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Abstract 

The control of wastewater treatment plants (WWTPs), with the ultimate goal of reducing as much as 
possible the contamination of aquatic ecosystems, constitutes an important multidisciplinary 
environmental objective. One of the best-known wastewater treatment procedures consists of the use 
of the so-called Activated Sludge Processes (ASP), which are biological processes that reduce organic 
contamination thanks to the vital activity of certain bacteria. The control of this type of processes is 
not easy, precisely due to its biological nature. Consequently, the control of wastewater treatment 
plants based on ASP processes constitutes an important challenge in the field of Automatic Control, 
with numerous strategies proposed to date. With the aim of testing and evaluating the different 
existing strategies, in an objective and orderly manner, the so-called Benchmark Simulation Models 
(BSM) emerged, which are standard models of wastewater treatment plants based on ASP processes. 
The main objective of this article is precisely to test the feasibility and evaluate a specific Fuzzy 
Model-Based Predictive Control (FMBPC) strategy, applied to the wastewater treatment plants 
represented in the BSM1 benchmark (a particular case of the BSM benchmarks). The FMBPC strategy 
is potentially appropriate for the control of complex, changing or unknown systems and this article 
demonstrates that this strategy, used in the BSM1 benchmark control configuration (as an alternative 
to the default control configuration), is viable and performs satisfactorily, to the point that it can even 
be considered a competitive strategy compared to more traditional control strategies. In the 
experiments carried out, in a simulation environment, a specific FMBPC control modality has been 
used, called FMBPC/CLP, which incorporates mechanisms for imposing restrictions on the control 
action. The base-model of the plant to be controlled, necessary for the implementation of the FMBPC 
strategy, is obtained by prior fuzzy identification of the plant, which is, in our case, the WWTP plant 
integrated into the BSM1 benchmark itself. The identification procedure developed is based on the 
information contained in input-output data series of the plant in open-loop, previously obtained by 
simulation. Identification is achieved with the help of a software-tool that uses mathematical 
clustering methods, based on the Gustafson-Kessel algorithm, through which it is possible to extract 
Takagi-Sugeno type fuzzy models, from numerical input-output data of a given plant. 

Keywords: Benchmark Simulation Model no. 1; wastewater treatment plant; activated sludge 
process; fuzzy model-based predictive control; closed-loop predictive control; control of systems with 
restrictions; multivariable control; intelligent control; fuzzy identification; Takagi-Sugeno fuzzy 
models 
 

1. Introduction 

The biological purification processes used in Wastewater Treatment Plants (WWTPs), such as 
Activated Sludge Processes (ASP) [1–3], are difficult to control, both due to their own biological 
characteristics intrinsic, such as strong disturbances that affect the incoming water (flow-rate, 
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pollution, etc.). There are numerous techniques, methods and control algorithms proposed to face 
such adverse conditions and improve the performance of treatment plants [4–6]. However, this 
branch of science and technology remains open to new contributions. Not only because of the 
indisputable environmental interest and the need to comply with the legislation that regulates 
industrial water purification activities, but also because the control of such processes represents an 
important scientific-technical challenge, almost paradigmatic, in the discipline of automatic control. 
Within this discipline, some specific areas or lines of research are, at least potentially, quite promising 
in the search for solutions to improve and refine wastewater treatment processes. Among these, we 
can cite, among others, the following areas of automatic control: model-based predictive control [7], 
neural control, fuzzy control, neuro-fuzzy control, intelligent control, and various possible 
combinations thereof. Likewise, currently, it is worth considering very diverse and imaginative 
approaches of artificial intelligence (AI) applications or tools applied to the control of wastewater 
treatment plants. Some examples of contributions in the areas mentioned can be found in [8–17]. 

This article analyzes a type of strategy that can be characterized as Fuzzy Model-Based 
Predictive Control (FMBPC) [18–27]. This strategy shares common elements with three of the 
aforementioned subfields of automatic control: model-based predictive control, fuzzy control, and 
intelligent control. The article addresses the implementation of this strategy, in a simulation 
environment, applied to the control of wastewater treatment plants based on biological processes of 
the ASP type. The main objective is to evaluate both the feasibility and the performance of the strategy 
in such context. The specific control algorithm to be evaluated, of the FMBPC type, was initially 
proposed in [25]; it was later analyzed from the point of view of stability in [26]; and finally, in [27], 
it was adapted to be able to consider restrictions on the control action. In the three stages of its 
development, such a strategy was applied (in simulation) to activated sludge purification processes, 
considering a simplified WWTP plant. An important motivation of this article is, precisely, to 
demonstrate that the aforementioned strategy can also be applicable and useful for more complex 
and realistic plants, with internationally standardized architectures (with evaluation objectives), 
represented by the so-called Benchmark Simulation Models (BSM) of wastewater treatment plants, and 
more specifically, through what is known as Benchmark Simulation Model no. 1 (BSM1) [5,6,28]. 
Some examples of evaluation of control strategies using the BSM1 reference model can be seen in [29–
36]. 

In the bibliographic references [25–27], the specific FMBPC type control strategy that will be 
used in this work is described in a broad and detailed manner. Furthermore, the necessary aspects of 
this strategy are described and developed in section 3 of this article. However, it seems appropriate 
to include in this introductory section a brief description of its main characteristics. In relation to its 
initial original formulation, that is, without yet considering restrictions, such characteristics are, in 
summary, the following: regarding the prediction model, it should be said that this will initially be a 
fuzzy model expressed in the form of if-then rules, of the Takagi-Sugeno type [38], which must have 
been obtained through fuzzy identification, from series of numerical input-output data 
corresponding to the plant to be controlled; on the other hand and subsequently, this model will be 
adequately reformulated to obtain an equivalent model in the state space, of a discrete, linear and 
time-varying type (DLTV model), which will be taken as the final prediction model; and in relation 
to the procedure for deducing the control law, it is relevant to say that typical mechanisms of classical 
predictive control are not used, such as the minimization of some cost function, but rather concepts 
and principles of the so-called Predictive Functional Control (PFC) are applied, such as the well-known 
Equivalence  Principle (related in turn to certain concepts, such as: reference trajectory, coincidence 
horizon and coincidence points) [39–41]. Starting from the final prediction model (DLTV model) and 
conveniently applying the aforementioned equivalence principle, it is possible to deduce the 
predictive control action, which turns out to be an analytical and explicit mathematical expression, 
with time-dependent coefficients that must be updated in each iteration (or sampling period) [25]. 
The fact that the control action is given by an analytical and explicit expression is one of the 
potentially interesting characteristics of this strategy (in the computational field). 
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The FMBPC strategy summarized above was subsequently endowed with the capacity to handle 
restrictions on the increments of the control action (in the vicinity of an equilibrium point), adding to 
the initial original expression of the control action a complementary additive term, calculated by a 
certain algorithm that, this one yes, minimizes a certain cost function that takes into account the 
constraints. We will refer to this control law, more complete, by the acronym FMBPC/CLP [27], where 
the initials CLP refers, in abbreviated form, to the control strategy originally called Closed-Loop 
Paradigm, also known as Closed-Loop Predictive Control [42], represented by the initials CLP-MPC. The 
experiments that form the experimental basis of this article have had the ultimate objective of 
evaluating the effectiveness of the FMBPC/CLP control law, applied to more complex activated 
sludge purification processes than those considered in [27]. 

The application of the FMBPC/CLP strategy to the control of purification processes using 
activated sludge could be advantageous, compared to other strategies, due to some of its 
characteristics. Among these, it is worth highlighting the use of fuzzy models based on rules, 
obtained from input-output numerical data, which can be very useful (and even ideal) to capture the 
dynamics of complex, variant, or unknown systems, such as the case of ASP biological wastewater 
purification processes (complex, variants and subject to strong external disturbances). This potential 
advantage could lead, within a model-based predictive control scheme, to better behavior of the 
controlled system, both in comparison with classic non-model-based strategies, and in comparison, 
with other predictive control strategies whose base model is not fuzzy or has not been deduced from 
input-output data. The analytical and explicit form of the final control law could also provide some 
computational advantage. And finally, the capacity to incorporate restrictions in the increments of 
the control action could also mean an improvement in the behavior of the controlled system, 
compared to strategies that do not have such capacity. 

Section 2 of this article describes and explains the reference simulation model for wastewater 
treatment plants no. 1 (BSM1 benchmark). Section 3 details the necessary and relevant aspects of the 
FMBPC/CLP hybrid strategy (both its individual components and the combination thereof), as well 
as its integration into the BSM1 benchmark control system. Section 4 describes the fuzzy identification 
procedure of the WWTP plant represented by the BSM1 benchmark and presents the results of the 
identification. Section 5 describes the control experiments conducted with the BSM1 benchmark using 
the FMBPC/CLP strategy and evaluates, based on the results, both the feasibility of integrating this 
strategy into the BSM1 benchmark and its performance. Finally, section 6 presents the main 
conclusions we draw from the research work carried out, as well as possible future work that we 
consider to be of interest. 

2. Benchmark Simulation Models of Wastewater Treatment Plants: The BSM1 
Benchmark 

The availability of reference simulation models and their standardization, with objectives of 
evaluation and comparison of different strategies, is an extraordinary tool in any field of 
scientific-technical research and in particular in the control of wastewater treatment plants, which is 
especially complex. With this objective, the International Association for Water Quality (IAWQ) and 
working groups of the European Cooperation in Science and Technology (COST) organization, 
belonging to the interdisciplinary research networks COST Action 682 and 624, designed and 
developed, among the years 1998 and 2004, benchmark tools for the simulation-based evaluation of 
control strategies for activated sludge plants [43–46]. After 2004, this task was assumed mainly by the 
IWA (International Water Association) Task Group on Benchmarking of Control Strategies for 
WWTPs, which promoted new research and development projects in modeling, simulation, and 
evaluation of wastewater treatment plant control strategies.  Among the many fruits of this work, it 
is worth highlighting the development of reference simulation models for WWTPs, carried out 
seeking a compromise between simplicity, realism, and standardization, and including the following: 
the plant layout, a (sufficiently validated) simulation model of the biological and biochemical 
processes involved, influent loading models, regulated test procedures and, finally, performance 
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evaluation criteria of the control strategies that want to be evaluated. The different models were 
progressively completed and updated, crystallizing into the following three standard models: 
Benchmark Simulation Model no. 1 (BSM1), Long-Term Benchmark Simulation Model no. 1 (BSM1_LT) and 
Benchmark Simulation Model no. 2 (BSM2), whose corresponding descriptions were published in the 
form of technical reports generated within the IWA association [28,47–50]. Such descriptions are 
available on specialized websites, such as: http://iwa-mia.org/benchmarking (of the Modelling & 
Integrated Assessment working group of the IWA association) and https://wwtmodels.pubpub.org 
(Wastewater Modeling). The main objective of this last site is to contribute to the centralization and 
dissemination of scientific publications of different types (technical reports, articles, and literature) 
related to wastewater modeling, also providing software for the implementation of the BSM 
benchmarks, stored in a series of Github repositories created specifically for that purpose. Thus, from 
https://github.com/wwtmodels/Benchmark-Simulation-Models it is possible to download the 
necessary software for the implementation of the BSM1 and BSM2 benchmarks in the Matlab® and 
Simulink® environment (for Matlab versions ranging from Matlab R2006 to Matlab R2019b). R2019b). 

2.1. Brief Description of the BSM1, BSM1_LT and BSM2 Benchmarks 

The BSM1 benchmark addresses the biological treatment of wastewater by means of activated 
sludge, making use (sequentially) of a compartmentalized biological reactor and a secondary settler 
(clarifier). A fundamental biological process for purification takes place in the reactor, consisting of 
the digestion of organic matter by certain types of bacteria, as well as a complementary process of 
eliminating nitrogen from wastewater (before it is discharged into the river), decomposed into two 
subprocesses, known as pre denitrification and nitrification. Studies evaluating possible control 
strategies are carried out in periods of 14 days and different climatic conditions are considered, 
usually classified into three categories: dry weather, rainy weather, and stormy weather. In the 
second subsection of this section, below, a detailed analysis of the most important aspects of the BSM1 
benchmark is carried out. In addition, the complete description of this reference model can be 
consulted in: [28,49,50]. 

The BSM1_LT benchmark is based on the BSM1 model, but with a much longer evaluation 
period of control strategies (specifically 609 days), which implies the consideration of possible special 
phenomena, such as toxic events or problems with sensors and actuators, and potential failures 
derived from them. The complete description of this reference model can be seen in [47]. 

The BSM2 benchmark has two clearly differentiated parts: one of them aims at the biological 
treatment of wastewater, and is the same as the BSM1 model, and the other is a supplementary 
structure for sludge treatment. It is possible to consult the complete description of this model in [48]. 

2.2. BSM1 Benchmark: Structure, Features, and Default Control Strategy 

In Figure 1, the structure of the BSM1 benchmark can be seen schematically, including the fluid 
streams (water or sludge) that pass through its different structural elements and, in addition, a typical 
closed loop control configuration, which incorporates separate PI control loops for the variables 
SNO,2 (concentration of nitrates and nitrites in compartment No. 2 of the reactor) and SO,5 
(concentration of dissolved oxygen in water in compartment No. 5 of the reactor), respectively. 

The activated sludge biological reactor is divided into five compartments, the first two (from left 
to right) being perfectly mixed and not aerated (anoxic) and the last three ones being aerated. 
Following the reactor (in Figure 1, to its right) there is a settler (clarifier), called secondary settler 
(symbolically represented in two dimensions by a triangle, although its real geometric shape could 
be a cylinder, with a narrowing at the bottom). The secondary settler is modeled as a 10-layer unit, 
without biological reactions, assigning to the sixth layer (from bottom to top) the role of feed layer 
(inlet layer for the water leaving the reactor). 
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Figure 1. Default control configuration of BSM1 benchmark: variables SNO,2 and SO,5 controlled by PI-based 
control loops. 

The plant is designed for an average influent flow rate in dry weather of 18,446 m3·d-1 and a 
biodegradable Chemical Oxygen Demand (COD) in the influent of 300 g·m-3 (on average). The overall 
volume of the biological reactor is equal to 6,000 m3 and its distribution is as follows: each of the two 
anoxic compartments has a volume of 1,000 m3 and the volume of each of the three aerated 
compartments is equal to 1/3 of 4,000 m3. The volume of the decanter is also equal to 6,000 m3 and 
therefore the total volume of the plant is equal to 12,000 m3. Considering the total volume and the 
value of the average influent dry-weather flow rate (specified above), the average hydraulic retention 
time of the plant designed in the BSM1 benchmark will be 14.4 hours. 

Each of the streams that complete the process has a pair of variables associated in Figure 1, 
namely: the variable Q, which represents the flow rate and the vector variable Z, which represents, 
in a grouped way, the concentrations of the different standard fluid components. These streams must 
also be included in the description of the BSM1 benchmark. We will first mention the main water 
current, which follows the following stages: it originates in the influent (Qi), it passes then through 
the five compartments of the reactor, and subsequently through the settler (Qf) and finally, from the 
tenth layer of this last structural element, it ends up in the river as effluent (Qe). Secondly, we will 
deal with the sludge outlet stream from the settler (Qu), which is divided into two streams: on the one 
hand, a recirculation or recycling stream that transports sludge to the first compartment of the reactor, 
called the external recycle stream (Qr), and on the other, a stream with sludge that will be discarded, 
called wastage stream and whose flow rate (Qw) has been set, in the default configuration of the BSM1 
benchmark, to 385 m3·d-1, which implies (considering the total amount of biomass present) an age of 
the system sludge of about 9 days. And finally, we will mention the so-called internal recycle stream 
(Qint), which is water liquid coming from the fifth compartment of the reactor, and which is also fed 
back to the first compartment of the reactor. The flow rates of the internal and external recycle streams 
(Qint y Qr, respectively) are of great importance as possible manipulated variables for control 
purposes. 
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In addition to structurally describing the plant represented in the BSM1 benchmark, it is also 
necessary to specify its functional characteristics, which are basically summarized in the following 
two: capacity to reduce the degree of organic contamination and capacity to eliminate nitrogen (N), 
in both cases before the discharge of the treated wastewater into the river. These capabilities are 
detailed below in more detail. 

The capability for reducing organic pollution is, logically, a fundamental objective of wastewater 
treatment plants (which has been maintained since their origins, before the incorporation of nutrient 
removal mechanisms) and what is intended is to place the degree of pollution below the maximum 
levels allowed by environmental legislation. This objective is achieved thanks to various biological 
processes and biochemical reactions that take place in the activated sludge reactor, carried out by 
certain types of bacteria that need and use the organic matter present in the water for their own 
growth, for which it is also necessary the external recycle stream (Qr), which feeds the reactor with 
sludge (rich in bacteria). And of course, the mechanical sedimentation that takes place in the decanter 
is also essential, the consequence of which is the separation of the mixture from the reactor into two 
flows, one of clean water, which goes to the river, and another of sludge, which is divided into two 
streams, namely: the aforementioned external recycle stream (Qr) and the waste stream (Qw).  

