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Abstract: In this paper we address the approximation of the coupling problem for the wave equation
and Maxwell’s equations of electromagnetism in the time domain in terms of the electric field, by
means of a nodal linear finite-element discretization in space, combined with a classical explicit
finite-difference scheme for the time discretization. Our study applies to the particular case where the
dielectric permittivity has a constant value outside a sub-domain, whose closure does not intersect the
boundary of the domain where the problem is defined. Inside this sub-domain Maxwell’s equations
hold. Outside this sub-domain the wave equation holds, which may correspond to the Maxwell’s
equations with a constant permittivity under certain conditions. We consider as a model the case
of first order absorbing boundary conditions. Optimal error estimates that hold in natural norms
under reasonable assumptions are given, among which lies a typical CFL condition for hyperbolic
equations.
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1. Introduction

The aim of this article is to show that an explicit P; lumped-mass finite-element scheme can
be a reliable method to solve the Maxwell’s equations of electromagnetism in the time domain and
in a bounded domain in RN, N = 2,3. This fact is illustrated here assuming a constant magnetic
permeability. It is well known that in this case these equations can be expressed as a second order
system in terms of the sole electric field. Moreover, the study is conducted in the particular case
where the dielectric permittivity is constant in a region of the computational domain contiguous to its
boundary. As a consequence, the wave equation holds therein and for this reason we address the case
of a coupling problem for the Maxwell’s equations in the inner domain and the wave equation in the
outer domain. However, if it happens that the Maxwell system also holds in the latter, then our study
will directly apply to the Maxwell’s equations in the whole domain. Moreover, although it extends to
other boundary conditions with minor modifications, as a model we consider in this work first-order
absorbing boundaryboundary conditions.

Standard conforming linear finite elements are a priori an attractive tool to solve Maxwell’s
equations, as an inexpensive method, especially in three-dimension space. However, this is not always
a good choice for such a purpose. A primary explanation for this assertion is the fact that in geneoral
the electric field cannot be searched for in the Sobolev space {H!}N, but rather in a subspace of
H(curl) N H(div) consisting of vector fields satisfying certain boundary conditions. As a consequence,
if the spacial domain in which the equations are defined has re-entrant corners, the subspace of

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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{H}N N (H(curl) N H(div)), incorporating for instance zero tangential boundary conditions, is a
proper subspace of the corresponding subspace of H(curl) N H(div) owing to the so-called corner
paradox (see e.g. [19], [20]). This was one of the main motivations of different authors who looked into
the design of finite element methods to cope with the issue. A celebrated contribution in this direction
is due to Nédélec [29], namely, a family of H(curl)-conforming methods to solve these equations,
commonly known as edge elements. The crucial point in the discussion on discretization methods
to tackle the problem, is how to get rid of spurious solutions and other instabilities usually caused
by nodal elements, such as the P; FEM. A detailed study of these questions, together with methods
especially designed to solve Maxwell’s equations is given for instance in [10] and [28]. A more recent
approach to handle these equations using a Hermite variant of the lowest order Raviart-Thomas
interpolation [30] was reported in [32].

In this work we rule out the aforementioned shortcoming, by taking advantage of the fact that the
solution of the wave equation lies in { H' }" irrespective of boundary conditions. Hence in our case
we can show that the P; finite element method is indeed an accurate numerical solution tool, provided
the coupled equations are written in a suitable VF (variational form). Actually, the VF employed in
this work is similar but not equal to the AVF-Augmented Variational Formulation thoroughly studied by
Ciarlet Jr. (cf. [16]) in the static and time-harmonic cases and in Jamelot [27] and Ciarlet Jr.-Jamelot
[17]) in the time-dependent case. However, non negligible additional complexities must be dealt with,
stemming from the fact that the dielectric permittivity varies in space. This is one of the main reasons
that compelled the authors to carry out here a rigorous analysis of the P; lumped-mass approximation
of Maxwell’s equations. As a matter of fact, to the best of their knowledge, such results were lacking.
Indeed, the case of a variable dielectric permittivity had been addressed in [18,23], but not for nodal
finite elements, while in [2,15,17] nodal finite elements are dealt with, though for constant coefficients
and formulations different from ours.

