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Abstract: We consider melting of a one-dimensional domain (x > 0), initially at the melting tempera-
ture u = 0, through fixing the boundary temperature to a value 1(0,t) = Uy > 0)-the so called Stefan
melting problem. The governing transient heat-conduction equation involves a time derivative and
the divergence of the temperature gradient. In the general case the order of the time derivative and the
gradient can take values in the range (0, 1]. In these problems it is known that the advance of the melt
front s(t) can be uniquely determined by a specified prefactor multiplying a power of time related
to the order of the fractional derivatives in the governing equation. For given fractional orders the
value of the prefactor is the unique solution to a transcendental equation formed in terms of special
functions. Here, our main purpose is to provide efficient and simple numerical schemes to compute
these prefactors. The values of the prefactors are obtained through a dimensionalization that allows
the recovery of the solution for the quasi-stationary case when the Stefan number approaches zero.
The mathematical analysis of this convergence is given, providing consistency to the numerical results
obtained.

Keywords: fractional Stefan problem; free boundary; Caputo derivative

1. Introduction

The Stefan problem of melting is a well known free boundary problem that has been deeply
studied in the last century. The scope of this model is very broad, as can be seen in the review article
[26] which cites and compiles more than 5000 articles on Stefan problems up to the year 2000.

When we deal with one-dimensional Stefan problems, under certain initial and boundary con-
ditions, the motion of the free boundary (the melt front) behaves as the square of time f [1,16]. In
particular, if we address the one-phase Stefan problem with a constant boundary condition, that is,
if we consider the problem to find the pair of functions {u, s} representing the temperature and the
advance of the interface, such that

(i)  pcu(x, t) = kuxy(x, t) 0<x<s(t),0<t<T,
(ii) u(0,t)=Uy>0 0<t<T,
(iii) u(s(t),t) =0 0<t<T, 1)
(iv) s(0) =0,
(v) pls(t) =— Lm ux(x,t) 0<t<T,
x—s(t)~
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then the free boundary is given in terms of the square root of time,
S(t) = &V, >0 @)

where ¢ is the positive solution to the transcendental equation

gerf(%)exz/“ = —%.

We call ¢ the prefactor of the free boundary because, clearly, the advance of the interface is totally
characterized by this number. The relevance of computing this parameter (which is relatively easy
nowadays) was exposed by Solomon in [24] by giving exact data and demonstrating the importance of
similarity solutions in semi-infinite domains to approximate exact solutions.

The heat transport governing equation in the Stefan problem above, (1)—(i), is the classical
diffusion equation. This equation arises as a consequence of inserting the phenomenological Fourier
law for heat transfer into the heat continuity equation (first law of thermodynamics). However, the
Fourier law is not the only way to model heat transfer. The theory of non-Fourier heat transfer is highly
diverse, as can be observed, for instance, in Zhmakin’s book [31] or the work [23]. Such treatments
are suitable to model heat transfer in the presence of fractal structures, or amorphous materials like
glassy polymers [2] or silica glasses [13]. The focus of this article is a particular class of non-Fourier
heat transfer models, namely those that employ fractional calculus to describe anomalous diffusion.
More explicitly, we consider here non-Fourier models in presence of fractional integrals or derivatives
of Riemann-Liouville or Caputo type. We refer the readers to the works of Metzler and Klafter [17] and
Voller [29] which provide an in-depth discussion on the modeling of anomalous diffusion processes
using fractional derivatives, as well as the books [9,10,15,18,22] for the theory and applications of
fractional diffusion equations.

When the presence of anomalous diffusion is considered in a free boundary problem with an
imposed constant temperature at the fix boundary, an interesting feature emerges: the advance of the
free boundary is proportional to a power of f that differs from 1/2 (see e.g. [21] or [28]). That is,

sa(t) = &', £ > 0; 3)

when y(«) > 1/2 the process is referred to as superdiffusive and when (a) < 1/2 as subdiffusive.

We are strongly convinced that fractional models can be valuable when emphasizing the evolution
of the free boundary. Thus, mirroring classical work on Stefan problems [24], our goal here is to develop
algorithms and techniques to compute the prefactor ¢, associated with both super- and sub- diffusive
one-dimensional, one-phase Stefan melting problems. In carrying out this task we will use the
similarity solutions of anomalous Stefan problems that has been previously presented in the literature.
In this light, we emphasis that the key component in our work is to arrive at computations that produce
explicit numerical values for the prefactors ¢,. Beyond their intrinsic value, such results are useful in
validating the effectiveness and accuracy of numerical methods for phase-change problems in presence
of anomalous diffusion, e.g., [4,7,8,11]. As a verification of our proposed computations we provide a
mathematical analysis that shows that when the governing dimensionless group, the Stefan number
Ste — 0, our calculations for ¢, converge to the known explicit values associated with quasi-stationary
anomalous Stefan problems [21,28].

Our paper is laid out as follows. In Section 2, the time fractional and space fractional Stefan
problems for a melting process are presented. Section 3 is devoted to the a dimensionless scaling of
such problems, focusing on the role of the Stefan number in each case. Sections 4 and 5 deal with the
space fractional and time fractional cases, respectively, having both the same structure. The selfsimilar
solutions for the general and the stationary problems are presented first. Then a method for the
computation of the prefactor is presented and finally, an analytical proof of the convergence of the
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prefactors of the general solutions to the prefactors of the quasi-stationary solution when the Stefan
number Ste approaches zero, is given. Finally we present the conclusions and future work in Section 6.

