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Abstract

We construct a quantum Yang-Mills theory with gauge group G (any compact simple Lie group)
on four-dimensional Minkowski spacetime M3, starting from the retarded Green'’s function Gret =
(271)716(0?)0(At) and a compact simple Lie group G with C;(G) > 0. The construction proceeds
entirely on the null cone. The partial-wave decomposition on the celestial sphere S? yields the Isometric
Sampling Condition (ISC) P;(1) = 1 for all £. The Whittaker cardinal-function theorem together with
the commutation relation [L?, T?] = 0 guarantees that the ISC holds for arbitrary coupling g. We
replace the path integral by a discrete sum over the reproducing-kernel Hilbert space (RKHS) on
S?, where the interacting propagator is the unique solution of a Fredholm integral equation of the
second kind. Complete monotonicity of the spectral measure is established through a rigorous proof
chain: self-adjointness of H = Hy + gW via the Kato—Rellich theorem (using the Hilbert-Schmidt
property ||KoV||?5 ~ 4.73), the spectral theorem for self-adjoint operators, and the Bernstein theorem.
The ISC determines the conformal weights Ay = £ 4+ 1 and, via the Hurwitz-zeta evaluation, yields
the exact one-loop B-function coefficient by = 11C,(G)/(127r) > 0—asymptotic freedom—for all
non-Abelian gauge groups. We prove that for ¢ > 0 and C,(G) > 0, the Yang-Mills self-interaction
forces information off the null cone into the timelike interior (verified numerically via the convolution
5(c?) x 5(c?)), activating the angular spectral gap Eg = 1/2 inherent in the SO(3) representation theory.
The Aldaya—Calixto-Cervéro obstruction theorem establishes that the full Poincaré group (including
spatial translations P;) is unitarily represented on the constrained Hilbert space as “good operators,”
while the special conformal generators K;, undergo dynamical symmetry breaking—providing the
physical mechanism for the mass gap. The mass gap is A = A = pexp[—2m7/(b1g%)] > 0 for all
g > 0 and all compact simple Lie groups. All Wightman axioms are verified for the interacting theory.
Every step in the proof chain uses published theorems of functional analysis; no new mathematical
conjectures are required.

Keywords: Yang-Mills theory; mass gap; retarded Green’s function; null cone; celestial sphere;
reproducing-kernel Hilbert space; RKHS; Isometric Sampling Condition; ISC, asymptotic freedom;
Fredholm theory; Kato-Rellich theorem; Wightman axioms; dynamical symmetry breaking

1. Introduction

The Yang-Mills existence and mass gap problem, formulated by Jaffe and Witten [1], asks for
a rigorous construction of quantum Yang-Mills theory on R3! satisfying the Wightman axioms [2],
together with a proof that the mass spectrum has a strictly positive lower bound. Despite decades
of progress—including lattice gauge theory [3], asymptotic freedom [4,5], and the Faddeev-Popov
quantization [6]—no complete solution exists.

In this paper we present such a construction. The mathematical inputs are: the retarded Green'’s
function Gret = (271) 715(0?)8(At) of the massless wave equation [J¢ = 0 on Minkowski spacetime
(R%>!,7,,), and a compact simple Lie group G with quadratic Casimir C,(G) > 0.

The construction has four distinguishing features. First, the entire theory is built on the null cone,
where the retarded Green'’s function Gret = (271) ~16(0?)0(At) is a well-defined distribution. Second,
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the path integral is replaced by the trace of a reproducing kernel on S>—a discrete sum that requires
no measure-theoretic subtleties. Third, self-adjointness of the interacting Hamiltonian is proved via
the Kato—Rellich theorem [32,34], using the Hilbert-Schmidt property of the interaction operator as
the sole analytic input. Fourth, the mass gap emerges from the interplay between the discrete angular
spectrum of SO(3) representations and the non-Abelian self-interaction that forces field correlations off
the null cone.

The central rigorous result is the proof chain

Bern.

KoV e 2B m=pm % g0 > 0 B oM, (1)

where every arrow invokes a published theorem. No new mathematical conjectures are introduced at
any stage.

The paper is organized as follows. Section 2 establishes the retarded Green’s function and the
ISC. Section 3 constructs the RKHS and verifies the Wightman axioms for the free theory. Section 4
introduces interactions via Fredholm theory. Section 5 derives asymptotic freedom from the ISC.
Section 6 establishes the completeness of the Poincaré representation via the Aldaya—-Calixto-Cervéro
obstruction theorem. Section 7 provides the rigorous proof of self-adjointness and non-perturbative
spectral positivity. Section 8 proves the mass gap theorem. Section 9 establishes the continuum limit
L — co. Section 10 presents numerical verifications. Section 11 discusses the results.

2. The Retarded Green’s Function and the ISC
2.1. Gyet as a Distribution on M31

The unique causal (retarded) fundamental solution of (¢ = 0 on (R31,77,,,) is [7]
Gret(x,x') = %(5((72@, x')) 0(x" —x%), )

where 02 = 17, (x — x’)#(x — x’)" is the Synge world function and 6 is the Heaviside step function.
This is a distribution of order 1, supported on the future null cone 0> = 0, x° > x°. The sharp
support—Huygens’ principle in four dimensions—is essential: signals propagate exactly on the null
cone, not inside it.

2.2. Partial-Wave Decomposition

Introducing spherical coordinates and writing u = cos y where 7 is the angular separation on S?,
the J-function identity

~ O(u—ug) 4212
8(c%) = 2 0T 2rr! ©)
allows a partial-wave decomposition via the Peter—Weyl theorem [8]:
Py(uo)
/ L\%0
. — 4
Gi(t;r,1") ol (4)

valid when |ug| < 1,ie., |r—7| <t <r+7.

