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Abstract: Two-dimensional leaky-wave antennas offer effective, compact, single-feeder, easy-to-
fabricate solutions to the longstanding problem of realizing a simultaneously directive and low-
profile radiating device. These traveling-wave antennas have been thus proposed as wideband,
reconfigurable, or frequency-scanning radiating structures in different application contexts, ranging
from the microwave to terahertz frequency range. These diverse contexts call for a comprehensive
guide for characterizing and designing two-dimensional leaky-wave antennas. In this work, a review of
numerical techniques for the analysis of either quasi-uniform or radially periodic leaky-wave antennas
is proposed. Theoretical results are corroborated through full-wave simulations of realistic three-
dimensional models of the designed devices, thus demonstrating the effectiveness of the proposed
methods.

Keywords: leaky-wave antennas; numerical methods; fabry–perot cavity antennas; radially periodic
leaky-wave antennas; metasurfaces

1. Introduction
Leaky-wave antennas (LWAs) are radiating devices constituted by waveguiding structures which

allow for continuous power radiation while propagating along their length [1–3]. Although the
working principle is rather intuitive, the design of radiating devices by partially open waveguides
found its mathematical and physical rigorous foundation only in the ‘50s thanks to the famous work
of N. Marcuvitz [4]. This paper, together with the works of T. Tamir and A. A. Oliner [5,6], had an
important impact on the development of LWAs: thanks to an efficient and elegant theory, rather
simple analytical procedures were outlined for designing such radiating devices, in a period when the
computational resources were very limited.

It is well-known that this kind of radiating devices shows many advantages since LWAs are
simple and low-cost solutions able to generate highly directive beams pointing at almost arbitrary
angles [7]. Moreover, they show a reconfigurability feature in terms of pointing angles since their
beam naturally scans with frequency [8] or, if a fixed frequency is desired, they are able to scan
electronically by incorporating tunable elements into the design, such as varactor diodes [9], ferrites
[10], microelectromechanical systems [11] based on micromachining technologies [12], graphene
[13,14], or liquid crystals [15].

The main critical aspects of LWAs are typically related to the following trade-offs: pattern
fractional bandwidth vs. directivity (leaky-wave antennas are usually highly directive but show a
narrow bandwidth), reconfigurability vs. complexity (the higher is the desired reconfigurability feature
at fixed frequency, the more complex is the device architecture), and radiation efficiency vs. aperture
size (a large radiating aperture is needed to achieve a highly directive antenna) [2]. Fortunately, in
recent years, different solutions have been proposed to overcome these issues. For instance, in order
to enhance the figure of merit given by the product of directivity and bandwidth, Fabry–Perot cavity
antennas (FPCAs) with a thick partially reflecting sheet (PRS) [16,17] or high truncation effects [18,19]
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have been proposed and studied through different techniques. As concerns, instead, reconfigurable
leaky-wave antennas, different, easy-to-implement technological solutions have been addressed in the
recent years from the microwave to the terahertz frequency ranges [20–22]. Moreover, the longstanding
problem of designing directive LWAs through compact devices has been solved by exploiting tapering
techniques [23,24].

The effectiveness and the importance of LWAs from both a theoretical and a practical viewpoint
are thus clear. However, a paper reviewing simple numerical techniques for characterizing and
designing LWAs is still missing. This work aims to fill this gap by describing, step by step, the design
workflow of uniform and radially periodic two-dimensional (2-D) LWAs which represent the common
architectures of more sophisticated solutions, such as holographic [25] and modulated surface antennas
[26–29], or even near-field focusing devices [30–33].

The manuscript is organized as follows. In Section 2, an established classification of LWAs is
presented, highlighting the need for various approaches to analyze different kinds of these radiators.
In Sections 3 and 4, the numerical techniques for the analysis and design of uniform and radially
periodic 2-D LWAs are presented, respectively. Conclusions are finally drawn in Section 5.

2. Classification of Leaky-Wave Antennas
In this Section, a widely accepted [1,8] classification of LWAs is provided with the aim of in-

troducing the different working principles and radiating features of the devices discussed in this
work.

The first distinction among LWAs is related to the geometry of the radiating device. In particular,
one-dimensional (1-D) and 2-D LWAs are distinguished depending on whether the guiding structure
is mainly linear or planar, respectively. In other terms, a principal fixed direction of propagation can
be easily identified in 1-D LWAs (see Figure 1a), whereas 2-D LWAs are in general radial devices
commonly fed in the center, which are characterized by a partially guided wave propagating along a
plane (see Figure 1b). This aspect affects the radiation features of the device since a 1-D structure is
in general able to produce fan beams, whereas a 2-D structure is mainly used for pencil beams or fully
conical beams depending on the frequency [8].

(a) (b)

Figure 1. (a) Pictorial representation of a 1-D LWA. The electromagnetic field is partially guided in the x direction
in the gray structure. Due to radiation, the amount of transmitted power has an exponential decay related to
the leakage constant αx, generating a far-field radiation pattern pointing in the θ0 direction. (b) Schematic view
of a 2-D LWA. As in (a), the electromagnetic field is partially guided in the gray structure, undergoing to an
exponential decay of the transported power related to the leakage constant α in the radial direction.
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The other classification concept, which affects the scanning behavior of the antenna, is related
to the working principle of the device and it allows us to define uniform, quasi-uniform, and periodic
LWAs. When the cross section of the radiator remains constant along the direction of propagation, the
structure is usually referred to as 1-D uniform LWA. A typical historical example consists in a rectangular
waveguide with a longitudinal slit (see Figure 2a) which allows the power to leak while propagating
[34–36]. The radiation is usually related to the perturbation of the fundamental guided mode, which
is in general a fast wave. In the transmission mode, 1-D LWAs are commonly fed from one side of the
input waveguide launching the traveling leaky wave. By properly varying the working frequency, the
main beam is scanned from nearly broadside to nearly endfire, with some intrinsic problems for the
generation of a beam exactly at broadside or endfire [8]. In other cases, a bidirectional feeding of the
waveguiding structure is also possible, with the same leaky wave propagating in opposite directions
from a central feed [8].

