increasing thermal noise, i.e. with increasing N,.
Remarkably, for given values of N, and N, the rslog-ML and the rsSOVA perform almost identically.
When comparing the Figures 13 and 14, we realize that the performance degradation of the reduced
state versions of the log-ML and the SOVA is small compared to the more complex log-ML and SOVA
quantum data detectors.
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Figure 14. Detail of simulation results of the uncoded bit error ratio (BER) P, performance versus the average
number N, of signal photons per message bit with the average number N, of thermal photons as the curve
parameter for the transmission via the multipath quantum channel CIR#5 with W}, = 3; the reduced state quantum

data detection schemes rslog-ML with W}, ;.q = 2 (solid lines) and rsSOVA with W, roq = 2 (dashed lines) are

p.re
considered.

Figure 15 illustrates a detail of simulation results of the uncoded BER P, performance versus the
average number N, of signal photons per message bit with the average number N, of thermal photons
as the curve parameter for the transmission via the multipath quantum channel CIR#5 having W, equal
to 3 nonzero channel coefficients sy equal to 0.6250, s equal to 0.3125 and s, equal to 0.0625, hence,
three distinct paths. The reduced state quantum data detection scheme decision feedback equalizer (DFE),
obtained for Wy, req equal to 1 from the rslog-ML, the rslog-MAP, the rsAPRI-SOVA or the rsSSOVA, is
used. As expected, the uncoded BER P, decreases monotonically with increasing N, for a given value
of N,. Furthermore, the uncoded BER P, increases with increasing thermal noise, i.e. with increasing
N,, fora given value of NV' Also, the steepness of the uncoded BER curves seems to decrease with
increasing thermal noise, i.e. with increasing N,. The DFE has the least implementation complexity,
however, suffers from some performance degradation in comparison with the more elaborate log-ML,
SOVA, rslog-ML with W, req equal to 2 and rsSOVA with W, eq equal to 2, cf. Figures 13 and 14.
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Figure 15. Detail of the simulation results of the uncoded bit error ratio (BER) P, performance versus the average
number N, of signal photons per message bit with the average number N, of thermal photons as the curve
parameter for the transmission via the multipath quantum channel CIR#5 with W}, = 3; the reduced state quantum
data detection scheme decision feedback equalizer (DFE) with W}, req = 1 is considered.

Figure 16 shows a detail of simulation results of the uncoded BER P, performance versus the
average number N, of signal photons per message bit with the average number N, of thermal photons
as the curve parameter for the transmission via the multipath quantum channel CIR#5 with W,, is
equal to 3. The performance of the log-ML quantum data detector (solid lines), the SOVA quantum
data detector (dashed lines) and the Kohonen map based quantum data detector (solid lines with
marker x) are shown for comparison. Obviously, for a given average number N, of thermal photons,
the uncoded BER P, performance of the three considered quantum data detectors are almost identical.
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Figure 16. Detail of the simulation results of the uncoded bit error ratio (BER) P, performance versus the
average number N, of signal photons per message bit with the average number N, of thermal photons as the
curve parameter for the transmission via the multipath quantum channel CIR#5 with W, = 3, comparing the
performance of the log-ML quantum data detector (solid lines), the SOVA quantum data detector (dashed lines)
and the Kohonen map based quantum data detector (solid lines with marker x).

4.2. Coded Transmission and Reception Using the 3GPP Polar Code and Arikan’s Polar Code

Like in Sect. 4.1 we begin with the consideration of the short range transmission via a single path
quantum channel CIR#1, cf. Table 1. Both the scenario without decoherence and, thus, with known
carrier phase as well as the scenario subject to decoherence and, hence, with unknown carrier phase,
the phase being a uniformly distributed random variable, have been evaluated by simulations in terms
of

e  the coded BER P, i.e. the BER obtained after the channel decoding, and
e  the BLER Pyjock determined after the channel decoding.

The BLER Pk is used as the performance measure because it has become one of the most important
figures of merit in mobile communications systems and, in addition, the considered 5G/NR polar
code protects control channels, which require the least possible BLER. The obtained detail of the coded
BER P, performance is depicted in Figure 17 versus the average number N, of signal photons per
message bit with the average number N, of thermal photons as the curve parameter. The obtained
detail of the coded BLER P,k performance versus the average number Ny of signal photons per
message bit with the average number N, of thermal photons as the curve parameter, corresponding
to Figure 17, is shown in Figure 18. The dashed curves refer to the case of unknown carrier phase
while the solid curves refer to the case of known carrier phase. We applied the 3GPP 5G/NR polar
code with the generator matrix of (71) and the polar sequence of [41][Table 5.3.1.2-1, pp. 17-19], relying
on 24 CRC bits generated with polynomial “24C”, code dimension K equal to 128, code length N
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equal to 256 and code rate R. equal to (128 — 24) /256, i.e. 0.40625. The average number N, of signal
photons per message bit includes the code rate R. explicitly: N, is hence 1/R. times greater than
the average number of signal photons per codebit. The polar code decoding is accomplished with a
CRC aided successive cancellation list (CA-SCL) decoder with list length L equal to 8. Interleaving
between the channel encoder and the quantum mechanical harmonic oscillator is not deployed. The
observations made are similar to those stated in the context of Figure 11, cf. Sect. 4.1. In any of the two
scenarios, the coded BER P, respectively the BLER Py}, decreases monotonically with increasing NV
for a given value of N,. Furthermore, the coded BER P, respectively the BLER Py, increases with
increasing thermal noise, i.e. with increasing N,, for a given value of N,. Remarkably, the coded BER
B, respectively the BLER Pyjoc, is always lower in the case of known carrier phase than in the case
of unknown carrier phase for given values of N, and N,. Table 2 summarizes the estimated average
number Nﬂ of signal photons per message bit required to obtain P,k equal to 1073 and B, equal to
103 associated with the results shown in Figures 17 and 18.

Table 2. Estimated average number N, of signal photons per message bit required to obtain P, = 1073 and
Pylock = 1073 associated with the results shown in Figures 17 and 18.

| Ny=001 | N,=003 | N;=005 | N,=01
BER, unknown N, ~ 4.89 N, ~5.61 N, ~5.76 N, ~6.71
BER known | g 421 N, ~ 457 N, ~ 4.90 N, ~5.65
carrier phase - o - !
BLER, unknown N, ~ 5.20 N, ~5.79 N, ~ 6.10 N, ~7.08
BLER known | 7 " 4 59 N, ~ 496 N, ~ 535 N, ~ 6.09
carrier phase
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Figure 17. Detail of simulation results of the coded bit error ratio (BER) P, performance versus the average
number N, of signal photons per message bit with the average number N, of thermal photons as the curve
parameter; the dashed curves refer to the case of unknown carrier phase while the solid curves refer to the case
of known carrier phase; the 3GPP 5G/NR polar code with the generator matrix of (71) and the polar sequence
of [41][Table 5.3.1.2-1, pp. 17-19] is used with 24 CRC bits, code dimension K = 128, code length N = 256 and
code rate Rc = (128 — 24) /256 = 0.40625; the code rate R. is explicitly included in N,; the polar code decoding is
accomplished with the CA-SCL decoder with list length L = 8; interleaving is not deployed.
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Figure 18. Detail of simulation results of the block error ratio (BLER) P,k performance versus the average
number N, of signal photons per message bit with the average number N, of thermal photons as the curve
parameter; the dashed curves refer to the case of unknown carrier phase while the solid curves refer to the case of
known carrier phase; the 3GPP 5G/NR polar code with the generator matrix of (71) and the polar sequence of
[41][Table 5.3.1.2-1, pp. 17-19] is used with 24 CRC bits generated using the polynomial “24C”, code dimension
K = 128, code length N = 256 and code rate R, = (128 — 24)/256 = 0.40625; the code rate R. is explicitly
included in N;, ; the polar code decoding is accomplished with the CA-SCL decoder having the list length L = 8;
interleaving is not deployed.