2. Modeling the Space and Time Fractional Stefan Problems in a Melting Process

Suppose that () is a cylinder of anomalous phase change material with constant cross-section
A and length [0,1], where I >> 1 is an isolated extreme. Let u = u(x,t) be the temperature of the
cylinder at position x and time ¢ and let g = q(x, t) be the heat flux. We assume that, initially, the bar
is at its melt temperature u = Uy, and a melting process with a sharp moving interface s = s(t) is
initiated by imposing a constant temperature Uy > U,; at x = 0. This free boundary, representing the
moving melt interface, is assumed to be an increasing function in time, i.e,

x =s(t), withinverse t = h(x). 4)
The total energy in the model is given by the enthalpy

cu(x, t)+¢ if 0<x<s(t),t>0,

H(x,t) =
cly, x>s(t),t>0,

)

where the thermophysical parameters at the liquid phase are the specific heat ¢ and latent heat ¢, which
is the energy used in the phase change. With this definition we can use the basic thermodynamic
principles to recover two balance statements:

(i) The balance of energy in the liquid melt 0 < x <s,

d )

“H4 —g =
poH+524=0 (6)
where p is the material density and (ii) the of balance energy at the interface where the phase change
occurs,

[eH]}v = [q]}- 7)

This is recognized as the classical Rankine-Hugonoit condition, the double brackets representing
jumps in the enthalpy and the heat flux respectively and v the velocity of the free boundary.

It is well known that equation (1)— (i) is obtained after replacing the classical Fourier law in the
balance equation (6). This law states that the local heat flux g at a point x is proportional to the gradient
of temperature

g(x,t) = —kuy(x, 1), (8)

where we have assumed that the conductivity of the material k is constant. By contrast, here we
consider a non-local flux law defined by the relation

B t) = gy ) Kes(p ) (x— p) . ©)

1—ua
This equality states that the flux at every time t and position x is a generalized sum of all the local
fluxes at every position between the left extreme of the slab (x = 0) and the current position, imposing
the condition that the local fluxes “closer” to the current position have more weighting than the local
fluxes “further” away. Note the constant k, is defined by

ka := kg (10)

where v, is a parameter that has been added to preserve the physical dimensions.
At this point let us recall the classical definitions of fractional calculus that will be used in this
article.
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For every f € L!(a, b) we define the fractional integral of Riemann-Liouville of order a € (0,1) by

A% f(z) / f(w )*ldw, ae.in (a,b).
Now, for f € AC[a, b] we define the fractional derivatives of Riemann-Liouville and Caputo of order «,
respectively, by
KD f(2) = -l () = g e [ flw)z - w)tdw
“ dz I(1—a)dz Ja
and

ED*f() = o' f (@) = gy [ @)z =) dw,

a.e. in (a,b). The possibility to define these functions at z = a must be analyzed in every case.
With these fractional derivative definitions in hand we can provide non-local definitions of the
flux. In particular we note that (9) can be expressed in terms of the Caputo derivative

aa (x,1) = —ka G DSu(x, 1), (11)

referred to as the Caputo flux. In this way, replacing (11) in the balance equations (6) and (7) we obtain
the governing equations of the space fractional Stefan problems considered in this article

8 8 ,X _
and
pli(t) = ky lim  §D%u(x,t). (13)
x—s(t)~

Here we have used (5) to compute
[oH]} = p[H]} = pt.

Also, we have assumed that the non-local flux at the solid phase is given in terms of the local fluxes
between the current position and the right extreme x = I, that is by

1 ! _
al(x,t) = —m/x kuttx (p,t)(x — p) "*dp = {Dju(x,t),
which, according to (5), yields that ¢ (x, t) = 0 for every x > s(t). Then

[q); = lim q"(x,t)— lim g% (x,t) = —k, lLm §$D%u(x,t).
x—s(t)~ x—s(f)* x—s(t)~
Thus, on defining the region Qs := {(x,f) : 0 < x < s(t),0 < t} and providing appropriate initial
and boundary conditions we obtain the Space Fractional Stefan Problem: Find the pair of functions
u: Qs — Rand s: Rf — R with enough regularity such that

(i) peur(x,t) = ka2 §D%u(x,t) 0<x<s(t),0<t,
(i)  u(0,t) =Uy > Up 0<t,
(iii)  u(s(t),t) = Up 0<t, (14)
(iv) s(0) =0,
(v)  pls(t) = —ky Hm S$D%u(x,t) 0<t.
x—s(t)~

We move now to defining a time fractional model, achieved through introducing the concept of
memory enthalpy in the balance equations.
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H*(x, t) := F(ll—oc) /Ot M[H(x, ) — Ho(x)](t — )"t = o' "*[H(x,-) = Ho(x)](t)  (15)

where Hy(x) = cU,, and 7, is a parameter that has been added to preserve dimensional consistency.
It is important to stress that expression (15) corresponds to a continuous function that converges
pointwise' to H — Hy when & — 1%, and thus it can be interpreted as a regularization of the piecewise
function H — Hy which presents a finite jump at the interface. The idea of considering a regularized
enthalpy is a common idea in the literature [3,27,30], the novelty of the approach here is to achieve this
through a fractional integral as opposed to the more standard approach of allowing the phase change
to occur smoothly over a small temperature region—a mushy zone.
On joining (4), (5) and (15) we have that
(1) {wx)ﬂ“[H(x, )= Ho(0)](H), 0<x<s(t), »
0 x > s(t).

Then, by replacing (16) and (8) in the balance equation (6) we obtain the governing equation in the
liquid region
d 02

1_ p—
pﬂﬂg [h(x)lt "‘(H(X, t) — Ho(x))] = k%u(x, t) (17)
or equivalently
92
P E(Lx)Df‘ [cu(x, t) + € —cly) = kﬂu(x, t) (18)

For the condition at the interface, we use the continuity of the memory enthalpy to deduce that

lonaH*]] = pna| lim H%(x,t) — lim H*(x,t)| =0, (19)
x—s(t)~ x—s(t)t
Then the classical Stefan condition at the interface (1)—(v) is “lost” in the memory enthalpy model

and it can be replaced by
ux(s(t)~,t) =0. (20)

Remark 1. Condition (20) was previously obtained for the memory flux Stefan problem in [14] and later in [21].
It is a natural condition for the memory enthalpy problem, which comes from the continuity of the “memory
enthalpy” at the interface.