Figure 2. Pictorial representation of (a) a slitted rectangular waveguide (uniform 1-D LWA), (b) a rectangular
waveguide with closely spaced holes (quasi-uniform 1-D LWA), (c) a grounded dielectric slab (GDS) with relative
permittivity εr and with a metal strip grating supporting periodicity p ∼ λ on top (1-D periodic LWA), (d) a GDS
supporting a 2-D periodic screen with periodicity d ≪ λ (quasi-uniform 2-D LWA), and (e) a GDS supporting
annular concentric microstrip rings (radially periodic 2-D LWA).

When there is a periodic modulation of the geometry on the longitudinal direction of the radiating
structure with a periodicity dimension d much lower than the operating wavelength λ, the device is
referred to as 1-D quasi-uniform LWA. The radiation properties of this kind of antennas are similar to
those of 1-D uniform LWAs since both of them work with only the fundamental mode in propagation.
The performance, however, can significantly be improved with respect to the uniform case by properly
engineering the periodic modulation. For instance, the idea proposed in [37] to reduce the leakage rate
and achieve a more directive antenna with respect to the uniform, slotted, rectangular waveguide, was
to consider closely placed holes rather than a continuous, longitudinal slit responsible of cutting the
current lines on the metal walls of the guide (see Figure 2b).

When there is a periodic modulation of the geometry along the longitudinal direction of the
radiating structure with a periodicity dimension p approximately larger than half of the operating
wavelength λ, the device is referred to as 1-D periodic LWA. The difference with respect to the 1-D
quasi-uniform LWA is given by their working principle. While in the quasi-uniform case there is
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only the fundamental, basically fast mode in propagation, in 1-D periodic LWAs the guided wave is
represented by an infinite number of Floquet modes (or space harmonics) due to the larger periodicity.
A typical example of 1-D periodic LWAs is a dielectric waveguide or a microstrip that is loaded by
perturbations with periodicity comparable to the wavelength [38] (see Figure 2c). As is common in
this kind of structures, the fundamental Floquet mode is usually slow. For this reason, the LWA is
typically designed so that the n = −1 harmonic is fast in order to let the device radiate. The main
advantage of 1-D periodic LWAs with respect to the abovementioned classes is the possibility to scan
from the backward to the forward quadrant. It is however worthwhile to point out that the antenna
performance strongly degrades when the main beam approaches broadside. This issue, due to the
presence of an open stopband, has been strongly analyzed, and actions to mitigate its adverse effects
have been studied (see, e.g., [29,39–41]).

The definition of LWAs based on the working principle of 1-D structures can be extended to the
2-D case. Two-dimensional uniform and quasi-uniform LWAs are indeed 2-D partially open waveguiding
structures able to support a cylindrical leaky wave which radially propagates outward from the central
source [42]. This kind of LWA, typically by varying the frequency, can produce a directive pencil beam
at broadside or a conical beam with the cone axis corresponding to the vertical axis. Interestingly, by
considering an array feeding scheme, a directive pencil beam can be achieved off broadside [43], even
with a circular polarization if a proper polarization-conversion metasurface is employed [44–46]. As
for their 1-D counterpart, the radiation features of 2-D uniform and quasi-uniform LWAs are commonly
related to the fundamental leaky mode, which is a fast wave. One of the most important example of
2-D uniform LWAs is a grounded dielectric slab (GDS) with a PRS on top, constituting an FPCA (see
Figure 2d) [47].

Similarly to the distinction among 1-D periodic and uniform or quasi-uniform LWAs, it is possible
to define a 2-D periodic leaky-wave antenna when a 2-D partially open waveguiding structure presents
a periodic modulation capable of propagating higher-order Floquet modes. If the periodicity occurs
only in one dimension, which is the common case study, the radiating device is referred to as 1-D
periodic 2-D LWA. A typical example in this context, which corresponds to the structure analyzed in
this work, is the case of an annular metal strip grating printed on top of a GDS (see, e.g., [48]) where
the periodicity is present only in the radial direction (see Figure 2e). If the periodicity occurs in two
directions, as in the case of a metal-patch array printed on a GDS studied in [49], the radiating device
is referred to as 2-D periodic 2-D LWA.

This work deals with the numerical methods and the design rules which can be efficiently used
for characterizing 2-D uniform and quasi-uniform LWAs (FPCAs) and 1-D periodic 2-D LWAs. These
approaches can profitably be exploited also for the design of their 1-D counterparts [31,50].

3. Fabry–Perot Cavity Antennas
This Section deals with the design of FPCAs. While the theoretical working principles and design

workflow for these radiating devices are presented in Section 3.1, the numerical techniques needed
for describing such FPCAs are reported in Sections 3.2 and 3.3. The possible realizations of a feeder
for such devices are then reported in Section 3.4 as well as the implementation of an efficient and fast
full-wave simulation of FPCAs is shown in Section 3.5.