Figure 19 shows a detail of simulation results of the coded BER B, performance and Figure
20 shows a detail of simulation results of the BLER P,k performance versus the average number
N, of signal photons per message bit with the average number N, of thermal photons as the curve
parameter for the transmission via the multipath quantum channel CIR#4 when the 3GPP 5G/NR
polar code with the generator matrix of (71) and the polar sequence of [41][Table 5.3.1.2-1, pp. 17-19]
is used. Figure 21 shows a detail of simulation results of the coded BER P, performance and Figure
22 shows a detail of simulation results of the BLER P,k performance versus the average number
N, of signal photons per message bit with the average number N, of thermal photons as the curve
parameter for the transmission via the multipath quantum channel CIR#4 when the Arikan-style
polar code with the generator matrix of (72) and the associated polar sequence generated by Arikan’s
Bhattacharyya parameter Z (WZ(\j)) based approach setting out from the binary erasure channel with
erasure probability € equal to 0.5, is used.
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Figure 19. Detail of simulation results of the coded bit error ratio (BER) P, performance versus the average number
N, of signal photons per message bit with the average number N, of thermal photons as the curve parameter for
the transmission via the multipath quantum channel CIR#4; log-ML quantum data detection is applied; the 3GPP
5G/NR polar code with the generator matrix of (71) and the polar sequence of [41][Table 5.3.1.2-1, pp. 17-19] is
used; 24 CRC bits generated with polynomial “24C” are used; the polar code decoding is accomplished with the
SC decoder, hence, CRC bits are not processed by the SC decoder; the code length N is 512; three choices of the
code dimension, K = 171 (—M—), K = 256 (- - -A- - -) and K = 410 (- - -%- - -), leading to the three code rates R
=(171-24)/512 ~ 0.2871 (—W—), R = (256 - 24) /512 ~ 0.4531 (- - -A- - -) and R = (410 - 24)/512 ~ 0.7539 (- - -%-
- -) are considered; the code rate R, is explicitly included in N ; interleaving is deployed.
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Figure 20. Detail of simulation results of the block error ratio (BLER) P,k performance versus the average
number N, of signal photons per message bit with the average number N, of thermal photons as the curve
parameter for the transmission via the multipath quantum channel CIR#4; log-ML quantum data detection is
applied; the 3GPP 5G/NR polar code with the generator matrix of (71) and the polar sequence of [41][Table
5.3.1.2-1, pp. 17-19] is used; 24 CRC bits generated with polynomial “24C” are used; the polar code decoding is
accomplished with the SC decoder, hence, CRC bits are not processed by the SC decoder; the code length N is 512;
three choices of the code dimension, K = 171 (—Ml—), K = 256 (- - -A- - -) and K = 410 (- - -%- - -), leading to
the three code rates R¢ = (171 - 24) /512 ~ 0.2871 (—M—), R = (256 - 24) /512 ~ 0.4531 (- - -A- - -) and R. = (410 -
24)/512 ~ 0.7539 (- - -%- - -) are considered; the code rate R. is explicitly included in N ,; interleaving is deployed.
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Figure 21. Detail of simulation results of the coded bit error ratio (BER) P, performance versus the average
number N, of signal photons per message bit with the average number N, of thermal photons as the curve
parameter for the transmission via the multipath quantum channel CIR#4; log-ML quantum data detection is
applied; the Arikan-style polar code with the generator matrix of (72) and the associated polar sequence generated
by Arikan’s Bhattacharyya parameter Z (WI(\? ) based approach setting out from the binary erasure channel with
erasure probability e = 0.5 is used; 24 CRC bits generated with polynomial “24C” are used; the polar code
decoding is accomplished with the SC decoder, hence, CRC bits are not processed by the SC decoder; the code
length N is 512; three choices of the code dimension, K = 171 (—M—), K = 256 (- - -A---) and K = 410 (- - -%- -
-), leading to the three code rates R. = (171 - 24)/512 ~ 0.2871 (—M—), R = (256 - 24) /512 ~ 0.4531 (- - -A- - -) and
Re =(410-24)/512 = 0.7539 (- - -%- - -) are considered; the code rate R. is explicitly included in Wy ; interleaving
is deployed.
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Figure 22. Detail of simulation results of the block error ratio (BLER) P,k performance versus the average
number N, of signal photons per message bit with the average number N, of thermal photons as the curve
parameter for the transmission via the multipath quantum channel CIR#4; log-ML quantum data detection is
applied; the Arikan-style polar code with the generator matrix of (72) and the associated polar sequence generated
by Arikan’s Bhattacharyya parameter Z (WI(\;) ) based approach setting out from the binary erasure channel with
erasure probability e = 0.5 is used; 24 CRC bits generated with polynomial “24C” are used; the polar code
decoding is accomplished with the SC decoder, hence, CRC bits are not processed by the SC decoder; the code
length N is 512; three choices of the code dimension, K = 171 (—M—), K = 256 (- - -A---) and K = 410 (- - -%- -
-), leading to the three code rates R. = (171 - 24) /512 ~ 0.2871 (—M—), R = (256 - 24) /512 ~ 0.4531 (- - -A- - -) and
Rc = (410 - 24)/512 =~ 0.7539 (- - -%- - -) are considered; the code rate R. is explicitly included in Wﬂ ; interleaving
is deployed.

Similar to e.g. [6][Fig. 3, p. 1590], the average number of thermal noise photons N, was chosen
from {0,0.1,0.3,0.5,1.0}. In all cases, log-ML quantum data detection is applied. 24 CRC bits generated
with polynomial “24C” are used. The polar code decoding is accomplished with the SC decoder, hence,
CRC bits are not processed by the SC decoder. The code length N is equal to 512. Furthermore, three
choices of the code dimension, K equal to 171 (—l—), K equal to 256 (- - -A- - -) and K equal to 410 (-
- -%- - -), leading to the three code rates R. equal to (171 —24) /512, i.e. ~ 0.2871 (—M—), R equal
to (256 —24) /512, i.e. ~ 0.4531 (- - -A- - -) and R equal to (410 — 24)/512, i.e. ~ 0.7539 (- - -%- -
-) are considered. Of course, the code rate R, is explicitly included in Nj. Interleaving according
to the illustration in Sect. 3.3 was deployed. Both the coded BER P, respectively the BLER Pyock,
decreases monotonically with increasing N, for a given value of N,. Furthermore, the coded BER P,
respectively the BLER Pyock, increases with increasing thermal noise, i.e. with increasing N, for a
given value of N ,. It can be seen that the considered polar code performs almost identical for code
rates lower than or equal to 0.5. However, for higher code rates an increasing number of virtual
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channels with low channel capacity are used, which leads to considerable performance degredations.
The said degradations increase with increasing N,. Table 3 summarizes the estimated average number
N, of signal photons required to obtain Py, equal to 1072 and P, equal to 1072 associated with the
results shown in Figures 19-22.