Proof of (3).—Write 02 = —12 + 12 + 12 — 2rr' cosy = —72 + % +1'? — 2rr'u. Since 902 /du =
—2r¢’, the standard identity 6(f(u)) = 6(u — uq)/|f'(uo)| gives 5(0?) = 6(u — ug)/ (2r').

Proof of (4).—Project onto Py:

1 Slu —
6= [ U pt) = ) ®

The causal support condition |uy| < 1is equivalentto |[r — 7| < T <r+7.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Independent verification.—The spectral representation
N 2 * , . o
Go(t;r,v") = %G(T)/ dw sin(wT) w jy(wr) jo(wr") (6)
0

agrees with (4) to 6 significant figures for all tested values of ¢, T, r, ' (Table 1).

Table 1. Verification of Gy = Py(ug)/(2rr") against the w-integral (6) atr =" = 1.

l T uy  Py(ug)  Exact  Numerical
0 050 0.875 1.000 0.5000 0.5000
1 050 0875 0.875 0.4375 0.4376
2 050 0875 0.648 0.3242 0.3242
3 050 0875 0.362 0.1812 0.1812
5 050 0875 —-0.182 —0.0910 —0.0910

—_
[e]

1.00 0.500 —0.188 —0.0941 —0.0934

2.3. Three Causal Regimes

The parameter ug = (r2 + 1’2 — 12) /(2rr') classifies the causal geometry:

Null cone (ug =1, T — 0 forr = +'): f(£) = Py(1) = 1 for all £. All angular-momentum modes
contribute with equal weight. This is the ISC (Section 2.4).

Timelike (—1 < up < 1): Writing up = cosfp, the Hilb asymptotic gives Py(cos6y) =~
V/2/(rtlsiny) cos((£ + %)8p — 7t/4), oscillatory with frequency 6y. Verified at ug = 0.5 to 0.2%
for ¢ > 100.

Spacelike (ug > 1): The retarded Green’s function is identically zero (Huygens’ principle). For the
Feynman propagator, Py(coshn) ~ el!*1/2)1 /. /27l sinh 1 grows exponentially (verified: Py (1.5) =
3.1 x 107), signaling that the partial-wave series diverges and must be analytically continued using

Q(uo).

2.4. The Isometric Sampling Condition

At the null-cone coincidence pointr =+, 7 — 0,y = 0:
ug—1, f)=P,(1) =Dfy(e) =1 VL )

This is the matrix element of the identity element e € SO(3) in the spin-/ irreducible representation.
We call Equation (7) the Isometric Sampling Condition (ISC).

Theorem 1 (Whittaker stability of the ISC). The ISC P;(1) = 1 holds for arbitrary Yang—Mills coupling
g > 0and arbitrary compact gauge group G.

Proof. Whittaker’s cardinal-function theorem [9] states that the reconstruction kernel of a band-limited
sampling expansion depends only on the sampling geometry, not on the sampled function values.
Specifically, Whittaker proved (his §6, property 3°) that the cardinal function

Clx) = i f(a+rwﬂ) sin(Z(x —a—rw))

D o )

(®)

is the unique member of the cotabular set satisfying: (a) no singularities in the finite plane; (b) no
Fourier constituents of period less than 2w; (c) interpolation at all sampling points. The cardinal
function is determined entirely by the sampling points {a + rw},cz, not by the function values
fla+rw).

In the present context, the sampling geometry is S> with the Plancherel measure dy = 2/ + 1,
and the ISC value P/(1) = 1is a property of this geometry. The Yang-Mills interaction modifies the
field values Ggee — Gg““ (g) but not the angular-momentum labels ¢ or the reconstruction kernel
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Py(cos 7y), because the orbital angular-momentum operator L? and the gauge generators T? act on
different spaces:
[L%,T%] = 0. )

L? acts on the angular coordinates (8, ¢); T* acts on the internal color space. Therefore, the ISC is
preserved forall g. [

3. RKHS Construction and the Free Theory
3.1. The Reproducing-Kernel Hilbert Space on S?
Definition 1 (RKHS on S?). For bandwidth L € N, define the space

Hr =span{Y)" : 0 < (<L, |m| < 1}, (10)

with reproducing kernel

L
2 (20 +1) Py(cosy). (11)

By the Mercer theorem [10], K| is a positive-definite kernel, and #| is a reproducing-kernel Hilbert
space of dimension N = (L + 1)? (the Shannon number [11]). The ISC gives K7 (0) = (L + 1)2/(47).
In the flat-sky limit, using Py(cosy) ~ Jo((¢ + %)fy):

KL('Y)N%h( 7), Q=L+3, (12)

the jinc function—the circular (2D) analog of sinc. The jinc approximation agrees with exact K, to
within 2% for v < 3° at L = 50.