3.1. Theoretical Background

Fabry–Perot cavity antennas are constituted by a grounded dielectric slab with a partially reflecting
sheet on top. These devices are usually fed through dipole-like sources in the middle (see Figure 3(a)). If
a vertical electric dipole (VED) —which can be easily implemented through a coaxial cable [51,52]— or
a vertical magnetic dipole (VMD) —commonly realized through a loop antenna [53,54]— is exploited,
a cylindrical leaky wave with a pure transverse magnetic (TM) or electric (TE) polarization is excited,
thus generating an omnidirectional conical beam. However, radiation at broadside is prevented in this
case by the null enforced by the source geometry [47]. With the aim of achieving a broadside pencil
beam, a horizontal magnetic dipole (HMD) —commonly implemented through a slot on the ground
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plane excited by a microstrip [7] or a rectangular waveguide [55–57]— or a horizontal electric dipole
(HED) —typically realized through a L-probe, bent coaxial feed [58,59]— has to be employed. Such
sources excite both TE and TM cylindrical leaky waves [42] and, thus, some difficulties in producing
omnidirectional conical beams may arise due to possible TE–TM disequalization [47].

Once the feeder has been properly chosen, physically implemented, and matched (as discussed in
the following Section 3.4), the goal is to properly design the FPCA to achieve the desired performance
in terms of directivity, pointing angle, working frequency, bandwidth, and efficiency. This objective
can be achieved by simultaneously designing the PRS with the GDS characteristics, viz. the cavity
height h, the lateral dimension L, and the dielectric-filling permittivity εr (see Figure 3a). On the one
hand, the beam angle mainly depends on the electrical thickness of the cavity [60]. On the other hand,
the reflectivity of the PRS controls how much power leaks during propagation. For this reason, the
beamwidth mainly depends on PRS design [61]. These intuitive physical concepts can be rigorously
described through the leaky-wave theory [47] or the reciprocity approach [62], obtaining, in both cases,
closed-form design equations for FPCAs.

Figure 3. (a) Schematic representation of an FPCA (constituted by a grounded dielectric slab —in gray— with a
PRS on top), of its source (realized through dipole-like feeders), and its far-field radiation pattern (which can be a
broadside pencil beam or a scanned conical beam). The red box on the left represents the possible implementations
of the PRS unit cells through simple isotropic metasurfaces based on metallic lattices (black regions) printed on
top of the dielectric slab (gray areas). (b) Transverse equivalent network of the FPCA. Y0 and Yd represent the
characteristic admittances of the free space and the dielectric constituting the cavity, respectively, and Ys is the
equivalent surface impedance of the PRS.

The first parameter which can be easily chosen is the minimum lateral dimension L of the FPCA
(see Figure 3a). Such a parameter has to be designed to maintain the radiating features of an infinite
structure almost unchanged when the real antenna is implemented and, thus, to achieve high radiation
efficiency (assuming a lossless structure). In other terms, this means that L has to be designed to
avoid significant edge effects. The design goal in order to achieve a very high aperture efficiency is
thus to reach the lateral aperture with power as low as possible or, in other terms, to let almost all
the transmitted power radiate before reaching the FPCA lateral boundaries. In lossless FPCAs, the
radiation efficiency is given by [1,8]:

ηL = 1 − e−αL (1)
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A simple design equation for L is thus found for a desired value of the aperture efficiency (a typical
minimum lower bound is set at ηL = 90% [47]):

L = − ln (1 − ηL)

α
(2)

It is thus clear the importance of accurately evaluating the leaky attenuation constant α for the
correct design of the device. Such parameter not only affects the aperture efficiency, but also the
beamwidth, the directivity, and the fractional bandwidth (FBW).

On the other hand, the leaky phase constant β mainly determines the pointing angle of the device
at a given frequency. For this reason, in general, the correct evaluation of the leaky wavenumber
kρ = β − jα —with β and α being the leaky phase and attenuation constants, respectively— plays
a fundamental role. This procedure is addressed through the transverse resonance technique which
is deeply discussed in the next subsection. This method requires the representation of the FPCA
through a transverse equivalent network (see Figure 3b): the GDS is considered as a transmission-line
section whose dimension and characteristic impedance depends on the cavity height, the considered
polarization, and the dielectric permittivity of the material (assuming for simplicity µr = 1); the PRS, if
lossless (the lossy case is a natural evolution of this analysis and it is discussed in [63]) is commonly
well represented through a purely imaginary impedance sheet Zs = jXs [64,65] (see, e.g., the inset on
the left in Figure 3a,b).

In the leaky-wave perspective, the radiation features of the FPCAs are known once the leaky-
wave wavenumber is correctly evaluated. By assuming that the feeder launches an omnidirectional
cylindrical leaky wave with small attenuation constant α ≪ k0 (where k0 is the vacuum wavenumber),
the latter provides the main contribution to the field on the antenna aperture plane at z = 0 (see
Figure 3a) [5,6]. These cylindrical leaky waves are known in closed formulas (reported for the first
time in [42]) and they can be used to evaluate the far-field radiation pattern through a simple Fourier
transform, thus obtaining (assuming an infinite aperture):

SF(θ) =
4|kρ|2

|k2
ρ − k2

0 sin2 θ|2
(3)

where SF stands for space factor.
From the far-field radiation pattern in (3), one can easily retrieve important design relations

[42]. For instance, the maximum value of SF for different θ angles is obtained by minimizing the
denominator in (3). It is thus clear that the pointing angle for the FPCA is given by:

θ0 = arcsin

√(
β

k0

)2
−

(
α

k0

)2
 (4)