Table 3. Estimated average number N, of signal photons per message bit required to obtain P, = 1073 and
Pylock = 1073 associated with the results shown in Figures 19-22.

\ R. | polarcode | N,=0 | N,=01 | N,=03 | N,=05 | N,=1
BER ~ 0.2871 3GPP 5G/NR W], ~13.1 W}, ~ 16.8 WI, ~ 23.0 ﬁ}, ~29.8 WI, ~ 44.7
BER ~ 0.2871 Arikan N, =134 N, =16.7 N, =234 N, =298 N, =457
BER ~ 0.4531 3GPP 5G/NR N, = 13.0 N, =17.0 N, =232 N, =29.7 N, ~ 446
BER ~ 0.4531 Arikan N, =139 N, ~ 182 Ny, =241 N, ~ 306 N, =~ 46.6
BER ~ 0.7539 3GPP 5G/NR N, ~19.1 N, =235 N, =324 N, ~40.0 N, = 60.7
BER =~ 0.7539 Arikan N, ~ 189 N, ~234 u~ 319 N, ~39.3 N, =~ 59.5
BLER ~ 0.2871 3GPP 5G/NR NF ~ 149 N,, ~ 18.7 WI, ~ 263 W,, ~ 33.1 WI, ~ 493
BLER =~ 0.2871 Arikan N, =~ 165 N, ~205 N, =269 N, ~ 36.6 N, ~ 533
BLER ~ 0.4531 3GPP 5G/NR N, =162 N, =208 N, =292 N, =351 N, ~52.0
BLER ~ 0.4531 Arikan N, =175 N, ~21.2 Ny, =29.1 N, ~36.0 N, =543
BLER ~ 0.7539 3GPP 5G/NR N, =222 N, =~ 28.0 N, =362 N, =~ 46.3 N, =~ 695
BLER ~ 0.7539 Arikan N, ~ 245 N, ~27.7 N, ~ 377 N, ~48.2 N, ~70.7

Like in Sect. 4.1, let us concentrate on multipath transmission and reception under the presence
of decoherence, see Sect. 2.4. Again, we consider the two distinct multipath quantum channels CIR#4
and CIR#5 of Table 1 [55, Tab. 3.7, p. 662]. Figures 23 and 24 illustrate the details of simulation results
of the BLER Pyjock performance versus the average number N, of signal photons with the average
number N, of thermal photons as the curve parameter for the transmission via the multipath quantum
channels CIR#4 and CIR#5. Again, the 3GPP 5G/NR polar code with the generator matrix of (71)
and the polar sequence of [41][Table 5.3.1.2-1, pp. 17-19] was used with 24 CRC bits generated with
polynomial “24C”, having the code dimension K equal to 164, the code length N equal to 512 and,
hence, the code rate R. equal to (164 —24) /512, i.e. ~ 0.273. The code rate R is explicitly included
in N, see above. Again, the polar code decoding is accomplished with the CA-SCL decoder having
the list length L equal to 8. Interleaving between the channel encoder and the quantum mechanical
harmonic oscillator is not deployed. The quantum data detectors log-ML (—M—), max*-log-ML
(—A—), max-log-ML (—%—), SOVA with the BATTAIL RULE (BR) (- - -e- - -), SOVA with the HUBER
RULE (HR) (- - -¥- - -) and SOVA with the SIMPLE RULE (SR) (- - -x- - -) are considered.
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Figure 23. Detail of simulation results of the block error ratio (BLER) P,k performance versus the average
number N, of signal photons per message bit with the average number N, of thermal photons as the curve
parameter for the transmission via the multipath quantum channel CIR#4; the 3GPP 5G/NR polar code with the
generator matrix of (71) and the polar sequence of [41][Table 5.3.1.2-1, pp. 17-19] is used with 24 CRC bits generated
with polynomial “24C”, code dimension K = 164, code length N = 512, code rate R, = (164 — 24)/512 ~ 0.273;
the code rate R. is explicitly included in NH ; the polar code decoding is accomplished with the CA-SCL decoder
having the list length L = 8; interleaving is not deployed; associating the curves with the quantum data detectors
is as follows: —M—: log-ML; —A—: max*-log-ML; —%—: max-log-ML; - - -e- - -: SOVA w/ BATTAIL RULE
(BR); - - -¥- - -: SOVA w/ HUBER RULE (HR); - - -*- - -: SOVA w/ SIMPLE RULE (SR).
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Figure 24. Detail of simulation results of the block error ratio (BLER) P,k performance versus the average
number N, of signal photons per message bit with the average number N, of thermal photons as the curve
parameter for the transmission via the multipath quantum channel CIR#5; the 3GPP 5G/NR polar code with the
generator matrix of (71) and the polar sequence of [41][Table 5.3.1.2-1, pp. 17-19] is used with 24 CRC bits generated
with polynomial “24C”, code dimension K = 164, code length N = 512, code rate R, = (164 — 24) /512 ~ 0.273;
the code rate R. is explicitly included in NH ; the polar code decoding is accomplished with the CA-SCL decoder
having the list length L = §; interleaving is not deployed; associating the curves with the quantum data detectors
is as follows: —M—: log-ML; —A—: max*-log-ML; —%—: max-log-ML; - - -e- - -: SOVA w/ BATTAIL RULE
(BR); - - -¥- - -: SOVA w/ HUBER RULE (HR); - - -*- - -- SOVA w/ SIMPLE RULE (SR).

Similar to e.g. [6][Fig. 3, p. 1590], the average number of thermal noise photons N, was chosen
from {0,0.1,0.3,0.5,1.0}. The BLER performance obtainable with the six optimum quantum data
detectors discussed in Sect. 2.4 for P{b;} equal to 1/2 is compared. It can be seen that for a given
value of N, the log-ML usually performs best and the max*-log-ML exploiting [17][Fig. 3.83, p. 473]
provides nearly the same performance. Next comes the max-log-ML. As expected, the three SOVA
variants are worse than the log-ML quantum data detectors. Table 4 summarizes the estimated average
number N, of signal photons required to obtain Py, equal to 102 associated with the results shown
in Figures 23 and 24.
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Table 4. Estimated average number N, of signal photons per message bit required to obtain Pyjocx = 1072
associated with the results shown in Figures 23 and 24; the code rate R. is approximately equal to 0.273; the
symbol < is used to indicate extrapolated values.

channel ‘ detector ‘ N,=0 ‘ N, =01 ‘ N, =03 ‘ N, =05 ‘ N, =1 ‘
CIR#4 SOVA, SR N‘u ~ 134 NV ~ 16.7 N” ~ 214 N}, ~ 27.8 W‘u ~41.2
CIR# | SOVA, HR N, ~ 117 N, ~ 158 N, ~ 210 N, ~ 26.0 N, ~ 403
CIR# | SOVA, BR N, ~ 117 N, ~ 152 N, ~ 210 N, ~ 259 N, ~ 397
CIR# | maxlogML | N,~115 N, ~ 149 N, ~ 204 N, ~ 256 N, ~ 386
CIR# | maxdogML | N, ~112 N, ~ 143 N, ~ 192 N, ~ 243 N, ~ 367
CIR#4 log-ML N, ~104 Ny ~14.2 N, =~ 19.5 Ny =243 N, ~36.6
CIR#5 | SOVA, SR N, <163 N, <195 N, ~ 264 N, ~335 N, ~ 197
CIR# | SOVA, HR N, <163 N, S 197 N, ~ 26.0 N, ~ 33.0 N, ~ 4838
CIR# | SOVA, BR N, ~ 155 N, <209 N, ~ 264 N, ~33.1 N, ~ 500
CIR# | maxlogML | N, ~145 N, ~ 18.1 N, ~ 2438 N, ~ 320 N, ~ 46.9
CIR#5 | maxdogML | N, ~ 140 N, ~175 N, ~ 237 N, ~ 302 N, ~ 46
CIR#5 Tog-ML N, ~ 140 N, ~17.3 N, ~ 233 N, ~ 302 N, ~ 454