Conforming nodal finite elements were considered to handle the time-dependent case in the
early nineties (cf. [2]) for convex domains. Later on specialists studied formulations of the static or
the time-harmonic Maxwell’s equations suitable for a numerical solution with nodal elements, even
for non convex domains. In this respect we refer to [21], [27], [17] and [3]. Such studies revealed the
adequacy of nodal elements, at least in some relevant practical situations. Underlying this work lies
precisely one such a case, characterized by the fact that the dielectric permittivity is constant in a
neighborhood of the boundary of the domain of interest. On the other hand we emphasize again that
there are not many studies of nodal elements as applied to the time-dependent Maxwell’s equations
with variable coefficients. Hence this paper also gives a contribution in this direction. In short, by
applying a lumped-mass explicit P; finite-elements scheme to the Maxwell’s equations in terms of
the electric field recast in a suitable VF, we establish that, at least in the above case, reliable numerical
solutions are generated, as long as a classical stability condition is fulfilled.

Before pursuing, it should be pointed out that we had described and assessed our method in
[7] and [8], without giving mathematical proofs of reliability. Here we present the main lines of its
formal numerical analysis, though not for the same boundary conditions. For this reason the numerical
examples shown in both articles are different from those presented in this work. We also observe that,
akin to [8], we study here a Maxwell-wave equation coupling problem posed in two contiguous disjoint
sub-domains, which happens to simplify into Maxwell’s equations in the union of both sub-domains
under certain conditions. The mathematical grounds of our VF, in particular its equivalence with the
strong form of the Maxwell’s equations, follows the main lines of [8].

As a matter of fact, this work somehow validates a numerical solution procedure described in [4]
applied to a kind of CIP - Coefficient Inverse Problem - for the time-dependent Maxwell’s equations in
the particular configuration underlined above. Let us briefly recall it below. For more details we refer
to [9] and references therein.

Assume that in a vast nonconducting homogeneous medium with a given dielectric permittivity,
an unknown object is searched for. The object’s material is also supposedly nonconducting, though
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with a different dielectric permittivity. Solenoidal electric waves of a regular pattern are emitted
sufficiently far away from the search region during a certain time. In the absence of a hidden object
such a pattern will be observed during all time in a certain location closer to the search zone. However,
if there is indeed a hidden object, waves will be reflected and back-scattered onto the observation zone.
Schematically such a process may be thought of as governed by the Maxwell system of equations
of electromagnetism in an unbounded domain with a constant dielectric permittivity, except in a
region surrounding the hidden object where the dielectric permittivity varies. The CIP consists
of determining the spacial distribution of an unknown dielectric permittivity - i.e., a coefficient of
Maxwell’s equations, - with the aim of locating the hidden object, on the basis of measurements of
back-scattered waves at a small observation zone. In principle, the far electric field will still be as
regular as the emitted one. However, we may conveniently solve the problem by taking a bounded
computational domain consisting of two sub-domains, namely, an inner domain where the hidden
object lies, and a surrounding outer domain on whose outer boundary - that is, the boundary of
the computational domain, - absorbing boundary conditions are prescribed (see e.g. [22,24]). It is
noticeable that, since the dielectric permittivity is constant in the outer domain, N wave equations
hold therein. Moreover, since the far field is solenoidal, in practical terms it can be thought of as being
also solenoidal on the boundary of the computational domain, as long as it is large enough. However,
strictly speaking, such a condition cannot be prescribed, and hence it is mathematically inconsistent to
consider that the full Maxwell system of equations hold in the outer domain, as it does in the inner
domain. That is why we address in this article a Maxwell-wave coupling problem posed simultaneouly
in the inner and the outer sub-domains, bearing in mind that, at least for the CIP in view, Maxwell’s
equations are expected to hold in the union of both.

An outline of this paper is as follows: In Section 2 we describe the model problem being solved
and study its equivalent VF employed in the sequel. In Section 3 we set up the discretizations of the
model problem in both space and time. Section 4 is devoted to the formal reliability analysis of the
explicit scheme considered in the previous section. A priori error estimates are given therein under
the realistic assumption that the time step varies linearly with the mesh size as the mesh is refined. In
Section 5 we present a numerical validation of our scheme. Finally we conclude in Section 6 with a few
comments on the whole work.