Since α ≪ k0 in order to have a dominant leaky-wave contribution on the leaky-wave aperture
[5,6], Equation (4) reveals that β mainly determines the pointing angle θ0. Starting from Equation (3),
one can also easily derive the half-power beamwidth (HPBW) ∆θ as [47]:

∆θ = 2
α

k0
sec θ0 (5)

Also Equation (5) reveals an important result. The beamwidth, which is strictly related to
the directivity, mainly depends on the attenuation constant α. The lower is α, the narrower is the
beamwidth and, in turn, the pattern is peaked at the pointing-angle direction. Therefore, the more the
PRS is reflective and, in turn, the lower is α (since the PRS reactance controls the amount of power
which leaks out), the more directive is the antenna. This relation has been expressed in a closed formula
for an FPCA radiating at broadside as [47]:

D ≃
k2

0π2

8α2 (6)
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It is worthwhile to point out that the attenuation constant is also strictly related to the bandwidth.
In particular, it has been shown in [66] that, when broadside radiation is considered, the fractional
bandwidth (FBW) —defined as the frequency band, normalized with respect to the central frequency,
for which the power density at broadside drops less than one half (3 dB) [62]— can be computed as
[47]:

FBW =
2α2

k2
0εr

(7)

By observing Equations (6) and (7), an evident trade-off between directivity and fractional band-
width appears. The figure of merit (FoM) given by the product D · FBW for an FPCA based on a single
thin PRS is constant and equal to:

FoM = D · FBW ≃ 2.47
εr

(8)

It is thus clear that low-permittivity and low-loss materials are the best choice for the design of directive
antennas.

With these formulas in mind, one can easily find three different working conditions for FPCAs
depending on the mutual comparison between β and α. When β < α, the FPCA radiates at broadside
[66] in the so-called reactive region. A deep analysis of FPCAs radiating in this frequency range has
been presented in [67]. The condition β ≃ α provides, instead, the best working point to maximize
the radiated power at broadside [66]. In this context, a broadside pencil beam is produced by the
FPCA with a beamwidth which depends on the Xs or, equally, to the α value. Finally, by increasing the
frequency, the condition β > α is reached. In this working region, FPCAs generate a scanning conical
beam whose pointing angle mainly depends on the β value through (4) and the beamwidth on the
α value as (5) (and, in turn, on the Xs value). These aspects, along with additional design formulas,
are rigorously addressed by exploiting the transverse resonance technique discussed in the following
subsection.

3.2. Evaluation of the Dispersion Curves

The standard procedure for retrieving the eigenvalues in waveguiding structures derives from
the solution of Maxwell’s equations in any homogeneous region of the domain of interest and the
application of the boundary conditions [68]. A nontrivial solution is then obtained by discretizing the
problem, thus reducing it to a linear algebraic system, and enforcing the determinant of the coefficient
matrix to be equal to zero. The complex roots of the resulting determinantal equation —which is
commonly referred to as dispersion equation— are the desired eigenvalues. This approach allows
for expressing any solution of the problem with its eigenvalue (the mode of the waveguide) and
eigenfunction (the modal field) up to a multiplicative constant which depends on the excitation. This
procedure, however, could be lengthy for devices with different media and complicated structures.
Since, in the leaky-wave perspective, we are usually interested only in the evaluation of the eigenvalues,
a faster approach is given by the transverse resonance technique [69]. It is indeed well known [70] that the
eigenvalues of a waveguide problem correspond to pole singularities of an appropriate characteristic
Green’s function in the kz complex plane, which represents the voltage (or current) in a transmission
line along one of the transverse directions of the waveguide [5,6]. Within this network formalism, the
pole singularities correspond to resonances of the transverse equivalent network (TEN) model, which
can be conveniently calculated using analytical and numerical methods.

Since FPCAs are constituted by a grounded dielectric slab with a PRS on top, their TEN is
formed by a transmission-line segment —with characteristic admittance Yd and transverse number

kzd =
√

k2
0εr − k2

ρ— terminated, on one side, on the equivalent sheet admittance of the PRS Ys, and, on
the other side, on a short circuit representing the ground plane (see Figure 3b). The term PRS refers
in general to any type of screen that partially shields radiation coming from the primary dipole-like
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source placed inside the cavity [47]. For this reason, PRSs may take various forms that are conveniently
categorized into three different classes [47] (see Figure 4):

Figure 4. Schematic representation of Fabry–Perot cavity antennas with different physical implementation of their
partially reflecting screen: (a) single-layer superstrate, (b) dielectric multilayer, and (c) homogenized metasurface.
Different gray-scale colors represent different dielectric relative permittivities, while the black color represents
metal areas.

• Single-layer dielectric covers which are typically implemented through a quarter-wavelength-
thick high-permittivity slab [71,72];

• Dielectric multilayers consisting of alternating quarter-wavelength-thick slabs of high and low
permittivity to realize a distributed Bragg reflector [73];

• Homogenized metasurfaces which are realized through subwavelength (with period p ≪ λ0)
periodic planar arrangements of metal scatterers [74].

The last class is the most common at microwave frequencies and beyond to reduce dielectric losses
[74]. This kind of PRS is rigorously represented by a tensor-like, frequency and spatially dispersive
model given by an equivalent impedance of the kind Zs( f , kx, ky). However, since FPCAs typically
employ PRSs characterized by simple geometries and they are required to operate over a narrow FBW
and/or at a fixed beam angle (or over a small angular variation) [74], the PRS is usually modeled as a
single scalar, generally complex, sheet impedance Zs = Rs + jXs, with Rs and Xs being the equivalent
resistance and reactance of the PRS, respectively. For lossless isotropic metasurfaces, this contribution
is given by a scalar, purely imaginary, sheet impedance Zs = jXs. This assumption is valid for a large
class of metasurfaces, even in the terahertz frequency range [74]. Typical examples, shown in Figure 3a,
are 2-D patch arrays, metal strip gratings, and fishnet-like metasurfaces [64,65,74]. A method for the
evaluation of such equivalent impedance value is shown in the following Section 3.3.