Figures 25 and 26 illustrate selected simulation results showing the viability of the soft output
Kohonen map based quantum data detection scheme (---x---) in comparison with the quantum data
detectors log-ML (—M—), max*-log-ML (—A—), max-log-ML (—¥—), SOVA with the BATTAIL
RULE (BR) (- - -e- - -), SOVA with the HUBER RULE (HR) (- - -¥- - -) and SOVA with the SIMPLE
RULE (SR) (- - -*- - -). It is obvious that the soft output Kohonen map based quantum data detection
scheme, which relies on the SR also applied in the SOVA with the SR, performs almost identical to this
SOVA with the SR. Clearly, the soft output Kohonen map based quantum data detection scheme is an
interesting alternative to the other quantum data detectors considered in this manuscript.
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Figure 25. Detail of simulation results of the block error ratio (BLER) P,k performance versus the average
number N, of signal photons per message bit with the average number N, of thermal photons equal to 0 for the
transmission via the multipath quantum channel CIR#5; the 3GPP 5G/NR polar code with the generator matrix of
(71) and the polar sequence of [41][Table 5.3.1.2-1, pp. 17-19] is used with 24 CRC bits generated with polynomial
“24C”, code dimension K = 164, code length N = 512, code rate R, = (164 — 24) /512 ~ 0.273; the code rate R.
is explicitly included in N; the polar code decoding is accomplished with the CA-SCL decoder having the list
length L = 8; interleaving is not deployed; associating the curves with the quantum data detectors is as follows:
---x---: Kohonen map; —M—: log-ML; —A—: max*-log-ML; —%—: max-log-ML; - - -e- - -: SOVA w/ BATTAIL
RULE (BR); - - -¥- - -: SOVA w/ HUBER RULE (HR); - - -*- - -- SOVA w/ SIMPLE RULE (SR).
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Figure 26. Detail of simulation results of the coded bit error ratio (BER) P, performance versus the average
number N, of signal photons per message bit with the average number N, of thermal photons equal to 0 for the
transmission via the multipath quantum channel CIR#5; the 3GPP 5G/NR polar code with the generator matrix of
(71) and the polar sequence of [41][Table 5.3.1.2-1, pp. 17-19] is used with 24 CRC bits generated with polynomial
“24C”, code dimension K = 164, code length N = 512, code rate R. = (164 —24) /512 ~ 0.273; the code rate R.
is explicitly included in N; the polar code decoding is accomplished with the CA-SCL decoder having the list

length L = 8; interleaving is not deployed; associating the curves with the quantum data detectors is as follows:
---x---: Kohonen map; —M—: log-ML; —A—: max*-log-ML; —%—: max-log-ML; - - -e- - -: SOVA w/ BATTAIL
RULE (BR); - - -¥- - -: SOVA w/ HUBER RULE (HR); - - -*- - -- SOVA w/ SIMPLE RULE (SR).

4.3. Optimzed Polar Sequence

Table 5 presents the estimated average number N, of signal photons per message bit received via
the single path quantum channel CIR#1 required to obtain the BLER P}, equal to 10~3. The 3GPP
5G/NR polar code with the generator matrix of (71) and either the 3GPP 5G/NR polar sequence of
[41][Table 5.3.1.2-1, pp. 17-19], the polar sequence using p equal to v/2, the newly generated polar
sequence using p equal to v/® (- - -A- - -), cf. Algorithm 1, the newly generated polar sequence using
p equal to /7 (- - -%- - -), cf. Algorithm 1, or the newly generated polar sequence combining the
polar sequences using p equal to v/® and p equal to /7t (- - e - - ), cf. Algorithm 2, is used. Since
SC decoding is applied, no CRC bits are required. The code length was N equal to 256. The three
code dimensions K equal to 86, K equal to 128 and K equal to 205, yielding the three code rates R,
equal to 86/256, i.e. =~ 0.3359, R. equal to 128/256, i.e. 0.5, and R. equal to 205/256, i.e. =~ 0.8008 are
selected. Of course, the code rate R. is explicitly included in N,. We find that although the 3GPP polar
sequence of [41][Table 5.3.1.2-1, pp. 17-19] facilitates an excellent BLER P}, performance, already;,
improvements are still possible.
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Table 5. Estimated average number N, of signal photons per message bit received via the single path quantum
channel CIR#1 required to obtain Pyjo = 1073; the 3GPP 5G/NR polar code with the generator matrix of (71) is

used.
carrier
polar <= _ <~ _ <= _ <~ _ <= _
phase R, sequence N,=0 N, =01 N, =103 «=0.5 N, =1
known ~ 0.3359 3GPP 5G/NR N}, ~5.1 W]A ~ 6.7 N}, ~9.1 N,A ~ 12.0 N}, ~19.3
known ~ 0.3350 =2 N, ~50 N, ~ 66 N, ~956 N, ~123 N, ~188
known ~ 0.3359 p=vo N, ~ 45 N, ~ 65 N, ~9.1 N, ~ 120 N, ~ 186
known ~ 0.3359 p=1n N, ~ 4.6 N, ~ 6.9 N, ~ 99 N, ~ 1238 N, ~ 1838
~ = V& ~ ~
known =~ 0.3359 pp: % N, ~ 48 N, ~ 6.8 N, =97 N, ~ 125 N, ~19.0
known ~ 0.5 3GPP 5G/NR N, ~5.1 N, ~ 6.8 N, ~99 N, =126 N, ~ 183
known ~ 0.5 =2 N, ~52 N, ~73 N, ~10.0 N, ~12.7 N, ~ 196
known ~05 p=vo N, ~49 N, ~62 N, ~92 N, ~ 12.0 N, ~ 182
Known ~05 p={r N, ~52 N, ~ 7.1 N, ~98 N, ~ 126 N, ~ 184
known ~ 0.5 p= \4/75& N, ~52 Ny~72 N, ~10.1 N, =127 N, ~192
p={n
known ~08008 | 3GPP5G/NR | N, ~69 N, ~95 N, ~ 130 N, ~ 162 N, ~ 242
known ~ 0.8008 p=2 N, ~72 N, ~ 10.0 N, ~132 N, ~ 16.6 N, ~ 23.9
known ~ 0.8008 p= Vo N, ~ 65 N, ~9.2 N, ~ 123 N, ~ 156 N, ~22.7
known ~ 0.8008 p=1n N, ~ 6.6 Ny ~95 N, ~ 127 N, =157 N, ~ 235
~ =V0& N o — — — —
known ~ 0.8008 Vp el N, ~ 67 N, ~94 N, ~ 127 N, ~ 157 N, ~233
unknown ~ 0.3359 3GPP 5G/NR N, ~ 4.6 N, ~75 N, ~11.0 N, =146 N, ~ 224
unknown ~ 0.3359 p= 92 N, ~ 4.6 N, ~ 80 N, ~ 117 N, =142 N, ~ 220
unknown ~ 0.3359 p= Vo N, ~47 N, ~79 N, ~11.2 N, ~ 146 N, ~223
unknown ~ 03359 p=Un N, ~46 N, ~75 N, ~112 N, ~ 140 N, ~ 2138
— 1 P —
unknown ~ 0.3359 p=vos N, ~5.1 N, ~79 N, ~106 N, ~ 145 N, ~2138
p=1n
unknown ~05 3GPP 5G/NR N, ~52 N, ~78 N, ~ 11.0 N, ~ 139 N, ~ 218
unknown ~ 0.5 p=2 N, ~52 N, ~ 74 N, ~11.1 N, ~ 14.0 N, ~ 217
unknown ~ 0.5 p= Vo N, ~5.1 N, ~76 N, ~10.9 N, ~ 139 N, ~19.2
unknown ~ 0.5 p=/n N, ~52 N, ~77 N, ~11.0 N, ~ 140 N, ~21.0
1
unknown ~05 p=Vek N, ~52 N, ~78 N, ~108 N, ~ 139 N, ~214
p=Un u 2 u [ u
unknown ~ 0.8008 3GPP 5G/NR N}, = 6.6 NI‘ ~ 9.2 N]l ~13.1 ﬁ}, ~ 164 N]l ~25.3
unknown ~ 0.8008 p= 2 N, ~73 N, ~9.6 N, ~135 N, ~ 164 N, ~ 257
unknown ~ 0.8008 p= Yo N, =65 N, ~88 N, ~ 115 N, =162 N, ~ 249
unknown ~ 0.8008 p=r N, ~ 64 N, ~88 N, ~13.0 N, =162 N, ~ 244
_ 3 _ _ _ — _
unknown = 0.8008 ppi—\/gﬁ& N, ~65 N, ~89 N, ~ 135 N, ~16.3 N, ~ 251