In relation to the capability for eliminating nitrogen, it must be highlighted that it is an objective 
that has great environmental importance, since this chemical element is, together with phosphorus 
(P), one of the main nutrients of harmful algae and other harmful plants to aquatic ecosystems. 
Nitrogen removal is achieved through the interrelation of two consecutive biochemical reactions (or 
stages), namely: denitrification and nitrification. The first reaction, denitrification (also known as 
predenitrification), takes place in the anoxic tanks (the first two reactors crossed by the influent) and 
occurs due to the interaction of certain bacteria with nitrates and nitrites (SNO) present in the tanks, 
under conditions of absence of dissolved oxygen, producing nitrogen in gaseous form (N2) as a result, 
which is evacuated directly to the atmosphere. The second reaction, nitrification, takes place in the 
aerobic tanks (located after the two anoxic ones) and occurs due to the interaction, in the presence of 
dissolved oxygen, of certain type of bacteria with ammonium (ammonium ion and ammonia, 
represented together using the SNH notation). The consequence of such interaction is the oxidation of 
ammonium and the production of nitrite and then nitrate (represented together by SNO). The 
denitrification-nitrification process is completed by recirculating water from the fifth reactor 
compartment to the first (the internal recycle stream, Qint, previously defined), with the objective of 
supplying nitrates and nitrites (SNO) to the denitrification stage.  

All processes that take place in the treatment plant of the BSM1 benchmark (biological, 
biochemical, or mechanical) are represented by mathematical models. The mathematical model used 
to represent the processes that take place in the reactor is the model known as Activated Sludge 
Model No. 1 (ASM1) [51], which includes 8 different biological processes and 13 state variables (of 
biological and physicochemical type). This model was initially developed within the International 
Association on Water Pollution Research and Control (IAWPRC) but was later also adopted and 
updated by the IAWQ and IWA associations (which can be considered the heirs, successively, of the 
association IAWPRC). In relation to the processes that develop in the settler, it is not necessary to 
model biological reactions (because they are not considered, as already indicated at the beginning of 
this section), but nevertheless, it is necessary to model the mechanical processes that take place in it 
(as a consequence, ultimately, of gravity), which consist of vertical transfers of sludge between 
adjacent layers. The mathematical model used by the BSM1 benchmark to describe such mechanical 
interactions, or what is the same, to represent the dynamics of the solid flux of sludge that takes place 
(as a consequence of gravity), is based on a certain mathematical function known as double-exponential 
settling velocity function [52]. 

The BSM benchmarks provide researchers and specialized users with simulation models of the 
basic processes that take place in wastewater treatment plants, but they also provide complementary 
resources, necessary for the comparison of the different control strategies under standardized 
conditions and criteria, such as: series of numerical data with statistically typical profiles for the 
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variables associated with the inlet stream to the plant (influent), extended simulation models 
including some default control configuration (typically, PID or PI), and performance evaluation 
criteria of the strategies used. Thus, with respect to the first type of complementary resources that we 
have just mentioned, the BSM1 benchmark has several dynamic models for the influent, 
corresponding to three different climatic conditions, namely: dry weather, rain weather, and storm 
weather. Each model provides temporal data on the 15 variables associated with the influent (the 
input flowrate, the input values of the 13 physicochemical and biological variables that describe the 
state of the purification process, according to the ASM1 model, and the time). These models are 
available in separate 14-day files, with a separation between samples of 15 minutes (approximately 
0,0104 days). In relation to the control strategy, the BSM1 benchmark assumes a certain default 
configuration (as already advanced at the beginning of this subsection), consisting of the 
incorporation of a control loop with a Proportional-Integral (PI) type controller, to regulate the 
variable SNO,2, that is, the concentration of nitrates and nitrites in compartment No. 2 of the reactor, 
and another control loop, also with a PI controller, to regulate the variable SO,5, that is, the 
concentration of dissolved oxygen in water in compartment No. 5 of the reactor (see Figure 1). 
Additionally, the BSM1 benchmark suggests some default reference values for the controlled 
variables, specifies suitable types of sensors and actuators, and sets operational restrictions for the 
manipulated variables (minimum and maximum bounds). Finally, in relation to the evaluation 
criteria, the BSM1 benchmark establishes a set of standardized criteria for performance assessment 
of both the controllers and the plant. In evaluating the performance of the controllers, the focus is on 
the measure of their effectiveness with respect to the control objectives at the local level, for each loop, 
and is carried out by calculating various indices, among others, the Integral of the Absolute Error 
(IAE) and the Integral of the Squared Error (ISE). Regarding the performance assessment of the plant, 
the focus is directed towards measuring the degree of achievement of the purification objectives of 
the treatment plant (as an effect of the control strategy) and assessing the way to achieve it, more or 
less optimal. The specific way to carry out this evaluation is by measuring the quality of the water 
leaving the treatment plant (effluent), determining the operating costs (including energy costs), and 
measuring the variations in the output of the controller. The first of these three evaluation actions, 
the measurement of the quality of the outgoing water (a transcendental indicator of the treatment 
plants, logically), is carried out in practice by calculating or determining the following numerical 
indices: the so-called Effluent Quality Index (EQI), the 95% percentile of the ammonia concentration 
in the effluent (SNH,e95), the 95% percentile of the total nitrogen concentration in the effluent (Ntot,e95), 
and the 95% percentile of the concentration of total suspended solids in the effluent (TSSe95). The 
software packages developed to implement the BSM benchmarks can include scripts (more or less 
generic) for the calculation of the necessary  indices for the performance assessment of both the 
controllers and the plant. This is the case, for example, of the BSM1 benchmark implementation 
software, in the Matlab® and Simulink® programming environment, available at the Github web 
address https://github.com/wwtmodels/Benchmark-Simulation-Models (already cited at the 
beginning of this section), which includes the aforementioned calculation scripts. 

3. Alternative Control Configuration for the BSM1 Benchmark: Use of the 
FMBPC/CLP Predictive Control Strategy 

As already indicated in section 2, the BSM benchmarks, and in particular the BSM1 benchmark, 
were designed to provide researchers with standard reference simulation models, to test and evaluate 
their own control strategies of wastewater treatment plants based on activated sludge processes. The 
fundamental objective of the different strategies has to be, logically, to control the activated sludge 
process in such a way that the purification of wastewater is as ideal as possible. But to achieve this 
general objective, different control configurations are possible, which will differ from each other 
depending on the control strategies or algorithms used, as well as the choice of both the controlled 
variables, and the manipulated variables. Precisely, the main aim of this work is to test and evaluate 
the integration within the BSM1 benchmark of a certain control strategy, already mentioned in the 
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introductory section and represented by the acronym FMBPC/CLP [25–27]. This strategy combines 
two different predictive control algorithms, already mentioned also: a main algorithm of FMBPC type 
and a complementary algorithm of CLP-MPC type. Using the FMBPC algorithm, the basic (or main) 
part of the control action is calculated and using the CLP-MPC algorithm, a complementary term is 
calculated, which is added to the main part, with the objective of imposing restrictions on control 
action increments. 

In the first three subsections, we will describe and develop the necessary and most relevant 
aspects of the different strategies involved: the fuzzy predictive control (FMBPC) strategy, the closed-
loop predictive control (CLP/MPC) strategy, and the mixed FMBPC/CLP strategy. Finally, in the last 
subsection, we will describe the integration of the FMBPC/CLP strategy into the BSM1 benchmark 
control system, which is the central issue at hand. 

3.1. FMBPC Predictive Control Strategy 

The control strategy FMBPC was already mentioned and briefly described in the introduction of 
this article. This strategy is part of the group of fuzzy model-based predictive controllers, within 
which there are various lines and implementations (some of which can be consulted in the 
bibliographic references cited in the introduction). On the other hand and from a more global point 
of view, our strategy is framed (at the same time) within two other broader fields, namely: the field 
of non-linear model-based predictive control (NLMBPC), on the one hand, and the field of intelligent 
control (IC), on the other; in this second case, because the prediction model is fuzzy, expressed 
through rules, which constitutes a modality of qualitative reasoning, one of the characteristics of 
intelligent systems. Consequently, the FMBPC strategy will inherit some of the main characteristics, 
advantages, and disadvantages, of both the NLMBPC control and IC control. However, an analysis 
of these control strategies would exceed the scope of this section and also of this article. Therefore, in 
this section we will focus only on expanding the description of the FMBPC strategy under evaluation. 

The specific FMBPC type strategy that concerns us was initially proposed in [25], where the 
procedure for deducing such a predictive control law was developed. The starting point is a discrete 
fuzzy model of the plant, of the Takagi-Sugeno (TS) type, previously identified (by fuzzy 
identification) from numerical input-output data and expressed by a certain set of if-then rules. Each 
of the rules represents a local (linear) submodel, while the set of all rules represents the global 
(nonlinear) model. Equation (1) shows the structure of each of the rules of the TS fuzzy model (𝑗-𝑡ℎ 
rule, 𝑅௝) for a given output 𝑦ሺ𝑘ሻ (for multivariable systems, there would be a similar collection of 
rules for each output), 𝑘 representing (here and in all equations in the article) the 𝑘-𝑡ℎ instant of 
time, that is, 𝑘𝑇, with 𝑇 being the sampling period: 𝑹𝒋:  𝑖𝑓 ൫𝑥௔ଵ 𝑖𝑠 𝐴௝ଵ 𝑎𝑛𝑑 𝑥௔ଶ 𝑖𝑠 𝐴௝ଶ 𝑎𝑛𝑑…𝑎𝑛𝑑 𝑥௔௣ 𝑖𝑠 𝐴௝௣൯ 𝑡ℎ𝑒𝑛 𝑦ሺ𝑘ሻ = 𝛼௝ଵ𝑥ଵ + 𝛼௝ଶ𝑥ଶ + ⋯+ 𝛼௝௤𝑥௤ + 𝛿௝ (1)

where: 𝑥௔ = ൫𝑥௔ଵ, 𝑥௔ଶ, … , 𝑥௔௣൯  and 𝑥 = ൫𝑥ଵ, 𝑥ଶ, … , 𝑥௤൯  are the antecedent and consequent vectors, 
respectively, of the fuzzy model; 𝐴௝௜ (𝑖 = 1, … ,𝑝) is a certain fuzzy set (or value) associated with the 𝑖-𝑡ℎ component of the antecedent vector (for the 𝑗-𝑡ℎ rule), which will be characterized by a certain 
membership function, 𝜇஺ೕ೔ (𝜇஺ೕ೔:ℝ → [0, 1]); finally, 𝑦(𝑘) represents the output of the fuzzy model 
at the 𝑘-𝑡ℎ sampling instant, expressed by a certain affine function of the consequent vector, 𝜙௝(𝑥) 
(where: 𝜙௝(𝑥) = 𝛼௝ଵ𝑥ଵ + 𝛼௝ଶ𝑥ଶ + ⋯+ 𝛼௝௤𝑥௤ + 𝛿௝). 

The identified TS fuzzy model will not, however, be the final prediction model, as was already 
advanced in the introduction. The TS model obtained through identification is subsequently 
converted into a state space model, of the DLTV type, with time-dependent (matrix) coefficients, 
which must be updated in each iteration or sampling period. And this equivalent model is the one 
that will finally be used, as the base prediction model, by the predictive control algorithm (with the 
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ultimate objective of generating the control variable in each sampling period). The form of the 
equivalent DLTV model is shown in equation (2): 𝒛𝒎(𝑘 + 1) =  𝑨ഥ𝒎𝒛𝒎(𝑘) + 𝑩ഥ𝒎𝒖𝒂(𝑘) + 𝑹ഥ𝒎 𝒚𝒎(𝑘) =  𝑪ഥ𝒎𝒛𝒎(𝑘) 

(2)

where: 𝒛𝒎(𝑘) is the extended state vector at the 𝑘-𝑡ℎ sampling instant (integrated by the plant 
outputs, together with certain previously chosen input disturbances); 𝒖𝒂(𝑘) is the extended input 
vector at 𝑘, formed by two components, 𝑢(𝑘) and 𝑢(𝑘 − 1), both referring to the value of a certain 
manipulable input variable, at two consecutive instants of time (at the current instant, 𝑘, and in the 
previous one, 𝑘 − 1); 𝒚𝒎(𝑘) is the output vector at 𝑘 (formed by the plant outputs); and, finally,  𝑨ഥ𝒎, 𝑩ഥ𝒎, 𝑹ഥ𝒎, and 𝑪ഥ𝒎 are the different matrices of the model in the state space (dependent on 𝑘 and 
therefore on time). The detailed composition of all the vectors and matrices that appear in equation 
¡Error! No se encuentra el origen de la referencia. can be consulted in [25]. 

Making use of the prediction model represented by equation (2) and conveniently applying the 
so-called equivalence principle and other concepts, such as reference trajectory and coincidence horizon 
(related to functional predictive control), in [25] was deduced a predictive control law of 
FMBPC-type, analytical and explicit. The corresponding mathematical expression is shown in 
equation (3): 𝑢(𝑘) = 𝑷𝟏𝟎𝑴𝒂ିଵ (𝒚𝒓(𝑘 + 𝐻) − 𝒚(𝑘) + 𝒚𝒎(𝑘) − 𝑪ഥ𝒎 𝑨ഥ𝒎ு𝒛𝒎(𝑘) −𝑪ഥ𝒎( 𝑨ഥ𝒎ுିଵ + (𝑨ഥ𝒎ுିଵ − 𝑰)(𝑨ഥ𝒎 − 𝑰)ିଵ)𝑹ഥ௠) 

(3)

where: 𝑢(𝑘) is the appropriate control variable at the 𝑘-𝑡ℎ instant, calculated by the control 
algorithm; 𝐻 is the so-called coincidence horizon (𝐻 ∈ ℤା,𝐻 ≥ 1); 𝒚𝒓(𝑘 + 𝐻), 𝒚(𝑘), and 𝒚𝒎(𝑘) are 
the output variables (vector type, in the case of multiple output) corresponding to, respectively, the 
reference trajectory (or trajectories) at the instant (𝑘 + 𝐻), the output measured at time 𝑘, and the 
output predicted by the prediction model for time 𝑘; 𝒛𝒎(𝑘) is the extended state vector at time 𝑘; 𝑨ഥ𝒎, 𝑹ഥ𝒎, and 𝑪ഥ𝒎 are some of the matrices of the model in the state space (also dependent on 𝑘); 𝑰 is 
the identity matrix (of the order that correspond); 𝑷𝟏𝟎 is an operational numerical matrix equal to (1 0); and, finally, 𝑴𝒂ିଵ is a certain matrix expression, whose composition we do not specify for 
simplicity (see [25]), which involves, among others, the matrices 𝑨ഥ𝒎, 𝑩ഥ𝒎, and 𝑪ഥ𝒎 of the model in 
the state space. 

The FMBPC control law shown in equation (3) depends (at the 𝑘-𝑡ℎ instant) on the following: 
on the predetermined reference trajectories for the evolution of the outputs; of the predictions for the 
output given by the prediction model; of the measurement at the 𝑘-𝑡ℎ instant of the output itself; of 
the model matrices in the state space (time-dependents); and, finally, of the coincidence horizon 𝐻 
(an integer greater than or equal to 1). This last dependence makes 𝐻  an important numerical 
parameter of the FMBPC strategy at hand, something that must be taken into account when carrying 
out predictive control experiments based on this control law (whether in simulation or in real time). 

In [26] the deduction of the DLTV model of the plant shown in equation (2) was reconsidered. 
From certain formal mathematical changes, another equivalent DLTV model was obtained, which we 
show in equation (4): 𝒛𝒎𝑵(𝑘 + 1) =  𝑨ഥ𝒎𝑵𝒛𝒎𝑵(𝑘) + 𝑩ഥ𝒎𝑵𝒖𝒂(𝑘) + 𝑫ഥ𝒎𝑵𝒅(𝑘) + 𝑹ഥ𝒎𝑵 𝒚𝒎𝑵(𝑘) =  𝑪ഥ𝒎𝑵𝒛𝒎𝑵(𝑘) 

(4) 

where: 𝒛𝒎𝑵(𝑘 + 1) and 𝒛𝒎𝑵(𝑘) represent the new state vector (integrated only by the plant outputs) 
at time instants (𝑘 + 1) and 𝑘, respectively; 𝒖𝒂(𝑘) is the extended input vector (the same as that of 
the DLTV model represented in equation (2)); 𝒅(𝑘)  is the vector constituted by certain input 
disturbances previously chosen; 𝒚𝒎𝑵(𝑘) is the output vector (formed by the plant outputs); and, 
finally, 𝑨ഥ𝒎𝑵 , 𝑩ഥ𝒎𝑵, 𝑫ഥ𝒎𝑵 , 𝑹ഥ𝒎𝑵  and 𝑪ഥ𝒎𝑵 are the different matrices of the new model in the state 
space (dependent on 𝑘  and therefore on time). The detailed composition of all the vectors and 
matrices that appear in equation (4) can be consulted in [26]. 
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Likewise, assuming that there are equilibrium points of the open-loop plant  (at least one) and 
taking one of them as a reference, in [26] a new model was deduced, at a local level, valid only for 
states sufficiently close to the chosen stationary state. In this deduction, the global DLTV model 
shown in equation (4) was used and was taken into account the requirement that any state of a 
discrete system must meet to be considered stationary (maintenance at the instant (𝑘 + 1) of its 
value at time 𝑘 , for any 𝑘). The deduced model has the following characteristics: it is a model 
expressed in the state space, local (as already mentioned), incremental, discrete, linear, and 
time-invariant (DLTI model). This model is shown in equation (5), where its agreement with the 
standard form of the discrete linear models in the state space can be seen (which implies analytical 
and computational advantages): 𝒙𝒊𝒏𝒄(𝑘 + 1) =  𝑨ഥ𝒎𝑵𝒙𝒊𝒏𝒄(𝑘) + 𝑩ഥ𝒎𝑵𝒖𝒊𝒏𝒄(𝑘) 𝒚𝒊𝒏𝒄(𝑘) =  𝑪ഥ𝒎𝑵𝒙𝒊𝒏𝒄(𝑘) 

(5)

where: 𝑨ഥ𝒎𝑵, 𝑩ഥ𝒎𝑵 and 𝑪ഥ𝒎𝑵 are certain matrices of the system (inherited from the steady state, under 
certain assumptions) that depend on the 𝑘-𝑡ℎ sampling instant; 𝒙𝒊𝒏𝒄(𝑘 + 1) is the state variable 
(incremental) at time (𝑘 + 1) and 𝒙𝒊𝒏𝒄(𝑘) is the same variable, but at 𝑘; 𝒖𝒊𝒏𝒄(𝑘) is the extended 
(incremental) input variable at 𝑘; and finally, 𝒚𝒊𝒏𝒄(𝑘) is the output (incremental) variable at 𝑘. The 
values of all the incremental variables mentioned refer to the increments with respect to the 
corresponding values at the equilibrium point. More details on the deduction of this model can be 
found in [26]. 