2. The model problem

The Maxwell-wave equation coupling problem for a field e in a bounded Lipschitz domain ()
of RN, N = 2,3 with boundary TI’, that we consider in this work is posed in the following setting.
First, we consider that Q) = Q);, U Qoyt, where )y, is an interior open set whose boundary I';, does not
intersect I and Q) is the complementary set of ();,, with respect to Q) (the boundary of Tpys is T UT};,).
The dielectric permittivity denoted by ¢ is assumed to belong to C?(Q)) and to fulfill the conditions:

e =1in Oy and € > 1 otherwise . (2.1)

Let n be the unit outer normal vector on I'. We denote by 9, (-) the outer normal derivative of a field
on I'. Taking into account conditions (2.1), we may prescribe wave-equation first order absorbing
boundary conditions 0,e = —d;e on T x (0, T) [22,24], as seen hereafter.

Now, we are given ey € {H!(Q)}N and e; € H(div, Q) satisfying V - (eeg) = V - (ce;) = 0,
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together with f € L2[(0, T); H(div, Q)] satisfying V - f = 0. Then, setting V := {H'(Q)}", the problem

to solve is:
Finde € V := H?[(0, T); {L*(Q)}N] N L2[(0,T); V]
such that
epye+VxVxe=Hf, .
Q; 0,T),
V- {ee} = 0. } in iy < (0,T)
ope —Ne=f in Qo x (0, T), (2.2)
with the initial conditions
e(-,0) = eg(-), and dse(-,0) = eq(+) in Q)
and the boundary conditions
ope+die =0 onT x (0,T).

(2.2) tells us that the wave equation holds in Q¢ % (0, T). On the other hand, the equations in braces
of (2.2) make up the Maxwell’s equations in (2;, x (0, T) for the sole electric field. It is noticeable that,
since f is solenoidal by assumption, the second equation in );,, x (0, T) is superfluous i.e. reduntant.
Indeed, taking the divergence of both sides of the first equation in Q);, x (0, T) and denoting by u the
function V - (ee), we have dyu = 01in ();, x (0, T). Taking into account that u;_q = dsu;—g = 0 by
our assumption on eg and ey, it must hold V - (ee) = 0in Q;;, x (0, T). However, the same conclusion
cannot be drawn for Qg X (0, T). This is because in this sub-domain u := V - e solves a wave
equation uy — Au = 0 with zero initial conditions. Since zero boundary conditions do not necessarily
hold for u, this is not sufficient to infer that u = 0 in Qy x (0, T). But, of course, nothing prevents the
Maxwell’s equations from holding indeed in this domain too, as pointed out at the end of Section 1.

2.1. Notations and reminders

Before pursuing we introduce some notations and recall a couple of results to be used hereafter.
We denote the standard semi-norm of C"(Q) by | - |, for n > 0 and the standard norm of C°(Q)
by || - [lo,co- A subset of Q) will be denoted by an upper case Latin letter with or without a subscript.
For any D C Q) we denote the standard inner product of {L?*(D)}N by (,-)p and the corresponding
norm by || {-} ||p; if D = Q we drop the subscript D. meas(D) represents the measure of D, which
accounts for the length, the area or the volume of D, according to the case.
Any scalar function defined in (2 will be denoted by a lower case Greek letter combined or not with
other symbols different from upper case letters. For a given non negative function w € L®(Q)) we
introduce the weighted L?(Q))-semi-norm ||{-}|| := 1/ [ w|{-}|?, which is actually a norm if w # 0
everywhere in (). The notation (A, B),, expresses [, w.A- B, A, B being two square-integrable fields
in Q). If w is strictly positive this expression defines an inner product associated with the norm ||{-}|| ..
We denote by < -,- >, r, the duality product of H*(T';,) — H°(T;,) fors € R.
In the sequel we shall repeatedly employ a well known operator identity applying to vector fields,

namely,
—-A=-VV. - 4+V XV x. (2.3)

Let D be a bounded domain of *N with boundary dD. We recall that, according to the Trace Theorem
(cf. [1]) and well known results, if a given function y € L?(D) has a well defined trace on dD in the
space H'/2(aD) and Ay € H~!(D), then necessarily x € H'(D).