Following from the above analysis, we can present the Time Fractional Stefan Problem: Find the
pair of functions u: Qs — Rand s: Rj — R with enough regularity such that

(i) pfa ﬁ%D‘t"[cu(x, )+l —cly](t) = kg%‘(x, t), 0<x<s(t),0<t,

(ii)  u(0,t) = Uy, 0<t,

(i) u(s(t),t) :0 Uy, x> s(t), (21)
(iv) s(0) =0,

(Z)) ux(S(t)_,t) =0, t> 0.

1 We refer the readers to Theorem 2.7 in [22] which states that, if f € L'(a,b), then
H [ —
lim ,1*f(z) = f(2)

for every z in (a,b) such that z is a Lebesgue point.
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3. The Dimensionless Problems

In this subsection, we aim to rewrite problems (14) and (21) in a dimensionless form, allowing us
to recover the quasi-stationary problems associated with each case in the limit as the dimensionless
Stefan number approaches zero. Note that the dimensionless form of the time fractional problem has
previously been derived in [19][Prop. 8], the addition of the spacial fractional case is new.

To start our derivations of the dimensionless problem formulations we identify the dimensions of
the problem properties in Table 1 and provide a Proposition 1 to determine the dimensions of fractional
derivative operators.

Table 1. Nomenclature table with property dimensions; [M] mass, [T] time, [L] length, and [K] temperature.

Symbol  Definition Dimension

u Temperature [K]
x Spatial position [L]
t time [T]
P ML

k thermal conductivity {@}

0 mass density [%}

c specific heat {KL—;}
A2 = % diffusion coefficient LTZ
14 latent heat per unit mass %
Ste = % Stefan number [-]

Proposition 1. For every a € (0,1) it holds that:
L (D] = .
2 |&coif| = ik

3. [K'Dgf) = .

Proof. We only give the proof of 1, which is a simple compute.

081 = [y [ agets| = =] = (A= =

O

Remark 2. At this point it is important to stress that the classical change of variable for the time, which is
generally defined by x = xyT) and T = ﬁ—;t, is not used in this article because we are specially interested in
obtaining a non-dimensional model that (;)ermits to obtain the quasi-stationary case when the dimensionless
Stefan number (see Table 1) approaches zero.

The importance given to the quasi-steady-state case lies in the fact that we exactly know the value of the
prefactor of the free boundary for any given fractional order 0 < « < 1.

3.1. The Dimensionless Spacial Fractional Stefan Problem

To simplify, without loss of generality, we rewrite problem (14) with the melt temperature U, = 0.

(i) pcus(x, t) = kva%ngﬁu(x,t), 0<x<s(t),0<t,

(ii)  u(0,t) = Uy, 0<t,

(iii) u(s(t),t) =0, 0<t, (22)
(iv) s(0) =0,

(v)  pls'(t) = —kva §D%u(s(t)~, 1), 0<x <s(t).
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First, let us clarify the units of measure of the parameter v, which was added to give physical
dimension consistency. The appropriate dimensions follow directly from the governing equation
(22)-(i). By applying Proposition 1 and the dimensions noted in Table 1 to this equation we arrive at
the following dimensional balance

M1 [K] (ML K)
L] M7 [T KT vl L]’ (23)

which implies that
[ve] = [L*7Y and lim v, = [-]. (24)

a—1"

Change of variables for the Space Fractional case. If we let x( be a characteristic position we can
define the the following dimensionless space and time variables in terms of the quantities in Table 1

X A2
= —, T =Ste—*t 25
y X0 x% 5

In addition, on using Uy as the characteristic temperature, we can construct dimensionless
dependent variables for temperature and front position as

i(y,7) = uiu(x,t) and 35(1) = —*=. (26)
0

Then, by making the substitution ¢ = vxg in the fractional integral, we have

SOt ) = g [ e Mo AV T

FL-5)Jo G- 0r T = o e -
/y uy v, T) Uo C ( o).
1 - tx) ool Yr
iC o _@EC o~ al Uy aC o~
axoDxu(xlt) - xg ayODyu(y/T) ox 1_;'_“ ay D (V ) (28)
And
_ T A2
up(x, t) = dic(y,7) = 5 = = Stely— ol ic(y, 7). (29)
Xp

From (22)—(i), (28) and (29) we obtain the dimensionless governing equation for the liquid phase

Stexd v, e (y,T) = aaygD“ﬁ(y, 7). (30)
From (22)—(v), (26) and (27) we have
§(t) = —x}~ "‘vaoD"‘ (1), 7). (31)

To retain the dimensionless nature of the equations we set the admissible parameter as

Vg 1= xg‘*l, (32)
which has dimensions consistent with (24).
Finally we can rewrite (30) and (31) as
~ _ i Cra~
Steiir(y,T) = 3y 0 Dyi(y, 7). (33)
§(r) = —OCD;‘ﬁ(sT(T)*,T). (34)


https://doi.org/10.20944/preprints202504.2123.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 April 2025 d0i:10.20944/preprints202504.2123.v1

Adding appropriate initial and boundary conditions we arrive at the desired dimensionless space
fractional Stefan problem: Find the pair of functions #: Qs — R and §: Rj — R with enough

regularity such that
(i)  Steiir(y,7T) = %gD”‘ﬁ(y, 7), 0<y<3(r),0<T,
(ii) @(0,7)=1, 0<m,
(iii) #(3(t),T) =0, 0<T, (35)
(iv) 5(0) =0,
(v) §(r)=-§D%i(5(r)", 1), O<T

3.2. The Dimensionless Time Fractional Stefan Problem
Let us work now with problem (21) for the case U,, = 0. That is, consider the problem to find the
pair of functions u: Qs — Rand s: Rj — R with enough regularity such that

il

(i) pYa E(Lx)Df[cu(x, D +L(t) = k8x2 (x,t), 0<x<s(t),0<t<T,

(ii)  u(0,t) = Uy, 0<t<T,

(ii)  u(s(t),t) =0, 0<t<T, (36)
(iv) s(0) =0,

(v)  ux(s(t)=,t) =0, 0<t<T.