4.4. Turbo Equalization with Polar Codes

In this Sect. 4.4, the performance that can be achieved by applying turbo equalization discussed
in Sect. 3.3 will be illustrated.

Figure 27 shows the detail of simulation results of the coded BER P, performance and Figure 28
illustrates the detail of simulation results of the BLER Py, performance versus the average number
N, of signal photons per message bit with the average number N, of thermal photons equal to 0 for
the transmission via the multipath quantum channel CIR#5 when turbo equalization with at most 20
iterations is taken into account, alternatively using the extrinsic soft output vector of (92), denoted
by Lgl) in the legend of Figure 27, respectively Figure 28, and according to (93), denoted by Lg)
in the legend of Figure 27, respectively Figure 28. The expression “1st iteration” in the legends of
Figures 27 and 28 refers to a single pass beginning at the quantum data detector via the optional
deinterleaver and terminating at the polar code decoder, decoding the message 7, which is passed on
to later receiver stages, cf. Figure 10. The polar code decoding is accomplished with the original SC
decoder proposed by Arikan [39], hence, no CRC bits are required for the decoding. However, the
CRC bits are used for the termination control of the turbo equalization. The original Arikan polar code
is applied with the generator matrix of (72) and the polar sequence generated by applying Arikan’s
Bhattacharyya parameter Z (WI(\;)) based approach, setting out from the binary erasure channel with
erasure probability € equal to 0.5. The code dimension K equals 88, the code length N is equal to
128, thus, the code rate R. equals 88/512, i.e. 0.6875. In addition, block interleaving according to
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the illustration in Sect. 3.3 was deployed. As usual, the code rate R. is explicitly included in N,. As
expected, the coded BER P, respectively the BLER Py, decreases monotonically with increasing
N, for a given value of N,. Remarkably, the coded BER P, respectively the BLER Pyjock, after at
most 20 turbo equalization iterations is always lower than in the case of a single pass. In addition, it
becomes obvious that both approaches (92) and (93) show an almost identical performance. Therefore,
in what follows, the authors will concentrate on the application of (92), which is less computationally

demanding than (93).
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Figure 27. Detail of simulation results of the coded bit error ratio (BER) P, performance versus the average
number NP‘ of signal photons per message bit with the average number N, of thermal photons equal to 0 for the
transmission via the multipath quantum channel CIR#5 when turbo equalization with at most 20 iterations is
taken into account, alternatively using the extrinsic soft output vector of (92), denoted by Lgl) in the legend of
this Figure 27, and according to (93), denoted by ng) in the legend of this Figure 27; the polar code decoding is
accomplished with the original SC decoder proposed by Arikan, hence, no CRC bits are required for the decoding
but only for the termination control of the turbo equalization; the original Arikan polar code is applied with the
generator matrix of (72) and the polar sequence generated by applying Arikan’s Bhattacharyya parameter Z (WI(\;) )
based approach, setting out from the binary erasure channel with erasure probability ¢ = 0.5, code dimension
K = 88, code length N = 128, code rate R. = 88/512 = 0.6875; the code rate R. is explicitly included in NV ; block
interleaving according to the illustration in Sect. 3.3 is deployed.
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Figure 28. Detail of simulation results of the block error ratio (BLER) P,k performance versus the average
number N, of signal photons per message bit with the average number N, of thermal photons equal to 0 for the
transmission via the multipath quantum channel CIR#5 when turbo equalization with at most 20 iterations is

taken into account, alternatively using the extrinsic soft output vector of (92), denoted by Lél) in the legend of

this Figure 28, and according to (93), denoted by Léz)

in the legend of this Figure 28; the polar code decoding is
accomplished with the original SC decoder proposed by Arikan, hence, no CRC bits are required for the decoding
but only for the termination control of the turbo equalization; the original Arikan polar code is applied with the
generator matrix of (72) and the polar sequence generated by applying Arikan’s Bhattacharyya parameter Z (Wl(\;))
based approach, setting out from the binary erasure channel with erasure probability ¢ = 0.5, code dimension
K = 88, code length N = 128, code rate R. = 88/512 = 0.6875; the code rate R. is explicitly included in N;, ; block

interleaving according to the illustration in Sect. 3.3 is deployed.

Figure 29 depitcs the average number of turbo equalization iterations versus the average number
of signal photons N, per message bit required to obtain the simulation results shown in Figures 27 and
28. In the considered scenario, on average, fewer than two turbo equalization iterations are sufficient
to achieve the coded BER P, of less than 1072, cf. Figure 27, and, correspondingly, the BLER Pyjoq of
less than 3 - 1072, cf. Figure 28, which occurs for Nll > 22.

As expected, the real nonnegative scaling factor Cs of (94) varies adaptively. Moreover, the real
nonnegative scaling factor Cs depends on the average number of signal photons N, per message bit
required to obtain the simulation results shown in Figures 27 and 28. In the case of N u 22, the
average real nonnegative scaling factor Cs assumes values around or below 0.6.
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Figure 29. Average number of turbo equalization iterations versus the average number of signal photons N,
per message bit required to obtain the simulation results shown in Figures 27 and 28; the error bars indicate the
estimated standard deviation in both the positive and negative directions.
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Figure 30. Real nonnegative scaling factor Cg of (94) versus the average number of signal photons N, per message
bit required to obtain the simulation results shown in Figures 27 and 28; the error bars indicate the estimated
standard deviation in both the positive and negative directions.