2.2. Well-posedness considerations

The well-posedness of (2.2) will be taken for granted. However, it can be established by means
of an argument similar to the one exploited in [8]. Since it is rather laborious, for the sake of brevity
we skip details of such an analysis. Nevertheless we next sketch its main lines, which rely on the
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well-posedness of the following problem.

Let R := {(v,z)|v € {H' (Qout)}N, z € H(curl; Q) NH(div; Qi) Ja,, 0+ Jo, w = 0}and let
R; be the subspace of R of the pairs (v;z) satisfying V - (ez) = 0 in ();,. Noticing that the trace
over I, of a field in H(curl; Q;,) N H(div; Q;,) } lies in {H~V/2(T;,) }N (cf. [25]), recalling the space
L3(Q) :== {v| v € L3(Q)), [, v =0}, we set the problem

Given a solenoidal g € {L3(Q)}" find ((w;w); p) € Re x {H2(T;,) N

such that V((v;z); q) € Re x {HY2(T;,) N

(Vu, Vv)q,, + (VXwW,V xz)q,+ <P Vv—2>1/21,= (800 V) T (80 2) 0
<qu—w >1/2rrin: 0.

2.4)

Using the theory of saddle-point linear problems (cf. [11]) we have checked that (2.4) has a unique
solution and moreover, by the same theory, it is equivalent to the following system:

Given a solenoidal g € {L3(Q)}V, find ((w; w);r;p) € R x L*(Q,) x {HY2(T;,) N
such that ¥((v;z));s;q) € R x L2(Qy,,) x {HY2(T;,) N
(Vu,Vv)q,, +(Vxw,Vxz)g +(r,V-(ez))q,+ <p,V—2z >1/27;,

(2.5)
= (g|Qout’V)Qout + (g|Qin’Z)Qin’
(V- (ew),s)q, =0,
<qu—W>/pr, = 0..
It is clear that the solution of (2.5) solves the following problem:
Given g € {L3(Q)}" fulfilling V-g=0inQ), find (u;w) € R such that
—Au=gpq in Qout
VXV xw=gpq,, .
in QO ,
V- (ew) = 0. S in 2.6)
u=w only,,
anu - 0 on 1—‘/
fQout u + fQin w= O

Thus, from classical results (cf. [13]), any linear second order hyperbolic counterpart of (2.6) assorted
with proper initial conditions also has a unique solution. Let us consider a field e defined in (3 such
that e/, = uand ey, = w. Since V-w = —Vlog(e) - w € L?(Q);,) from the assumed regularity
of e, we have VV - w € {H1(Q;,)}N. This implies that Aw € {H1(Q;,)}N by the identity (2.3),
since V x V x w € {L2(Q;,, }". Therefore w € {H'(Q;,,)}" owing to the coincidence of u and w on
T;,. Hence e lies in {H'(Q)}N and moreover it solves a well-posed elliptic problem in Q. Thus the
well-posedness of (2.2) follows from the fact that it is a second order hyperbolic counterpart of (2.6).

Remark 2.1. As already pointed out in Section 1, the study that follows also applies to several types of
boundary conditions, for which such an H'-regularity is known to hold. As pointeed out in Section 1,
the choice of absorbing boundary conditions here was motivated by the fact that they correspond to
practical situations addressed in [9] and references therein. m

2.3. Variational form

Throughout this article we work with the variational problem (2.7) stated below, supposedly
equivalent to (2.2).
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Requiring that &,y = ep and {0:&};_o = e;, we wish to,
Find e € V, where
V= {v|v e H[(0,T);{L*(Q)}N]NH'[(0,T); V]} 2.7)

such that Vv € {H'(Q)}N and Vt € (0,T)
(01€,v),+ (V& Vv)+ (V- €&,V -v) = (V-&V-v)+ (0:&v)r = (fv).