As before, we start by clarifying the role of the parameter #,. But first, it is important to introduce
an equivalent problem to (36) that will be used in this subsection. More precisely, according to [21,
Prop. 5], problem (36) is equivalent to the problem to find the pair of functions u: Qs — R and
s: R — Rsuch that

1l o%u

(i)  napc g(x)Df‘u(x, t) + o) (—h @) = kﬁ(x,t), 0<x<s(t),0<t<T,

(i) u(0,t) = U, 0<t<T,

(iii) u(s(t),t) =0, 0<t<T, (37)
(iv) s(0) =0,

(v)  ux(s(t)=,t) =0, 0<t<T.

Note that we can rewrite equation (37)— (i) by using the diffusion coefficient A> and defining 1, :=
(172) ! in the following way.

4
I'(1—a)(t—h(x))”

g(x)Dﬁ‘u(x,t) + . = A pguyr(x, ). (38)

From this equation, using Proposition 1, Table 1, we obtain the dimensional balance

K _ 7K
[T“] - m[ﬂa]ﬁ (39)
From which it follows that
(o] = [T and lim p, = 1. (40)

a—1-

Remark 3. Consistent with Remark 2, we consider the non-classical change of variable (25) in order to achieve
the quasi-stationary problem when the Stefan number approaches zero.


https://doi.org/10.20944/preprints202504.2123.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 April 2025 d0i:10.20944/preprints202504.2123.v1

Change of variables for the Time Fractional case. Let x( be a characteristic position and consider
the change of variables (25). We define as before,

- 1 . s(t) - A2
’ - 75 /t ’ = ’ h = Ste —<h . 41
i) = et S =" ) = ste h) @)
where x,y, t and T are related by (25). Applying the substitution r = ¢ ;%/\2 v in the following integral,
we deduce that
1 Eoug(x,r) 1 b Ut (y,T(r)) ., A?
C o _ r _ oUht ]/ o
nx) Dt ulx,t) = I(1—a) /h(x) (t—r)" dr = r(l1—a) /h(x) (t—r)~ Ste x3 dr
UpSte L iic(y,0) -2 (42)
1 t 0 x% R4 X0 A% x17 C N~
T T(1-a) /ﬁ(y) ( 2 )“ Steq2 10 = g St Uojiy) Dy, T).
t— 0 o 0
Ste A2
Also,
2 i
t=h(x) < vl h(x) & v =h(y),
t=nh(x) &s(t) =x<s(t) =xy < 5(1)=y.
Then
14 _ 14 A Ste*l 43)
(1 —a)(t—h(x)* 2 2 - CT 2 r(1—a) (T —h(y)"
Cr(1“)<S;OAZTS;OAZh(y)> 0" (1 —a)(t—h(y))
From the other side,
2 2 Uo
A pgixy(x, ) = A ya?uw(y, T). (44)
0
Substituting (42), (43) and (44) in (38) gives
A2 A2 Ste*/ Uy
=-Ste" Uy $ \D%il(y,T) + —5 _ = AMpa— iy (y, 7). 45
x(z),x Oh(y) T (y ) x%a Cr(l _ Dé) (T _ h(]/))’x Ha x% yy(y ) ( )
’ 1-a
Note that y, := % is an admissible parameter verifying (40). Then by replacing this pa-

rameter into (45) and addressing with initial and boundary conditions, the following dimensionless
problem associated to the Time Fractional Stefan Problem is obtained: Find the pair of functions
#: Qs — Rand §:RJ — R enough regular such that

(i) Steg(y)D%ﬁ(y, T) + m =iy(y,T1), 0<y<3§(r),0<T,

(ii) 4(0,7t)=1, 0<T,

(iii) @(3(t),T) =0, 0<T, (46)
(i) 5(0) =0,

() ay(5(t)",7) =0, 0<.

4. Computing the Prefactor for the Space Fractional Case
4.1. Closed Solutions

Let us start with the quasi-stationary case. This problem is usually attained by making the specific
heat ¢ — 0. The resulting problem is trivial in (14) or (21) but we focus now in problem (35). Thus,
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by assuming that the latent heat £ and the imposed temperature U are finite positive numbers, it is
immediately clear from the Stefan number definition in Table 1 that

c— 0« Ste — 0. (47)

Then, the limit problem obtained from (35) by making ¢ — 0 is the Space Fractional quasi-Stationary
Problem: Find the pair of functions ii: Qs — R and §: Rj — R with enough regularity such that

(i) %SD’XIZ(]/,T) =0, 0<y<s(r),0<T,

(ii) a(0,7)=1, 0<T,

(iii) #(3(1),T) =0, 0<T1, (48)
(iv) 5(0) =0,

(v) &(r)=-§D"i(5(t)",1), 0<T

Remark 4. The change of variable performed in (25)-(26) and (41) remains unaffected when considering the

limit ¢ — 0. Indeed,

Step? = U0k
J24
is independent of c.

Problem (48) was solved in [28] and its close solution is given by the pair

~1JL 7 :1_ ylx 7 ~1x FZ % ﬁ- 49
a0(Y, T) Tt a)| Tt Sa0(7) = [[(2+a)] ™ (49)

We now present an exact solution to problem (35), originally introduced in [20], which has been
adapted here for the dimensionless case with the Stefan number as the main parameter. To that end,
let us introduce the special functions involved

Definition 1. Let « > 0,m > 0, and I such that «(jm +1) # —1,-2,-3,... (j = 0,1,2,...). The
three-parametric Mittag-Leffler function E, ,,, (z) is defined by

s : " Tla(m+1)+1)
Egm(z ; with cg =1, Cn_].l—IF(oz(jm—l—l—|-1)+1)’ (n=1,23,...).  (50)

Remark 5. A particular case is Eq10(z) = e* and we recover the classical Mittag-Leffler function for m =1
and | = 0 Ey10(z) = Eu(z). Also, a two parametric Mittag—Leffler function is recovered for the case