Figure 31 illustrates the detail of simulation results of the BLER P,k performance versus the
average number N, of signal photons per message bit with the average number N, of thermal photons
equal to O for the transmission via the multipath quantum channel CIR#4 when turbo equalization
with at most 16 iterations is taken into account. In the case of curves labelled by “Arikan”, the polar
code decoding is accomplished with the original SC decoder proposed by Arikan [39] or the soft
cancellation (SCAN) decoder introduced by Fayyaz and Barry [50], hence, no CRC bits are required for
the decoding. However, the CRC bits are used for the termination control of the turbo equalization.
The original Arikan polar code was applied with the generator matrix of (72) and the polar sequence
generated by applying Arikan’s Bhattacharyya parameter Z (Wg)) based approach, setting out from
the binary erasure channel with erasure probability € equal to 0.5. In the case of the curve labelled by
“5G Polar Code”, the 3GPP 5G/NR polar code with the generator matrix of (71) and the polar sequence
of [41][Table 5.3.1.2-1, pp. 17-19] was used with 24 CRC bits generated with polynomial “24C”. The
code dimension K is equal to 64, the code length N is equal to 128 and the code rate R, is equal to
(64 —24) /128, i.e. 0.3125. The polar code decoding is accomplished with the CA-SCL decoder with
the list length L equal to 8. In all cases, the code rate R. is explicitly included in N,,. Block interleaving
according to the illustration in Sect. 3.3 was deployed.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202508.1258.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 August 2025 d0i:10.20944/preprints202508.1258.v1

59 of 70

1 v T T T T T T T T T T T T T T T T T T T T T T
BN = -+ - N =128, SCAN, 1st iteration, Arikan
N —— N = 128, SC, 1st iteration, Arikan ]
J --O0--N = 128, SCAN&PP, <16 iterations, Arikan| 1
=K} -y bG Polar Code, N = 128, CA-SCL L =8 ]
3 -o-N =128, ExtSCAN, <16 iterations, Arikan
i o N =128, SC, <16 iterations, Arikan
A1
0.1F [ ]
i "
4
S
ay
0.01 .
\ \\
\: s
Vv \\
\: .
\
‘; g
0.001 | iy ]
0.0007 L L L L : L L L L L L L L L L L L L L L

| | L\
N
H

Figure 31. Detail of simulation results of the block error ratio (BLER) P,k performance versus the average
number N, of signal photons per message bit with the average number N, of thermal photons equal to 0 for the
transmission via the multipath quantum channel CIR#4 when turbo equalization with at most 16 iterations is
taken into account; in the case of curves labelled by “Arikan”, the polar code decoding is accomplished with the
original SC decoder proposed by Arikan [39] or the soft cancellation (SCAN) decoder introduced by Fayyaz and
Barry [50], hence, no CRC bits are required for the decoding but only for the termination control of the turbo
equalization; the original Arikan polar code was applied with the generator matrix of (72) and the polar sequence
generated by applying Arikan’s Bhattacharyya parameter Z(WI(\?) based approach, setting out from the binary
erasure channel with erasure probability ¢ = 0.5; in the case of the curve labelled by “5G Polar Code”, the 3GPP
5G/NR polar code with the generator matrix of (71) and the polar sequence of [41][Table 5.3.1.2-1, pp. 17-19] is
used with 24 CRC bits generated with polynomial “24C”; code dimension K = 64, code length N = 128, code rate
R, = (64 —24)/128 = 0.3125; the polar code decoding is accomplished with the CA-SCL decoder with the list
length L = 8; the code rate R. is explicitly included in N ;; block interleaving according to the illustration in Sect.
3.3 is deployed.

In Figure 31 “SCAN&PP” (SCAN and post processing) refers to the application of the SCAN
decoder combined with the generation of the extrinsic soft output vector of (92). In the case of
“ExtSCAN”, the extrinsic soft output vector is generated natively by the SCAN decoder as described in
[50]. As expected, the BLER Py decreases monotonically with increasing NH for a given value of
N,. Remarkably, the BLER Py, after at most 16 turbo equalization iterations is always lower than in
the case of a single pass. The SC decoder always provides an improved performance over the SCAN
decoder. Furthermore, turbo equalization is capable of outperforming the 5G/NR polar code scheme
using the CA-SCL decoder with the list length L equal to 8. In order to obtain the BLER Ppock < 1071,
the required average number of signal photons N, is lower than 12.

Finally, Figure 32 shows the average number of turbo equalization iterations versus the average
number of signal photons N, per message bit required to obtain the simulation results labelled
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by “N = 128, SC, < 16 iterations, Arikan” depicted in Figure 31. On average fewer than 5 turbo
equalization iterations are required for Pyjoqc < 1071
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Figure 32. Average number of turbo equalization iterations versus the average number of signal photons ﬁﬂ per
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message bit required to obtain the simulation results labelled by “N = 128, SC, < 16 iterations, Arikan”, shown in
Figure 31; the error bars indicate the estimated standard deviation in both the positive and negative directions.

Figures 33 and 34 depict the details of simulation results of the coded BER B, performance,
respectively, the BLER Py, performance versus the average number Nﬂ of signal photons per message
bit with the average number N, of thermal photons as the curve parameter for the transmission via
the multipath quantum channel CIR#4, cf. the Figures 19 and 20, when turbo equalization with at
most 16 iterations is taken into account and the 3GPP 5G/NR polar code with the generator matrix
of (71) associated with the polar sequence of [41][Table 5.3.1.2-1, pp. 17-19] is used. Figures 35 and
36 depict the details of simulation results of the coded BER P, performance, respectively, the BLER
Pyjock performance versus the average number N, of signal photons per message bit with the average
number N, of thermal photons as the curve parameter for the transmission via the multipath quantum
channel CIR#4, cf. the Figures 19 and 20, when turbo equalization with at most 16 iterations is taken
into account and the Arikan-style polar code with the generator matrix of (72) associated with the
polar sequence generated by Arikan’s Bhattacharyya parameter Z (WI(\;)) based approach, setting out
from the binary erasure channel with erasure probability ¢ equal to 0.5, is used.
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Figure 33. Detail of simulation results of the coded bit error ratio (BER) P, performance versus the average number
N, of signal photons per message bit with the average number N, of thermal photons as the curve parameter for
the transmission via the multipath quantum channel CIR#4, cf. Figure 19, when turbo equalization with at most 16
iterations is taken into account; log-MAP quantum data detection is applied; the 3GPP 5G/NR polar code with the
generator matrix of (71) and the polar sequence of [41][Table 5.3.1.2-1, pp. 17-19] is used; 24 CRC bits generated
with polynomial “24C” are used; the polar code decoding is accomplished with the SC decoder, hence, CRC bits
are not processed by the SC decoder; the code length N is 512; three choices of the code dimension, K = 171
(—M—), K =256 (- - -A---) and K = 410 (- - -%- - -), leading to the three code rates R. = (171 —24)/512 ~ 0.2871
(—M—), Rc = (256 — 24) /512 ~~ 0.4531 (- - -A- - -) and R. = (410 — 24) /512 ~ 0.7539 (- - -%- - -) are considered;
the code rate R, is explicitly included in Ny; interleaving is deployed.
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Figure 34. Detail of simulation results of the block error ratio (BLER) Py, performance versus the average number
N, of signal photons per message bit with the average number N, of thermal photons as the curve parameter for
the transmission via the multipath quantum channel CIR#4, cf. Figure 20, when turbo equalization with at most 16
iterations is taken into account; log-MAP quantum data detection is applied; the 3GPP 5G/NR polar code with the
generator matrix of (71) and the polar sequence of [41][Table 5.3.1.2-1, pp. 17-19] is used; 24 CRC bits generated
with polynomial “24C” are used; the polar code decoding is accomplished with the SC decoder, hence, CRC bits
are not processed by the SC decoder; the code length N is 512; three choices of the code dimension, K = 171
(—M—), K =256 (-- -A---) and K = 410 (- - -%- - -), leading to the three code rates R. = (171 —24)/512 ~ 0.2871
(—M—), Rc = (256 — 24) /512 ~~ 0.4531 (- - -A- - -) and R. = (410 — 24) /512 ~2 0.7539 (- - -%- - -) are considered;
the code rate R. is explicitly included in Ny; interleaving is deployed.
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Figure 35. Detail of simulation results of the coded bit error ratio (BER) P, performance versus the average number
N, of signal photons per message bit with the average number N, of thermal photons as the curve parameter
for the transmission via the multipath quantum channel CIR#4, cf. Figure 19, when turbo equalization with
at most 16 iterations is taken into account; log-MAP quantum data detection is applied; the Arikan-style polar
code with the generator matrix of (72) and the associated polar sequence generated by Arikan’s Bhattacharyya
parameter Z(Wg)) based approach setting out from the binary erasure channel with erasure probability e = 0.5
is used; 24 CRC bits generated with polynomial “24C” are used; the polar code decoding is accomplished
with the SC decoder, hence, CRC bits are not processed by the SC decoder; the code length N is 512; three
choices of the code dimension, K = 171 (—B—), K = 256 (- - -A- - -) and K = 410 (- - -%- - -), leading to
the three code rates R, = (171 —24)/512 ~ 0.2871 (—M—), R, = (256 —24)/512 ~ 0.4531 (- - -A- - -) and