Under the conditions assumed in this work, problem (2.7) is equivalent to the coupling problem
(2.2). Indeed, we have,

Proposition 2.1. If the solution e to (2.2) belongs to V, the following assertions hold:

1. e s also a solution to (2.7).
2. Any solution to (2.7) is unique, and thus it is the solution to equation (2.2).

Proof:
1. Using the operator identity (2.3) we rewrite the second equation of (2.2) as,

edpe —Ae+VV-e=finQy, x (0,T). (2.8)

We know that the solution of (2.2) satisfies VV - (¢e) = 0in (), X (0, T). If we subtract this equation
from (2.8), we obtain:

edpe —Ae —VV - (ce) + VV-e=£finQ;, x (0,T). (2.9)

Since ¢ = 1in O,y it is readily seen that (2.9) also holds in the whole Q) x (0, T).
Thus, taking an arbitrary v € V and using Green’s first identity, together with the absorbing boundary
conditions satisfied by e, we readily obtain Vv € V,

(edie,v)+ (Ve,Vv)— (V-e,V-v)+ (V- -{ce},V-v)+ (de v)r = (f,v)Vt€ (0,T), (2.10)
which establishes that e solves (2.7).

2. In order to prove the uniqueness of a solution to (2.7), we resort to the following energy estimate
demonstrated in [5] for variational problem (2.7):
vie (1] {lla@ P+ | Ve P+ | V- |2,} )

T ) ) 5 ) ) (2.11)
<& /0 (- £) 7 dt+ [l eo =+ || Veo [|T+ [| V-eo ey + e [l ¢,

where £ is a constant independent of eg and e;.

The uniqueness follows from (2.11) owing to the linearity of problem (2.7). m

3. Space-time discretization

We next describe our numerical scheme to solve (2.7). Henceforth, for the sake of simplicity we
assume that both () and (), are polytopes and, without loss of generality, we take f = 0.

3.1. Space semi-discretization

Let 7}, be a mesh fitting (), consisting of N-simplices with maximum edge length /, belonging
to a quasi-uniform family of meshes (cf. [14]). Each element K € 7}, is to be understood as a closed
set. Practical calculations are certainly simplified in case ();, is the union of N-simplices belonging to
T, which we also assume, even though such an assumption is not essential. We denote by V, the P,
FE-space of continuous functions related to 7j,.
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Setting V), := {Vh}N we define eqy, (resp. eq,) to be the standard V,-interpolate of ej (resp. e1). Then
the space semi-discretized problem to solve consists of finding e, € V}, such that, Vt € (0, T|

(Orren, v), + (Ve Vv) + (V- {ee,},V-v) = (V-e;,, V-v)+ (dey, v)r =0
Vv € Vy,

with

e, (+,0) = egy(+) and dsey,(+,0) = eqy,(+) in Q.

(3.12)

3.2. Full discretization

To begin with we consider a natural centered time-discretization scheme to solve (3.12), namely:
Given a number M of time steps we define the time increment 7 := T/M. Then we approximate
e, (kt) by eﬁ fork =1,2,..., M according to the following FE scheme fork =1,2,..., M —1:

k+1 _ pok o k=1
<eh 2eh +e,

= ,v> +(Vef,Vv) + (V-eek, V-v) = (V-ef,V v)
&

okl _ gk—1
+|—r v =0VveV, (3.13)
2T .

with
e2 = eg, and e}q = e2 + Teq, in Q.

Owing to its coupling with e’ft and efl on the left hand side of (3.13), e;‘ZH cannot be determined
explicitly by this scheme at every time step. In order to enable an explicit solution we resort to the
classical mass-lumping technique. We recall that this consists of replacing on the left hand side the inner
product (u, v) (resp. (u,v)r) by an inner product (u, v), using the trapezoidal rule to approximate
the integral of [ ujx - v|kdx, for every element K in 7y, for (u;v) € {CP(Q)}N x {CO(Q)}V. In the
case of (3.13), u stands for s(eZJrl — 2e’;l + e’,;_l) and v is an arbitrary field in Vy,. It is well-known that

in this case the matrix associated with (se’;fl,v) 5 is a diagonal matrix. Similarly, a mass-lumping
approximation (eﬁ+1 - elffl, v)r,, must be used for the inner product (eﬁ+1 - elffl, v)r.