212
Ey11(z) = T(al +1)E, 4141(2) and the special case of our interest is Eq 51 (—%) — ¢ (3)". For the role of
the three-parametric Mittag-Leffler function we refer the reader to the original works of Kilbas and Siago

We will consider the parameters | =1,m =1+ % For this case we have

. B T (a(j(1+1/a) +1) +1)
:x1+ A ( chz with ¢g =1, C"_j:HOF(a(j(1+1/a)+2)+1)’HEN (51)

and the coefficients c, verify the next recursive form
. I(n—1)(a+1)+a+1) _. I'(n(l+a))
"I (- + 1) +2a+1)  "T(n(1+a) +a)

We know from [12, Th. 1] that the three-parametric Mittag-Leffler functions (51) already defined
are entire functions for every a > 0.

co=1 ¢, = neN. (52)


https://doi.org/10.20944/preprints202504.2123.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 April 2025 d0i:10.20944/preprints202504.2123.v1

Define the function o : Rj — R by

1+ 0 (n+1)(14+a)—2
cMM:WH%H“<w )zzw(mw (53)

1+a) & (14a)"

Now, by mimicking the steps in [20, Section 5], it is straightforward that the pair {7,, 5.} given by

1 y/ (t/Ste)!/ (1)
o ste(y,7) =1-— T/o o (w)dw (54)
/ " oy (w)dw
0
and
1
ga,Ste(T) = Ca,Ste(T/Ste) e, T € (0, T)r (55)
where &, ste € RT is the unique solution to the equation
y Yy
Ste {I‘(zx)(l +a) —/ an(w)dw} = y/ ox(w)dw, (56)
0 0

is the solution to problem (35).

Remark 6. Let us highlight that the expression for the prefactor of the free boundary that we are trying to
approximate is given by
B s = S 67)
SteT+a

The results in the next proposition can be founded in [20, Prop. 8 and Section 5].

Proposition 2. The function o, : Rt — R given in (53) verifies the following properties:

1. oy is a non-negative function such that o, # 0.
2. The following limits hold:

Yy Yy
lim | wo,(w)dw =07, lim/ o (w)dw = 0T, 58
y\0Jo «() y\0.Jo «(@) ©8)

(o) (1+ 1) — [ woy(w)dw
I3 ou(w)dw

3. The function H : R — R given by H(y) = is a decreasing function.
4.2. Computing 0, st,

Using series expansion of E, ,, ;(z) in the definition of 0, (w) we can rewrite the equation (56) as

n Ste 1

,:i;z:iin (1+oc)(n+1)+(l+zx)(n+1)—1 D) _gte . T(w)(14+a) =0.  (59)

The solution to the last equation (59) can be interpreted as the root of the following function in
the left hand side. Thus, a simple method like the bisection method can be applied to find the solution
Cx to (59), after making an efficient computation of the 3-parametric Mittag-Leffler functions (in [5], a
simple code is presented to see how it has been computed).
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Figure 1. Space Fractional Stefan Problem. Convergence of 6, s, (central box) given in (57) to the prefactor of the
quasi-stationary case I'(2 + &)1/ (17%) (right column) given in (49).

4.3. Analysis of the Convergence to the Quasi-Stationary Case

As it was stated in Section 3, the quasi-stationary problem is obtained by making the sensible heat
¢ — 0in (35). However taking into account (47) and being the Stefan number the visible parameter in
our equations, the convergence to the quasi-stationary case will be analyzed by making Ste — 0. It is
also worth noting that the convergence analysis is not affected by the change of variable, according to
Remark 4.

In view of the results obtained from the previous algorithm for 6, s, for a fix « (see Table 2), the
next theorem is presented.

Table 2. Space Fractional Stefan Problem. Different values of 8, s, (central box) given in (57) and the prefactor of
the stationary case T'(2 + )/ (1+%) (right column) given in (49).

N te 1.00 0.70 0.50 0.30 0.10 0.05 0.02 0.01 0

050 || 1.1311 1.1493 1.1635 1.1797 1.1984 1.2036 1.2068 1.2079 | 1.2090
0.60 || 1.1508 1.1744 1.1926 1.2132 12370 1.2435 1.2475 1.2489 | 1.2503
0.70 || 1.1711 1.2000 1.2221 1.2470 1.2755 1.2833 1.2882 1.2898 | 1.2915
0.80 || 1.1926 1.2264 1.2522 1.2811 1.3141 1.3231 1.3287 1.3306 | 1.3325
0.90 || 1.2155 1.2539 1.2830 1.3157 1.3528 1.3629 13692 13713 | 1.3734
095 || 1.2276 1.2681 1.2987 13331 13721 13828 1.3894 1.3916 | 1.3938
099 || 1.2376 1.2796 13114 13471 13876 13987 1.4055 1.4078 | 1.4101

Theorem 1. The prefactor of the free boundary (57) corresponding to the Space Fractional Stefan Problem (35)
converges to the prefactor of the quasi-stationary Space Fractional Stefan problem (48) when the Stefan number
approaches zero. In other words,
lim 6, g, = (2 + )/ (1+9), (60)
Ste—0

Proof. For every Ste > 0 let ¢, s, the unique positive solution to (56). Equivalently, ¢, s, verifies the
equation
Ste H(ga,Ste) = Cu,Ste
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where H is the function defined in Proposition 2. Let Ste; < Ste,. If we suppose that ¢y 50, < Ga,ste;,
from Proposition 2 item 3 we deduce that H(Cy ste,) > H(Ca,ste,)- Then, Guste, = SteoH (S 5te,) >
Ste1H(C4,ste;) = Ca,ste;, Which is a contradiction. Then the family {, s } ste 18 decreasing respect on
the parameter Ste and being the positiveness of the elements we deduce that S}.‘ieIBO Cu,ste = B = 0. Now,

making Ste — 0 in (56) yields that 0 < 8 foﬁ ox(w)dw = 0, and from Proposition 2 we have