Depending on the nature of the PRS (viz., if the metasurface is inductive- or capacitive-like) and
on the considered polarization, a variety of modes (i.e., surface, leaky, or plasmonic) can be generated.
The generation of the different kinds of waves and their nature is deeply discussed in [75]. In this
manuscript, we are just interested in leaky-wave modes for achieving an effective, compact, and
directive radiating device. The application of the transverse resonance techniques [69] to the TEN
implies equating to zero the sum of the input impedance or admittance looking downward and that
looking upward at an arbitrary cross section of the equivalent transmission line. In this case study,
it is convenient to assume z = 0 as a reference plane where the PRS is present (see Figure 3). In this
manner, on the one side (the upper), there is the free-space characteristic admittance Y0, and, on the
other side (the lower), there is the parallel admittance of the equivalent PRS admittance Ys = 1/Zs

(which is purely imaginary if the PRS is lossless, obtaining Ys = jBs, with Bs = −1/Xs) and of the
short-circuited transmission-line section Ysc = −jYd cot θ0. Therefore, the dispersion equation of the
FPCA in presence of a lossless PRS reads:

Y0 + Ysc = Y0 + jBs − jYd cot (kzdh) = 0 (9)
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It is worthwhile to point out that, in FPCAs able to produce a broadside pencil beam, by exciting
the structure through an HED or an HMD both TE and TM modes are excited. It is thus important to
report here the different quantities that appears in (9) for both polarizations, indicating with the hat ·̂
the normalization with respect to the free-space wavenumber k0 and with η0 = 120π Ω the vacuum
characteristic impedance.

YTE
0 =

k̂z0

η0
, YTE

d =
k̂zd

η0µr
, k̂zd =

√
εrµr − k̂2

ρ (10)

YTM
0 =

1
k̂z0η0

, YTM
d =

εr

η0k̂zd,
k̂zd =

√
εrµr − k̂2

ρ (11)

By considering a nonmagnetic material (µr = 1) and by substituting Equations (10) or (11) in (9),
the dispersion equation for TE:√

1 − k̂2
ρ + jBsη0 − j

√
εr − k̂2

ρ cot
(

k0h
√

εr − k̂2
ρ

)
= 0 (12)

or TM: (√
1 − k̂2

ρ

)−1
+ jBsη0 − j

(√
εr − k̂2

ρ

)−1
cot

[
k0h

(√
εr − k̂2

ρ

)−1
]
= 0 (13)

modes are achieved, respectively. The zeros of Equations (12) and (13) can be found numerically
through the Padé algorithm as clearly shown in [76]. In particular, by searching for the complex
improper roots (i.e., with Im[kz] > 0), the dispersion curves of the leaky-wave modes can be found and
one can predict the radiating performance of the FPCAs under analysis.

3.3. Evaluation of the Equivalent Surface Impedance of a Partially Reflecting Sheet

The evaluation of the equivalent sheet impedance Zs for a homogenized metasurface is a crucial
step in the design of the realistic devices for FPCAs. A scalar sheet impedance Zs, which generally
depends on the polarization, can represent a planar patterned metal sheet if its periodicity p is much
lower than the operative wavelength λ0. This assumption, which corresponds to the homogenization
principle, is needed to let propagate only the fundamental n = 0 Floquet harmonic.

In order to evaluate the Zs value, the unit cell of the homogenized metasurface is implemented
on a commercial solver (such as CST Microwave Studio [77] or HFSS [78]) in a periodic environment
(which means the application of phase-shift walls as boundary conditions on the periodicity directions).
On top of the patterned metal, an air block is considered and, at the bottom, a grounded dielectric slab,
where the metasurface lies, is assumed. In Figure 5, for instance, the case of a fishnet-like metasurface
printed on top of a grounded dielectric slab of thickness h is considered.
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Figure 5. Full-wave model of a fishnet-like metasurface unit cell in a periodic environment on the left. A wave
port is considered on top and it impinges on the homogenized-metasurface unit cell taking into account the
substrate effect. On the bottom, a perfect-electric-conductor (PEC) condition is considered in order to represent the
ground plane of the dielectric slab. On the right, the equivalent transmission-line model of the problem is shown.

By de-embedding the reference plane for the wave port shown in Figure 5 at the metasurface level
(z = 0), the reflection coefficient S11 at the air-PRS interface is retrieved from the full-wave solver. At
this point, one can easily evaluate the input admittance Yin (see Figure 5) as:

Yin = Y0
1 − S11

1 + S11
(14)

where Y0 is the vacuum characteristic admittance of the mode in propagation.
By observing the equivalent circuit in Figure 5, it is clear that Yin, evaluated through a full-wave

simulation, is given by the parallel of the homogenized-metasurface admittance Ys and the input
admittance of an h-thick, short-circuited, transmission-line segment with the dielectric characteristic
admittance Yd and propagation constant kzd. Therefore, the desired Ys value is straightforwardly
evaluated as:

Ys = Yin − jYd cot(kzdh) (15)

Once the equivalent admittance is known, the evaluation of the equivalent sheet impedance of
the homogenized metasurface is trivial:

Zs = Rs + jXs = 1/Ys (16)

with Rs equivalent resistance (which takes into account ohmic and dielectric losses) and Xs equivalent
sheet reactance (in lossless material one commonly has Zs = jXs). The reactance sign can be either
positive or negative representing an inductive- or capacitive-like metasurface, respectively.

