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Article
Symmetry in Formal Calculation

Peng Ji

Department of Electronic Information, Nanjing University, Nanjing, China. mcfroo@sina.com

Abstract: Formal Calculation uses an auxiliary form to calculate various nested sums and provides results in
three forms. It is also a powerful tool for analysis. This article studies the symmetry of the coefficients in Formal
Calculation. Three types of extended numbers were introduced, and many formulas for symmetric functions were

obtained.
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1. Introduction

The notion of formal computation was introduced in [1].

Definition 1. The definition of V? is recursive. p € Z,

N-1 N-1
VO (n) = f(n), r Vif(n+1) =f(N), ;Eof(n +1) =VIf(N), VI = V.

Definition 2. The definition of SUM(N) = SUM(N, PS, PT) is recursive. K;, D; € C;T; € N.
N-1
SUM(N, [Kl : Dﬂ, [TI = 1]) Z (K] + 1’ZD1)

n=0
N-1
SUM(N, [K1 : D1, K5 Dz], [T],Tz =T;1+2— p]) =Y (KZ + ﬂDz)vaUM(Tl +1, [K] : D]], [T]])
n=0
[ D KZ D.. KM D] = [K],KzKM] :D, [Kl,KzKM] 1= [Kl,KzKM]
Use K to represent the set {Kj...Kj}, T to represent the set {T7...T)}.
Use the auxiliary form: (K7 + T7)(Ky + T2)...(Ky 4+ Ty) = Znﬁl X;, X; = T; or K;.

Definition 3. X(T)=Number of {X;1,X;..Xm} € T.
Definition 4. X1_j=Number of {X1,X,..X;_1} € T, Xx_1=Number of {X1,X5..X;_1} € K.

Obviously:Xt_; + Xg_1 =i—1.
Use the auxiliary form and each X; cannot be exchanged, [1] draws conclusions:
SUM(N, PS,PT) =
N+Ty—M N+T T;—Xg_1)D;, Xi=T;
Forml — ZQA—O H1 (g) (N IMg ) = ZQ/IIO H1 (g) (TM %‘FI‘Fg) B = {;(iJrXTK,]]D)i, Xi:Ki 4

N+Ty—M+ _ M N+Ty—M+, _ [(Ti—Xk-1)Dj, Xi=T;
FOTmZ — Zg 0H2(8)< M 8) - Z —OHZ(g) (TM_%_;.]_;_gg)/ Bi - {Ki‘i‘(Xlli—ll_Ti)Dir X;=K;’

N+Ty—g N+Ty—g . _ J-Ki+(Ti=Xr-1)D;, X;=T;
Forms %Zg:0H3(8) (N—l—g ) Z “oHs(8 )(TM+1 » Bi = \Kkitxy 1Dy, Xi=K, :

H;(g) = Hi(g, PS,PT) = H;(g, M), is defined as }_x(1)—¢ I, B,.

For example:
SUM(N,PS,[1,2,3..M]) = Z H 1 (Ki+nD;).

SUM(N, PS,[1,3..2M — 1]) = Zn Z0 (KM+71MDM) Lo (Ko +mD2) 2 (Kg +n1Dy).
SUM(N, PS,[1,2,4]) = ZN L (K3 +n3D3) ©, (Kq +nDyq)(K; 4+ nD;).
SUM(N, PS,[1,3,4]) = Y5~ o(K3+ﬂ3D3)(K2+n3D2)Z o (K +nDy).

PS = [Kj : D1,K; : Dy..Kyp : Dy, PT = [Tq, T...T)]. There are recursive relationships:

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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* Hi(g,M) = (Am +8Dm)H1(g M —1) + (By + (§ — 1)Dm)H1(g — 1L, M — 1),
Am = K, Bm = Dm(Tv — ((i = 1) = (§ = 1))) — (§ = 1)Dym = TmDpm — (i = 1) Dy

* Hy(g,M) = (Am — gDm)H2(g, M — 1) + (Bm + (§ — 1)Dm)Ha(g — 1L, M — 1),
AM KM —+ (l -1 -8 TM)DM +gDM KM + (l -1 TM)DM/ BM TMDM (Z — I)DM

* H3(g,M) = (Am +8Dm)Hs(8, M = 1) + (Bm — (§ = 1)Dm)H3(¢ =1, M — 1),

Consider the general two-dimensional second-order linear recursive equations:

R(M,g) = (Ays+gDu)R(M — 1,8) + (Bu + (g — DEs)R(M —1,g — 1).