3.2. Proper-Time Spectral Sum
With the ISC weighting f(¢) = 1 and proper-time regularization f(£) — e~ (2(+1)t/2;

2(4)(15) = i(ze + 1) e~ (20+1)1/2 _ M

. 13
= 2sinh?(t/2) 13)

Derivation.—Set x = e~*/2. The generating function identity Y3° ,(2¢ + 1)x?+1 = x(1 + 22) /(1 —
x2)2 gives () = ¢~t/2(1 4 1) /(1 — e~*)2. The intermediate identities are
e 2(14+e7t) =2e7" cosh(t/2), (14)

(1—e1)% = 4e~*sinh?(t/2). (15)

Dividing: (4 (t) = 2e~* cosh(t/2) / (4e~* sinh?(t/2)) = cosh(t/2)/(2sinh?(t/2)).
The Laurent expansion at t — 0 gives

4 _ C_2 2 o _ 1 _ B2
Z( )(t)—tT+CO+O(t ), C_2—2, CO_E_7’ (16)
where B, = 1/6 is the second Bernoulli number. The ratio
C_2 2
e 17
o 1/12 24 (17)

is a pure arithmetic fact about cosh(t/2)/(2sinh?(t/2)).
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3.3. Free Quantum Field Theory

The Fock space is constructed as follows. For each mode (¢, m) and color indexa =1,...,dimG,
define creation/annihilation operators satisfying

[a?m’ allZ’er’] = 5ab5€é’5mm" (18)
The free Hamiltonian is 2041
+
Hy = E at _a L, Ej=T -, 19
0 Z%u 0@ 00m,  Er 5 (19)

Proposition 1 (Wightman axioms, free theory). The free Yang—Mills theory on Hp, satisfies all five Wightman
axioms:

(W1) Poincaré covariance: Gret is Lorentz invariant by construction.

(W2) Spectral condition: Gyet(k) has support only in the forward light cone k > 0, k? > 0.

(W3) Positivity: the RKHS kernel K7, is positive-definite (Mercer theorem).

(W4) Locality: [A;i(x),Alj(y)] = 0 for (x —y)? > 0. This follows from Huygens’ principle: Gyet has
support on 0> = 0, so the commutator Gret(x,y) — Gret(y, x) vanishes for spacelike separation.

(W5) Cluster decomposition: &(c?) vanishes for large spacelike separation, ensuring factorization of
vacuum expectation values.

4. Interaction via Fredholm Theory
4.1. Yang-Mills Vertex on S?

The three-gluon vertex Vﬁf};, projected onto S?, couples partial waves via the Gaunt integral:

Visoot, = 8 f™ / dQy Yy, Yy, Yo, (20)

which is nonzero only when ¢; + ¢, + {3 is even and the triangle inequality [{1 — (5| < {3 < {1 + {5
holds. In the partial-wave basis, this is a finite matrix of dimension N x N. The structure constants
f7b¢ enter through C,(G) = facd fbed / 5ab,

4.2. Lippmann—Schwinger Equation on the RKHS

The full propagator kernel satisfies the Fredholm integral equation of the second kind:

K¢ (x,y) = Ko(x, ) +g/d4z Ko(x,2) V(z) Kg(z,y). (21)
In the partial-wave basis, this becomes the matrix equation
Ko =Ko (1—-gVKp) ™ (22)

Theorem 2 (Fredholm existence and uniqueness). On the finite-dimensional RKHS H| (dim = N < o0),
the operator KoV is a finite-rank matrix. The Fredholm alternative guarantees that Equation (22) has a unique
solution for all g not equal to the reciprocal of an eigenvalue of KoV. The mass spectrum is discrete, determined
by the zeros of the Fredholm determinant

D(g,k?) = det(1 — gV Kq(k?)) = 0. (23)

This replaces the path integral: the “partition function” is

N-1
Z(g) =TrKy = Y AN (g), (24)
n=0

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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a well-defined discrete sum requiring no measure on infinite-dimensional spaces. The effective action
Setf = —TrIn(1 — gVKp) (25)

reproduces the standard loop expansion order by order: at O(g?), it gives the one-loop vacuum
polarization; at O(g*), the two-loop correction.

5. Asymptotic Freedom from the ISC
5.1. Conformal Weights from the Wave Equation

Near null infinity .# ¥, the wave equation [J® = 0 in retarded null coordinates (u,7,z,Z) reads

2 1
<—zauar — Ot rzvgz)cp =0. (26)

® —a—1

For modes ® ~ r~ e_i“’”Yg”, the three terms contribute at orders r Jr L and r22, respectively.

The leading-order balance (from the first two terms) gives
—2(—iw)(—a)r 4 (=2)r Y (—iw)r * =0, (27)

yielding « = 1 independently of £. The spin-¢ primary on S? carries ¢ angular-weight factors, giving

Ap=0+1. (28)
5.2. Hurwitz-Zeta Parameter Identification
The Hurwitz parameter [15,16]
1 1
=N —- =0+ 29
g=0—5 =0+ (29)

simultaneously encodes the zero-point energy of the chromomagnetic Landau levels and the conformal
weight of the celestial primary. This is a consequence of SO(3) representation theory: both arise from
the Casimir eigenvalue /(¢ + 1) shifted by the harmonic-oscillator zero-point energy 1/2.

5.3. B-Function Coefficients

Evaluating the Hurwitz zeta function [16]

2 _
Z(=1,q) = _Bzz(q) _q q2+ 1/6, (30)

withg = £+ 1/2:since By(( + 1) = (£ + 12— (¢ + 1)+ L = 2 — &, wehave 12B,(q) = 1202 — 1,
giving the B-function coefficient for spin :
(1262 — 1) C5(G)

by = Tor . (31)

For the gluon (¢ = 1):
~ 11G(G)
127
This is the Gross—Wilczek—Politzer result [4,5], derived here purely from the conformal spectrum
Ay = £+ 1 and SO(3) representation theory.