Rc = (410 —24) /512 ~ 0.7539 (- - -%- - -) are considered; the code rate R. is explicitly included in N; interleaving
is deployed.
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Figure 36. Detail of simulation results of the block error ratio (BLER) P,k performance versus the average
number N, of signal photons per message bit with the average number N, of thermal photons as the curve
parameter for the transmission via the multipath quantum channel CIR#4, cf. Figure 20, when turbo equalization
with at most 16 iterations is taken into account; log-MAP quantum data detection is applied; the Arikan-style polar
code with the generator matrix of (72) and the associated polar sequence generated by Arikan’s Bhattacharyya
parameter Z(Wg)) based approach setting out from the binary erasure channel with erasure probability e = 0.5
is used; 24 CRC bits generated with polynomial “24C” are used; the polar code decoding is accomplished
with the SC decoder, hence, CRC bits are not processed by the SC decoder; the code length N is 512; three
choices of the code dimension, K = 171 (—Ml—), K = 256 (- - -A- - -) and K = 410 (- - -%- - -), leading to
the three code rates R = (171 —24)/512 ~ 0.2871 (—M—), R, = (256 —24)/512 ~ 0.4531 (- - -A- - -) and
R = (410 —24) /512 ~ 0.7539 (- - -%- - -) are considered; the code rate R. is explicitly included in N ; interleaving
is deployed.

In all shown cases, log-MAP quantum data detection is applied. 24 CRC bits generated with
polynomial “24C” are used. The polar code decoding is accomplished with the SC decoder, hence,
CRC bits are not processed by the SC decoder. The code length N is equal to 512. Furthermore, three
choices of the code dimension, K equal to 171 (—M—), K equal to 256 (- - -A- - -) and K equal to 410 (-
- -%- - -), leading to the three code rates R. equal to (171 — 24) /512, i.e. ~ 0.2871 (—M—), R. equal
to (256 —24) /512, i.e. ~ 0.4531 (- - -A- - -) and R equal to (410 — 24)/512, i.e. ~ 0.7539 (- - -%k- -
-) are considered. Of course, the code rate R, is explicitly included in N,,. In addition, interleaving
according to the illustration in Sect. 3.3 was deployed. Both the coded BER B, respectively the BLER
Pylock, decreases monotonically with increasing NH for a given value of N,. Furthermore, the coded
BER B, respectively the BLER Py, increases with increasing thermal noise, i.e. with increasing N,
for a given value of N;,. Comparing the Figures 33 and 19 as well as 34 and 20, the beneficial effect
of turbo equalization on the respective performance becomes obvious. For instance, in the case of R
equal to 171/512, i.e. =~ 0.33, no errors were measured in the simulations. Table 6 summarizes the
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estimated average number N, of signal photons required to obtain Py, equal to 102 and P, equal
to 1073 associated with the results shown in Figures 19, 20, 21, 22, 33, 34, 35 and 36.

Table 6. Estimated average number N, of signal photons per message bit required to obtain Pyjock = 1073 and
P, = 103 associated with the results shown in Figures 19, 20, 21, 22, 33, 34, 35 and 36.

‘ R, ‘ polar code ‘ iteration ‘ N, =0 ‘ N, =01 ‘ N, =103 ‘ » =05 ‘ a=1
BER ~ (0.2871 3GPP 1 N, ~ N, ~ N, ~ N, ~ N, ~ 447
~0. i N,~131 | N,~168 | N,~230 | N,~298 L~
BER | ~ 02871 SOINR 16 N,~92 | N,~141 | N,~200 | N,~251 | N,~389
BER | ~ 02871 Arikan 1 N,~134 | N,~167 | N,~234 | N,~238 | N,~47
BER |~ 02871 Arikan 16 N,~89 | N,~145 | N,~203 | N,~29 | N,~392
3GPP = = = = =
BER | ~ 04531 SG/NR 1 N,~130 | N,~170 | N,~232 | N,~297 | N,~446
3GPP — — — —
BER | ~ 04531 5G/NR 16 N,~62 | Ny~144 | N,~200 | N,~254 | N,~376
BER =~ 0.4531 Arikan 1 N, ~ 139 N, ~ 182 N, ~24.1 N, =~ 30.6 N, =~ 46.6
BER ~ 0.4531 Arikan 16 N, ~ 68 N, ~ 154 N, ~21.1 N, ~26.8 N, ~41.0
3GPP - - - - -
BER | ~ 07539 SG/NR 1 N,~191 | N,~235 | N,~324 | N,~400 607
BER ~ 0.7539 53Glelj\$R 16 error-free N, ~222 N, ~295 N, ~ 378 N, ~ 563
BER | ~ 07539 Arikan 1 N,~189 | N,~234 | N,~319 | N,~393 | N,~595
BER =~ 0.7539 Arikan 16 error-free N, =219 N, ~29.6 N, ~ 374 N, ~56.1
3GPP — — — — —
BLER | =~ 02871 SG/NR 1 N,~149 | N,~187 | Ny,~263 | N,~331 | N,~493
3GPP — — —
BLER | =~ 02871 SG/NR 16 N,~96 | Ny~155 | N,~220 | N,~278 | N,~421
BLER =~ (0.2871 Arikan 1 N, ~ 165 N, ~ 205 N, ~ 269 N, =~ 36.6 N, ~53.3
BLER ~ 0.2871 Arikan 16 N, ~9.0 N, ~175 N, ~ 245 N, ~31.8 N, ~ 46.3
3GPP — — — — —
BLER | ~ 04531 5G/NR 1 N, ~162 | N,~208 | N,~292 | N,~351 A~ 520
3GPP — = = — —
BLER | ~ 04531 S6INR 16 N,~62 | Ny~175 | N,~239 | N,~292 | N,~439
BLER | ~ 04531 Arikan 1 N,~175 | N,~212 | N,~21 | N,~360 | N,~543
BLER | ~ 04531 Arikan 16 N,~69 | N,~183 | N,~20 | N,~3l4 | N,~477
3GPP - - - - -
BLER | ~0.7539 SG/NR 1 N,~222 | N,~280 | Ny,~362 | N,~463 | N,~695
BLER ~ 0.7539 51251;1;1{ 16 error-free N, ~251 N, ~337 N, ~ 419 N, ~63.1
BLER ~ 0.7539 Arikan 1 N, ~ 245 N, ~27.7 N, ~37.7 N, ~ 482 N, ~70.7
BLER ~ 0.7539 Arikan 16 error-free N, ~ 246 N, ~ 338 N, ~ 419 N, ~ 621