The local model expressed mathematically in equation (5) is equivalent, in the vicinity of some 
previously chosen stationary state, to the global model from which it is derived, previously expressed 
in equation (4), and this, for its part, is equivalent to the model shown in equation (2) (the original 
model), from which the predictive control law of the FMBPC type that we are describing in this 
section and which was shown in equation (3) (in its original formulation) was deduced. With respect 
to this law, in [26] it was demonstrated, using the mathematical relationship between the different 
models involved, that such FMBPC control law could be expressed, for the local incremental model 
shown in equation (5), by the following mathematical expression: 𝒖𝒊𝒏𝒄(𝑘) =  −𝑲𝒙𝒊𝒏𝒄(𝑘) (6)
where: 𝑲 = 𝑴𝒂𝑵ିଵ𝑪ഥ𝒎𝑵𝑨ഥ𝒎𝑵 is an expression, which depends on the 𝑘-𝑡ℎ sampling instant, where 
the different factors that make it up are matrices or matrix expressions related to the mathematical 
models involved and whose specification we do not include (for simplicity reasons); for more detail, 
see [26]. The form of the control law shown in equation (6) is analogous to that of the well-known 
state feedback law, given generically by the following expression (equation (7)(7)): 𝒖(𝑘) =  −𝑲𝒙(𝑘) (7) 

The form of equation (6) (the same as that of equation (7)(7)) reinforces the consideration made 
above (on the occasion of the deduction of the model shown in equation (5)), in the sense that the 
deduced mathematical expressions for the local model provide analytical and computational 
advantages. This statement is based, on the one hand, on the intrinsic simplicity of such expressions 
and, on the other hand, on the fact that both the model shown in equation (5), and the control law 
shown in equation (6), or in the equation (7), are part of the theory of linear control systems, widely 
known and developed and equipped with analytical methods and computational procedures that are 
simpler than those of the theory of nonlinear control systems. In other words, since we are 
assimilating our non-linear control system, based on a FMBPC type law, to a linear control system (at 
a local level, of course), then we will be able (at such a local level) to use and advantageously take 
advantage of the analytical methods and computational procedures (in predictive control) developed 
and tested for these systems, which are simpler and better known than the corresponding methods 
and procedures of the theory of nonlinear control systems. 
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3.2. CLP-MPC Predictive Control Strategy 

The CLP-MPC algorithm, conceptually known as Closed-Loop Predictive Control, is a particular 
case of the strategy called Dual Mode Predictive Control, represented by the acronym DM-MPC [42]. 
We will briefly describe both the framework strategy, DM-MPC, and the particular case, CLP-MPC. 
But previously we will detail (below) the minimum necessary mathematical basis. 

The mathematical formalization of the DM-MPC and CLP-MPC strategies has as its starting 
point the adoption of a certain standard representation of the open loop plant, as well as the choice 
of a certain typical control law. The open loop plant is represented by a linear model in the state 
space, of a standard nature, whose form is shown below, in equation (8): 𝒙(𝑘 + 1) =  𝐴𝒙(𝑘) + 𝐵𝒖(𝑘) 𝒚(𝑘) =  𝐶𝒙(𝑘) 

(8) 

which can be reformulated with a more abbreviated notation (for formal simplification purposes), as 
shown below, in equation (9): 𝒙𝒌ା𝟏 =  𝐴𝒙௞ + 𝐵𝒖௞ 𝒚௞ =  𝐶𝒙௞ 

(9) 

where: 𝒙௞  is a vector variable that represents the state of the system at the 𝑘-𝑡ℎ instant of time 
(generic); 𝒖௞, the manipulable input or inputs, in 𝑘; 𝒚௞, the output or outputs of the plant, in 𝑘; and, 
finally, 𝐴 , 𝐵  and 𝐶  represent the matrices of the system in the state space. If the system is 
multivariable, 𝒖௞ and 𝒚௞ can be vector variables (both or only one of them). In relation to the choice 
of some control law for this system, it should be said that a widely used solution is the choice of the 
so-called state feedback law, whose form is the following: 𝒖௞ = −𝐾𝒙௞ (10) 
where: 𝐾 is a certain dimensionally appropriate matrix factor (that is not must confused with the 
temporal variable 𝑘), to be chosen or determined by some criterion. On the other hand, once this law 
is assumed, it is common to also carry out the formal definition that we show below, in equation (11): Φ = (𝐴 − 𝐵𝐾) (11) 
which is appropriate to simplify the mathematical developments associated with predictive control. 
If expression (10) is substituted in the model defined in equation (9), obtaining as a consequence the 
mathematical expression of the closed-loop model, the suitability of such definition will be 
understood. 

DM-MPC predictive control, also called Open Loop Paradigm (OLP), consists of considering the 
prediction horizon divided into two different consecutive sections, called mode-1 and mode-2, whose 
difference lies in the type of control action planned for each of them. In the first section (mode-1), 
which covers the first 𝑛௖  steps (where 𝑛௖  is a previously set integer), the control actions are not 
predetermined and will be obtained through optimization, minimizing some cost function. These 𝑛௖ 
actions constitute the degrees of freedom of control configuration (d.o.f., abbreviated) and they 
depend on the instant of time 𝑘. At each 𝑘-𝑡ℎ instant of time the next 𝑛௖ control actions (including 
the 𝑘-𝑡ℎ control action) that minimize the cost function must be calculated (jointly). For their joint 
formal representation, we will use the following mathematical notation: 𝒖௞ା௝|௞ (𝑗 = 0,1, … ,𝑛௖ − 1), 
where the compound subscript indicates that this is a calculation made at 𝑘 (of the optimal control 
actions), for the following 𝑛௖  instants (or steps), including instant 𝑘 itself. In the second section 
(mode-2), which begins at step (𝑛௖ + 1) and extends to the last step of the prediction horizon, the 𝑛௬-𝑡ℎ step (𝑛௬ being another integer, previously set as well, satisfying 𝑛௬ > 𝑛௖), the control actions 
will be calculated by applying some closed-loop control law, for example of the −𝐾𝑥 type, with 𝑥 
being the state (see equation (10)). Using the same type of notation as in the first section, we can 
represent the control actions of the second section in the following way: 𝒖௞ା௡೎ା௝|௞ = −𝐾𝒙௞ା௡೎ା௝|௞ (𝑗 =0,1, … ,𝑛௬ − (𝑛௖ + 1)). The ordered union of the control actions of both sections constitutes the global 
sequence of control actions that will be considered in the predictions, from the first step of the 
prediction horizon to the last. Such global sequence must be optimized jointly, thus determining the 
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optimal values of the degrees of freedom of the control problem (the 𝑛௖ first control actions). And 
once that is done, the first value of the global optimal sequence of actions obtained will be the one 
that will be taken for the effective control action at the 𝑘-𝑡ℎ sampling instant, 𝒖௞. 

In the so-called closed-loop predictive control, CLP-MPC, the control actions planned for the 
second section of the predictions (mode-2) are defined in the same way as those for the second section 
of the dual-mode predictive control, DM-MPC, that is, its mathematical expression will be the one 
corresponding to some closed-loop control law, for example of the −𝐾𝑥 type. However, the control 
actions predicted by the CLP-MPC algorithm for the first section of the predictions (mode-1) are 
different from those of the general DM-MPC strategy for the same section, being expressed, at each 
step, as the sum of two mathematical terms, namely: a first term corresponding to some previously 
fixed closed-loop control law (generally the same as in mode-2, for example, −𝐾𝑥) and a second term, 
which we will represent with the notation 𝒄௞ା௝|௞ (𝑗 = 0,1, … ,𝑛௖ − 1), known as perturbation of control 
action and which must be determined by means of an optimization procedure, with constraints in 
the control action or, as in the case at hand, in its increments. These 𝑛௖ complementary variables 
constitute (considered together) the degrees of freedom of the optimization problem. Taking into 
account the description just made, relative to the control actions planned in 𝑘, and also taking into 
account the form of the base model of the plant, specified in equation (9), as well as the definition 
contained in equation (11), the prediction model of each of the two modes or sections of the CLP-MPC 
predictive control will be expressed (in relation to the state and the control actions) as detailed below 
(equations  (12) and (13)): 

CLP-MPC. Mode-1: 𝒙௞ା௝ାଵ|௞ =  𝐴𝒙௞ା௝|௞ + 𝐵൫−𝐾𝒙௞ା௝|௞ + 𝒄௞ା௝|௞൯ = 𝛷𝒙௞ା௝|௞ + 𝐵𝒄௞ା௝|௞ 𝒖௞ା௝|௞ = −𝐾𝒙௞ା௝|௞ + 𝒄௞ା௝|௞  
being:  𝒄௞ା௝|௞: degrees of freedom (d.o.f.), to be determined by 

 optimization 𝑗 = 0,1, … ,𝑛௖ − 1 

(12)

CLP-MPC. Mode-2: 𝒙௞ା௝ାଵ|௞ =  𝐴𝒙௞ା௝|௞ + 𝐵൫−𝐾𝒙௞ା௝|௞൯ = 𝛷𝒙௞ା௝|௞ 𝒖௞ା௝|௞ = −𝐾𝒙௞ା௝|௞                        
being: 𝑗 ≥ 𝑛௖ (𝑗 = 𝑛௖ ,𝑛௖ + 1,𝑛௖ + 2, … ) 

(13)

Using now equations (12) and (13) we can now easily deduce the matrix expression 
corresponding to the sequence of control actions planned, at the 𝑘-𝑡ℎ sampling instant, for the entire 
prediction horizon. The expression obtained, which we will represent using the notation 𝒖௞(஼௅௉-ெ௉஼)→, is the following: 
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𝒖௞(஼௅௉-ெ௉஼)→ =  
⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎡ −𝐾𝒙௞|௞ + 𝒄௞|௞ −𝐾𝒙௞ାଵ|௞ + 𝒄௞ାଵ|௞ ⋮−𝐾𝒙௞ା௡೎ିଵ|௞ + 𝒄௞ା௡೎ିଵ|௞ −−−−−−−−−−−−𝐾𝒙௞ା௡೎|௞−𝐾𝛷𝒙௞ା௡೎|௞⋮−𝐾𝛷௡೤ି௡೎ିଵ𝒙௞ା௡೎|௞ ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎤
 (14)

where the nୡ degrees of freedom (d.o.f.), expressed in matrix form and using the notation 𝒄௞(஼௅௉-ெ௉஼)→, 
are the following: 

𝒄௞(஼௅௉-ெ௉஼)→ =  ൦ 𝒄௞|௞ 𝒄௞ାଵ|௞ ⋮𝒄௞ା௡೎ିଵ|௞ ൪ (15)

The description of the CLP-MPC predictive control algorithm is based on the equations (12), 
(13), (14) and (15) specified above (which constitute the minimum necessary mathematical basis), but 
its complete description would require a more extensive development that would excessively 
overload the article and therefore will not be included here (see [27,42]). However, it seems 
appropriate to briefly summarize this procedure. The following would be necessary: deduce the 
matrix expressions (corresponding to the entire prediction horizon) of the state, on the one hand, and 
of the control action, on the other, and formalize them as a function (a different function for each of 
the two variables) of the degrees of freedom, that is, as a function dependent on the matrix 𝒄௞(஼௅௉-ெ௉஼)→  (which will be expressed below with the simpler notation 𝒄→); define a certain cost 
function, which we will denote as 𝐽௞(஼௅௉), according to some previously established criterion, and 
express it also as a function dependent on 𝒄→; specify the restrictions (in our case, restrictions on the 
increments of the control action) and pose the appropriate optimization problem, generally consisting 
of finding the minimum of the cost function 𝐽௞(஼௅௉), while satisfying the imposed constraints. Such 
an optimization problem can be expressed in an abbreviated form as shown below, by equation (16), 
where the degrees of freedom are the set of elements of 𝒄→ and the acronyms 𝑠. 𝑡. mean subject to: min 𝒄→ (𝐽௞(஼௅௉) = 𝑓(𝒄→)) 𝑠. 𝑡. 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 (𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠/𝑖𝑛𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠) 

(16)

The solution to the problem expressed in equation (16) will provide as a result an optimal 
sequence 𝒄→, which we will represent with the notation 𝒄௢௣௧஼→ (where the letter 𝐶, in the subscript, 
refers to the constraints). The first element of the optimal sequence obtained, which we will denote 
with 𝒄௞஼, will be the complementary term that must be added to the expression of the base control 
law corresponding to the first step of the prediction horizon (associated with the 𝑘-𝑡ℎ  instant), 
obtaining as a result the complete optimal control action for that first step, which will be the one that 
the predictive control algorithm will ultimately adopt as the effective control action at the 𝑘-𝑡ℎ 
sampling instant. Such control action, which we will denote with 𝒖௞஼ , will be expressed, in 
accordance with what has been explained, by the following equality: 𝒖௞஼ = −𝐾𝒙௞ + 𝒄௞஼ (17)

3.3. FMBPC/CLP Mixed Predictive Control Strategy: Implementation 

As previously indicated, with the acronyms FMBPC/CLP we are referring to a specific predictive 
control strategy with constraints that combines the FMBPC and CLP-MPC algorithms, hence the 
name mixed predictive control algorithm. This strategy was proposed and developed in [27], applied 
(in a simulation framework) to the control of a wastewater treatment process using activated sludge, 
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represented by a simplified model. The objective of this subsection is to include in this article a 
summary description of the implementation procedure (in simulation) of the aforementioned 
strategy. In essence, the implementation procedure of the FMBPC/CLP strategy consists of 
successively and appropriately applying the predictive control algorithms FMBPC and CLP-MPC. 
We will describe this implementation procedure below, which will consist of a time sequence that 
must be carried out cyclically, in each sampling period. 

Initially, will be applied a FMBPC type algorithm , which uses as a prediction model a global 
model of the plant, in the state space and of the DLTV type, resulting from the conversion of another 
previously determined global model, of the fuzzy type, identified from numerical input-output data 
(which in our case will also have been obtained by simulation). As a result of the application of the 
initial FMBPC algorithm, the value of a certain global predictive control action will be obtained, 
whose mathematical expression was shown previously in this article, in equation (3), identified with 
the notation 𝑢(𝑘). We will rename such control action in this subsection with the following notation: 𝒖௣௥௘ௗ|ிெ஻௉஼(𝑘). 

Next, and in order to impose restrictions on the control action, will be used (after a series of 
necessary prior calculations) a second predictive control algorithm, but now of the CLP-MPC type. 
In order to apply this algorithm, it will be necessary to have, previously, a standard linear model of 
the plant, of the DLTI type, which will be used as a prediction model, and a standard base control 
law (both mathematical resources will be used in the calculation of the predictions). The first is 
possible if we assume that, at the current time instant (the one corresponding to the 𝑘-𝑡ℎ sampling), 
the state of the system is in the vicinity of some stationary state, because then, as demonstrated in 
[26], the plant could be represented (locally) by a standard linear incremental model in the state space, 
of the DLTI type (equation (5)). This will be the model that will be taken as the prediction model in 
the CLP-MPC predictive control structure. As for the base control law, in [26] it was shown that, with 
the plant represented by the equivalent linear model (local scope and DLTI type) represented in 
equation (5), the FMBPC control law shown in equation (3) (3) is equivalent (locally) to a standard 
state feedback law of type −𝑲𝒙(𝑘), as shown in equation (6). This law will be the one taken as the 
base control law in the CLP-MPC predictive control structure. 