It can also be calculated in a similar way to H(g), which is easier to understand. H(g) itself requires
|D;| = |E;| and can’t change the sign, so that three forms exist. Many conclusions have been drawn [1]:

L Halg) = IR Ha k) () = £ Hao) (37

2. Hy(5) = il (<1)F S 6) (1), Hofe) = 1§y (1) s () (1)

3. ZMon(ggq (s = Tato b () (1 - g)" 7 = Do Ha(@)a°

‘51- Zﬁﬂ 51(8< 23 oHa(g )Zlfl_()zfg 3(8 )éMgH() XM 8) YERXeC
S S

6. SLM(N, | 8 L, L," Lq,Psf %I,ZLZg Lq,P7>}) ﬁlol 31 V(N Ps, PT).

Recurrence relations — 1), inversion — 2). 1) — 3)4)5). 5) is the basis of SUM(N).
6) show that T; can be great than 1. Regardless of the practical implications, we can make the definition
domain of PT extend to C.

When D; # 0,K; + Dijn = Di(% + 1), so only the case D; = 1 needs to be dealt with. In this paper,
if not specified, the default is D; = 1. PS = [Ky, Ky...Kyj], PT = [T1, T5...Tjp].

Definition 5. Ff = Y Kpy Ky Ky, B =1, FN = F{P2N
1<A1 <A< <AgSM

. ey 1,2..N
Definition 6. E = 3 Ky, Ky, Ko, EF =1, EN = E{V>M
1A €A A<M

FAI\/]IJFM*I = 51(N +M,N), S; is unsigned stirling number of the first kind.
EN, = S3(N 4+ M,N), S, is stirling number of the second kind.

2. Properties of H(g)
In the calculation of H(g), [TX; = (ITX;, X; € T)(I1X;, X; € K).

Definition 7. H(g,T) = H(g, T, PS, PT) = [Ix.c1 B, H(g, X T) = L. [Ix.ct B:-
)

Also define H(g,K),H(g, Y K).
Theorem 1.
1. Hy(g, X K) = H3(g, LK) = Fy;__Ej + F) Sy +PKE
2 Hi(g,5T) = Hy(g, X T) = FeEy 4T 1)RFEM
3. Hy(g, LK) = (-1) —8(PIS\47gE0+...+f§E ) 8- {T 1< Y%y,
4. H3(g,X-T) = (—l)dejEQA*gjL(—ng R By E -+ ESEY = ,S={—(T;—K;—i+1)}.
5. Hy(g, 3 K)= .S (K; +A0</\<A< </\ <
6. H%E?ETQ :gﬁfb%( l+l)_:_1/\1 Az) %j<7\1 l<7\2 : % ]%I g

Proof.

PS1 = [PS,Kpi+1], PT1 = [PT, Tp141])- Using induction to prove 2).

Hy(g, YT, PS1,PT1) = Hy(g, . T) + Hi(§ — L, LT)(Tm41 — (M —g +1)).
Fq {PTI} in Hy(g,Y.T,PS1,PT1) has three sources.
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M—(g—1

= (—1)F;- EX TS+ (1)) "Tatss

e
( (ﬁ) o
+(=1)*" F(g 1) (x— 1)Ex 1g (-(M—-g+1))
*xrT M—g M+1 -8 T M+1—g
= (=1)'Fg x(Ex °+E. 7 *(M+1-g))+ (=1)Fg_ 4Ex " °Tami1 ()
= (-1 FL_ B8 4 (- I)XP;T BT S Ty = (1) ST,
M- g+EM+1 BM+1-g)
=5(M— g—i—x,M—g)—l—(M—i—l—g)Sz(M—g+x,M+1—g)
=S (M—g+x+1,M+1—g)=EY178 4.
5) and 6) are definitions.