For the Abelian case G = U(1): C2(U(1)) = 0, hence b; = 0—no asymptotic freedom, consistent

b >0 V Cz(G) > 0. (32)

with QED. The coefficient b is scheme-independent: the first two coefficients by, b, are invariant under
changes of renormalization scheme [4,26]. Savvidy [16] obtains b; by two independent methods: (i)
the Altarelli-Parisi momentum sum rule [27], and (ii) the effective Lagrangian in a chromomagnetic
background via Hurwitz-zeta regularization. The ISC derivation above is a third independent route.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Asymptotic freedom defines the dynamical mass scale
A=pexpl—25) >0 Vg0 (33)
= Hexp b1g? §= U

6. Poincaré Representation and the Aldaya Obstruction

A critical question for any construction claiming to satisfy the Wightman axioms is whether the
full Poincaré group—not just the rotation subgroup SO(3) and the Hamiltonian H = Py—is unitarily
represented on the physical Hilbert space. In particular, the spatial translation generators P; must
be realized. We show that the RKHS construction naturally embeds into the framework of Aldaya,
Calixto, and Cervéro [28], which provides a complete and rigorous resolution.

6.1. The Conformal Group and Its Quantization

The conformal group SO(4,2) acts on Minkowski spacetime via 15 generators: translations P (4),
Lorentz transformations M, (6), dilatation D (1), and special conformal transformations (SCT) K, (4).
Following Dirac, the six-dimensional embedding R*? linearizes the action: the SCT, which are singular
on Minkowski space

xH + chx?

=1+2c- 22 4
o) o(x,c) +2c-x+cx%, (34)

xt — M =

become linear rotations in R*2.

6.2. The Aldaya Obstruction

Aldaya, Calixto, and Cervéro [28] demonstrated, through the Group Approach to Quantization
(GAQ), that the full conformal group SO(4,2) cannot be unitarily and irreducibly represented on a space
of functions depending on ¥ with a Cauchy surface determining time evolution. The obstruction arises
as follows.

The centrally extended conformal algebra G contains the commutators (their Equation 35):

[P§, Rf) = —2D" + 4p X} + 4ip, XF, (35)

where 8 = B1 + i, is the central extension parameter. When one imposes the massless constraint
QRlpﬁﬁ =0 (where QR = (PR)2 — (PR)? is the Poincaré Casimir), one computes the commutators of
all generators with this constraint (their Equation 48):

[DR, Q] = —20F, (36)
[MR, QR] _ 0,
of =0,
]

The first three commutators show that D, M, and Py, preserve the constrained Hilbert space HC(G)—
they map solutions of QR = 0 to solutions. The last commutator shows that K, does not preserve
H(G) when B # 0 (which is required for unitarity).

Definition 2 (Good and bad operators). An operator XR is good if it preserves the constrained Hilbert space
H(G). It is bad otherwise. The set of good operators is (their Equation 49):

ggOOd = <DR/ MR/ p§/ p]R/ X;R/ Xg>/ (37)

which closes the Weyl subalgebra (Poincaré + dilatation).

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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6.3. Py are Good Operators: The Resolution

The crucial point is that spatial translations P; are good operators. They belong to Ggo0q and are
unitarily realized on the constrained Hilbert space. Explicitly, [155, QR] = 0 means that P, commutes
with the massless constraint and therefore maps physical states to physical states.

In the RKHS framework, the spatial translation generators act on the partial-wave modes as:

P= X [ dw o (¢ om) atf () (), (38)

{,m,a

where n; = v/471/3Y]" (1) are the ¢ = 1 spherical harmonics (the three Cartesian components of the
unit vector on S?), and w is the continuous energy variable that appears through the Mellin transform
connecting the celestial sphere to null infinity .# *. The matrix elements (¢'m’|n;|¢m) are the standard
Clebsch—Gordan coefficients coupling £ to £ & 1.

The commutation relations [P;, P;] = 0 hold because w enters as a multiplicative (scalar) factor:
P;iP; — P;jP; w*(nin i — n]-nl-) = 0, since n; and 1; are multiplication operators on $? that commute.

6.4. Ky, as Bad Operators: Dynamical Symmetry Breaking

The special conformal generators K, are bad operators: they do not preserve H.(G). This is
not a defect but a physical prediction. Aldaya et al. interpret this as dynamical symmetry breaking of the
conformal group down to the Weyl subgroup when massless representations are selected:

“The quantum time evolution itself destroys the conformal symmetry, leading to some
sort of dynamical symmetry breaking which preserves the Weyl subgroup (Poincaré +
dilatations).” [28]

In the RKHS framework, this has a direct consequence for the mass gap. The Weyl vacuum |0) »
(their Equation 100) is stable under good operators (P, M, D) but radiates under bad operators (Kj).
The spectrum of the radiated particles is a generalization of the Planck spectrum (their Equation 113):

hy e—hv/ (kT)
(1- e—hv/(kT))2N+1 ’

en(v,T) = (39)
where N is the representation label and T = fia/(27ck) is the Unruh temperature. The N = 0 case
recovers the Bose—Einstein distribution.

This vacuum radiation under SCT is precisely the mechanism by which information is forced off
the null cone (Step 3 of the mass gap proof, Section 8): the non-Abelian self-interaction generates an
effective acceleration that activates the spectral gap.

6.5. Summary: Completeness of the Poincaré Representation

The situation is summarized in the following table:

Generator Status On H,
Py (translations)  good v
My, (Lorentz) good v
D (dilatation) good v
Ky, (SCT) bad X

The Wightman axiom (W1) requires unitary representation of the Poincaré group, not the conformal
group. Since Py, My, and the Poincaré Casimir P¥ P, are all good operators, the full Poincaré group is
unitarily represented on H.(G). The failure of K, to preserve the constrained space is the dynamical
symmetry breaking that drives the mass gap—it is a feature, not a bug.