SE’IE}O Ga,ste = 0. (61)
Now, using (56) again
Ita (:IX Ca,Ste
gl _ <§Sf> __ owse (T(uc)(l +a)— [ wo (w)dw). 62)
a,Ste Stel/(1+a) fogzx,Ste 0 (w)dw 0 &
From (61) and Proposition 2,
(:a,Ste
lim T'(a)(14+a)— / woy (w)dw =T (a)(1+ a). (63)
Ste—0 0

By using the series expansion and (61) we compute the limit in the first factor in (62)

aote 0 n(l+a)
i B @ 1 S a1 G L "
s Gige  sevo|a B Fa) D10 —1|

Finally, we make Ste — 0 in (62) and use (63), (64) and the property of the Gamma function saying
that zI'(z) = I'(z+ 1) to obtain

Ca,Ste = (T (@) (1 + )0+ (2 4 o)1/ (OHa), (65)

lim 6 = lim —2~—
Ste—0 % 7 S0 Stel/(Ita

O

Corollary 1. The solution (54)-(55) to the Space Fractional Stefan Problem (35) converges to the solution (49)
to the quasi-stationary Space Fractional Stefan problem (48) when the Stefan number approaches zero.

Proof. Going back to (55), we use (65) to claim that

lim 5, ge(T) = lim Suste rily _ (24 ) Tharrhe — Sao(T). (66)

Ste—0 Ste—0 GtpTia

For the limit in (54) we use the series expansion approach again

1/(1+a)
Oy/(r/Ste) o (w)dw

Ty Ste (]// T) =1

foésre o (w)d,w
io: (1) yr+D)(+a)—1 (& %
= (+)" (1) (A+a) -1\ 7
1=
SR Vs A 67)
o ()7 (4D (1+a) -1
n(1+a
e B el s G
1 y* [ Stetra \ ,Zp (1e)" (n+1)(1+a)-1\ 7
a TT+a \ CSte giiee)

” ,1);1
ngo C(l+1x)" (1) (1)1
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By applying (61), (65) and the uniform convergence of the series we conclude that

v 1 t
Jdim sy, =1 - Yo (Lo ) = ) 69)

O

5. Computing the Parameter for the Time Fractional Case
5.1. Close Solutions

Let us start by introducing the special functions involved in the representation of the solution for
the time fractional case. For more details we refer the reader to [25]

Definition 2. For every y € [0,1], the upper incomplete Beta function of parameters a, p > 0 is given by

B(y;a,B) = /1 211 —z)f1dz (69)
Y

Also, the reqularized upper incomplete Beta functions is defined by

7 B(y; e B)
T(y;a,B) = : (70)
Wit:P) = B, p)
Here, B(a, B) is the classical Beta function defined by B(«, B) = f ¢ 1(1 - z)P1dz.

Remark 7. Note that the former functions are not symmetric respect to the parameters « and P, in contrasts to
the classical Beta function which verifies that

B0B) = H- )

Proposition 3. Forall 0 < o < 1, it holds that

Y. _ T()r(1-3)
/01(22 51 a)dz—T)z. (72)

Proof. Applying Fubini’s theorem, we have that

1 1 41
F(2/a. % 1 _ — 1 / 31 -
/0 I(z ,2,1 oc)dz B(g,l—a) 2/awz (1—w) *dwdz

1 a/2
a / / —w) *dzdw
2, 1-— oc

and the thesis holds by using the Beta function definition and (71). O

(73)

We start with the quasi-stationary problem. That is, we consider the limit problem obtained
from (46) by making ¢ — 0 (or equivalently Ste — 0), which is the Time Fractional Quasi-Stationary
Problem: Find the pair of functions ii: Qs — R and §: Rj — R with enough regularity such that

(7) F(lfa)(ifﬁ(y))“ =L d(y,1), 0<y<i(r),0<T
(ii) 5(0) =0,
(iii) @(0,7) =1, 0<rT, (74)
(iv) @(5(1),t) =0, 0<m,
(v) lim ,(y,7) =0, 0<m,
y=8()”
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where /1 : Ry — R is the function given by

h(y)=s'(y), y=0 (75)

Problem (74) was already addressed in [21], where the following solution was obtained:

1 _
i0(y,T) = r(a2+1) ?83@ / , 1(z%%1—a,a/2)dz, 0<y<s3(t),0<t<T,
w2 (76)

Su0(T) = r(12+4x) /2

Regarding the non-stationary problem (46), we must refer first to the work of Kubica and
Ryszewska [14] where a similarity solution was obtained. However, unlike the solution here, this
solution was not presented in a compact form in terms of calculable transcendental functions. To more
clearly see this, we present a selfsimilar solution following the lines in [14]. To begin, let us recall the
formulation of Problem (46).

(1) Ste%(y)Diﬁ(y, T)+ m =1y (y,7), 0<y<3(r),0<T,

(i) (0, 7t)=1, 0<rT,

(iil) a(3(t),T) =0, 0<T, (77)
(iv) §(0) =0,

(v) dy(3(t)", 1) =0, 0<T

Let us define the one variable function in terms of a self-similar variable (which is different than
the one considered in [14]).

F(p)=ay,7), pn= 7. 78)

And let the free boundary be given by
5(1) = at™? (and h(y) = (y/a)*'%). (79)

Remark 8. We have made a simplification in the notation by denoting a := 0, s, in the aim to simplify the
reading of the next computes. And the correct notation will be recovered at the end of this section.