O
Theorem 2. PS = [K; : Dj],D; # 0,

Hi(g) = ( DM=8H,(g, [~Ki + T; — (i — 1) : Di], PT) = (—=1)8H3(g, PS, [ —
Hy(g) = (~1)M~8Hy (g, [~Ki+Ti — (i — 1) : D], PT), H3(g) = (—1)8H(g, PS, [
Hy(g) = (—1)MH;(g, [~ Ti : Di], [5- — Ti +i—1]).

Hs(g) = (~1)MH,(g, [-Ki + T; — (1*1)- Di], [-1t)-

3. Symmetric Expressions in H(g)
PT =
orders. Hy(g) =

30f9

T;+i—1]).
—T;+i—1]).

[T, T+1..T + M — 1]. It can be inferred from the definition of SUM(N) that K; can exchange
[T +g —1]gH;(g, = K). Tt is clearly a symmetric function of K, we also reached the

same conclusion. H,(g), H3(g) are also symmetric functions, and there’s no K? factors.

Definition 8. Fr(N+ M,N) =

- FI{VIT,T+1...T+N+M71},ET(N_i_M,N) _ E}EAT’TH“‘

T+N-1}

T+g}

Obviously:
* F1(0,0) = E(0,0) = (1, < O Er(1,1) = 1.
. FOT{(N+)MNT :s) Ny M(J}QME}I Aﬁm) )+MK/S )
FT(M+1,g+1): %f (T+M FT(M g+1)+FT(M,g)
Er(M+1,g+1) = ELAH-THeh ﬁ)ETMg+1)\A+E M,g).
s ETNG M L S, T+ 1 2M 1.
e Er(N+M,N) = SUM(N,|T,T.. T][13 1).
Theorem 3. PT = [T..T+M — 1], Ho(g, LK) = L% (—1)M -8 TFEL T
Proof.
H,(0,1) = K; — T,H,(1,1) = T. It's holds when M = 1.
Hy(g,M) = (Ky =T —g)Hz(g, M — 1) + (T +g8 —1)Hy(g — 1, M —1).
H,(g) is a symmetric function = Z;VIOA (])PK
AY0)=-T,Al(0)=T. 1
A (0) = —(T+g)AYy_(0) + (T +g — DAF; -, (0) —
A8,(0) = (—1M8[T + g — 1gEr(M+ 1,8 +1) = (~1)M8[T + g — 1) E{ 7T,

The rest only need to consider terms that multiply with K.

A3 ) = A1~ 1) = ALy (0) = (DM ST +g — T Er(M+1—j,g-+1)
HZ(g) _ [T+g— l]gzjj\igg<_1)M g ]FKE{TY;r§ T+g}
Hy(g,T) = [T +g — 1]g — the conclusion. []

Definition 9. <]">T (T—1+n—])<n 1> +O+1)<?71>T'<(1)>T
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Obviously: (§), =T, (j})r = 0.1n >0, <;1>1 = <;1> is Eulerian number.

Definition 10. <g> -y, <g 7 1>T@’0 <j<g0<g<M.

Theorem 4. PT = [T, T+1..T + M — 1], 3(0) = TIM, K;, H3(M) = TTM, (T - K)),
H;(0 < g < M) = 2,1 <g > (M)

Eﬁ

Proof.
The coefficient before F; is obvious, so H3(g) can be written in that form.

H;(0 < g < M) = EM51 A5, ()FE + (-1 (M) Pl
H;3(0,1) = K1,H3(1,1) T—K; — A%0) =0,A1(0) =T.
Hs(g, M) = (K +8)Hs(g, M —1) + (T+M—g —Ky)Hs(g —1,M - 1) —
~1

A54(0) = gASy_4(0) + (T +M - A5 (0) = A%, 0) = (M) .