In order to corroborate the proposed approach, an inductive-like partially reflecting sheet with Xs

closed-form homogenization expressions is considered. In particular, a metal strip grating printed on
air-like grounded dielectric slab with strip width w and periodicity p is assumed (see Figure 6). For
this kind of unit cell, it has been demonstrated in [64] that:

Xs = −η0k0 p
2π

ln
(

csc
πw
2p

)
(17)

In Figure 6, for a fixed working frequency and periodicity, the equivalent reactance computed
through full-wave simulations and theoretical formulas for different w/p filling factors are in a perfect
agreement, thus corroborating the proposed approach.
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Figure 6. A schematic representation of a metal strip grating is reported on the left (metal and air are described in
gray and blue, respectively). The equivalent reactance of the homogenized metasurface is reported on the right
showing a remarkable agreement between the numerical analysis furnished in [64] and the proposed full-wave
approach.

3.4. Feeding Schemes and Matching Networks

In this subsection, the physical implementation of the feeders of FPCAs is discussed. So far, ideal,
dipole-like sources have been assumed. From a practical viewpoint, these kinds of feeders do not
exist but they can be realized through devices having similar radiating features. Moreover, in order to
avoid return-loss effects, which have been completely neglected so far, the feeding schemes have to be
properly engineered to be perfectly matched. Such a goal is addressed in different manners depending
on the considered source.

In the case of a VED-like feeder, a coaxial cable is commonly employed. The latter can be matched
by efficiently choosing the penetration depth of its inner conductor and/or its dielectric filling in
the FPCA. Moreover, a circular metallic patch can be properly designed in the center of the PRS as
an additional element of the matching network. These parameters are usually optimized through
parametric full-wave simulations [32,51,52,79]. A similar approach is commonly employed also for
HED- and VMD-like sources, since they are implemented through bent coaxial cables in the FPCA, viz.
an L probe [58] and a loop antenna [53,54], respectively. A particular attention is needed for HMDs.
The latter are implemented through rectangular slots on the ground plane and, depending on their
feeding scheme, they can be matched in different manners. For subresonant slots, a microstrip feeding
network is commonly employed and it can be matched through standard transmission-line techniques
[80,81]. In the case of quasi-resonant slots, the device can be fed through rectangular waveguides
[33,57] whose return loss can be improved with different techniques [80]. In particular, an efficient
transmission-line-based method that requires a single full-wave simulation to design capacitive irises
has been proposed and validated in [55].

3.5. Full-Wave Validation of the Theoretical Model

This subsection simultaneously provides a rapid full-wave simulation setup for FPCAs and a
validation of the theoretical leaky-wave model and of the correct antenna design. In order to do that,
a case study is considered with an equivalent surface impedance Xs = 30 Ω and a dielectric slab
with negligible losses (lossy cases are thoroughly discussed in [63]), thickness h = 2.77 mm, and
relative permittivity εr = 3. It is worthwhile to point out that the Xs, εr, and h values can be properly
designed to achieve the desired radiating features at a certain frequency f0, as previously discussed in
Section 3.1.

Once the design parameters of the proposed FPCA are fixed, one can easily evaluate the leaky-
wave dispersion curves through the transverse resonance technique applied to the TEN of the device,
as thoroughly discussed in Section 3.2. In this manner, the profile of the phase and attenuation constant
normalized with respect to the vacuum wavenumber k0, viz. β̂ = β/k0 and α̂ = α/k0, respectively,
are retrieved vs. frequency f , as shown in Figure 7a. From the dispersion curves, it is clear that the
proposed device is able to generate a pencil beam with the maximum radiated power at broadside at
fc = 29.88 GHz, when βTE ≃ αTE ≃ βTM ≃ αTM [66]. Moreover, as previously discussed in Section 3.2,
one can assert that the device is working in the reactive regime for f < fc [67] and it is generating a
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conical beam for f > fc. By exploiting the evaluation of the dispersion curves, it is also possible to
choose the lateral extension of the device in order to achieve a radiation efficiency of, at least, 90 % at a
certain working frequency fw = 33 GHz. In particular, by considering α = min{αTE( fw), αTM( fw)},
the minimum extension of the radiating device is set at L = 38.96 mm through (2).
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Figure 7. (a) Dispersion curves of both the TE and TM modes of the phase β̂ and attenuation α̂ constants
normalized with respect to the vacuum wavenumber k0. (b) Radiation patterns, normalized with respect to their
maximum in a linear scale, of the simulated FPCA at different frequencies.

Once the minimum lateral dimension of the FPCA has been found, the device is ready to be
simulated on a commercial full-wave solver to verify its radiation property. In order to do that and
to strongly reduce the computational effort, one can implement the source as an ideal dipole (its
physical implementation and matching techniques have been discussed in Section 3.4) and the PRS
through a surface impedance boundary condition (SIBC) —the design of the real reflecting layer can
be addressed through a homogenized metasurface designed with the approach shown in Section 3.3.
It is worthwhile to point out that the SIBC has to be described with a frequency-dispersive behavior
which respects the Foster’s reactance theorem [82]. Therefore, depending on the inductive-like or
capacitive-like nature of the PRS, one has to enforce on the full-wave solver Zs = jωL or Zs = −j/ωC,
respectively. Specifically, the lumped inductance L and capacitance C value are fixed so as to match
the desired Xs value at the working frequency of the design.