The two structural elements required by the CLP-MPC algorithm (both the incremental DLTI 
prediction model and the base control law) will be deduced after the calculations associated with the 
FMBPC algorithm have been performed and will be transmitted to the CLP-MPC structure, before 
this algorithm is executed (these are the necessary prior calculations mentioned in the previous 
paragraph). This must be done in each sampling period since both elements depend on the 𝑘-𝑡ℎ 
sampling instant. The DLTI incremental model is characterized by the matrices 𝑨ഥ𝒎𝑵(𝑘), 𝑩ഥ𝒎𝑵(𝑘) 
and 𝑪ഥ𝒎𝑵(𝑘) (equation (5)) and the base control law, by the factor 𝑲(𝑘) (equation (6)). Therefore, in 
each 𝑘-𝑡ℎ sampling period, these four parameters must be updated and transmitted to the CLP-MPC 
structure. With this numerical information it will be possible to apply, at each 𝑘-𝑡ℎ sampling instant 
and for the appropriate local area, the CLP-MPC predictive control algorithm, obtaining as a result 
the value of the (incremental) control action that will satisfy the restrictions imposed in the 
optimization procedure (optimal control action). The mathematical expression corresponding to such 
control action was already shown in equation (17), at the end of the previous subsection, dedicated 
to the description of the CLP-MPC algorithm independently. But in the present subsection the 
successive and combined application of two algorithms is addressed, first the FMBPC algorithm and 
then the CLP-MPC algorithm, and therefore it seems convenient to modify the notation to 
differentiate both cases. The expression corresponding to the optimal control action is shown below 
(equation (18)), with the new notation: 𝒖௢௣௧(𝑘) = −𝑲𝒙(𝑘) + 𝒄௢௣௧(𝑘) (18)

where: 𝒖௢௣௧(𝑘) is the optimal incremental control action; 𝒙(𝑘) is the state variable corresponding to 
the local incremental model, of DLTI type, described in equation (5) (having represented the state 𝒙𝒊𝒏𝒄(𝑘) by the simpler notation 𝒙(𝑘)); −𝑲𝒙(𝑘) is the base control law, obtained from the FMBPC 
algorithm, in its equivalent local and incremental form, for states sufficiently close to the reference 
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steady state (equations (6) and (7)); 𝒄௢௣௧(𝑘) is the optimal perturbation of the base control action, 
calculated by the CLP-MPC algorithm and whose role is to ensure that the control action satisfies the 
imposed restrictions (this term will be the first element of the optimal perturbation vector or matrix, 
represented in the previous subsection with the notation 𝒄௢௣௧஼→, which will be determined by solving 
the corresponding optimization problem); finally, 𝑘 represents the 𝑘-𝑡ℎ sampling instant. 

Finally, once the incremental optimal control action, 𝒖௢௣௧(𝑘), has been determined, it will be 
necessary to determine the absolute optimal control action corresponding to the FMBPC/CLP 
strategy, which we will denote as 𝒖ிெ஻௉஼/஼௅௉(𝑘). To do this, we will have to add to 𝒖௢௣௧(𝑘) the value 
of the global control action FMBPC corresponding to the steady state taken as a reference, 𝒙௦௦; we 
will refer to this control action with the notation 𝒖௦௦ . That is, the mathematical expression that 
specifies how 𝒖ிெ஻௉஼/஼௅௉(𝑘) is calculated is the following: 𝒖ிெ஻௉஼/஼௅௉(𝑘) = 𝒖௢௣௧(𝑘) + 𝒖௦௦ (19)

and replacing 𝒖௢௣௧(𝑘) (equation (18)) and grouping appropriately, we will have: 𝒖ிெ஻௉஼/஼௅௉(𝑘) = ቀ−𝑲𝒙(𝑘) + 𝒄௢௣௧(𝑘)ቁ + 𝒖௦௦                               = (−𝑲𝒙(𝑘) + 𝒖௦௦ ) + 𝒄௢௣௧(𝑘)                            = 𝒖௣௥௘ௗ|ிெ஻௉஼(𝑘) + 𝒄௢௣௧(𝑘) 

(20)

where, to arrive at the final expression, it has been taken into account that (−𝑲𝒙(𝑘) + 𝒖௦௦ ) is the 
sum of the following two terms: the first term, −𝑲𝒙(𝑘), is the equivalent form of the incremental 
FMBPC control action corresponding to 𝒙(𝑘) (local incremental state); and the second term, 𝒖௦௦, 
represents the FMBPC (global) action corresponding to the considered steady state, 𝒙௦௦. From the 
meaning of both terms, it can be deduced that their sum is equivalent to the predictive FMBPC 
(global) control action corresponding to the 𝑘-𝑡ℎ absolute (non-incremental) state 𝒙(𝑘) + 𝒙௦௦, which 
we had already referred to in the second paragraph of this subsection, with the notation 𝒖௣௥௘ௗ|ிெ஻௉஼(𝑘). Consequently, the sum of the two terms can be replaced by 𝒖௣௥௘ௗ|ிெ஻௉஼(𝑘), as has 
been done in the last line of equation (20), thus obtaining the final expression corresponding to the 
mixed predictive control action FMBPC/CLP. 

As can be deduced from equation (20), the procedure for determining the mixed predictive 
control action at the 𝑘-𝑡ℎ sampling instant, 𝒖ிெ஻௉஼/஼௅௉(𝑘), will consist of carrying out the following 
sequence: first, the predictive control action FMBPC (global), 𝒖௣௥௘ௗ|ிெ஻௉஼(𝑘), must be calculated; 
then, using the CLP-MPC algorithm, the optimal incremental perturbation 𝒄௢௣௧(𝑘)  must be 
calculated (the objective of which is to ensure compliance with the restrictions imposed on the control 
action); and finally, both values must be added. In the simulation experiments carried out for the 
occasion of this article, the expression used to calculate the mixed predictive control action (at each 𝑘-𝑡ℎ sampling period) is precisely the one given by equation (20). 

The sequence of calculations leading to the implementation of the FMBPC/CLP strategy, 
described in this subsection, can be seen schematically in Figure 2 of this article, where the variable 𝑦⃗ represents the set of the controlled variables, grouped vectorially, and the variables 𝑑ଵ and 𝑑ଶ 
refer to the considered plant input disturbances. The implementation procedure of this strategy can 
also be seen in algorithmic form in [27]. 

Regarding the FMBPC/CLP strategy described, it seems appropriate to also include in this 
subsection a brief assessment (without going into detail, as this would exceed both the scope and the 
main objectives of this article) of two important aspects from an analytical point of view: the stability 
analysis of the strategy and its linear or nonlinear nature (see [26,27]). Regarding the former, and in 
relation to the stability of the base FMBPC strategy, an extensive study demonstrating its local 
stability is presented in [26]. And regarding the stability of the complementary CLP-MPC strategy, 
in [42] states that the CLP-MPC algorithm will lead to the stability of the controlled system in 
closed-loop if the base control law is stabilizing in closed-loop (as is the case with the standard state 
feedback law of the type −𝑲𝒙(𝑘), which is the one used). Regarding the second point, the following 
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two considerations must be made: first, that the basic FMBPC strategy is clearly nonlinear, and 
second, that although a linear (incremental) model is used to determine the complementary control 
action CLP-MPC in each sampling period, this model depends on the 𝑘-𝑡ℎ sampling instant, that is, 
it is different for each period, and must be updated in each iteration.Therefore, in conclusion, we can 
consider the described strategy as, globally, nonlinear. 

 

Figure 2. FMBPC/CLP mixed strategy: implementation scheme. 

3.4. Integration of the FMBPC/CLP Strategy in the Control System of the BSM1 Benchmark 

Keeping the same basic control objectives as those of the default control configuration of the 
BSM1 benchmark (Figure 1), that is, the reduction of organic pollution of wastewater, as well as the 
simultaneous removal of nitrogen, an alternative control configuration is proposed, with some 
differences with respect to the classical configuration. The main difference has to do with the use of 
a controller different from the traditional PID (in one of the control loops), specifically a FMBPC/CLP 
type controller, which is essentially, as we already know, a combination of two different predictive 
controllers, namely: a FMBPC controller, that is, a predictive controller based on a certain (internal) 
fuzzy model of the plant (which must have been previously defined and obtained, through fuzzy 
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identification, from numerical input-output data of said plant), and a CLP-MPC type controller, that 
is, a closed-loop predictive controller. In relation to the control loops and the controlled variables, the 
alternative configuration keeps unchanged the control loop for the dissolved oxygen in the fifth tank 
of the reactor, based on a PI controller, but, nevertheless, replaces the PI control loop for nitrate (in 
the second anoxic tank) by a multivariable control loop of FMBPC/CLP type, whose objective is to 
control, not only the nitrate in the second tank, but also, simultaneously, the ammonia in the fifth 
tank. As for the manipulated variables, the alternative configuration uses the same two variables as 
the default configuration, as follows: the oxygen transfer coefficient, to control (using a PI controller) 
the dissolved oxygen concentration in the fifth compartment of the reactor, and the internal recycle 
flow rate, to simultaneously control (using a FMBPC/CLP controller) the concentrations of both 
nitrate in the second tank and ammonia in the fifth. The alternative control configuration proposed 
for the BSM1 benchmark is shown in full in Figure 3. 

 

Figure 3. Alternative control configuration for the BSM1 benchmark: variables SNO,2 and SNH,5 controlled by the 
FMBPC/CLP multivariable strategy and variable SO,5 controlled by a PI controller. 

The structure of the alternative control configuration proposed for the BSM1 benchmark implies 
a certain increase in complexity with respect to the default control configuration. Consequently, it 
seems appropriate to clarify and expand the information contained in Figure 3. To do so, we will 
include the following in this subsection: firstly, a table (Table 1) where the different variables involved 
in each of the two control loops of the alternative control configuration are detailed in an orderly and 
structured manner, as well as the role of each of these variables; and secondly, a sufficiently detailed 
description of each of the two control loops. 
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Table 1. Alternative control configuration for the BSM1 benchmark: control loops. 

Control loop  

-controlled variables- 

(reactor unit no.) 

Control  

algorithm 

Input variables to 

the controller 

Control 

variables 

Manipulated 

variables 

Oxygen Control Loop 

SO,5 (5th unit) 
PI 

SO,5 (measure) 
PI output KLa5 

SO,5,ref 

Nitrate and Ammonia 

Control Loop 

SNO,2 (2nd unit) 

y 

SNH,5 (5th unit) 

FMBPC/CLP 

SNO,2 (measure) 

𝒖ிெ஻௉஼/஼௅௉  Qint 

SNH,5 (measure) 

SNO,2 (S.P. / Ref.Traj.) 

SNH,5 (S.P. / Ref.Traj.) 

d1 ≡ Qi 

d2 ≡ SS(i) 

where: 
Oxygen Control Loop 
SO,5 : dissolved oxygen concentration in the fifth reactor unit 
SO,5 (measure) : measured value of SO,5 

SO,5,ref : reference value (set point) of SO,5 
PI output : control variable calculated by the PI algorithm 
KLa5 : oxygen transfer coefficient (fifth reactor unit) 
Nitrate and Ammonia Control Loop 
SNO,2 : nitrates and nitrites concentration in the second reactor unit 
SNO,2 (measure) : measured value of SNO,2 
SNO,2 (S.P./Ref.Traj.) : reference value (set point), and reference trajectory, of SNO,2 
SNH,5 : ammonia concentration in the fifth reactor unit 
SNH,5 (measure) : measured value of SNH,5 
SNH,5 (S.P./Ref.Traj.) : reference value (set point), and reference trajectory, of SNH,5 
d1, d2 : plant input disturbances; in this work, d1 ≡ Qi (influent flow rate) y d2 ≡ SS(i) (concentration of 
easily biodegradable substrate in the influent) 𝒖ிெ஻௉஼/஼௅௉ : control variable calculated by the FMBPC/CLP algorithm 
Qint : internal recycle flow rate (originating from the fifth reactor unit)47252525 

Regarding the control loop for the dissolved oxygen concentration in the fifth tank of the reactor 
(variable SO,5), It should be noted (as already indicated at the beginning of this subsection) that this 
loop has remained unchanged with respect to the original configuration of the BSM1 benchmark. The 
control action is determined by a PI controller which has two inputs and one output. The inputs are 
the following: the measured value of the dissolved oxygen concentration in the fifth reactor unit (SO,5 

(measure)) and the reference value (set point) of that same variable (SO,5,ref). As for the output, it is about 
the control variable calculated using the PI algorithm, which will influence, through a valve placed 
after the controller, in the oxygen transfer coefficient of the fifth reactor unit (KLa5), which is the 
manipulated variable of this loop. 

And as for the second control loop, it is necessary to clarify, first of all, that it is a multivariable 
loop, whose objective is to control the nitrate concentration in the second tank (variable SNO,2) and, 
simultaneously, that of ammonia in the fifth (variable SNH,5). And, secondly, it should also be noted 
that this loop is based on a FMBPC/CLP type controller, with six inputs and one output. The six 
inputs are as follows: on the one hand, the measurements of the two controlled variables (SNO,2 (measure) 

and SNH,5 (measure), both given in g·m-3); on the other hand, the reference values (set point) of these two 
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same variables, together with their corresponding reference trajectories (SNO,2 (S.P./Ref.Traj.), for nitrate, 
and SNH,5 (S.P./Ref.Traj.), for ammonia); and, finally, two variables whose role is that of plant input 
disturbances, selected from the variables that define the influent dynamics (d1 y d2). In the 
implementation, through simulation (Simulink® environment), of the alternative control 
configuration for the BSM1 benchmark, these two variables are obtained by means of a disturbances 
selector block that has as inputs the measurements of all the variables associated with the influent 
and as outputs, only the measurements of the two selected variables (Figure 3). In the present work, 
the disturbances chosen were the following two: the influent flow rate (d1 ≡ Qi, given in m3·d-1) and 
the concentration of readily biodegradable substrate in the influent (d2 ≡ SS(i), given indirectly in g  
COD·m-3, where the acronyms COD stands for Chemical Oxygen Demand). Finally, regarding the only 
output of this second loop, it must be said that it is the control variable calculated by the FMBPC/CLP 
algorithm (𝒖𝐹𝑀𝐵𝑃𝐶/𝐶𝐿𝑃), which is sent to a flow control valve, whose mission is to regulate the internal 
recirculation flow (Qint, given in m3·d-1), which is the manipulated variable corresponding to this loop. 

To conclude this subsection, we will refer to the sensors and actuators used in the alternative 
control configuration. Regarding the sensors, for the variables SO,5 and SNO,2 the same types of sensors 
were used as those considered in the default control configuration (class A and class BO sensors, 
respectively). For variable SNH,5, however, we decided to consider an ideal sensor (no noise, no delay) 
in this first attempt at implementing our strategy in the BSM1 benchmark. Regarding the actuators 
of the two control loops described above (valves, in both cases), it should be noted that, just as in the 
default configuration, in the alternative configuration were also considered ideal actuators. In 
practice, in a simulation context (in our case, Simulink®), this is achieved by choosing actuators 
whose transfer function is such that variations in the manipulated variable are almost a direct 
translation of variations in the control variable. 

4. Fuzzy Identification of WWTP Represented by the BSM1 Benchmark 

As already mentioned, the predictive control strategy considered in this article (FMBPC/CLP) 
uses a fuzzy model of the plant, formalized in state space, as its base prediction model. The fuzzy 
model is obtained by fuzzy identification, using input-output numerical data series from the plant to 
be identified, in open-loop configuration. These numerical data, which implicitly contain objective 
information on the plant dynamics, are obtained, in our case, by performing simulation experiments 
consisting of applying appropriate input signals to the plant and then measuring the appropriate 
outputs, depending on the model to be identified [25]. 

The simulations for obtaining the input-output data of the plant to be identified (the plant 
represented by the BSM1 benchmark) were carried out in the Matlab® & Simulink® environment 
and the fuzzy identification was carried out with the help of the software tool called Fuzzy Modeling 
and Identification Toolbox (FMID) [53], which was developed by its authors as a support for the 
development and implementation of certain theories and techniques of fuzzy modelling and 
identification [54]. Within the framework of our particular software development, the FMID tool was 
partially adapted to cover certain calculation objectives (necessary for our line of research). Through 
the use of this toolbox, which uses clustering mathematical methods based on the algorithm of 
Gustafson-Kessel [55], it is possible to extract fuzzy models of Takagi-Sugeno type [38] from 
input-output numerical data of a given plant. The toolbox supports the selection of various 
parameters, including those that define the dynamic structure of the (recursive) model to be inferred. 
The choice of such parameters should be made at the initial stage of the identification process, as a 
hypothesis, before expressly using the available input-output numerical data. This prior 
parameterization may be a consequence of some type of prior knowledge or simply obey 
experimental approaches. 

We will describe below (in the successive subsections of this section) the different phases of the 
identification process carried out: first, the selection of the base model representative of the plant, 
with regard to its input-output structure; then, the procedure for obtaining the necessary 
input-output numerical data; and, finally, the identification procedure itself. 
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4.1. Representative Base Model of the Plant: Input-Output Structure 

The plant we want to identify is the wastewater treatment plant represented by the BSM1 
benchmark. However, it’s important to clarify that both the control loop for the dissolved oxygen 
concentration in the fifth tank (equipped with a PI controller), and the actuator needed to regulate 
the internal recirculation flow rate (a flow control valve), have been considered included in the BSM1 
plant. 

Once the plant has been defined, it is necessary to define the input-output structure of the model 
that we want to represent the plant, something that is crucial in the framework of any model-based 
predictive control strategy. The input-output structure chosen for the base model is shown in Figure 
4, where it can be seen that it is a model with three inputs (two disturbances and one control variable) 
and two outputs (the two variables we want to control). 

 

Figure 4. BSM1 plant model (open loop). 