. . -1 . . j
Ay) = A5y G = 1) - AL G- 1) = A5,0) = (M)
O

Similarly, PS = [K,K — 1...K — M + 1], then H(g) are symmetric functions of T.
Theorem 5. PS = [K..K — M+ 1], H3(8, L T) = X5 (—1)s JEFE{SA1-KoMTS),

Theorem 6. PS—[KK—I K~ M+ 1), Hy(M) = [T%, T, H2(0) =TI, (K~ T),
Hy(0<g<M) =1, <M g>] F}T (=M= g( )FM

Proof.

Ho(0 < g < M) = TM LA (HFT + (~1)M- 8( )FT

H,(0,1) =K — T1,H2(1,1) T; — A%0) = K, AL(0) = 0.

Hy(gM) = (K—g—Tm)Ha(g M —1) + (T —M+g)Ha(g—1L,M—1) —
AL (0) = (K— )%, 1(0) — (M — A%, (0) = AL, (0) = — (Mg1)_o
Ay) = =A% -1+ A5G- 1) = A = (M)

O

4. Properties of Extended Numbers

Theorem 7.
(x+T)(x+T+1).(x+T+M—1) = M  Fr(M, k)x*
(x+TM =y M Er(M+ 1,k +1)[x];.

Proof.
VSUM(N, [T, T..T], [1,2..M]) = (T +m™ = £4  H () (1)

— Mg |E{T7;-1 T+g}() S glEr (M +1, g+1)() 2).
O
M =yM S, (M, k)x* because Eg(M + 1,k + 1) = Sy(M, k).

Theorem 8. Ey(M+1,9+1)
= 35, (DR (E) (T + M = DS T B,
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Proof.
Hy(g, [T, T..T), [1,2..M]) = g'Ex(M + 1,g + 1.
Based on Crammer’s law, H;(g) = ZgH( 1)8+1+k (TM Mg )VSUM(k). [1]

M+k—1
Er(M+1,g+1) = L8 (- 1)g+1+"( ,1)(T+k— M 1), 1 - 2).
O]
Theorem 9. <;?>_1 = (_1)1'*1 (J’}*l), <;,1>_2 _ (_Z)jfl((]r}fZ) 4 on—1 (Jnfz))
Proof.

1) is to prove: (;‘_1> =—(m—j=2)(/5 >+(]+1)(] )

Right = —(n = 1) (") + G+ D (") = =i(}7") + G+ 1) ()7") = Lefe
Prove 2) in a similar way.

O

By recurrence relation:

Theorem 10. <§/I>T = Hs(g, [T,1..1), [T.T + M —1]) = T x Hj(g, [1...1], [T + 1..T + M — 1)).

Theorem 11. T € N, <§/I>T = ﬁ i, (—1)8** (gTjI?A) [T+ Kr(k+1)M-1

= T x (2M <M 1>';+1(Q4—1)+(_1)g(§4—1)),0<g<M—1.

Proof.
, 1
Based on Crammer’s law, H3(g) = Y571 (~1)87""! (;ff;:ln) VSUM(n). [1]
PS = [1..1],PT = [T+ 1.T + M — 1, PS1 = [1,2..T, 1..1], PT1 = [1,2..T, T + 1..T + M — 1].

_ _ 1
<§4>T = T x H3(g) = i H3(g, PS1, PTY).

= oy TS (s (TEM V[T — 1) M1 5 1), 4 2),
(M =T(T+1)2M~1 —T(T + M).

Theorem 12. ¥)0; (~1)8¢!Er(M + 1,8 +1) = (T— M. 3L, <§4>T = [T]M.

Proof.

Hy(0) = (T~ DM = £M ) (~1)FH; (k) = £ (~1)KES - = 1),

PS = [1..1,PT = [T+ 1.T+ M —1],T x H;(M) = T x M, Hs(k) —2).
O

K7 isaconstant, K;Kjy...Kpp, Ki11 — K; =1 or 2, there are M-1 intervals between factors. Kj; — K; =1
is defined as continuity, K;; — K; = 2 is defined as discontinuity.