By applying the simulation guidelines discussed so far, a three-dimensional (3-D) model of the
proposed FPCA has been implemented on CST Microwave Studio [77] through a transparent SIBC on
top of a cylindrical grounded dielectric slab with height h = 2.77 mm, aperture diameter L = 40 mm,
and relative permittivity εr = 3. By exciting the device through an HED in the middle of the cavity
[44], the far-field radiation patterns for f > fc reported in Figure 7(b) are achieved. The generation of
conical beams, with a scanning pointing angle θ0 which varies as the frequency increases through (4),
is thus demonstrated.

4. Radially Periodic Leaky-Wave Antennas
This section deals with the analysis of radially periodic LWAs. Since the latter are constituted

by a two-dimensional, leaky-wave, radiating devices, the design rules in terms of directivity and
fractional bandwidth as a function of the leaky phase and attenuation constants are the same as those
presented in Section 3.1. The main difference lies on the evaluation method of β and α. In FPCAs it is
indeed possible to consider the PRS in the homogenization regime and, thus, to exploit the transverse
resonance technique applied to the TEN of the device. In radially periodic LWAs, the periodicity
of the annular metal strip grating printed on top of the GDS is instead comparable to the operating
wavelength λ0 and the radiation is usually related to the first-order, fast, Floquet-Bloch mode in
propagation [31,79]. It is here provided a simple technique for the Bloch analysis in Section 4.1 and
validated in Section 4.2 through full-wave simulation of the entire structure.
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4.1. A Simple Technique for the Bloch Analysis

As abovementioned, a two-dimensional radially periodic LWA is constituted by a subwavelength-
thick grounded dielectric slab with an annular metal strip on top (see Figure 2e) [48]. By considering an
azimuthal symmetric source, such as a VED, it is possible to consider a local linearization of the radial
structure as a 1-D periodic metal-strip grating, which can be described in terms of space harmonics
[48]. The radial leaky-wave propagation over an annular metal-strip grating can indeed be seen as
a 1-D propagation over an infinite metal strip grating with phase advance normal to the printed
strips thanks to the azimuthal symmetry of the device [48]. This aspect is well explained in Figure 8
where the linearization process for an azimuthally symmetric radial periodicity on a 2-D structure is
straightforwardly reported.

Figure 8. The complex leaky radial wavenumber, kρ, of the radially periodic LWA (represented on the left) can be
approximately seen as the leaky-wave propagation constant of an infinite metal strip grating with phase advance
normal to the printed strips (as shown on the right) [48].

The device can thus be analyzed as a 1-D periodic LWA. In this context, the generic m-th Flo-
quet space harmonic (with m = 0, ±1, ±2, ...) has a dispersive behavior related to the fundamental
harmonic wavenumber kρ0 = β0 − jα and the periodicity (along the radial direction) p as follows:

kρm = β0 +
2πm

p
− jα (18)

The structure is usually designed to let the m = −1 harmonic propagate in the working frequency
range. Therefore, it is manifest that, also in this case, the correct evaluation of the leaky wavenumber
plays a fundamental role in the theoretical design and performance evaluation of the LWA. In this
context, the possibility to describe the device through its linearized counterpart [48] (see Figure 8)
is crucial for the evaluation of the leaky radial wavenumber. This is because different techniques
have been already proposed for retrieving the dispersion diagram of leaky modes propagating in 1-D
periodic LWAs (see, e.g., [83–86] and reference therein).

In this paper, in order to avoid the implementation of an ad-hoc method-of-moments (MoM)
approach for the considered structures [83], the need for complicated numerical routines [85], or the
correct selection of higher-order modes in the simulation model [84], a method originally proposed for
the analysis of frozen modes is exploited [87].

In order to corroborate the proposed approach, the reference case in [79] is considered since the
dispersion curves are there retrieved through a MoM [83]. While, in [79], the radially periodic device
was considered as a wideband Bessel-beam launcher (BBL) in the near-field region, the same structure
will be considered here as a LWA in the far-field region. The wideband BBL proposed in [79] works
with a central frequency f0 = 23 GHz through a GDS with relative permittivity εr = 2.2 and thickness
h = 3.14 mm perturbed by a metal strip grating with periodicity p = 10 mm and slot width s = 6 mm
(see Figure 9a).
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Figure 9. (a) Schematic representation of the full-wave model of the linearized counterpart of the radially periodic
2-D LWA constituted by a grounded dielectric slab (pink solid) with N unit cells of a metal strip grating on top
(gray areas). The two rectangular areas delimited by light-gray lines represent the two considered waveguide
ports. In one of them, the modal field distribution is reported through lines of force, showing the correct excitation
of the TM0 mode in the device. (b)–(e) Dispersion diagrams of the normalized leaky ((b) and (c)) phase β̂ and
((d) and (e)) attenuation α̂ constants. While the blue dashed lines represent the reference case obtained through a
MoM approach [79], black dashed and dotted lines represent the limiting, unperturbed cases of a parallel-plate
waveguide (PPW) and of a grounded dielectric slab (GDS) structure, respectively. The green and magenta colors
represent two subsequent case studies: N = 6 and N = 7 for (b) and (d), N = 15 and N = 16 for (c) and (e).

In order to apply the approach proposed in [87], two waveguide ports are here defined in the
periodic direction with a height hport = 3.5h and lateral dimension wport = λ0/4 such that the
fundamental TM0 surface wave of the grounded dielectric slab is properly represented. Perfect-
magnetic-conductor (PMC) boundaries and an open boundary condition are assigned along y and z
(see Figure 9a), respectively.