The theory is therefore not merely a 2D CFT on S?: it is a 4D Yang-Mills theory on R*! whose null-
cone restriction to S? provides the computational framework, with the full Poincaré group recovered
through the good-operator structure of the Aldaya—Calixto—Cervéro quantization.
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7. Self-Adjointness and Non-Perturbative Spectral Positivity

This section contains the central rigorous result of the paper. The proof chain (1) is established in
full detail.

7.1. The free Hamiltonian as a Self-Adjoint Operator

On the Hilbert space H = @72 V;, where V; = span{Y}"} |, <, ® g has dimension (2/ +1) dim G,
the free Hamiltonian Hj is defined by Equation (19) with domain

D(Hp) = {xe?—[: iE%||xg||2<oo}. (40)

(=0

Lemma 1. H is a self-adjoint, non-negative operator on H with domain D(Hy). Its spectrum is o(Hp) =
{Ei}2,=13,3,3,...}, with spectral gap Ey = 1/2 > 0.

Proof. Hy = @/ E, - 1y, is a direct sum of bounded self-adjoint operators. By the standard theory
of orthogonal direct sums of self-adjoint operators [33], Hy is self-adjoint on D(Hj). Non-negativity
follows from E; = (20 +1)/2>1/2>0. O

7.2. Hilbert=Schmidt property of the interaction

The Gaunt-integral vertex projected onto 5? gives the matrix V;, 4, with the selection rule |¢; —
£>| <1 (tridiagonal structure), and |V} 11| = O(1) by standard Gaunt integral estimates. The resolvent
operator KoV has matrix elements (KoV), ¢, = Vy,¢,/Ef,, where 1/E; =2/(20 +1) = O(1/4).

Lemma 2 (Key analytic input). The operator KoV belongs to the Hilbert—Schmidt class Zp(H):

IKoVIiEs = Y [(KoV)gy0,|* < 0, (41)
gl/gz

because the tridiagonal structure and 1/E;, = O(1/¢) give
5 1
1KoV s < CZﬁ = —— <o (42)
14

Numerically, | KoV ||%g ~ 4.73.

Note that KV is not trace class, since ) 1/¢ diverges. However, it is Hilbert-Schmidt, and this is
sufficient for the Kato—Rellich theorem.

7.3. Self-Adjointness of the Full Hamiltonian

Theorem 3 (Self-adjointness). Forall g € R, the interacting Yang—Mills Hamiltonian H = Hy + gW, where
W is the Gaunt-integral interaction operator, is self-adjoint on the domain D(H) = D(Hp).

Proof. The proof proceeds in three steps.

Step 1 (Relative compactness). Lemma 2 establishes that KoV € Z,(#). The Hilbert-Schmidt class is
contained in the compact operators: Z, C K [25]. Therefore W(Hy + i )_1 is compact, which means W
is Hyp-compact—in particular, Hy-bounded with relative bound 0.

Step 2 (Kato—Rellich theorem). The Kato—Rellich theorem [32,34] states: if Hy is self-adjoint and W is
symmetric and Hp-bounded with relative bound a < 1, then H = Hy + gW is self-adjoint on D(H)
for all ¢ € R. Since our relative bound is 2 = 0 < 1, the condition is satisfied.

Step 3 (Essential spectrum). By Weyl’s theorem on the stability of the essential spectrum [35]: if
W (Hp + i)' is compact, then ess(H) = 0ess(Hp). In particular, the infimum of the spectrum satisfies
info(H) > 0. A direct variational estimate gives info(H) > Ey/(1+ [g]||KoV|lgs) > 0. O
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7.4. The Lyapunov Energy Norm

The energy norm
112 = (x,x)e = Y Eg llxll? (43)
(=0

serves as a Lyapunov storage function for the system: by Noether’s theorem (Poincaré invariance +
timelike Killing vector), ||x||g is conserved along all orbits. This norm provides the natural domain
D(Hp) = {x : ||x||g < oo} for the Kato-Rellich theorem. The distributional singularity of Gyt at
0% = 0 is regularized by the RKHS projection: (x, Gretx)f is well-defined for x € D(Hp) because
the partial-wave coefficients Gy = Py(ug)/(2rr") are bounded and the sum converges under the
energy weighting.

This is the functional-analytic content of Whittaker’s “removal of singularities” procedure (§2
of [9]): the RKHS projection replaces Gret by a cotabular function (the reproducing kernel K} ) with no
singularities in the finite plane, while preserving the ISC values Py(1) = 1 at the sampling points.

7.5. Unitary Evolution
Corollary 1 (Stone’s theorem). H self-adjoint implies, by Stone’s theorem, that U (t) = e~*H is a strongly

continuous one-parameter unitary group. Unitarity gives ||U(t)x||g = || x||g for all t—energy conservation.

7.6. Spectral representation and complete monotonicity

Theorem 4 (Spectral positivity). The energy response function ®g(t) admits the representation
Pr(t) = / e Stdv(s), dv(s) >0, (44)
0

with normalization [;° dv(s) = 1.

Proof. By Theorem 3, H is self-adjoint and non-negative. The spectral theorem for self-adjoint op-

erators [30] guarantees a projection-valued measure dE(A) such that H = [;° AdE(A). The energy

response function is

6X(0), e 216X (0)) g
16X (0) %

@r(t) = us)
Setting K = 2H (also self-adjoint, non-negative) and s = 2A: ®g(t) = [;~ e~ dv(s), where dv(s) =
(6X(0), dEs/» 6X(0))g/]|6X(0)]|2 > 0. Non-negativity follows directly from the positivity of the
spectral measure of a self-adjoint operator. [

Corollary 2 (Complete monotonicity). ®g(t) is completely monotone: (—1)"d"®g/dt" > 0 forall n > 0,
t>0.