The input variables with a role of disturbances in the model in Figure 4, generically named d1 
and d2, are, respectively, Qi (influent flow rate at the plant inlet) and SS(i) (concentration of easily 
biodegradable substrate in the influent). Both are part of a broader set of physicochemical and 
biological variables that characterize the influent [28,49] and whose values, called influent data, will 
influence the evolution of the biological purification process. Equation (21) shows a list with the 14 
variables mentioned (expressed with the standard notation), where the two variables chosen as input 
disturbances of our model, SS(i) (in the list, SS) and Qi (in the list, Q0), appear in the 2nd and 14th 
positions, respectively (going through the list from left to right). Likewise, Table 2 specifies the 
description of each of these 14 variables (13 of which, the first 13, coincide with the state variables of 
the model that describes the purification process that takes place in the biological reactor, that is, the 
ASM1 model [51]). 𝑆ூ , 𝑆ௌ,𝑋ூ ,𝑋ௌ,𝑋஻,ு,𝑋஻,஺,𝑋௉, 𝑆ை , 𝑆ேை , 𝑆ேு, 𝑆ே஽,𝑋ே஽, 𝑆஺௅௄ ,𝑄଴ (21)

Table 2. List of variables characteristic of the influent (influent data). 

Variables Description 𝑆ூ Soluble inert organic matter 𝑆ௌ ≡ 𝑆ௌ(௜) Readily biodegradable substrate 𝑋ூ Particulate inert organic matter 𝑋ௌ Slowly biodegradable substrate 𝑋஻,ு Active heterotrophic biomass 𝑋஻,஺ Active autotrophic biomass 𝑋௉ Particulate products arising from biomass 𝑆ை Oxygen 𝑆ேை Nitrate and nitrite nitrogen 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 19 November 2025 doi:10.20944/preprints202511.1457.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202511.1457.v1
http://creativecommons.org/licenses/by/4.0/


 21 of 46 

 

𝑆ேு NH4+ + NH3 nitrogen 𝑆ே஽ Soluble biodegradable organic nitrogen 𝑋ே஽ Particulate biodegradable organic nitrogen 𝑆஺௅௄ Alkalinity 𝑄଴ ≡ 𝑄௜ Influent flow rate 

All the variables detailed in Table 2 share the role of plant input disturbances, but only two of 
them were taken into account in the base model chosen for the predictions. If all of them were taken 
into account, the complexity of all the procedures (numerical, computational, and software) involved 
in implementing the FMBPC/CLP strategy (including the previous identification procedure) would 
greatly increase. Disturbances not considered have not been shown in Figure 4 to avoid possible 
misinterpretations regarding the model to be identified. By choosing only two of the disturbances, 
the model considered is in reality a simplified model (and therefore improvable). However, using a 
simplified model can have some important advantages over using a more comprehensive model, 
such as the following: greater ease for model description and analysis, greater probability of 
successful identification (due to the reduction in the mathematical complexity of the problem) and 
greater ease of implementation and use of the identified model (within the FMBPC/CLP strategy). In 
short, a less comprehensive, but possibly more useful, model. 

In relation to the chosen disturbances, Qi, and SS(i), it should be noted that, although these 
variables have a certain relevance in the evolution of the purification process, given their relationship 
with the greater or lesser ease of the treatment plant to reduce the contamination of the wastewater, 
however, other different disturbances could have been selected, or even the number of disturbances 
taken into account could have been increased. Finally, also in relation to the input disturbances and 
their treatment, it is necessary to clarify that, in the procedure for obtaining (through simulation) the 
input-output data necessary for the plant identification (next subsection), the disturbances Qi and SS(i) 
must be assigned variable values over time, while the rest of the disturbances must be constants, each 
one with a specific and appropriate value. This will have to be different, however, in the 
implementation of the control experiments of the BSM1 benchmark (also to be carried out by 
simulation), in which all disturbances have to be variable over time. 

As regards the only input with the role of control variable in the model in Figure 4 (the third 
input), represented by the generic notation u, it must be said that it is the variable that determines, 
through the use of an appropriate actuator (a valve), the internal recirculation flow rate, Qint, which 
is one of the variables capable of influencing the dynamics of the BSM1 plant and which is, 
specifically, the flow rate of the liquid that, coming from the fifth reactor unit, is sent to the first unit, 
with the mission of providing nitrates and nitrites (SNO) to the denitrification subprocess (as already 
explained in subsection 2.2). Considering the function it performs, the variable u has also been 
represented in Figure 4 with the notation Qint-control, associating it with the variable Qint. In the 
alternative control configuration proposed for the BSM1 benchmark (see the Figure 3 and the Table 
1), the manipulated variable chosen is precisely the variable Qint and the control variable that 
determines its value is calculated by the fuzzy predictive controller FMBPC/CLP. It should be noted 
that the notation used in Figure 3 for this variable is not Qint-control (as in Figure 4), but 𝒖ிெ஻௉஼/஼௅௉ 
(see the output of the FMBPC/CLP block), with the intention of relating it to the algorithm that 
performs the calculation. 

The relationship between the variables Qint-control (control variable) and Qint (manipulated variable) 
depends on the characteristics of the actuator (i.e., of the valve). In the version of the BSM1 benchmark 
used in the simulation experiments carried out, the actuator is considered ideal, with a transfer 
function such that its input and output are almost identical. Therefore, in our case, the control variable 
and the manipulated variable can be considered equivalent variables. In the case where the actuator 
of the simulation model is not ideal, or in the case of real experiments, these variables would be 
different (typically, the controller output could be an electrical signal with a current intensity between 
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4 and 20 mA, or a voltage between 0 and 10 V, while the manipulated variable, which is a flow rate, 
would be measured in other units and could vary over a wide range, for example, between 0 and 
(5*104 ) m3·d-1). 

Finally, the output variables considered in the model in Figure 4, generically denoted as y1 and 
y2, are, respectively, the Nitrate concentration in the second reactor unit, SNO,2, and the Ammonia 
concentration in the fifth reactor unit, SNH,5. These are two quite relevant variables with regard to 
wastewater quality, since both are directly related to the presence of nitrogen in the water, an 
important nutrient that favors the growth of algae and other plants, some of which can be harmful to 
aquatic ecosystems. Therefore, it seems logical to choose these variables as model outputs and as 
variables that must be controlled by the WWTP control system, seeking to minimize their 
concentration in the biological reactor as much as possible, with the ultimate objective of reducing 
the amount of nitrogen present in the effluent, that is, in the water discharged into the river. 

4.2. Obtaining Numerical Input-Output Data from the BSM1 Plant in Open Loop 

Obtaining input-output numerical data from a plant requires conducting experiments with that 
plant, assigning variable values over time to the inputs and simultaneously measuring and recording 
the values obtained for the outputs. When data collection is aimed at plant identification, it is essential 
to design the experiments appropriately, following some type of criterion or criteria. In general, it 
seems logical to use typical values for the inputs, within a sufficiently wide range and with a uniform 
distribution of values. If the plant is real, the data collection experiments must be conducted with the 
actual plant itself, logically. But in our case, since the aim is to identify the WWTP plant represented 
in the BSM1 benchmark, which is itself a model, the experiments must be conducted in simulation. 
In such experiments, the inputs to which appropriate values must be assigned over time, as well as 
the outputs to be measured, must be, respectively, those of the model represented in Figure 4, since 
that is the model we want to identify. We will describe below the criteria taken into account and the 
procedure carried out for the generation of appropriate numerical values for the inputs of the BSM1 
benchmark, with the ultimate objective of obtaining input-output data from the plant, useful for its 
identification. 

For the input variables Qi and SS(i) (the two disturbances considered), typical data sequences of 
influent dynamics were used, with time-varying values corresponding to two weeks. These data are 
available for three different climatic conditions (dry weather, rainy weather, and stormy weather) in 
separate files distributed with the software implementations corresponding to the BSM1 benchmark 
(whose reference links were specified in the introduction of section 2 of this article). In order to 
simplify the magnitude of the study, only one of the three types of climatic weather, rainy weather, 
was chosen for the experiments (although any of the other climatic regimes, or well all of them, could 
also have been considered; the latter option would be more complete and, at the same time, richer in 
information for identification, considering that there is a certain association between the different 
climatic regimes and temperature). 

For the rest of the disturbances, the other 12 variables that characterize the influent (Table 2), 
constant values must be assigned throughout the time interval considered (a specific value for each 
of them), since the objective of the identification is to obtain a model that represents the correlation 
existing between the three input variables and the two output variables of the model represented in 
Figure 4, in which those 12 variables do not appear as inputs (the input variables of the model in 
Figure 4 are only 3, the disturbances Qi and SS(i), only those two, plus the control variable Qint-control; as 
for the output variables, they are 2, SNO,2 and SNH,5). The constant values assigned to these 12 variables 
were obtained from another file (different from those mentioned above) also distributed with the 
software implementations of the BSM1 benchmark, which contains standard average values of the 
variables that characterize the influent (for the inlet flow rate to the treatment plant, the average value 
in dry weather, and for the concentrations of the rest of the variables, the average values weighted 
by flow rate). These are the same values that must be used, as average load values, to carry out the 
100-day initialization simulation described in the original documentation of the BSM1 benchmark 
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[28], the objective of which is to reach a certain stationary state, prior to carrying out any test with the 
benchmark. 

Finally, to complete the description of the procedure and the criteria followed for choosing 
appropriate numerical values for the BSM1 benchmark inputs, it is necessary to address the case of 
the third input variable, the variable u ≡ Qint-control, which must also be assigned variable values over 
time (as are to the input variables Qi and SS(i)). The values of this variable could, theoretically, be 
random (within certain hypothetically appropriate ranges), but considering that this variable plays 
the role of a control variable, an alternative supervised approach was chosen, consisting of using 
records of typical control actions, calculated using a standard controller, within the framework of 
previously performed BSM1 benchmark control experiments. Specifically, were carried out control 
experiments of the BSM1 benchmark (in simulation), with the standard control configuration, in 
which the control variable of the loop corresponding to SNO,2 (Nitrate concentration in the second 
reactor unit) is calculated by a classical PI controller (Figure 1). In such experiments, in which 14 days 
were simulated, the values of the control variable calculated by the PI controller were measured and 
recorded (with both the time interval and the sampling period being the same as those corresponding 
to the sequences of values of the other two input variables of the model, Qi and SS(i)). 

Figure 5 shows the architecture of the simulation model implemented in Simulink® to obtain 
the input-output data of the BSM1 benchmark (according to the procedure described). In this figure, 
we can clearly distinguish, on the one hand, the blocks whose mission is to provide the appropriate 
input values and, on the other, the output variables of interest in our case study. The first block, called 
Influent Dynamics, provides typical values for the variables that characterize the influent, with the 
particularity that they must all be constant over time, except for Qi and SS(i). The second block, called 
Selected values for u(t) input variable, provides values for the input variable u(t) ≡ Qint-control, previously 
obtained and recorded as explained above. The output variables, SNO,2 (Nitrate concentration in the 
second reactor unit) and SNH,5 (Ammonia concentration in the fifth reactor unit), must be measured 
and recorded, at the sampling times, during the experiments with the model in Figure 5 (to be 
performed in simulation). If both the input and output values are grouped into a matrix in a 
convenient manner, we will have the input-output data matrix sought. 

The input-output data set obtained with the model in Figure 5 will depend on the values used 
for the variable u ≡ Qint-control. If we used different series of values, different input-output data sets 
would be obtained and, consequently, after carrying out the identification procedure described in the 
following subsection, we would have different fuzzy models representative of the plant. The 
available values of u ≡ Qint-control could vary, either due to some modification of the procedure or the 
criteria for generating such values, or due to the modification of some parameter or parameters in the 
experiments performed to obtain such values. For example, in the case of the adopted procedure, 
modifying the parameters of the PI control algorithm (in the previous closed-loop control 
experiments) would provide different data series for the variable u ≡ Qint-control. 

Of the different sets of values obtained in the various tests carried out to obtain input-output 
data for the BSM1 benchmark (using the open-loop configuration shown in Figure 5), one was 
selected for the subsequent identification of the representative fuzzy model for the BSM1 benchmark 
(subsection 4.3). The graphical representation of such data is shown in two separate figures: Figure 6 
represents the sampling values corresponding to the three input variables, and Figure 7 shows the 
sampling values corresponding to the two output variables. With regard to Figure 6, it is worth 
making a couple of observations. On the one hand, it is necessary to note that, due to the use of an 
ideal actuator in the BSM1 benchmark to regulate the manipulated variable Qint, we can consider that 
the variables Qint-control and Qint are analogous (as already mentioned at the end of section 3 and in 
subsection 4.1) and consequently, it will be acceptable to assign to Qint-control, in the figure, the units of 
measurement specific of Qint (m3/d). On the other hand, it also seems appropriate to clarify that two 
different ordinate axes have been used (one on each side of the figure), due to the large difference in 
scale between the values of the variables corresponding to the flow rates Qi and Qint-control (of the order 
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of 10x104) and those of the variable representing the concentration of easily biodegradable substrate 
in the influent, SS(i) (of the order of 140). 

 

Figure 5. Open-loop configuration for obtaining input-output data for the BSM1 benchmark. 

 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 19 November 2025 doi:10.20944/preprints202511.1457.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202511.1457.v1
http://creativecommons.org/licenses/by/4.0/


 25 of 46 

 

Figure 6. Numerical input-output data used for identification of fuzzy model: input data. 

 
Figure 7. Numerical input-output data used for identification of fuzzy model: output data. 

4.3. Identification of the Fuzzy Model Using the FMID Software Tool 

As already advanced in the introductory part of this section, the FMID software tool makes it 
possible to deduce a Takagi-Sugeno type fuzzy model of a plant from numerical input-output data. 
This tool allows, in the initial identification stage and by specifying certain parameters, to define both 
the dynamic structure of the model and other characteristics specific to fuzzy modeling. Once the 
model has been identified, the tool will provide the numerical and logical information necessary for 
the description and use of the deduced fuzzy model (fuzzy rules, numerical coefficients, etc.), as well 
as graphical and numerical information on the model’s degree of validity (validation process). By 
carrying out different parameterizations, in different tests, we can obtain different Takagi-Sugeno 
type fuzzy models  candidate to represent the plant (from a single input-output data set) and, after 
determining the degree of validity of each, select the one considered most optimal (based on various 
possible criteria). 

In our case study, the plant to be identified is a multivariable plant, with three inputs (𝑢ଵ(𝑘), 𝑢ଶ(𝑘) , 𝑢ଷ(𝑘) ) and two outputs (𝑦ଵ(𝑘) , 𝑦ଶ(𝑘) ), equivalent to the plant represented in Figure 4 
(subsection 4.1), with each of the variables involved being those specified in Table 3. 

If the plant has several outputs, the FMID tool will provide (in each test) a fuzzy model for each 
of the outputs, i.e., a multivariable fuzzy model. In our case we will have, therefore, a multivariable 
fuzzy model composed of two fuzzy models, one for each of the two outputs. Each of the two fuzzy 
models is given by a certain set of rules if-then, the antecedent of each of these rules being a multiple 
fuzzy conditional expression (formed by simple fuzzy conditional propositions joined by and logical 
operators) and being the consequent a numerical mathematical expression (not fuzzy), of a recursive 
nature, which represents the value of the 𝑖 -th output at the 𝑘 -th time instant: 𝑦௜(𝑘)|௜ୀଵ,ଶ  (if the 
antecedent is true). The structure of the antecedent and the mathematical expression of the 
consequent will depend, respectively, on the composition of the so-called antecedent vector, and 
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consequent vector, which are two vectors that synthesize the dynamic characteristics of the 
Takagi-Sugeno fuzzy models. 

Table 3. Plant input and output variables (BSM1 benchmark). 

Input/Output 
(role) 

Generic 
notation 

Physicochemical 
notation 

Description 

Input 1 of 3 
(disturbance) 𝑢ଵ(𝑘) ≡ 𝑑ଵ 𝑄௜ Influent flow rate at the plant inlet 

Input 2 of 3 
(disturbance) 𝑢ଶ(𝑘) ≡ 𝑑ଶ 𝑆ௌ(௜) Concentration of readily biodegradable substrate in the 

influent 

Input 3 of 3 
(control) 𝑢ଷ(𝑘) ≡ 𝑢 𝑄௜௡௧-௖௢௡௧௥௢௟ Control of internal recirculation flow rate 

Output 1 of 2 𝑦ଵ(𝑘) ≡ 𝑦ଵ 𝑆ேை,ଶ Nitrate concentration in the second reactor unit 

Output 2 of 2 𝑦ଶ(𝑘) ≡ 𝑦ଶ 𝑆ேு,ହ Ammonia concentration in the fifth reactor unit 

The antecedent vector consists of a set of variables that determine, based on their possible fuzzy 
values, different fuzzy submodels. The possible combinations of fuzzy values of the different 
variables of the antecedent vector, also interpretable as subregions of the universe of values of the 
antecedent space, are called clusters. Each fuzzy submodel is represented by a different if-then rule, 
characterized by a different numerical expression for the output. This numerical expression 
constitutes the consequent of each rule and is a linear combination of the variables that make up the 
consequent vector. In the fuzzy identification procedure addressed, both vectors, the antecedent 
vector and the consequent vector coincide (both for the output 𝑦ଵ(𝑘) and for the output 𝑦ଶ(𝑘)). We 
will represent this vector, which we can call the antecedent-consequent vector, with the notation 𝑣௔௖,௜(𝑘)ห௜ୀଵ,ଶ (where the subscript 𝑖 refers to the 𝑖-th output). The composition of the antecedent-
consequent vector of each output determines which variables that output will depend on, as well the 
form in which it will depend on them (in relation to time). This composition must be defined in the 
initial phase of fuzzy identification, as a freely adopted working hypothesis. In the case of the FMID 
toolbox, this specification must be made jointly for all outputs and must be formalized by choosing a 
certain set of numerical parameters grouped into three matrices, represented by the following 
notation: 𝑁௬, 𝑁௨ and 𝑁ௗ. 