At this point, the transfer matrix of the single unit cell is extracted with CST full-wave simulations
[77] by multiplying the transfer matrix obtained simulating N + 1 unit cells with the inverse of the
one with N unit cells [87]. The T matrix of the single unit cell, which takes into account the mutual
coupling of adjacent cells, can thus be found. Then, the leaky phase and attenuation constants can
be derived through well-known formulas [80,84,86]. As shown in Figure 9b (for the two case studies
N = 6 and N = 7) and (c) (for the two case studies N = 15 and N = 16), this method perfectly
evaluates the phase constant β regardless the number of periods utilized in the analysis. This is not
the case for the evaluation of the leakage constants as shown in Figure 9d,e, since the evaluation of α

is typically more difficult [86]. By adding unit cells in the CST simulation, indeed, the only effect is
to introduce additional numerical noise. This is due to the fact that α represents an amplitude decay
and, by considering high values of N, the evaluation of this parameter is performed over distances at
which most of the power has been already radiated by the equivalent 1-D periodic LWA implemented
on CST. On the other hand, a small number of periods does not represent well the mutual coupling
among unit cells.

By observing the dispersion curves of the leaky phase and attenuation constants, it is clear
the presence of the open-stopband phenomenon which is related to the controdirectional coupling
between two Floquet-Bloch harmonics [29]. When β tends to zero, indeed, the value of α changes
rapidly avoiding the proper generation of a beam at broadside [29]: first, it exhibits a highly peaked
behavior due to an accumulation of reactive energy, and then drops to zero at the broadside frequency
[3]. Although this aspect goes beyond the interest of this paper, it is worthwhile to point out that
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different techniques were proposed to mitigate or suppress the open stopband, thereby improving the
near-field [88] or far-field radiating properties of 1-D or 2-D LWAs [89,90].

4.2. Full-Wave Validation of the Theoretical Model

In this subsection, the 3-D model of the radially periodic LWA studied in [79] has been simulated
in CST Microwave Studio with the aim of deriving its far-field radiation pattern. Results are reported
in Figure 10 through 3-D radiation patterns normalized with respect to their maximum in a linear scale.
As expected, the device generates a conical beam in the far-field region with the pointing angle θ0

which decreases as the frequency increases from 17 GHz to 20 GHz. This aspect is in perfect agreement
with the dispersion curves reported in Figure 9 since the absolute value of β decreases in that frequency
range and, thus, θ0 decreases, as expected from (4).

Figure 10. Three-dimensional radiation pattern of the considered radially periodic LWA in a linear scale at (a) 17
GHz, (b) 18 GHz, (c) 19 GHz, and (d) 20 GHz.

5. Conclusions
This paper provides a simple guideline for the characterization and design of uniform, quasi-

uniform, and radially periodic two-dimensional leaky-wave antennas from theoretical, numerical, and
simulative viewpoints.

In particular, as concerns the analysis of Fabry–Perot leaky-wave antennas, different techniques
and methods are reviewed: the leaky-wave approach for predicting and designing the performance of
the radiating device, the application of the transverse resonance technique to the transverse equivalent
network of the antenna, the evaluation and design of a desired equivalent sheet impedance through
homogenized metasurfaces, and the correct choice and implementation of a realistic feeder. As
concerns radially periodic leaky-wave antennas, a simple technique for the Bloch analysis is proposed
and corroborated. Moreover, all the proposed designs are verified through full-wave simulations,
confirming the validity of the proposed approaches for a simple, effective, and fast design of different
kinds of leaky-wave antennas.

Author Contributions: Conceptualization, E.N. and W.F.; methodology, E.N. and W.F.; software, E.N. and W.F.;
validation, E.N.; formal analysis, E.N., W.F., P.B., and A.G.; investigation, E.N.; resources, E.N. and W.F.; data
curation, E.N.; writing—original draft preparation, E.N.; writing—review and editing, E.N., W.F., P.B., and
A.G.; visualization, E.N.; supervision, W.F., P.B., and A.G.; project administration, W.F., P.B., and A.G.; funding
acquisition, W.F. and A.G. All authors have read and agreed to the published version of the manuscript.

Funding: This work was supported by the European Union - Next Generation EU under the Italian National Re-
covery and Resilience Plan (NRRP), Mission 4, Component 2, Investment 1.3, CUP B53C22004050001, partnership
on “Telecommunications of the Future” (PE00000001 - program “RESTART”).

Institutional Review Board Statement: Not applicable

Informed Consent Statement: Not applicable

Data Availability Statement: The original contributions presented in this study are included in the article. Further
inquiries can be directed to the corresponding author.

Conflicts of Interest: The authors declare no conflicts of interest

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 3 January 2025 doi:10.20944/preprints202501.0142.v1

https://doi.org/10.20944/preprints202501.0142.v1


16 of 20

Abbreviations
The following abbreviations are used in this manuscript:

1-D One Dimension
2-D Two Dimension
3-D Three Dimension
BBL Bessel-Beam Launcher
FBW Fractional Bandwidth
FoM Figure of Merit
FPCA Fabry–Perot Cavity Antenna
GDS Grounded Dielectric Slab
HED Horizontal Electric Dipole
HMD Horizontal Magnetic Dipole
HPBW Half-Power Beamwidth
LWA Leaky-Wave Antenna
MoM Method of Moments
PEC Perfect Electric Conductor
PMC Perfect Magnetic Conductor
PPW Parallel-Plate Waveguide
PRS Partially Reflecting Sheet
TEN Transverse Equivalent Network
VED Vertical Electric Dipole
VMD Vertical Magnetic Dipole
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