Extrinsic information transfer (EXIT) charts [58] have been widely regarded as a valuable tool
for analyzing iterative reception processes. Building on this notion, we adopt a similar approach, but
without attempting to separate the intrinsic information represented by the photon count vector N
in (28) from the pure extrinsic information generated by the quantum data detector in Figure 10. Let
fLinli) (&]b; ) denote the conditional probability density function (pdf) of the ith component [Lin); of
the input vector Ly, cf. (81), given the transmitted codebit b; € F,, i € B. Similarly, let f([Lel) (&|b;)
denote the conditional pdf of the ith component [Le]; of the extrinsic soft output vector denoted by Le,
given the transmitted codebit b; € Iy, i € B. The conditional pdfs f([Linl) (&|b;) and f([Leli) (¢|b;) are
approximated via histograms obtained from simulations.

Following [58, Egs. (12) and (19), pp. 1728f.] and using these approximated conditional pdfs
ULl (#|b; ) and f([Lel) (& b;), we estimate the mutual information between the transmitted codebits
b; € F,, i € B, supposed to assume the values 0 and 1 with the same a-priori probability 1/2, and the
components [Liy|; of the input vector Liy, cf. (81), as given by

+0c0
1 ¢ ‘
oo = 3 12 [ dg f(Elb)
i=0_

. 2. fllknl) (] ;)
logz{f([Lm],-)(abi =0) -}-f([Lin]i)(Clbi =1) (%)
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as well as the mutual information between the transmitted codebits b; € F,, i € B, and the components
[Le]; of the extrinsic soft output vector denoted by L., given by

—+00
1 1
e =5 ), [z f(g )
b=0_",

, 2. fULD (i)
1og2{f([Lem(€| b =0) + UL (g, = 1) o7

for each iteration of the turbo equalization.

Figure 37 shows simulation results of the estimated mutual information Igpp, cf. (96), versus
the estimated mutual information Ipc, cf. (97), in the case of six different values of NV' Like in the
original EXIT charts, each horizontal line refers to a distinct iteration of the turbo equalization, the
leftmost line associated with a particular N, referring to the respective first iteration. The multipath
quantum channel CIR#5 is considered and the average number N, of thermal photons is equal to
0. The Arikan-style polar code with the generator matrix of (72) and the associated polar sequence
generated by Arikan’s Bhattacharyya parameter Z (WI(\;)) based approach setting out from the binary
erasure channel with erasure probability € equal to 0.5 is used. As usual for the simulations discussed
in this Sect. 4.4, 24 CRC bits generated with polynomial “24C” are applied for the termination control
of the turbo equalization. The code dimension K is equal to 88 and the code length N is equal to 128,
yielding the code rate R. equal to (88 —24)/128, i.e. 0.5. SC decoding and log-MAP quantum data
detection are used. Also, block interleaving according to the illustration in Sect. 3.3 is deployed.
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Figure 37. Simulation results of the estimated mutual information Igpp, cf. (96), versus the estimated mutual
information Ipc, cf (97); each horizontal line refers to a distinct iteration of the turbo equalization; the multipath
quantum channel CIR#5 is considered and the average number N, of thermal photons is equal to 0; the Arikan-
style polar code with the generator matrix of (72) and the associated polar sequence generated by Arikan’s
Bhattacharyya parameter Z(WI(\;)) based approach setting out from the binary erasure channel with erasure
probability e = 0.5 is used; 24 CRC bits generated with polynomial “24C” are applied for the termination control
of the turbo equalization; code dimension K = 88, code length N = 128, code rate R, = (88 —24)/128 = 0.5;
log-MAP quantum data detection and SC decoding are used; block interleaving according to the illustration in
Sect. 3.3 is deployed.

Obviously Ipc increases from 0 to positive values during the turbo equalization process. The
maximum increase of Ipc is greater for high values of N, than for low values of N,. Furthermore,
after about the first three iterations, the change of Ipc depicted in Figure 37 diminishes when further
iterations occur. Remarkably, Iopp sets out from high values, greater than 0.7 in Figure 37, and
the change of Igpp during the turbo equalization is rather small. Similar observations for turbo
equalization applied in other transmission schemes are found in e.g. [59, Fig. 3, p. 2; Fig. 6, p. 4]. Also,
it seems that improvements of Iopp are only possible for high values of N, higher than 22 in Figure
37.

5. Conclusions

Future wireless communication systems, such as 6G and beyond, will operate at carrier frequen-
cies above 100 GHz and will therefore increasingly need to employ optical transmission technologies.
Motivated by this certainty, the authors have explored concepts in wireless quantum optical communi-
cations and demonstrated that such concepts are well-suited for implementation within the physical
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layer. Of particular interest is the suitability of sophisticated channel coding, especially polar coding,
in combination with such wireless quantum optical communication concepts.

To improve clarity and provide a foundation for the later discussions on polar codes, the authors
first presented a brief overview of optimum soft output quantum data detection, a novel near-optimum
soft output quantum data detection based on Kohonen maps, introduced here for the first time, and a
likewise novel suboptimum soft output quantum data detection scheme using state reduction, also
introduced here for the first time. Following a concise explanation of the fundamental differences
between Arikan-style polar codes and those used in 3GPP 5G/NR, the authors describe a novel
design method for generating the polar sequence, introduced here for the first time. They also discuss
turbo equalization, including a detailed and explicit method for computing the soft output vector L.
associated with the codebits as well as the novel fully analytical generation of the extrinsic soft output
vector Lo, without resorting to any time-consuming optimization procedures.

Finally, the achievable transmission quality when using polar codes in combination with wireless
quantum optical communication concepts is thoroughly investigated and discussed in terms of BER B,
and BLER Py in numerous scenarios. The studies consistently demonstrate the feasibility of the
mentioned combination and confirm the long-term viability of suitably designed systems.

The authors point out that the laser as a light source can also be replaced by thermal light sources
that produce chaotic light. The explanations presented here can be readily adapted. The authors intend
to demonstrate this elsewhere.

The authors also make no secret of the fact that topics often associated with quantum communica-
tions, such as entanglement and quantum teleportation, were not explicitly considered. The above
explanations have shown that these aspects of quantum physics are not fundamental prerequisites
for the proper functioning of the considered concept of wireless quantum optical communication
technology, and can therefore be added later as needed.

Furthermore, the authors did not address so-called “nonclassical” light sources, which, for
example, produce squeezed light through the use of nonlinear optics. The authors are concerned with
presenting a simple, robust, and yet functional technology. Due to the effort involved in generating
squeezed light alone, it is by no means supporting this asset.

Based on the experience gathered over several years, some of which is presented here, the authors
are confident that future analyses will help turn their conviction into a broadly shared certainty among
many engineers. Therefore, the authors are convinced that the path they have taken will lead to both
robust and economically viable solutions.
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