We have
- !
ey, 1) = F (1) (~5) —0m (80
. 1
“y(yr T) = F/(.u) at/2 (81)
1

iy (y,T) = F"(u) (82)

a’tw

From the boundary condition (77)—(iv) and making the substitution 7 = pt, it holds that

¢ o 1-
F PeE(Y,T) = gk (v, T)
S S LY A VAN A U A
CT(1-w) /ft(y)F<a17“/2>< )ana/ZH(T n)”"dn
. a/2 1 y e a
= 1 _ a 7)2/,1 <a1—tx/2 pD{/Z) a(Tp)’X/2+lt (1 p) po

- a/2 ! — —u/2— -
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Also

T 1 T 1

F(1—a)(t—h(y)* TO—a) Q- (Gp)¥r T —a) (1-p2/ow

Then u is a solution to the fractional PDE (77)— (i) if and only if F is a solution to the fractional ODE

o —agmy,y _ Ste-a/2 _, /1 1 —a/2\ —a/2=1 (1 Nk "
N (R (nr=2)p A=p = e e ®
or equivalently
1" - Ste - a? 1 / Ho/a\ ™% a?
—F ) = F(l—uc)/y F(w) (1_ (%) ) dw = T(1—a)(1— pu2/e)n ®4)

Note that condition (77)— (iv) implies that F/(1) = 0. Then, integrating (84) between u and 1 yields

F(n) = Ste - a? //F’(w >2/lx> dwdz_r(laia)/ylu_zz/a)adz (85)

1—1x

Let us work with the integrals in the r.h.s of (85) starting from the second one.

1 ! 2/04 o 1 ! a/2—1 —u
r(1—a)/,4(1 ) dz_r(l—a)/zxazy (1-y)dy
_ T +a/2)= 5/a. a
- T _a/Z)I(y ;a/2,1—a). (86)

In the first one we apply Fubini and proceed as in (86) to get

—u

i o L P (1= (5 Mt = s [P ) [ (1= (52 " dade
= r(11—a)/: F’(w)/ ( ) wdyd
F(i+ig;/ F(w)WI<<£>2/a ; 1—a)dw (87)

By replacing (86) and (87) in (85) we obtain

Fl(n) = ((H";/;)[St / p/(w)m((;‘))m « 1—¢x>dw T(42/%a/2, 1—04)} (88)

Now, proceeding as in [14, Section 5.3] we define the function

2T(14+a/2)

(127« _
ar<1_a/2)1(y ;/2,1—w) (89)

G(u) =
and the operator L : C'[0,1] — C'[0,1] such that

(Lj)(n) = Steazm /ﬂlj(w)wl((Z)Z/a;;,l—zx)dw, vjeclo1]. (90)

Then F/ verifies
F'(u) = (LF')(u) — G(n), Vue[0,1]. (91)
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It is important to recall that we have written the operator L and function G in terms of the
incomplete Beta function, but the work and estimations done in Sections 5.3 and 5.4 of [14] are valid
for these expressions. The recursive argument is also valid, consisting of applying the operator L to
both sides of equation (91) and use eq. (91) to recover a new equation for F/ n—times, yielding that

n
F'(u) = (L"F)) (1) = Y (L*G) (), VneN. (92)
k=0
In [14, Secc.5.2] it was proved that taking the limit when n — oo in (92) yields that
F'(p) = =} (L"G) (). (93)
n=0
And integrating between p and 1 and using condition (46)— (iii) we get an expression for F which is
1 o
F(u) = /ﬂ Y (L"G)(2)dz. (94)

n=0

The uniform convergence of the series in (93) as well as the regularity of function F were analyzed in
the mentioned paper. We look now for the parameter 4, by using the boundary condition (77)— (ii). In
other words, we look for a positive value a such that

1= Y (L"G)(z)dz, (95)

I(1+a/2)
T(1-a/2)

! [L"1G] (w)wl((Z)z/a; %, 1— rx) dw,

for n € N and we define L? as LG (i) = G(u).
In order to obtain an expression in terms of the powers of the parameter Ste - a%C,, we redefine
the operators L" as follows. First we define

where from (90) and denoting C, := , the operators L" are given by

L"G(u) = Stea®C, /
p

() =T a/21~0),  L'ju) = [

u w "2’

1[i("1)j](w)w1((”)2/“-“ 1—/x> dw  (96)

and then we replace it in (95), multiply both sides by Ste, and we deduce that the prefactor a verifies

that
ol 1
Ste = Ste-a2Cy ¥ bu(Stea®C,)", b, = / ["G(z)dz. 97)
n=0 0
Now, define the function
H(y) =) buy", 0<y<1l (98)
n=0

We know from [14][Secc- 5.2] that the series in (98) is absolutely convergent and thus the function H
is a well defined continuous function. Moreover, H is an increasing and positive function. Thus, the
equation

yH(y) = Ste (99)

admits a unique positive solution, named yg; and we can recover a asking yg;, that

Yste = Ste - a%C,.


https://doi.org/10.20944/preprints202504.2123.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 April 2025 d0i:10.20944/preprints202504.2123.v1

More precisely, recalling the definition of C,, we state that the prefactor a is given by

_ r(l — “/2) Yste
"=\ T+ a/2) Ste” (100)

From the previous analysis we can state that the solution to problem (77) is given by the pair

1 o]

tsey ™) = [ Y (L)), (1o1)
y/ar/2 =

S~oc,Ste (T> = 9“,5,361’“/2. (102)

where 6, 4, := a is defined by (100) and yg;, is the unique solution to equation (99).

5.2. Computing 0, ste

In this section, we outline the elements needed to compute the prefactor 4. i.e. the coefficients by,.
After this computation, the value of a is achieved using the nonlinear equation (99) in a similar way
than before (see [5] for details on the computation).

For that purpose, let us focus on the coefficients b, defined in (97).