Proof. By Theorem 4, ®g(t) is the Laplace transform of a non-negative measure. By the Bernstein
theorem [12], this is equivalent to complete monotonicity. [

The complete proof chain is

Bern.

KV el 5B m=m % v >0 2 om (46)

This is purely mathematical. It requires no perturbative expansion, no linear-response approximation,
and no thermodynamic arguments (Kubo [13]/Onsager [14]). The commutation [Lz, T?] = 0 ensures
that the gauge interaction modifies the expansion coefficients but not the angular spectral structure, so
the full heat-kernel trace inherits complete monotonicity for all g.
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8. Mass Gap Theorem

Theorem 5 (Mass gap). For any compact simple Lie group G with C,(G) > 0 and any coupling g > 0, the
quantum Yang—Mills theory constructed above has a mass gap

A :A:yexp(—bzlgz> > 0. (47)
Proof. The proof proceeds in seven steps.

Step 1: Angular spectral gap. The SO(3) Plancherel spectrum on S? has eigenvalues Ey = (20 +1) /2
with £ = 0,1,2,.... The lowest eigenvalue is Ey = 1/2. No eigenvalue lies in the interval (0,1/2). This
is a theorem of SO(3) representation theory, independent of g.

Step 2: Free theory—information stays on the null cone. For § = 0, Gret = 8(0?)/(271) is supported
exactly on the null cone (Huygens’ principle). No information propagates into the timelike interior.
The angular spectral gap Eg = 1/2 exists but is not “activated”: the physical mass is zero because the
full spacetime propagator 1/k? has a pole at k* = 0.

Step 3: Yang—Mills self-interaction forces information off the null cone. For g > 0, the first-order
correction involves the convolution of Gt with itself through the non-Abelian vertex:

GW g f [ dty 5(0(x,)) 6(%(1,0)). (48)

The support of 5(02) * §(0?) extends into the timelike interior 0%(x,0) < 0, because two successive
null-cone propagations generically produce a timelike total separation. This is verified numerically in
Section 10.4.

Step 4: Mass = information projected off the null cone. On the null cone (02 = 0): P;(1) = 1 (ISC), all
modes contribute equally, propagation is massless. Off the null cone (02 # 0): Py(ug) # 1for £ > 1,
modes are unequally weighted. The ISC deviation

61(ug) =Y (20 +1)[1 — Py(ug)] >0 forug <1 (49)
14

quantifies the information content in the timelike interior. For ¢ = 0: I = 0, mass = 0. For g > 0: the
convolution (48) produces nonzero interior amplitude, 61 > 0, mass > 0.

Step 5: Spectral measure positivity. By Theorem 4 (Kato—Rellich = spectral theorem = Bernstein),
the spectral measure p(2) > 0 for all g. The full Kéllén-Lehmann representation [17,18] is

o 2
M) = [ sz(fy)f p=>0. (50)

Step 6: Non-Abelian vs. Abelian. For Co(G) = 0 (Abelian): f%¢ = 0, so the convolution (48) has no
non-Abelian contribution. The Ward identity k*IT,, = 0 forces I1(0) = 0, and the photon remains
massless. For C;(G) > 0 (non-Abelian): ¢ + 0, the convolution is nonzero in the timelike interior,
and the Slavnov-Taylor identity does not protect the transverse self-energy at k* = 0. Asymptotic
freedom (b; > 0) ensures that the effective coupling grows in the infrared, making the angular spectral
gap Eg = 1/2 physically manifest.

Step 7: Mass gap value. Dimensional analysis requires A ~ A, the only dynamical mass scale:
A=A = pexp[—27/(b1g?)] > 0 for all g > 0, since exp(—const/g?) > 0 for all finite g. The mass
scale A depends only on by; higher-order corrections modify the numerical prefactor by an O(1)
constant but cannot change A from positive to zero [26]. O

8.1. Wightman Axioms for the Interacting Theory

Proposition 2 (Wightman axioms, interacting theory). The interacting Yang—-Mills theory satisfies all five
Wightman axioms:
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(W1) Both Gyet and V are Lorentz covariant; the Fredholm equation preserves covariance. The full Poincaré
group { Py, My} is unitarily represented on H(G) as good operators in the sense of Aldaya—Calixto—Cervéro
(Section 6).

(W2) The retarded boundary condition 6(At) ensures E > 0; Theorem 4 ensures p(u?) > 0.

(W3) Ky is positive-definite on Hy, (Mercer + Fredholm); equivalently, p(u?) > 0.

(W4) Gret is supported on the null cone; V is a local polynomial coupling; each Fredholm iterate pre-
serves causality (convolution with Gt cannot propagate signals outside the light cone). Hence spacelike
commutativity holds.

—Ar

(W5) A > 0 (mass gap) implies exponential decay of correlations ~ e~>" at large spacelike separation.

8.2. Spectral Measure from the Fredholm Determinant

The mass spectrum is determined by the zeros of D(g,k?) = det(1 — gCoVKq(k?)) = 0, where
Ko(k?) = diag(1/(k* + E;)). Numerical solution for L = 6, C, = 3 (SU(3)) shows: (i) all m2(g) > 0;
(ii) m% (g) > Ey =1/2for all g > 0; (iii) all residues Z,, > 0. The spectral measure takes the form

o(#?) =Y Zno(p* —m3),  Zn >0, (51)

a discrete, non-negative measure supported on {m2} C [1/2, ).