Definition 11. MIN?(M) =KY K,..Ky, K = KI,MINSI, (M) = MINg (M), count of discontinuities=g.

Obviously, 0 < g <M —1, MIN?(M) have (é\’l_l) items.
PS=[T+1,T+2.T+M—1),PT = [T +2,T+4.T+2M—2], T x Hy(g) = MINI (M)
PS = [T,T+1..T+M—1],PT = [T, T+ 2..T + 2M — 2], Hy(g) = MIN] (M) + MIN_, (M)

By definition:
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Theorem 13. Ay + Ay + ...+ Agy 1 =M —g,A; 20,

<§4>T = TR 1M2% (g4 M (T 4 A (T4 Ay + A2)oe(T+ A + oo+ Ag).

PS = [T,T..T],PT = [1,3..2M — 1].

Hi(g) = LTM(T 4+ 1)M(T+ @) 1 (1+ A1) (34 Ap +A2)e (28 — 1+ Ay + oo+ Ag).
H,(g)=Changed MINy_1(M) + MINg(M). Select M-g from M factors, change i to (T-i).

PS= [T, T+1.T+M—1],PT = [1,3.2M — 1].

H;(g)=Changed MINy_1(M) + MINg(M). Select M-g from M factors, change i to (T+i-1).

Hy(g) = L (T — )M (T —2)2. (T — g — 1)+ (1 4+ A1) (B+ A+ A2)ee(2g — T+ Ap + oo+ Ag).

For example, express the product in terms of ():
MINy(3) + MIN1(3) = (123) + (124) + (134),
Hy(1)=(T-1,T-2,3)+(T—1,2,T—4)+ (1, T—-3,T —4).
MIN;(3) + MIN;(3) = (124) + (134) + (135),
H:(2) = (T,2,4)+ (1, T+2,3)+ (1,3, T+4).

5. The Formulas for Symmetric Functions
If1+K; = Kigand 1+ T; = Tpsq, Hi(g) = (M) T K 1 [0
1
1

4
M—-g {KK+1..K+M—1} g
Z]o F EMg] zg+1(K+l )( )
)

Z:]g 0( )]F{TTJrl T+M— I}EM g Hg (T—l—l— ( )
1 Hy(g, TK) = (M8 S FTRIE s

Theorem 14. 1" ¢ FITE], = yM08 (~1yEf BT,

Ki=T = S)(M,g) = ijag (=) (M) Er(M+1—jg+1).

Ki=T=1-5,(Mg) =" (- 1)]( )SZ(M+1—j,g+1).
Ki=—q = 555 (T+qy (M )Sz(M i) =5t (M) Er(M+1—j,g+1),

Ki=q,T=1- 505 (1—q)(M)s:(M - ]18):ij\iog(_Q)jG\/I)SZ(M‘f’l_j/8+1)-

1= PS=[K.K-M+1,H;(g,LT) = I, pj{Tf—K}EQ{;S, 5

Theorem 15. Y, S FUTES, = (—1)Ms yF (- )JFKELTZ e

Compared to 14, this is a little different.

Theorem 16. PS1 = [0, —1... — (p — 1), Ky 1..Kpa], PT1 = Ly, Lye..Lp, Ty 1. Taal,
SUM(N, PS1,PT1) = [TL; x SUM(N — p, [Kp11 + p--.Kig + pl, [Tpi1--.Taa])-

M 0,—1... 1),K K
Z] OgF{ —(p—1).Kp+1- M}Ei/l - ]—0g<p

M—g—p 10— (p—1)Kpy1-Kit} g4+p M—p—g AKpr1+p.-Kpu+p} g -
Li—o” ' F Eyigpj=Yizo L Evopgp0=8=M-—p.
Proof.

By the definition of Hy(g), there clearly is:

Hi(g +p,PS1,PT1) = [1L; x H1(g, [Kp11 + p--Kag + pl, [Tpr1.-Tua]) = SUM(N).
Let PT = [1,2..M], 1 — the rest.