Also must be chosen, in the initial identification phase, the values of other parameters which, 
along with the previous ones, determine the characteristics of the model intended to be obtained 
through fuzzy identification. Among these parameters, we highlight the sampling period and the 
number of clusters of each output. In the case of the FMID toolbox, the sampling period is represented 
by the notation 𝑇௦, and the number of clusters of each output, which must be formalized jointly as a 
vector, is represented by 𝑐 . This last parameter is quite significant, since the fuzzy identification 
procedure generates, for each output, a number of if-then rules equal to the number of clusters of that 
output, with each rule being paired with one of the clusters. Each cluster represents, as noted above, 
a local submodel of the global model corresponding to each output. 

We will refer to the five parameters mentioned in the previous paragraphs (𝑐, 𝑁௬, 𝑁௨, 𝑁ௗ y 𝑇௦) 
as structural parameters of the fuzzy identification. The choice of these parameters can be discretionary 
or taking into account data or information obtained from prior knowledge of the plant (if such 
information exists and is available). 

In relation to the specific characteristics of the fuzzy identification process of the plant 
represented in the benchmark BSM1, it is appropriate to first make some general considerations and 
then detail both the structural parameters of the fuzzy identification, as well as the specific composition 
of the antecedent and consequent vectors (derived from the choice of the parameters 𝑁௬, 𝑁௨ and 𝑁ௗ ). In this case, the input-output data used for fuzzy identification with the FMID tool were 
represented graphically (as already indicated in subsection 4.2) in two figures: Figure 6 and Figure 7. 
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Numerous tests were carried out using such data, modifying the values given to the identification 
parameters, obtaining different multivariable fuzzy models of Takagi-Sugeno type. Subsequently, 
and taking into account the information provided by the FMID tool regarding the degree of validity 
of the models obtained (an aspect that will be explained at the end of this subsection), one of them 
was chosen as the base-model (or prediction model) representative of the BSM1 benchmark (within 
the framework of the FMBPC control algorithm). Regarding the criterion considered for the selection, 
in principle, it would be advisable to give preference to the model or models with the highest degree 
of validity. However, as will be concluded at the end of this subsection, in general, achieving a higher 
degree of validity is associated with choosing more complex dynamics, and this will entail higher 
costs in the subsequent implementation of the model and also in performing the calculations 
associated with the execution of the control algorithm. Therefore, it seems more optimal to seek a 
balance between the degree of validity (which must be sufficient) and the structural complexity of 
the model (which must not be excessive). 

In Table 4 are detailed the values of the structural parameters of the fuzzy identification (assigned 
before performing the identification) corresponding to the chosen identified model (also including, 
in the same table, a brief explanation of the meaning of each of the parameters). Likewise, in Table 5 
is specified the composition of the antecedent-consequent vector of each of the two outputs. It can be 
seen that, for the chosen model, the antecedent-consequent vectors of both outputs coincide, that is: 𝒗௔௖,ଵ = 𝒗௔௖,ଶ (also note that the composition of these vectors is consistent with the specific choice of 
the parameters 𝑁௬, 𝑁௨ and 𝑁ௗ shown in Table 4). 

Table 4. Structural parameters of BSM1 benchmark fuzzy identification (chosen configuration). 

Parameter Values Meaning (dynamics of the recursive model) 

𝑐 (4   3) 
𝑦ଵ(𝑘): 4 data clusters  4 rules 𝑦ଶ(𝑘): 3 data clusters  3 rules 

𝑁௬ ቀ1 11 1ቁ 
(Row 1) → 𝑦ଵ(𝑘) depends on: {𝑦ଵ(𝑘 − 1), 𝑦ଶ(𝑘 − 1)} 

(Row 2) → 𝑦ଶ(𝑘) depends on: {𝑦ଵ(𝑘 − 1), 𝑦ଶ(𝑘 − 1)} 

𝑁௨ ቀ1 1 21 1 2ቁ 

(Row 1) → 𝑦ଵ(𝑘) depends on: 

{𝑢ଵ(𝑘 − 1), 𝑢ଶ(𝑘 − 1), 𝑢ଷ(𝑘 − 1), 𝑢ଷ(𝑘 − 2)} 

(Row 2) → 𝑦ଶ(𝑘) depends on: 

{𝑢ଵ(𝑘 − 1), 𝑢ଶ(𝑘 − 1), 𝑢ଷ(𝑘 − 1), 𝑢ଷ(𝑘 − 2)} 

𝑁ௗ ቀ1 1 11 1 1ቁ 

(Row 1) → inputs 𝑢ଵ, 𝑢ଶ, e 𝑢ଷ each have one transport delay with respect to output 𝑦ଵ(𝑘) 

(Row 2) → inputs 𝑢ଵ, 𝑢ଶ, e 𝑢ଷ each have one transport delay with respect to output 𝑦ଶ(𝑘) 𝑇௦ 0.0104 Sample time (days) 

where: 𝑐: number of data clusters (for each output) 𝑁௬: output-output dynamic relationship 𝑁௨: input-output dynamic relationship 𝑁ௗ: input-output transport delays 𝑇௦: sample time (days) 𝑘: 𝑘-ésimo time instant ≡ 𝑘 ∗ 𝑇௦ (days)  𝑢௝(𝑘 − 𝑁): 𝑗-th plant input, at the (𝑘 − 𝑁)-th time instant (𝑁 ∈ ℕ) 𝑦௜(𝑘): 𝑖-th plant output, at the 𝑘-th time instant 
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Table 5. Composition of the antecedent-consequent vector (𝒗௔௖) of each of the two outputs (configuration chosen 
for the identification of the BSM1 benchmark). 

Out 𝒗௔௖ Composition 𝒚ଵ 𝒗௔௖,ଵ {𝑦ଵ(𝑘 − 1), 𝑦ଶ(𝑘 − 1),𝑢ଵ(𝑘 − 1), 𝑢ଶ(𝑘 − 1), 𝑢ଷ(𝑘 − 1), 𝑢ଷ(𝑘 − 2)} 𝒚ଶ 𝒗௔௖,ଶ {𝑦ଵ(𝑘 − 1), 𝑦ଶ(𝑘 − 1),𝑢ଵ(𝑘 − 1), 𝑢ଶ(𝑘 − 1), 𝑢ଷ(𝑘 − 1), 𝑢ଷ(𝑘 − 2)} 

Description of the chosen identified fuzzy model. The chosen multivariable fuzzy model of 
Takagi-Sugeno type consists of two single-variable fuzzy models, one for each output, each 
characterized by a certain set of if-then rules. The rules corresponding to the model of the output 𝑦ଵ(𝑘) = 𝑆ேை,ଶ are shown in Table 6 and those corresponding to the model of the output 𝑦ଶ(𝑘) = 𝑆ேு,ହ 
are shown in Table 7. 

Table 6. Takagi-Sugeno type fuzzy model for the 𝑦ଵ(𝑘) = 𝑆ேை,ଶ output. 

Rule (cluster) Takagi-Sugeno type fuzzy model for 𝒚𝟏(𝒌) 

1 

𝒊𝒇 ൬ 𝑦ଵ(𝑘 − 1) 𝑖𝑠 𝐴ଵଵ 𝑎𝑛𝑑 𝑦ଶ(𝑘 − 1) 𝑖𝑠 𝐴ଵଶ 𝑎𝑛𝑑 𝑢ଵ(𝑘 − 1) 𝑖𝑠 𝐴ଵଷ 𝑎𝑛𝑑 𝑢ଶ(𝑘 − 1) 𝑖𝑠 𝐴ଵସ 𝑎𝑛𝑑 𝑢ଷ(𝑘 − 1) 𝑖𝑠 𝐴ଵହ 𝑎𝑛𝑑 𝑢ଷ(𝑘 − 2) 𝑖𝑠 𝐴ଵ଺ ൰  𝒕𝒉𝒆𝒏 𝑦ଵ(𝑘) = (7.34) ∙ 10ିଵ ∙ 𝑦ଵ(𝑘 − 1) − (1.59) ∙ 10ିଶ ∙ 𝑦ଶ(𝑘 − 1) − −(3.75) ∙ 10ି଺ ∙ 𝑢ଵ(𝑘 − 1) − (5.56) ∙ 10ିସ ∙ 𝑢ଶ(𝑘 − 1) + +(2.45) ∙ 10ି଺ ∙ 𝑢ଷ(𝑘 − 1) − (7.09) ∙ 10ି଻ ∙ 𝑢ଷ(𝑘 − 2) + (4.59) ∙ 10ିଵ 

2 

𝒊𝒇 ൬ 𝑦ଵ(𝑘 − 1) 𝑖𝑠 𝐴ଶଵ 𝑎𝑛𝑑 𝑦ଶ(𝑘 − 1) 𝑖𝑠 𝐴ଶଶ 𝑎𝑛𝑑 𝑢ଵ(𝑘 − 1) 𝑖𝑠 𝐴ଶଷ 𝑎𝑛𝑑 𝑢ଶ(𝑘 − 1) 𝑖𝑠 𝐴ଶସ 𝑎𝑛𝑑 𝑢ଷ(𝑘 − 1) 𝑖𝑠 𝐴ଶହ 𝑎𝑛𝑑 𝑢ଷ(𝑘 − 2) 𝑖𝑠 𝐴ଶ଺ ൰  𝒕𝒉𝒆𝒏 𝑦ଵ(𝑘) = (7.27) ∙ 10ିଵ ∙ 𝑦ଵ(𝑘 − 1) − (1.53) ∙ 10ିଶ ∙ 𝑦ଶ(𝑘 − 1) − −(6.08) ∙ 10ି଺ ∙ 𝑢ଵ(𝑘 − 1) − (2.42) ∙ 10ିଷ ∙ 𝑢ଶ(𝑘 − 1) + +(1.08) ∙ 10ିହ ∙ 𝑢ଷ(𝑘 − 1) + (5.26) ∙ 10ି଻ ∙ 𝑢ଷ(𝑘 − 2) + (3.58) ∙ 10ିଵ 

3 

𝒊𝒇 ൬ 𝑦ଵ(𝑘 − 1) 𝑖𝑠 𝐴ଷଵ 𝑎𝑛𝑑 𝑦ଶ(𝑘 − 1) 𝑖𝑠 𝐴ଷଶ 𝑎𝑛𝑑 𝑢ଵ(𝑘 − 1) 𝑖𝑠 𝐴ଷଷ 𝑎𝑛𝑑 𝑢ଶ(𝑘 − 1) 𝑖𝑠 𝐴ଷସ 𝑎𝑛𝑑 𝑢ଷ(𝑘 − 1) 𝑖𝑠 𝐴ଷହ 𝑎𝑛𝑑 𝑢ଷ(𝑘 − 2) 𝑖𝑠 𝐴ଷ଺ ൰  𝒕𝒉𝒆𝒏 𝑦ଵ(𝑘) = (8.49) ∙ 10ିଵ ∙ 𝑦ଵ(𝑘 − 1) − (4.84) ∙ 10ିଶ ∙ 𝑦ଶ(𝑘 − 1) − −(1.35) ∙ 10ିହ ∙ 𝑢ଵ(𝑘 − 1) − (3.20) ∙ 10ିଷ ∙ 𝑢ଶ(𝑘 − 1) + +(2.22) ∙ 10ିହ ∙ 𝑢ଷ(𝑘 − 1) + (3.63) ∙ 10ି଺ ∙ 𝑢ଷ(𝑘 − 2) + (2.76) ∙ 10ିଵ 

4 

𝒊𝒇 ൬ 𝑦ଵ(𝑘 − 1) 𝑖𝑠 𝐴ସଵ 𝑎𝑛𝑑 𝑦ଶ(𝑘 − 1) 𝑖𝑠 𝐴ସଶ 𝑎𝑛𝑑 𝑢ଵ(𝑘 − 1) 𝑖𝑠 𝐴ସଷ 𝑎𝑛𝑑 𝑢ଶ(𝑘 − 1) 𝑖𝑠 𝐴ସସ 𝑎𝑛𝑑 𝑢ଷ(𝑘 − 1) 𝑖𝑠 𝐴ସହ 𝑎𝑛𝑑 𝑢ଷ(𝑘 − 2) 𝑖𝑠 𝐴ସ଺ ൰  𝒕𝒉𝒆𝒏 𝑦ଵ(𝑘) = (8.20) ∙ 10ିଵ ∙ 𝑦ଵ(𝑘 − 1) − (5.38) ∙ 10ିଶ ∙ 𝑦ଶ(𝑘 − 1) − −(1.41) ∙ 10ିହ ∙ 𝑢ଵ(𝑘 − 1) − (2.12) ∙ 10ିଷ ∙ 𝑢ଶ(𝑘 − 1) + +(1.67) ∙ 10ିହ ∙ 𝑢ଷ(𝑘 − 1) − (2.05) ∙ 10ି଺ ∙ 𝑢ଷ(𝑘 − 2) + (5.45) ∙ 10ିଵ 

where: 𝐴௝௜ (𝑖 = 1, … , 6): fuzzy set (or fuzzy value) associated with the 𝑖-th component of the antecedent 
vector, for the 𝑗-th  rule ( 𝑗 = 1, … ,4 ), characterized by a certain membership function, 𝜇஺ೕ೔ 
(𝜇஺ೕ೔:ℝ → [0, 1]). 
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Table 7. Takagi-Sugeno type fuzzy model for the 𝑦ଶ(𝑘) = 𝑆ேு,ହ output. 

Rule (cluster) Takagi-Sugeno type fuzzy model for 𝒚𝟐(𝒌) 

1 

𝒊𝒇 ൬ 𝑦ଵ(𝑘 − 1) 𝑖𝑠 𝐴ଵଵ∗  𝑎𝑛𝑑 𝑦ଶ(𝑘 − 1) 𝑖𝑠 𝐴ଵଶ∗  𝑎𝑛𝑑 𝑢ଵ(𝑘 − 1) 𝑖𝑠 𝐴ଵଷ∗  𝑎𝑛𝑑 𝑢ଶ(𝑘 − 1) 𝑖𝑠 𝐴ଵସ∗  𝑎𝑛𝑑 𝑢ଷ(𝑘 − 1) 𝑖𝑠 𝐴ଵହ∗  𝑎𝑛𝑑 𝑢ଷ(𝑘 − 2) 𝑖𝑠 𝐴ଵ଺∗  ൰  𝒕𝒉𝒆𝒏 𝑦ଶ(𝑘) = −(2.51) ∙ 10ିଵ ∙ 𝑦ଵ(𝑘 − 1) + (9.75) ∙ 10ିଵ ∙ 𝑦ଶ(𝑘 − 1) + +(5.59) ∙ 10ି଺ ∙ 𝑢ଵ(𝑘 − 1) + (2.25) ∙ 10ିଷ ∙ 𝑢ଶ(𝑘 − 1) + +(3.93) ∙ 10ି଺ ∙ 𝑢ଷ(𝑘 − 1) − ( 4.09) ∙ 10ି଺ ∙ 𝑢ଷ(𝑘 − 2) + (3.97) ∙ 10ିଵ 

2 

𝒊𝒇 ൬ 𝑦ଵ(𝑘 − 1) 𝑖𝑠 𝐴ଶଵ∗  𝑎𝑛𝑑 𝑦ଶ(𝑘 − 1) 𝑖𝑠 𝐴ଶଶ∗  𝑎𝑛𝑑 𝑢ଵ(𝑘 − 1) 𝑖𝑠 𝐴ଶଷ∗  𝑎𝑛𝑑 𝑢ଶ(𝑘 − 1) 𝑖𝑠 𝐴ଶସ∗  𝑎𝑛𝑑 𝑢ଷ(𝑘 − 1) 𝑖𝑠 𝐴ଶହ∗  𝑎𝑛𝑑 𝑢ଷ(𝑘 − 2) 𝑖𝑠 𝐴ଶ଺∗  ൰  𝒕𝒉𝒆𝒏 𝑦ଶ(𝑘) = −(1.76) ∙ 10ିଵ ∙ 𝑦ଵ(𝑘 − 1) + (9.43) ∙ 10ିଵ ∙ 𝑦ଶ(𝑘 − 1) + +(4.78) ∙ 10ିହ ∙ 𝑢ଵ(𝑘 − 1) + (1.90) ∙ 10ିଷ ∙ 𝑢ଶ(𝑘 − 1) + +(4.75) ∙ 10ି଺ ∙ 𝑢ଷ(𝑘 − 1) − (3.58) ∙ 10ି଺ ∙ 𝑢ଷ(𝑘 − 2) − (5.89) ∙ 10ିଵ 

3 

𝒊𝒇 ൬ 𝑦ଵ(𝑘 − 1) 𝑖𝑠 𝐴ଷଵ∗  𝑎𝑛𝑑 𝑦ଶ(𝑘 − 1) 𝑖𝑠 𝐴ଷଶ∗  𝑎𝑛𝑑 𝑢ଵ(𝑘 − 1) 𝑖𝑠 𝐴ଷଷ∗  𝑎𝑛𝑑 𝑢ଶ(𝑘 − 1) 𝑖𝑠 𝐴ଷସ∗  𝑎𝑛𝑑 𝑢ଷ(𝑘 − 1) 𝑖𝑠 𝐴ଷହ∗  𝑎𝑛𝑑 𝑢ଷ(𝑘 − 2) 𝑖𝑠 𝐴ଷ଺∗  ൰  𝒕𝒉𝒆𝒏 𝑦ଶ(𝑘) = −(1.16) ∙ 10ିଵ ∙ 𝑦ଵ(𝑘 − 1) + (9.71) ∙ 10ିଵ ∙ 𝑦ଶ(𝑘 − 1) + +(1.43) ∙ 10ିହ ∙ 𝑢ଵ(𝑘 − 1) + (1.73) ∙ 10ିଷ ∙ 𝑢ଶ(𝑘 − 1) + +(7.98) ∙ 10ି଺ ∙ 𝑢ଷ(𝑘 − 1) − (3.07) ∙ 10ି଺ ∙ 𝑢ଷ(𝑘 − 2) − (2.99) ∙ 10ିଵ 
where: A୨୧∗  (i = 1, … , 6): fuzzy set (or fuzzy value) associated with the i-th component of the antecedent vector, for the j-th rule (j = 1, … ,3), characterized by a certain membership function, μ୅ౠ౟∗  (μ୅ౠ౟∗ :ℝ → [0, 1]). 