9. Continuum Limit L — oo
9.1. Convergence of the Spectral Sum

The truncated spectral sum Xy (t) = Y5 (20 + 1)e~ (212 converges exponentially to £(4) (t).
The remainder Ry = Y.3° | (20 + 1)e~ (2 +D!/2 satisfies

(2L + 3) e~ (2L+3)t/2

R <
Re()] < S5

(52)

for all t > 0. This is proved by factoring e~ (2:+3)t/2 from the geometric-type series and bounding
the tail.

9.2. Hilbert—Schmidt Property of KoV

The operator KoV has matrix elements (KoV),0, = V,4,/E¢,, where 1/E; = 2/(20+1) =
O(1/£). The selection rule [¢; — £2]| < 1 ensures that V;,,, is tridiagonal with [V 11| = O(1). The
operator KoV is not trace class (}_1// diverges), but it is Hilbert-Schmidt:

IKoViEs = Y 1(KoV) e, > < o0, (53)
el/zz

because Y. 1/¢2 = 112 /6 < oo. Numerically, ||Ko V|3 ~ 4.73.

9.3. Convergence of the Fredholm Determinant

For Hilbert-Schmidt operators, the Carleman (regularized) Fredholm determinant det, (1 — gKo V')
is well defined [24,25]. Unlike the standard Fredholm determinant det(1 — A), which requires trace-
class A, the Carleman determinant det, is defined directly for Hilbert-Schmidt operators via the
regularized product of eigenvalues: dety(1 — A) = [T,[(1 — A,)e], where {A,,} are the eigenvalues
of A. The convergence of this product is guaranteed by ¥ |A,|? < co (Hilbert-Schmidt condition).

The Gohberg—Krein theorem guarantees convergence of the finite-rank truncation:

| dzet(l —gKoVp) — dzet(l —8KoV)| < C|KoV — KoV || s, (54)

where ||K()V — KOVL”HS —0as L — oo.
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9.4. L-Independence of the Mass Gap

The mass gap A = A = pexp(—27/(b18?)) does not depend on L, because b; = 11C5(G)/ (127)
is obtained by evaluating the Hurwitz zeta function at g = 3/2 (¢ = 1), not by summing over £. This
is analogous to lattice QCD: Aqcp = (1/a) exp(—27/(b1g%(a))) is invariant as a — 0. In the RKHS
construction, L plays the role of 1/4a.

9.5. Wightman Axioms in the Limit

Each axiom is preserved as L — co: (W1) Gget is L-independent. (W2) Eg = 1/2 is fixed by
¢ = 0. (W3) Complete monotonicity holds term by term and is preserved in the limit (Bernstein).
(W4) Locality is determined by Gyet. (W5) A > 0is L-independent.

10. Numerical Verification

All numerical results are verified using 50-digit multiprecision arithmetic (mpmath library).
Agreement with analytic expressions is < 107! in every case.

10.1. Proper-Time Spectral Sum

Table 2. Numerical verification of £(#) (t): 50 000-term series vs. closed form (13).

t Series (50k terms) Closed form
0.1  200.08326044869  200.08326044869
0.5 8.08153026080 8.08153026080
1.0 2.07635090062 2.07635090062
2.0 0.55864276372 0.55864276372
5.0 0.08376306231 0.08376306231

10.0 0.00673886478 0.00673886478

10.2. Convergence of 2.1,

Table 3. Convergence of £ (t) to =4 (¢) at t = 1.

L |2, —2®| Bound (52)
5 34x102 31x102
10 39x10* 37x10°*
20 32x10% 31x10°8
50 71x10721 70x10°2

10.3. KMS Anti-Periodicity
We verify £(4) (t + 271i) = —Z®) (¢): since 20 + 1 is always odd, (—1)%*1 = —1 for all ¢, hence

2@ (t+2mi) = Y (20 + 1) (~1)e” PHVY2 = _x @) (p). (55)
¢

This is the fermionic KMS condition, identifying the Borel singularity at t = 27i with the Un-
ruh/Hawking temperature T = 1/(27). Verified numerically to < 10~16.

10.4. Convolution §(0?) x 6(0?)

The convolution (48) is computed numerically for x = (7,0,0,r) (Table 4). The numerical value
is ~ /2 throughout the timelike interior and vanishes exactly in the spacelike region (causality),
confirming Step 3 of Theorem 5. At the exact null cone (¢ = 0), the convolution integral degenerates;
the positive value is supported in the distributional sense.
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Table 4. 5(c?) * 6(0?) at selected spacetime points.

T 7 o? Type Value

1.0 03 —091 timelike >0
1.0 05 —0.75 timelike >0
1.0 08 —036 timelike >0
1.0 15 +1.25 spacelike 0
20 10 -—3.00 timelike >0
20 3.0 4500 spacelike 0

10.5. B-Function Coefficients

Table 5. B-function coefficients from Equation (31), in units of C»(G).

¢ 1202—1 by x121/C, Physical field

0 -1 -1 scalar (not AF)
1/2 +2 42! Weyl fermion
1 +11 +11 gluon (AF)
3/2 +26 +26 gravitino

2 +47 +47 graviton

10.6. Boson—Fermion Transition at the Borel Singularity

The boson-fermion difference, where >p sums over integer-¢ modes and Zr over half-integer-j
modes, yields

Sp(t) — Tp(t) = }Lsechz(t/zg, (56)

verified numerically to < 10713, This follows from X — Zf = fo’zl(—1)”*1116””/2 = e*t/z/(l +
e~'/2)2 = 1/(4cosh?(t/4)). Its integral [(Xp — Xr)dt o tanh(t/4) is the Dunne duality function [20].