O
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Special:
H1(0,CK, [K; +p), PT) = T, (p+ Kp) = oM FLO DKkl gy
-1 ip—1
M= (~1VF Ey i p > 1.

From [TM, (x +K;) = Zjﬂio F}KxM_f, it’s easy to get:
T KMTEM = TTM, (k+ ). TM ) (—1)KMTFM = 0,M > k > 1.
The extension can be obtained with H3(g).
PS=1[0,—1..— (M—1)],PT = [T,T+1..T+M—1],Hs3(g < M) = 0,
PS1=PT1=[T,T+1.T+M—1],Hs(g > 0) =0 —

Theorem 17.

M (—1)f<§4>’TP§A—1 —0,0<g<M.

My <§4>]TP;K + (D8 (M)F =00 <g < MK ={T,T+1.T+M-1}.
<§4>JT = oy D (SR (T [T+ Klr (e + 1M1, T € N,

Proof. ‘

Proof of the third equation. From Z]-Aio (—1) kM’ij/I = 0 and the first equation,
it can be seOen that <§’I >]T and <§/I >0T = ]<§4_ 1 >T have the same thing:

11 — <§/I>T =m "+ a2+ ... — <§4>T = ;1% +a,2Y77 + ... — the expression.

The same conclusion can be obtained by combining definition of <§A >]T and 11.
O

PS = [T,T+1..T+p—1,Ky 1..Kyl, PT = [T, T+ 1..T + M — 1],
H;(g) = [T (T +i—1)H5(8, [Kys1-Knl, [T +p.. T+ M—1]) -
Theorem 18. K = {T, T+ 1..T +p —1,Kp;1..Kn }, Ky = {Kpy1.. K},
! <§4>;F}< + (1M =M >g>M—p.

o 1) - o)

Ty (i =D ), B+ CORE )R )0 <g <M-p.

PS=[K,K—1.K—M+1],PT = [0,1..M — 1], Hy(g > 0) = 0,
PS1=PT1=[T,T+1.T+M—1],Hy(g < M) =0—

Theorem19 )

JorM-1
Yt <M g> F'=00<g<M

j K Mg K _ )
L% <M g>1 wrti + (1) ( )F 0,0<g<MK={T,T+1.T+M-1}.

PS = [K,K—1..K—=M+1],PT = [K,K—1.K—p+1,T, 1..Tyl,
Hy(g+p) =TT (K—i+1)Hz(g [K—p..K =M +1], [Ty 1..Tr]) —

Theorem 20. T: {K,K —1.K—p+ I,Tp+1...TM} Ty = {Tp+1-~-TM}/
]
My < g> FT (= 1)M8< )FT—00<g<p

d0i:10.20944/preprints202408.0503.v1


https://doi.org/10.20944/preprints202408.0503.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 August 2024 d0i:10.20944/preprints202408.0503.v1

8of9

Z <M —-p- g>j FJLL( DM g<8+P)FT -
I, (K—i+1)(2 <§ﬁ:§,g>; E A (CDS(T ) ) 0<g < M—p.

Theorem21. T€ Z,pc N,0<g<M,p <M,
M— -g {TTJr] T+p 1KV+7 KM} g
Li=o Fj Em- g i~

—p—g+ip {K 1-Km} pg—i
o (i)(TﬁLP*g*l 1)p- 12; 0 " Byt pguij

Proof.
PS1 = [T,T+1..T+ (p— 1),Ky41..Kp], PT1 = [T, T+ 1..T + M — 1],
PS2 = [Ky 11Ky, PT2 = [T4+p—1.T 4 M—1],
Hi (g, [T,PS],[T,PT]) =T x Hy(g) + T x Hy(§ — 1) —
Hy(g,PS1,PT1) = [T + g — 1];H; (g, LK, PS1, PT1)
= [T+p—1), X0, (V)Hi(g i, PS2,PT2).
= [T+p—1,%", (f) [T+p—1+g—ils iHi(g —i, LK PS2,PT2).
O