To complete the description of the selected multivariable fuzzy model, as well as to be able to 
use it as a base-model (in the implementation of the FMBPC control algorithm), it would be necessary 
to know, in addition, the membership functions of each of the fuzzy sets involved in the antecedents of 
the specified rules (sets 𝐴௝௜  y 𝐴௝௜∗  ). The FMID toolbox returns (after identification) appropriate 
numerical information, in parametric form, on the membership functions of the different fuzzy sets. 
By properly handling the available information, it is possible to represent the membership functions 
graphically, as well as to use them numerically where and when necessary. However, detailing all 
this information here is beyond the scope of this article (see [25]). 

Validation of identified fuzzy models. The models obtained through identification (fuzzy 
identification, in our case) must be validated. As indicated above, the FMID tool provides information 
related to the validation of identified models. The toolʹs software includes the complementary code 
necessary to automatically generate, after identifying a model, numerical and graphical information 
suitable for assessing the modelʹs validity (both quantitatively and qualitatively). 

In this final part of section 4.3, we will show the information provided by the toolbox regarding 
the validation of the model chosen as the base-model and also, for comparison purposes, the 
information corresponding to the validation of a second model, with more complex dynamics than 
that of the base-model. For each model, the toolbox returns a double graphical representation for each 
output (two in our case), each of which simultaneously shows two different temporal evolutions of 
that output, namely: that corresponding to the fuzzy model, on the one hand, and that corresponding 
to the plant, on the other. The objective of this arrangement is, logically, to be able to compare both. 
The values of the outputs shown in the graphs are those obtained by assigning to the inputs the values 
included in the input-output data set considered and provided to the toolbox (for the time interval 
between days 7 and 14). 

The graphical information described, regarding models validation, is complemented by other 
relevant information,  of numerical type, corresponding to the so-called VAF1  indices (of each 

 
1 VAF: percentile Variance Accounted For between two signals 
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output), calculated by the FMID tool and that we have inserted into the graphical representations. 
These indices, which are a kind of overall numerical measure of the degree of validity of each model 
(for each output), are commonly used for numerical validation in identification procedures. 

The information relating to the validation of the model chosen as the base-model, provided by 
the FMID toolbox, is shown in Figure 8 (in the format described above). 

 

Figure 8. Validation of the chosen fuzzy base-model (includes VAF indices). 

The selected model for comparison with the base-model has more complex dynamics, as can be 
seen in Table 8, which shows the structural parameters of the fuzzy identification, corresponding to this 
second model, established before identification. Regarding its validation, Figure 9 shows the 
information provided by the FMID toolbox after identification. 

Table 8. Structural parameters of the fuzzy identification of a second model (with more complex dynamics). 

Parameter 𝑐 𝑁௬ 𝑁௨ 𝑁ௗ 𝑇௦ 
Values (4   3)   ቀ1 11 1ቁ  ቀ3 2 33 1 2ቁ   ቀ1 1 11 1 1ቁ 0.0104 
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Figure 9. Validation of the second fuzzy model (includes VAF indices). 

Comparing the two figures showing the validity of the considered models (Figure 8 and Figure 
9), we can deduce the following: as regards output 𝑆ேை,ଶ, the validity of the second model is higher 
than that of the base-model (the VAF index of that output increases from 63.28 for the base-model to 
72.35 for the second model); and as regards the other output, output 𝑆ேு,ହ , the validity of both 
models is very similar and quite high (the VAF index of this second output is 97.90 for the base-model 
and 97.74 for the second model). It would therefore be possible to think, in principle, to adopt the 
second model as the new base-model for the FMBPC/CLP algorithm. However, the increased validity 
of the second model (for one of the inputs) comes at the cost of increasing the complexity of its 
dynamics, as can be deduced from a comparison of the identification parameter 𝑁௨ (of matrix-type) 
corresponding to both models (the number of delayed inputs is greater in the case of the second 
model than in of the first). That is, we can conclude (supported by a broader comparative study, not 
included here) that, in general, achieving a higher degree of validity will require the model to have a 
more complex dynamic structure. And this will also lead to an increase in the complexity of the 
software development required for the implementation of both the model and the FMBPC/CLP 
control algorithm itself. Therefore, as we reasoned previously, a logical approach could consist of 
seeking a balance between the degree of validity of the model (which must be sufficiently large), and 
the dynamics of the model (which must not be complex). And also it is essential that, at the same 
time, the model contributes to the FMBPC/CLP control algorithm having a sufficient level of 
performance to achieve the objectives of the control system. In our case, priority has been given to 
the simplicity of the dynamics of the model and therefore the model described in the first place has 
been chosen as the base-model. It is fulfilled, at the same time, as demonstrated by the control 
experiments carried out (presented and analyzed in the next section of this article), that the 
performance of the FMBPC/CLP control algorithm based on this model (as the predictions model) is 
quite good. In conclusion, we can say that the choice of the base-model seems quite justified. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 19 November 2025 doi:10.20944/preprints202511.1457.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202511.1457.v1
http://creativecommons.org/licenses/by/4.0/


 32 of 46 

 

5. Control Experiments with the BSM1 Benchmark Using the FMBPC/CLP 
Strategy: Simulation Results and Discussion 

The alternative FMBPC/CLP control configuration proposed for the BSM1 benchmark was tested 
by performing numerous simulation experiments (in the Matlab® & Simulink® software 
environments). The architecture of the simulation model used in the experiments was described in 
detail in the previous section, in subsection 3.4 (see Figure 3 and Table 1). Due to the need to limit 
this extensive article, we will present only the simulation results for a portion of these experiments 
(a sufficient and appropriate selection). In all experiments, and for each of the three climate regimes 
considered (dry, rainy, and stormy), the numerical values of the influent related variables used in the 
simulations correspond, faithfully, to the data in the files distributed with the BSM1 benchmark 
descriptions [28,49,50]. 

The selected experiments were divided into two groups. The first group, which will be discussed 
in subsection 5.1, consists of four cases. In all of them, the Oxygen control loop in the fifth tank is the 
same (PID controller: PI1), that is, it is not a differentiating element and therefore will not be included 
in either the description or the results of each of the four cases detailed below: Case 1a: rain weather 
regime and FMBPC/CLP multivariable controller, with two variables controlled simultaneously, 
Nitrate in the second tank and Ammonia in the fifth; the single manipulated variable is the internal 
recirculation flow rate, 𝑄௜௡௧. Case 1b: rain weather regime and PID controller (PI2) to control Nitrate 
in the second tank, using the manipulated variable 𝑄௜௡௧. Case 1c: identical to Case 1a (FMBPC/CLP 
multivariable controller, etc.), but with a dry weather regime. Case 1d: identical to Case 1a 
(FMBPC/CLP multivariable controller, etc.), but with a storm weather regime. In short, three cases in 
this group are designed to test the FMBPC/CLP control strategy with the BSM1 benchmark (for all 
three climate regimes), and the fourth is designed to observe the behavior of the BSM1 plant with the 
default control configuration (based on the PID algorithm), with comparison objectives (for a single 
climate regime: rain weather). The configurations of the four cases are detailed in a structured manner 
in Table 9. For each of the four experiments, we will show the behavior of the controlled plant 
(observed in the simulations) by graphically representing the temporal evolution of three significant 
variables: the manipulated variable associated with the control action (𝑄௜௡௧), the Nitrate concentration 
in the second reactor unit (𝑆ேை,ଶ) and the Ammonia concentration in the fifth reactor unit (𝑆ேு,ହ). The 
corresponding graphical representations, for the time interval between the 7th and 14th days, are 
shown in the following figures: Figure 10 (Case 1a), Figure 11 (Case 1b), Figure 12 (Case 1c), and 
Figure 13 (Case 1d). The analysis of the graphical results is complemented by a study of the 
performance of both the plant and the active controllers (except the oxygen controller) for Case 1a 
and Case 1b (FMBPC/CLP and PID controllers, respectively, and rain regime, in both cases). The 
results obtained were structured and grouped into several tables, namely: Table 11, Table 12, Table 
13, Table 14 y Table 15. 
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Figure 10. Case 1a: Rain weather. SNO,2 (Nitrate) and SNH,5 (Ammonia) controlled by FMBPC/CLP strategy. Data 
recording time interval: 7th to 14th day. 

 

Figure 11. Case 1b: Rain weather. SNO,2 (Nitrate) controlled by PID strategy. Data recording time interval: 7th to 
14th day. 
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Figure 12. Case 1c: Dry weather. SNO,2 (Nitrate) and SNH,5 (Ammonia) controlled by FMBPC/CLP strategy. Data 
recording time interval: 7th to 14th day. 

 

Figure 13. Case 1d: Storm weather. SNO,2 (Nitrate) and SNH,5 (Ammonia) controlled by FMBPC/CLP strategy. Data 
recording time interval: 7th to 14th day. 
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Table 9. Setting of the first group of control experiments with the BSM1 benchmark. 

Influent data 

(weather type) 
Case 

Control loop 

and 

controlled 

variables 

(react. unit) 

Control 

Algorithm (manipulate variable) 

Control strategy 

parameters 

Simulation 

parameters 

Set Point 
Simul. 

interval 

Rain weather 

1a 

Oxygen 

SO,5 (5th u.) 
PI1 (KLa5) 

K = 25 

SO,5|s.p. = 2 

0 to 14 

(days) 

Ti = 0.002 

Tt = 0.001 

Nitrate & Ammonia 

SNO,2 (2nd u.) 

SNH,5 (5th u.) 

FMBPC/CLP (Qint) 

FMBPC 

Fuzzy 

Model: FM 

SNO,2|s.p. = 1   

SNH,5|s.p.= 0.67 

ar1 = 0.76 

ar2 = 0.96 

H = 25 

CLP 

Q1 = 1 

Q2 = 1 

R = 1 

nc = 42 

(steps) 

|Δu|máx = 5 

1b 

Oxygen 

SO,5 (5th u.) 
PI1 (KLa5) 

K = 25 

SO,5|s.p. = 2 Ti = 0.002 

Tt = 0.001 

Nitrate 

SNO,2 (2nd u.) 
PI2 (Qint) 

K = 104 

SNO,2|s.p. = 1 Ti = 0.025 

Tt = 0.015 

Dry weather 1c 
Same specifications as in Case 1a (control strategy for the variables Nitrate & Ammonia: 

FMBPC/CLP) 

Storm weather 1d 
Same specifications as in Case 1a (control strategy for the variables Nitrate & Ammonia: 

FMBPC/CLP) 

where: 

• Abbreviations: react. unit is the reactor unit number; Simul. interval is the Simulation interval (0 to 14 
days); s.p. is the set point; 

• PI: special case of the Proportional-Integral-Derivative (PID) control algorithm. The values and the 
units of the parameters of the different PI control algorithms included in this table are the same as 
those considered in the default control configuration of the BSM1 benchmark 

• FMBPC/CLP: mixed strategy of Fuzzy Model-Based Predictive control and Closed-Loop Predictive 
Control (with constraints) 

• FM, ar1, ar2, H: parameters corresponding to the FMBPC strategy; being FM, the selected identified 
Fuzzy Model, ar1 and ar2, the reference trajectory parameters, and H, the coincidence horizon (see [25–
27]) 

• Q1, Q2, R, nc, |Δu|máx: parameters corresponding to the CLP-MPC strategy (see the structure of the 
CLP-MPC strategy in section 3.2 of this article); being Q1, Q2 and R, tuning parameters corresponding 
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to the cost function 𝐽௞(஼௅௉), nc, the number of steps of mode 1, and |Δu|máx=ห∆𝑢ிெ஻௉஼/஼௅௉ห௠á௫ , the 

maximum bound (in absolute value) of the control action increments (incremental prediction model) 
[26,27] 

• Set point and units of the oxygen control loop (fifth tank): SO,5|s.p.=2 mg (-COD)/l (equivalent to: 2 g (-
COD)/m3) 

• Set point and units of the nitrate control loop (second tank): SNO,2|s.p.=1 mg N/l (equivalent to: 1 g N/m3) 
• Set point and units of the ammonia control loop (fifth tank): SNH,5|s.p.= 0.67 mg N/l (equivalent to: 0.67 

g N/m3) 

The second group of experiments, discussed in section 5.2, was designed to test the ability of the 
FMBPC/CLP strategy to impose restrictions on control action. It includes three cases, all of which 
share the same control strategy (FMBPC/CLP) and its associated parameters, as well as the climate 
regime considered (rain weather), differing only in the limits imposed on the increments of the 
control action (in the predictions incremental model) [26,27]. Each case corresponds to a different 
maximum bound (in absolute value), as detailed below: Case 2a: ห∆𝑢ிெ஻௉஼/஼௅௉ห௠á௫ ≤ 5 (this case is 
equivalent to case 1a of the first group of experiments); Case 2b: ห∆𝑢ிெ஻௉஼/஼௅௉ห௠á௫ ≤ 500; and finally, 
Case 2c: ห∆𝑢ிெ஻௉஼/஼௅௉ห௠á௫ ≤ 1000 . The variables of interest in this group of experiments are, in 
addition to the manipulated variable, 𝑄௜௡௧, two other variables directly related to the analysis of the 
capacity of the mixed FMBPC/CLP strategy to impose restrictions on the control action, namely: the 
variable 𝑐(𝑘), whose values are the so-called perturbations of the manipulated variable (in the context 
of the CLP-MPC strategy) and the variable ∆𝑢ிெ஻௉஼/஼௅௉(𝑘), which represents the increments of the 
manipulated variable (in the predictions incremental model) [26,27]. The configuration of this second 
group of experiments is detailed in Table 10 and the results of the experiments are shown graphically 
(including for each case the three variables of interest cited) by means of the following figures: Figure 
14 (Case 2a), Figure 15 (Case 2b) and Figure 16 (Case 2c). 

Table 10. Setting of the second group of control experiments with the BSM1 benchmark. Handling constraints 
with the FMBPC/CLP strategy. 

Influent data 

(climate 

type) 

Case 

Control loop  

and 

controlled variables 

(react. unit) 

Control 

algorithm 

(capable of 

handling 

constraints) 

Constraints 

|Δu|máx 

Simulation parameters 

Set Point 
Simul. 

interval 

Rain weather 

2a 

Nitrate & Ammonia 

SNO,2 (2nd u.) 

SNH,5 (5th u.) 

FMBPC/CLP |Δu|máx=5 
SNO,2|s.p.=1    

SNH,5|s.p.= 0.67 
0 to 14 

(days) 
2b -ídem- -ídem- |Δu|máx=500 -ídem- 

2c -ídem- -ídem- |Δu|máx=1000 -ídem- 

where: all abbreviations, expressions, and units are the same as corresponding of the Table 9. 
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Figure 14. Case 2a: Rain weather. SNO,2 (Nitrate) and SNH,5 (Ammonia) controlled by FMBPC/CLP strategy. |∆𝑢|௠á௫ = 5 (∆𝑢௠á௫ = ±5). Time interval: 7th to 14th day. 

 

Figure 15. Case 2b: Rain weather. SNO,2 (Nitrate) and SNH,5 (Ammonia) controlled by FMBPC/CLP strategy. |∆𝑢|௠á௫ = 500 (∆𝑢௠á௫ = ±500). Time interval: 7th to 14th day. 
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Figure 16. Case 2c: Rain weather. SNO,2 (Nitrate) and SNH,5 (Ammonia) controlled by FMBPC/CLP strategy. |∆𝑢|௠á௫ = 1000 (∆𝑢௠á௫ = ±1000). Time interval: 7th to 14th day. 

