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Abstract 

For the in-house validation of a droplet digital PCR method, a factorial experimental 

design was implemented. This design serves different purposes. On the one hand, 

it is an efficient design in relation to the workload involved in achieving a desirable 

level of reliability of variance estimates. On the other hand, it allows a partitioning 

of total variance into different components, thus providing information regarding 

the dominant sources of random variation. The statistical modelling reflects the 

actual measurement mechanism, establishing relationships between nominal 

target DNA copies per well, the range of variation of copy numbers per droplet, 

probability of detection values, and estimated numbers of copies. 
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Introduction 

The in-house reproducibility precision reflects random variation inside a given 

laboratory. Having identified the influence factors which account for this random 

variation, a factorial design can be implemented. In connection with digital PCR, 

an emerging technology for sequence specific detection and quantification of 

nucleic acids [1, 2, 3], factors such as the following may have an effect on test 

results: technician, PCR system, fluorescence marker, PCR-enzyme-mix, use of 

restriction enzyme, etc. Each factor is realized across different factor levels. For 

example, if the design requires 2 different technicians, then the factor technician 

has 2 levels. In a factorial design, different factor levels are combined to form 

measurement conditions called settings. If there are � factors, each with 2 levels, 

there are a total of 2� possible settings. Thus, if there are more than 3 factors, it 

may be necessary to reduce the number of settings. This can be achieved via 

orthogonal designs, ensuring that it remains possible to distinguish the main 

effects. A general introduction to orthogonal designs can be found in [8]. The use 

of orthogonal designs in connection with method validation studies is described in 

[4, 5]. 

Statistical modelling 

The statistical model was developed in such a way as to reflect the actual 

measurement mechanism of droplet digital PCR (ddPCR). It is based on models 

described in [6, 7]. The quantitative test result is calculated on the basis of 

individual binary results for between 10 000 and 20 000 droplets. The term binary 

is used here to refer to detection/non-detection of target DNA copies. 

The fundamental statistical assumption is that, for a given number of DNA copies 

� per well, the number of copies inside a given droplet follows a Poisson distribution 

with parameter �� (average number of copies per droplet). Accordingly, the 

average number of copies per droplet is estimated as follows: 

��� = −ln (�� ��⁄ ) Equation 1 

 

where �� denotes the number of droplets with no detected copies and �� denotes 

the number of “accepted” droplets. It is this estimate ��� from which the final 

quantitative test result is obtained (via the droplet volume). 

Assuming that every DNA copy is detected, the ��� (probability of detection, i.e. 

the probability that an individual droplet is positive) for a given � is 
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���(�) = 1 − exp(−��). Equation 2 

 

This model is refined by introducing the sensitivity parameter � (0 ≤ � ≤ 1): 

���(�) = 1 − exp(−� ∙ ��). Equation 3 

 

As can be seen, the ��� increases with �. The value � = 0 corresponds to 

��� =  0, no matter how large � is. The value � = 1 corresponds to  ��� = 1 −

exp(−��), i.e. the method functions perfectly in the sense that all copies are indeed 

detected. 

Since the sensitivity may itself depend on �, the model is further refined as follows: 

���(�) = 1 − exp�−� ∙ ��
��. Equation 4 

 

The new parameter � allows the sensitivity to depend on � via the new parameter 

��(�): 

��(�) = � ∙ ��
���. Equation 5 

 

Ideally, � is equal to 1 and the sensitivity does not depend on �.  

Rearranging Equation 4 and taking the logarithm (twice), we obtain 

ln�− ln�1 − POD(�)�� = ln � +

� ∙ ln ��. 
Equation 6 

 

In view of the linear structure on the right-hand side of Equation 6, the parameter 

� is called the slope parameter. 

It should be noted that, in Equation 6, �� denotes the nominal number of copies 

per droplet, rather than the estimate ��� (from which the quantitative test result is 

calculated). The nominal value, �� is obtained via the nominal copy number value 

per well (or per unit volume) by simple conversion, taking into account the droplet 

volume and any other relevant quantities (e.g. relative proportions of sample DNA 

and master-mix in each well). The quality of the fit is enhanced by taking the 

relative quantity ln
����

��
 rather than ln �� as the nominal value on the right-hand 

side of Equation 6. In this relative quantity, ���� denotes the (nominal) number of 

copies per droplet for the highest concentration level in the validation study. It 
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should be noted that ln
����

��
 is proportional to the number of amplification cycles. 

Indeed, since we have ln
����

��
= ln ���� − ln ��, the lower ln �� is, the greater 

ln
����

��
. Conversely, when ln �� = ln ����, we have ln

����

��
= 0. With this new 

nominal value, the two regression parameters are now denoted �� and ��. 

The factors are taken into consideration as follows: 

ln�− ln�1 − POD�(�)��

= ln �� + �� ∙
����

��
+ �� + �� ∙ ln

����

��
 

Equation 

7 

 

In Equation 7, the index � corresponds to the number of the run during the droplet 

digital PCR measurement series. The constant effect �� is the sum of all the 

constant factorial effects �� = ��� ∙ ���� + ��� ∙ ���� + ⋯ + ��� ∙ ���� + ��� ∙ ����, 

where ��� denotes the effect of factor � (� = 1, … , �) for factor level � and ���� denote 

the corresponding design matrix entry (0 or 1).  

The proportional run effect �� has the same structure. 

Accordingly, in this model the variation in ln�− ln�1 − POD�(�)�� in accounted for 

by a constant component ���(ln �� + ��) and a proportional component 

�ln
����

��
�

�
∙ Var(�� + ��). The factorial effects are modelled as fixed effects but 

interpreted as random effects. In order words, for each factor � = 1, … , �, a 

variance component ��
� is calculated from the difference between the ln ���  values 

at the two factor levels. Furthermore, estimates for run and repeatability variance 

components can be obtained. The in-house reproducibility variance ���
�  is 

calculated as 

���
� = ����

� + ��
� + ��

� + ⋯ + ��
�. Equation 8 

 

It should be noted that ���
�  depends on the nominal number of DNA copies. 

While ���
�  is a measure of the random variation of the natural logarithm of the 

number of copies per droplet, a more relevant question is how to characterize the 

random variation of the quantitative ddPCR test results expressed as copies per 

unit volume. The latter can be calculated on the basis of ���
�  via a Monte Carlo 

approach, see [9]. Separately for each nominal number of copies, ��� can be used 
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to calculate a prediction interval around ln �� + �� ∙
����

��
. A large number ���� (e.g. 

���� = 10�) of random normally distributed values from this prediction interval can 

then be generated. Each such value � can then be converted to a probability � =

 1 − exp(−exp (�)) that a droplet is positive. A random binomially-distributed vector 

(whose length is e.g. the mean number of acceptable droplets) can then be 

transformed to “ones” and “zeros” via �, and then converted into DNA copies per 

well via the basic Poisson assumption as described above (see Equation 1). The 

random variation of the quantitative ddPCR test results can then be characterized 

via the distribution of these ���� copies per well values. This distribution reflects 

both the random variation due to the factors and repeatability effects 

(corresponding to the technical uncertainty in ISO 19036 [10]) and the random 

variation due to Poisson and binomial effects (corresponding to the distribution 

uncertainty in ISO 19036 [10]). At low copy numbers, the latter component can 

become very large, as seen in the following figure. 

Figure 1: Test and predicted results for the ddPCR measurements. The test 

results are best displayed after division by the nominal copy numbers, 

yielding probability of detection per copy values. For each nominal copy 

number, the expected value is the mean value as predicted by the model. 

The prediction range reflects all the sources of variation (i.e. in-house 

reproducibility variation). 
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