Ki:0g—M—p—>Z]p FT- TP ”EM PoyP ()[ 1+ M- ] EfVI =i
p:M_IHZp F{TT-H T4p-1} [T+p]

6. PT=PS and Its Promotion
Hy(g, PT,PT) =TT, T; (?) , promoting it:

Theorem 22. PS = [T, T5..Tp—p, 0, —1... — (p — 1)], then
Hi(g) =TI (s ) Halg) = (CDMS T, T (B ).
Hs(p) =TI, Ty, Hs (g # p) = 0, SUM(N) =TT, (3 T4 ).

Proof.

Hi(g,M) = (K +8)Hi1(g, M~ 1) + (Tm = M +g)Hi (g — 1, M — 1)

Using induction and the recurrence relationship one can obtain H;(g).

PT1 = [Tapt—ps1o-Taal, 2 =

Ha (g, 0...— (p = ], PT1) = (~1)M"8Hy (g, PTL, PT1) = (1M 814, Ti(F).
Hy(g) = TTL," Ti x Hy(g — (M = p), 0. = (p — 1)}, PT1) — Hy(g)-

Hj3(g) can be obtained from the definition. H3(g) — SUM(N).

O

Theorem 23. PS = [0, ~1.. = (M —p—1),Tpy—py1 — (M —p)..Tp — (M —p)], then
_ M-
Hy(g) = (=DM ST, T <g,pp),H1 (@) =TI, T; (ﬁ,j_g),

H(M—p) = TT%, Ty, Hy(g # M —p) = 0,SUM(N) =TT, T (3137,

Proof.
2& 22 — Hy(g).

M
p = 0,H;(M) = TT T;. Recurrence relation & induction on p — Hj(g).
i=1
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Hj3(g) can be obtained from the definition. H3(g) — SUM(N).
O

Using similar methods:

Theorem 24. PS = [T1,T5..Tp—p, 0, —1... — (p — 1)],
PT=[0,1...M—p—1),(M—p) = Tnm—ps1.-(M —p) — Tn], then
H(8) = (~1S T, Ti (55 ), Ha(p) = (~1)P T, T Ha(g #p) = 0,
Hy(g) = (~1 T, Ti(s "),

SUM(N) = (=P T, T3 (Y777 ) p > 0;SUM(N) =TI, Ty, p = 0.

7. Transformation of SUM(N)
T, (x + Ki) = Tl page=8 = ¥l FExM =8 = VSUM(x + 1, PS, [1,2..M]).
No need to know the value of K;. Any polynomial can be converted to VSUM(N, PS, [1,2...]).

By choosing ¢ and K}, K,... appropriately, SUM(N)) can be converted to ¢ x VISUM(N, [K}, K,...], PT1).
However, it is generally necessary to solve higher-order equations to solve for K. But specifies that
every nested sum can be flattened, converting to ¢ x VISUM(N, PS, [1,2...]).

M N+Y N+Y+ M NA+Y+M+X—

(1) = Lglobg (g:X+1) (2) = E " g(g+X+1g> (3) = Lolodg (M+1+X g), can be converted to
¢ x VXSUM(N +Y — X, PS, [1,2..M]). c = gjf{ == % It is only necessary to solve the sys-
tem of linear equations to find F}K. so them can also be converted to Z LoagxaM=s.

Special:

bp=b; =..=b;=0—K; =0,K; = —1.K; = —(q—1).

cp = C1 =...=Cq=0—>K1 =1,K2=2...Kq=£].

dy=dy=..=dj=0—-K =0,K)=~-1.Ky=—(g—1).
(1),(2),(3) can also be converted toc x VSUM(N +Y — X, PS, [ X +1,X + 2. X + M]).

— b _ _ d

€= XTT)(XTM) = (x+1) XM = XA

Special: ¢ =¢; = ... =¢; =0 = K; =X+ 1,K =X+ 2.K; =X +¢.
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