5.1. Behavior of the BSM1 Plant Controlled by the FMBPC/CLP Strategy 

This first subsection describes the experiments carried out to observe and evaluate the behavior 
of the BSM1 plant controlled with the FMBPC/CLP strategy (first group of experiments). The 
configuration of these experiments is shown in Table 9. 

The reference values set for the nitrate control loop in the second tank and for the oxygen control 
loop in the fifth tank are, for all cases considered, the same as those of the default control 
configuration of the BSM1 benchmark (SNO,2|s.p. = 1 and SO,5|s.p. = 2). Regarding the ammonia control 
loop in the fifth tank, addressed using the alternative FMBPC/CLP strategy, the reference value set 
(SNH,5|s.p. = 0.67193 ≅ 0.67) coincides with the steady-state value of the ammonia concentration in the 
fifth tank, obtained after performing a 150-day simulation with constant influent input (Const 
Influent). Regarding the parameter H, which is the coincidence horizon of the FMBPC strategy, it should 
be noted that a value (H = 25) has been used that has proven empirically efficient in numerous tests. 
H is a central parameter in tuning the FMBPC strategy and can even be interpreted as a degree of 
freedom. Therefore, finding a more suitable (or even optimal) H value could be a future line of 
research aimed at improving the performance of both the controller and the plant. We will now 
qualitatively describe the behavior of the plant, the benchmark BSM1, in each of the cases shown in 
Table 9 (first group of control experiments), based on observations of the corresponding figures. 

Observing and comparing Figure 10 (Case 1a) and Figure 11 (Case 1b), we can affirm that the 
evolutions of the two main interest variables, the controlled variables SNO,2 and SNH,5, are (broadly 
speaking) similar for the two strategies considered, that is, for both the FMBPC/CLP strategy and the 
PID strategy. However, a significant difference can be observed in the response of the controlled 
variable SNH,5, favorable the alternative FMBPC/CLP strategy, consisting of a decrease in the peak 
values (maximum values) of the ammonia concentration in the fifth tank, in the case of the 
FMBPC/CLP strategy, compared to those of the classic PID strategy. Specifically, the ammonia peaks 
for the period between the 7th and 12th day (approximately) corresponding to the FMBPC/CLP 
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strategy are all below 9 g N/m3, while those corresponding to the PID are around 11 g N/m3. Likewise, 
in the period between the 12th and 14th day (approximately), the ammonia peaks for the FMBPC/CLP 
strategy are around 4 g N/m³ (the maximum acceptable level), while those corresponding to the PID 
are around 6 g N/m3. Regarding the temporal evolution of the manipulated variable 𝑄௜௡௧  (the 
internal recirculation flow rate), which is the same variable for both strategies, it is observed that the 
profile and ranges of values are similar in both cases, although not exactly the same. A more in-depth 
analysis of the differences between the two control actions would be possible, but this would far 
exceed the scope of this already quite extensive article. 

Information regarding the behavior of the BSM1 plant controlled by the FMBPC/CLP strategy 
(in two of its three loops), for the three commonly considered climate regimes, is available in three 
figures: Figure 10 (Case 1a, rain climate regime), Figure 12 (Case 1c, dry climate regime), and Figure 
13 (Case 1d, storm climate regime). From these figures, we can draw two important conclusions: first, 
that the alternative FMBPC/CLP strategy is capable of controlling the BSM1 plant for all three climate 
regimes considered; and second, that the ability of the FMBPC/CLP strategy to reduce the peak 
ammonia (and therefore nitrogen) concentration values in the fifth tank, previously observed for the 
rain regime, is now also observed for the dry and storm regimes, that is, that it is a common 
characteristic for all three climate regimes. 

Evaluation of the plantʹs performance and that of the active controllers (excluding the oxygen controller). 
Both performances are determined quantitatively by calculating various characteristic indices. These 
indices were calculated for the various control experiments conducted, both with the alternative 
control configuration (abbreviated as FMBPC/CLP) and with the classic control configuration 
(referred to as PID), and for each of the three climatic regimes considered. However, due to the need 
to limit this extensive article, only the calculations corresponding to the experiments with rainy 
weather (Case 1a and Case 1b) will be shown. The evaluation period is the same as that specified in 
the original BSM1 benchmark documentation, i.e., the period between days 7th and 14th. 

Table 11 shows the average (flow-weighted) values of the concentrations in the effluent of five 
variables that measure its quality (along with the established limits for each variable). It can be seen 
that, with both strategies, the concentrations of all variables remain below their respective limits. 
Furthermore, it is observed that the average values of the concentrations of each of the five variables 
are similar for the two strategies, but with some nuances, namely: the average value of the ammonia 
concentration (SNH) is lower and therefore better, for the FMBPC/CLP strategy and yet, the average 
value of the total nitrogen concentration (TN) is a little smaller for the PID strategy. 

Table 12 shows that the performance of the BSM1 plant, with respect to ammonia nitrogen limit 
violations, is slightly better for the FMBPC/CLP strategy than for the PID strategy, as the number of 
days the limit was exceeded is lower (although the number of instances is the same). However, the 
BSM1 plant performs better with the PID strategy in terms of the number of days the maximum total 
nitrogen limit was exceeded (although the average for this variable is similar for both strategies, as 
discussed in the previous paragraph). 

Table 13 shows that the 95th percentile for ammonia concentration is significantly lower for the 
FMBPC/CLP strategy, while the 95th percentile for total nitrogen concentration is slightly lower for 
PID. The 95th percentile for total suspended solids concentration is similar for both strategies. 

In Table 14, which shows various quality indices, we see that the values of the EQI (effluent 
quality index), AE (average daily aeration energy), and OCI (total operational cost index), indices, 
are similar for both strategies, but the EQI is slightly lower (better) for the PID strategy and the OCI 
is slightly lower (better) for the FMBPC/CLP strategy. Regarding the other index shown in the table, 
the PE (average daily pumping energy) index is clearly lower, and therefore better, for the 
FMBPC/CLP strategy. 

Finally, Table 15 shows the calculations for the ISE and IAE indices, both of which measure the 
controllers performance. Regarding the controlled variable SNO,2 (nitrate concentration in the second 
tank), the ISE and IAE indices for the PID controller are lower (better) than those for the FMBPC/CLP 
strategy. However, itʹs important to note that the FMBPC/CLP strategy is designed to simultaneously 
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control, in addition to SNO,2, a second variable, namely SNH,5 (ammonia concentration in the fifth tank), 
and that this multivariable control is achieved using a single manipulated variable, 𝑄௜௡௧, the same 
one used by the PID controller. The need to find a balance between two controlled variables through 
variations in a single manipulated variable could be a valid interpretation of the lower performance 
of the FMBPC/CLP strategy in controlling SNO,2. For SNH,5, a comparison between the two strategies is 
not possible, since only the FMBPC/CLP strategy simultaneously controls the variables SNO,2 and SNH,5. 
Table 15 shows the values of the ISE and IAE indices corresponding to the control of SNH,5 with the 
FMBPC/CLP strategy, but not with the PID controller, logically. 

Table 11. Effluent average concentrations (flow-weighted) and limit-values , during the final seven days, for the 
PID and FMBPC/CLP strategies (rain weather). 

Control 

Strategy 

Ammonia 

(SNH) 

< 4 mg N/l 

(g N/m3) 

Total Nitrogen 

(TN) 

< 18 mg N/l 

(g N/m3) 

Suspended Solids 

(TSS) 

< 30 mg SS/l 

(g SS/m3) 

BOD5 

< 10 mg 

BOD/l 

(g BOD/m3) 

CODtotal 

< 100 mg 

COD/l 

(g COD/m3) 

FMBPC/CLP 2.99 15.43 16.18 3.46 45.45 

PID 3.23 14.75 16.18 3.46 45.43 

Table 12. Violation of limits of SNH and TN in the effluent, during the final seven days, for the PID and 
FMBPC/CLP strategies (rain weather). 

Control 

Strategy 

Ammonia Nitrogen (SNH) maximum level 

violations 

→ Limit: 4 mg N/l ( ≡ 4 g N/m3) 

Total Nitrogen (TN) maximum level 

violations 

→ Limit: 18 mg N/l ( ≡ 18 g N/m3) 

number of days (%) 

number of 

different 

occasions 

number of days (%) 

number of 

different 

occasions 

FMBPC/CLP 1.78 (25.45%) 8 2.04 (29.17%) 9 

PID 1.90 (27.08%) 8 0.77 (11.01%) 5 

Table 13. 95th percentile of SNH, TN and TSS concentrations in the effluent, during the final seven days, for the 
PID and FMBPC/CLP strategies (rain weather). 

Control 

Strategy 

Ammonia95 

→ 95th percentile of SNH 

(mg N/l ≡ g N/m3) 

TN95 

→ 95th percentile of TN 

(mg N/l ≡ g N/m3) 

TSS95 

→ 95th percentile of TSS 

(mg SS/l ≡ g SS/m3) 

FMBPC/CLP 6.05 20.62 21.68 

PID 8.04 19.14 21.70 
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Table 14. Other effluent quality variables, during the final seven days, for the PID and FMBPC/CLP strategies 
(rain weather). 

Control 

Strategy 

Effluent quality 

index 

EQI 

(kg poll.units/day) 

Average aeration 

energy per day 

AE 

(kWh/day) 

Average pumping 

energy per day 

PE 

(kWh/day) 

Total 

operational cost 

Index 

OCI 

FMBPC/CLP 8240.22 7203.75 1576.13 15970.64 

PID 8184.73 7170.74 1937.70 15984.55 

Table 15. Performance assessment of controllers, FMBPC/CLP and PID, according to ISE and IAE criteria (rainy 
weather). 

Control 

Strategy 

Integral of square error (ISE) Integral of absolute error (IAE) 

Control of SNO,2 Control of SNH,5 Control of SNO,2 Control of SNH,5 

FMBPC/CLP 1.79 55.97 2.88 14.30 

PID 0.79 Not controlled 1.73 Not controlled 

5.2. Handling Constraints in Control Action with the FMBPC/CLP Strategy 

This second subsection addresses the experiments conducted to verify and evaluate the capacity 
of the FMBPC/CLP strategy (applied to the BSM1 benchmark) to impose constraints on the control 
action. The constraints managed by this strategy refer to the increments of the control action, within 
the framework of the predictions incremental model used in the CLP/MPC portion of this strategy 
[26,27]. The configuration of this second group of experiments is shown in Table 10. This table 
includes three cases or experiments, all characterized by having the same control strategy, the 
alternative FMBPC/CLP strategy, and the same configuration, that is, the same parameters, except 
for one: the maximum (absolute) limit of the aforementioned control action increments. The three 
cases and their corresponding maximum bounds are as follows: Case 2a (|Δu|máx = 5), Case 2b 
(|Δu|máx = 500) and Case 2c (|Δu|máx = 1000) (Case 2a coincides with Case 1a, from the first group of 
experiments). 

The results obtained in the simulations of each case can be seen in the following figures: Figure 
14 (Case 2a), Figure 15 (Case 2b) and Figure 16 (Case 2c). These figures show the temporal evolution 
and the relationship between three variables, all related to the FMBPC/CLP control action: the 
manipulated variable, 𝑄𝑖𝑛𝑡(𝑘) , the disturbances of the manipulated variable, 𝑐(𝑘) , and the 
increments of the manipulated variable (corresponding to the incremental prediction model), ∆𝑢𝐹𝑀𝐵𝑃𝐶/𝐶𝐿𝑃(𝑘). These last two variables are relevant within the framework of the CLP-MPC strategy 
[26,27]. The time dependence of these variables is expressed (in all three figures) as a function of 𝑘, 
which is the 𝑘-𝑡ℎ sampling instant (equivalent to 𝑘 ∙ 𝑇, where 𝑇 is the sampling period). It can be 
observed that the restrictions imposed on the increment of the control action, ∆𝑢𝐹𝑀𝐵𝑃𝐶/𝐶𝐿𝑃(𝑘), are met 
in all three cases (|∆𝑢|𝑚á𝑥 =  5, 500, 1000). To guarantee these restrictions, the FMBPC/CLP strategy 
must determine the appropriate value, at each sampling instant, of the disturbances of the 
manipulated variable, 𝑐(𝑘). It can be observed that the profile and ranges of 𝑐(𝑘) are different for 
the three cases considered. That is, it is verified that this part of the strategy effectively intervenes in 
the modulation of the base FMBPC control action at each 𝑘-𝑡ℎ sampling instant (see, in Figure 2, the 
implementation scheme of the mixed FMBPC/CLP strategy, or, for more details, subsection 3.3 of this 
article in its entirety). It would be possible to delve deeper into the analysis of the profiles and the 
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ranges of values of 𝑐(𝑘) and ∆𝑢𝐹𝑀𝐵𝑃𝐶/𝐶𝐿𝑃(𝑘), by expanding the focus on graphical representations 
(or directly, through the numerical values), but this task would excessively increase the length of this 
article. 

6. Conclusions 

This paper presents the successful implementation of a specific fuzzy model-based predictive 
control approach (FMBPC/CLP), applied to the control of wastewater treatment plants (WWTPs) in 
a simulation environment, using the BSM1 benchmark. The integration of the FMBC/CLP strategy 
into the treatment plant control system has consisted of the implementation of a multivariable control 
loop, with a single manipulated variable and two controlled variables, with very satisfactory results. 

Regarding the achievements, an important and general conclusion we can draw is that the 
proposed strategy for controlling wastewater treatment plants, using a fuzzy model of the plant 
(previously identified, and validated), has proven viable. The strategy is entirely feasible for all three 
climate regimes considered (dry, rainy, and stormy), which is precisely one of the main objectives of 
this research. Furthermore, the analysis of performance indices, calculated using the standard 
procedures of the BSM1 benchmark, allows us to affirm that the performance of the plant controlled 
with the proposed strategy is quite good. 

Regarding plant performance, it is appropriate to detail the results obtained for some significant 
indices: the average value (weighted by flow rate) of the ammonia concentration in the effluent 
corresponding to the FMBPC/CLP strategy is 2.99 g N/m3, significantly improving the value of the 
same index corresponding to the default control configuration of the BSM1 benchmark (based on PI 
controllers), equal to 3.23 g N/m3 (both lower, however, than the maximum limit: 4.00 g N/m3); the 
95th percentile value of the ammonia concentration in the effluent is equal to 6.05 g N/m3 for the 
FMBPC/CLP strategy, while for the default control configuration it is 8.04 g N/m3, which is 
significantly higher; regarding other effluent quality indices (EQI, AE, PE, OCI), although both 
strategies are, in general, comparable, it is worth highlighting the average daily pumping energy (PE) 
value corresponding to the FMBPC/CLP strategy, which is equal to 1576.13 kWh/day and is 
significantly lower than that of the default control configuration, whose value is 1937.70 kWh/day. 

Regarding controller performance, it should be noted that, with respect to the controlled variable 
SNO,2, the ISE and IAE indices corresponding to the FMBPC/CLP strategy are slightly higher than 
those of the default control configuration. However, the alternative control strategy is capable of 
simultaneously controlling both the SNO,2 and SNH,5 variables, something that does not occur with the 
default control configuration. Considering that the variable manipulated by both strategies is the 
same (𝑄௜௡௧), and unique, we can interpret the lower performance of the FMBPC/CLP controller (only 
for the SNO,2 variable) as being due to the need to find a balance between the two controlled variables, 
SNO,2 and SNH,5, but manipulating one unique variable. 

In the list of achievements of the FMBPC/CLP strategy implemented in the BSM1 benchmark, 
we must also highlight the demonstrated ability to impose constraints on the control action (in the 
increments of the control action of the predictions incremental model, used in the CLP MPC part of 
the strategy), a capability that the default control configuration of BSM1 does not possess. The final 
part of this article presents the results that prove that such increments (variable ∆𝑢ிெ஻௉஼/஼௅௉(𝑘)) 
satisfy the imposed constraints (for three different cases of maximum bounds on the increments of 
the control action), thanks to the contributions of the so-called perturbations of the manipulated 
variable (variable 𝑐(𝑘)), calculated specifically to guarantee the imposed constraints. 

Finally, regarding potential future related work, we must consider that the proposed strategy is 
potentially very useful for controlling complex processes, particularly those occurring in wastewater 
treatment plants. Therefore, it seems appropriate to open new lines of research aimed at improving 
and refining the algorithms, methods, and techniques already developed. We highlight the search for 
improvements in the fuzzy identification procedure, with the goal of achieving a base fuzzy model 
with even greater validity, considering the possibility of using expert knowledge in the selection of 
identification parameters or even artificial intelligence (AI) software-tools, specifically designed for 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 19 November 2025 doi:10.20944/preprints202511.1457.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202511.1457.v1
http://creativecommons.org/licenses/by/4.0/


 43 of 46 

 

identification, and trained appropriately from suitable databases. Other work could focus on 
developing standard tuning procedures for the FMBPC/CLP strategy (with the aim of obtaining 
optimal values for determinant parameters such as 𝐻, 𝑛௖, or others). And in the area of the control, 
several aspects could be investigated, such as, among others, expanding the number of input and 
output variables addressed by the FMBPC/CLP strategy, stability guarantees, and deepening and 
improving the methods and mechanisms for imposing restrictions—an aspect of great importance 
for enhancing the capabilities of control action. 
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