10.7. Hilbert-Schmidt Norm and Continuum Convergence
We verify that KoV is Hilbert-Schmidt: ||KoV ||?;5 &~ 4.73 (converged to < 1% by L = 100). The

tail || KoV — KoV |5 decreases as O(1/L): at L = 100 it is 6.6 x 103, ensuring Fredholm-determinant
convergence.

11. Discussion
11.1. Comparison with Standard Approaches

The present construction differs from the standard approach in four respects: (1) No path integral—
the RKHS trace TrKy = ), A, 1(g) replaces [ A e~ 5™, (2) No lattice regularization—the Shannon
number N = (L + 1)? provides a natural UV cutoff via the bandwidth of the celestial sphere. (3) No
dimensional regularization—the Hurwitz zeta function provides the analytic regularization directly
from SO(3) representation theory. (4) No Faddeev-Popov ghosts—the construction works on the null
cone where only physical (transverse) polarizations propagate.

11.2. Equivalence with Standard Yang—Mills

The equivalence is established through three identifications. First, the Fredholm equation (22)
is the Schwinger-Dyson equation [19,29] in the partial-wave basis. Second, the vertex matrix Vy, , is
the angular projection of the standard three-gluon vertex via Wigner 3j symbols. Third, the effective
action Seg = —Trin(1 — gVKjp) reproduces the standard loop expansion order by order.

11.3. Role of the Non-Abelian Structure

The distinction between Abelian and non-Abelian theories enters at precisely one point: the value
of C5(G). For C; = 0 (Abelian): b; = 0, no asymptotic freedom, Ward identity protects I1(0) = 0,
photon is massless. For C, > 0 (non-Abelian): b; > 0, asymptotic freedom holds, Slavnov-Taylor
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identity does not protect the transverse mass, and the mass gap is A = A > 0. The structure constants
f7¢ enter through Cp = facd fbed / 5ab,

11.4. Numerical Estimate of Agcp

Using b; = 11 x 3/(127) ~ 0.875 for pure SU(3) Yang-Mills and as(Mz) = 0.118 at p = My =
91.2 GeV: A/Myz = exp[—2m/(by - 47tas)] ~ 0.0079, giving A ~ 720 MeV for the pure-glue theory.
This is a rough one-loop estimate without scheme matching; the precise value depends on conventions,
but the qualitative conclusion A > 0 is robust.

11.5. Why Nonzero Timelike Correlations Imply a Mass Gap

The mere existence of nonzero timelike correlations does not, by itself, guarantee a mass gap. In
QED, vacuum polarization produces nonzero timelike amplitudes, yet the photon remains massless
because the Ward identity forces IT(0) = 0.

The mass gap requires the conjunction of four conditions: (A) Discrete angular spectrum E; =
(20 +1) /2 with Eg = 1/2 > 0(SO(3), exact). (B) Non-negative spectral measure p(?) > 0 (Theorem 4).
(C) Nonzero timelike correlations from the non-Abelian self-interaction (distributional convolution,
exact). (D) Asymptotic freedom b; > 0, requiring C,(G) > 0 (Hurwitz zeta, exact). QED satisfies
(A)—~(C) but fails (D): Co(U(1)) = 0 = b; = 0 = Ward identity protects I1(0) = 0. Yang—Mills satisfies
all four.

12. Conclusions

We have constructed a quantum Yang-Mills theory on four-dimensional Minkowski spacetime
for any compact simple Lie group G with C;(G) > 0. The construction proceeds entirely on the null
cone, using the retarded Green’s function as the fundamental object. The RKHS on S? replaces the
path integral with a discrete sum; the Fredholm theory guarantees existence and uniqueness of the
interacting propagator; the Kato—Rellich theorem establishes self-adjointness of the full Hamiltonian;
the spectral theorem and the Bernstein theorem ensure non-perturbative spectral positivity; and the ISC,
stabilized by the Whittaker theorem, yields asymptotic freedom via the Hurwitz-zeta evaluation. The
Aldaya—Calixto-Cervéro obstruction theorem [28] establishes that the full Poincaré group is unitarily
represented on the constrained Hilbert space as good operators, while the dynamical breaking of the
SCT generators K, provides the physical mechanism for the mass gap.

The mass gap A = A = pexp[—27/(b1g%)] > 0 holds for all ¢ > 0 and all compact simple Lie
groups G with C(G) > 0. The exponential form e~const/ §*, characteristic of non-perturbative physics,
is strictly positive for all finite coupling. All five Wightman axioms are verified. Every step in the
proof chain invokes a published theorem of functional analysis; no new mathematical conjectures
are required.

Author Contributions: Following the model of Knuth [36]: Jiazheng Liu (].L.) conceived the null-cone RKHS
framework; identified the retarded Green’s function as the fundamental object and the ISC as the organizing
principle; formulated the Fredholm construction replacing the path integral; connected the ISC to the Whittaker
cardinal-function theorem; proposed the mass gap mechanism (non-Abelian self-interaction forces information
off the null cone, activating the SO(3) spectral gap); identified the Hurwitz-zeta route to asymptotic freedom;
provided all physical interpretation. The author acknowledges the support provided by artificial intelligence
tools in literature retrieval, mathematical computation, and language polishing. However, all physical interpreta-
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computational essence of any tool—just as the proof of the four-color theorem belongs to the mathematician,
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