Proposition 4. For every n € N the coefficients by, defined in (97) verify that

n+1 1 , _
b= 11 ( [ et oc)dt). (103)

Proof. We prove first that, forevery k =0,..,n —1

1 1 Lok
/ I:”_kG(Z)ZdeZ:/ I:”_(k“)G(z)zz(k“)dz-/ tZkl(tZ/“,%,lfﬂf)dt' (104)
0 0

0

In fact, applying (96), Fubini’s Theorem and making the substitution z = tw in the penultimate
equality, we get

1 1
/i"ka(z)zm‘dz:/ L(L"%1G)(2)2%dz
0

(105)
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Repeating the former argument n—times and using (96) we obtain
1 ~
b, = / L"G(z)dz
0
1 1
_ [ fn1 2 / 207 (2/0 ﬁl 1— ¢
/o G(w)w dw A ( 7 oc) d

1 1 1
= | L"?G(w)w*?d / T2/ 21 - dt-/ 2OT(12/0, 2 1 — o)t
/0 (w)w™*dw A ( Y DC) A ( Y uc)

) . ) (106)
= [ L'G(w)w*dw (/ 2017 t2/“,g,1 - dt)
0 () 111 0 ( 2 )
= [ 1w, S a)aao TT( [ RE0T(2% 51 )ar
0 7 2 7 i1 0 7 2 7
n+1 1 ...
~T1 ( PIVT(1R/, 21— a) dt),
L1\ Jo 2
i=1
which completes the proof.
O
We also present the following property needed for next section.
Proposition 5. For all n € Ny, it holds that b, > 0.
Proof. It immediately follows from the positiveness of
L°G(z) = T(zz/"‘; 6,1 — zx) >0, Vz#1,
2
and formula (103). O
. . . L (1 —a/2)yste 2
Table 3. Time Fractional Stefan Problem. Different values of 8, g4, := TA T a/2\Ste 1+ a/2)Ste (central box) and F+a)
(right column)
e 1.00 0.70 0.50 0.30 0.10 0.05 0.02 0.01 0

i
0.50 || 1.3751 1.4077 1.4318 1.4580 1.4867 1.4944 1.4991 1.5007 | 1.5023
0.60 || 1.3606 1.3951 1.4206 1.4485 1.4794 1.4876 1.4927 1.4944 | 1.4961
0.70 || 1.3391 1.3755 1.4026 14324 14656 14744 14799 1.4818 | 1.4836
0.80 || 1.3114 1.3498 1.3786 1.4103 1.4459 1.4555 14614 1.4634 | 1.4654
090 || 1.2782 13186 1.3490 1.3829 1.4210 1.4313 1.4377 1.4399 | 1.4421
0.95 || 1.2598 1.3011 1.3324 13673 1.4068 14175 14242 14264 | 1.4287
099 || 1.2441 12863 13183 13540 13946 1.4057 14125 1.4149 | 1.4172
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Figure 2. Time Fractional Stefan Problem. Convergence of 6, s, to the stationary case ﬁ

5.3. Analysis of the Convergence to the Quasi-Stationary Case

Following a similar approach presented in Section 4.3, and recalling (47), the analysis of conver-
gence will be state by making Ste — 0.

Theorem 2. The prefactor of the free boundary in equation (102) associated with the Time Fractional Stefan
Problem (77) converges to the prefactor of the quasi-stationary Time Fractional Stefan Problem (74) as the Stefan
number tends to zero. That is,

2

TR (107)

lim 6 =
steo St
Proof. Let yg;, the unique positive solution to yH(y) = Ste.
By Proposition 5, we deduce that yg;,H(yste) > 0, and H(ys) > by > 0. Then, from this

comment and equality

li =1 =
Ste0 YsteH (Yste) St1er305te 0,

it holds that lim yg;, = 0.
Ste—0

We can compute now the following limit

Yste . Yste 1 1

im = 1i
Ste—0 Ste Ste—0 ySteH(ySte) Ste—)O 2 0
b"ySte

(108)

1 _ F(%) .
3122481 —a)dz  T(«)I(1-3)

Returning to (100), and using (108) and the Gamma function property I'(z + 1) = zI'(z) several

times we get
I(1-1%)ys 2
lim 6, 50 = 1 —_—2e 2 109

stes0 St émo\/r(1+g) ste  \|TA+a) (109)
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Corollary 2. The solution (101)-(102) to the Time Fractional Stefan Problem (77) converges to the solution
(76) to the quasi-stationary Time Fractional Stefan problem (74) when the Stefan number approaches zero.

Proof. First, note that, being I(z; 5,1 —a) < 1forall0 < z < 1, it follows that

0< 1°G(z) = 62 5, Cal (22/%; %,1 #) < 62 51.Ca,

By induction, we deduce that

0 < L"G(z) < Ste"g? "D+l

a,Ste
Then,
~ ! = ! np2(n+1) ~n+1
0 <igp(y,T) = L, 2 z)dz < y Z Ste Ga Ste C dz,
0, Ste o/2 O Ste x/2 n=

and for Ste < 1 the series in the right-hand-side converges absolutely. Hence, using that L"G(z) — 0
for all n € N when Ste — 0, we obtain that

1 ©
lim uSte(y, T) = lim /y Z(L"G)(z)dz

Ste— Ste—0 477 =0
_ r(1+§) 2 /1 T(zZ/“E 1_a)dz (110)
r(l—%) F(l+1x) + "2’ !
r(1+a)Ta/2

and the convergence 1, g;, — fiy is proven.
Going back to definition (100), applying (108) and properties of Gamma function we obtain that

lim_ 05,72 = lim L 2) ysenz_ |2 _an (111)
stes0 5 seso \| T(1+ &) Ste T(l+a)

O

6. Conclusions

We have presented selfsimilar solutions for one-dimensional time and space fractional Stefan
melting problems; problems directly derived from thermodynamically consistent balance laws. It is
well known that, when a constant temperature boundary (x = 0) is applied and the initial position of
the sharp interface is the origin (s(0) = 0), these solution exhibit sub- and super- diffusion behaviors
respectively, i.e., the melt front advance is determined as the product of a prefactor and time to a
power n, different from the diffusion value of 4. In both the fractional time and space cases, the time
exponent is given in terms of known functions of the orders of the space and time derivatives in
the problem formulations. The main contribution of the current work has been to, for the first time,
make explicit computations for the values of the prefactors. We expect that our analysis will be useful
when proposing fractional models for anomalous diffusion. Besides, the exact solutions (prefactor
values) computed here will be a strong tool for testing numerical methods for fractional free boundary
problems.
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