The expression (eu, v);, for continuous u and v gives rise to an approximation of the inner product
(u, v)¢ henceforth denoted by (u, v), . In order to simplify the calculations we further approximate
the inner product (u, v), , by the inner product (u, v),, 5, whose definition is given below, followed
by the expression (u, v)r ;, approximating the inner product (u, v)r for every (u;v) € {C°(Q)}N x
{CO(I.

N+l a(Sk ;) - v(Ski
(V)= T e(Grmeas(k) Y- WEL) VK,
KeTy, i=1

where Sk ; are the vertexesof K,i = 1,..., N + 1 and Gy is the centroid of K.

Generically denoting by FX the edges for N = 2 or the faces for N = 3 of an N -simplex K, let S},
be the subset of 7), consisting of K such that I' N K # @. Then we set

N “(RPK,z‘) ‘V(RPK,z‘)

(wv)rp:= Y, Y meas(F*) Y N ,

KeS), FKAT£0 i=1

where Rpx ; are the vertexes of FKi=1,...,N.

For coherence ¢, is defined to be the function whose value in each K € 7}, is constant equal to

¢(Gg). Furthermore we introduce the norms || {-} ||, » and || {-} ||, of V, given by ({-}, {});h/%1 and
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{1 A });l/ 2, respectively. Similarly we denote by || {-} |Ir; the norm defined by ({-}, {})11.%1 Then

still denoting the approximation of e (kT) by e';l, fork=1,2,..., M we determine eﬁ*l by,

k+1 k k—1
e, — Zeh +e),
2

,v> +(Vef,Vv) + (V- -eek, V.v) = (V-ef, V. v)
Shh

k1 k-1

e e
+ (h h ,v> —0Vv eV, (3.14)
2T T,h

with
e) = eg, and e}, = e + ey, in Q.
Now we adapt a result given in Lemma 3 of [12], which allows us to assert that the following
upper bounds hold:
o lle, <l o]

n Yo ey, (3.15)

Ep,

Similarly we have,
[ollr<llo

Th Yo € V. (3.16)

4. Reliability analysis

We next show that, under very reasonable conditions, optimal-order error estimates in a natural
sense hold for approximations of the solution of problem (2.7) generated by the scheme (3.14).

4.1. Scheme stability

In order to conveniently prepare the subsequent steps of the reliability study of (3.14), following
a technique thoroughly exploited in [31], we carry out the stability analysis of a more general form
thereof, encompassing scheme (3.14) as a particular case, namely,

k1 nok o ok—1
(eh 2e;, + e,

2

,v> +(Vef,Vv) + (V- -eef, V-v) = (V-ef, V. v)
h
k+1 k=1 o

+ (ehz_[eh,v> =F )+ (d,V-v)+G(v) v eV, (4.17)
T

eg = eq;, and e,l1 = eg + Teq, in Q.

where for every k € {1,2,...,N —1}, FF and GF are given bounded linear functionals over V;, and
the space of traces over I' of fields in Vj, equipped with the norms || - ||, and || - ||, respectively. We
denote by |F|; and |G*|r, the underlying norms of both functionals. d¥ in turn is a given function in
L2(Q) fork € {1,2,...,M —1}.

Taking v = eﬁ“ — elfl_l in (4.17) we obtain fork = 1,2,...,M — 1,

k+1 k k—1 _k+1 k—1

e —2e; +e e —e
( h % S h ) +(Ve’,§,Ve’,§+1—Velh(_1

T T
Sh,h
k+1 _ k-1 418)
k k— € e k1 ke (4.
+(V'{€f1}elfl,v~eh+1*V'eh 1)+ (’12Th,eh+ —€ 1)
T,h

/!

_ Fk(el;l+1 _ eﬁfl) + (dk’v . {el;l+1 _ el;lfl}) + Gk(e£+1 _ ellifl)
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Notmg that ef ™1 — 2ef + ef "1 = (ef ™! —ef) — (ef — el 1) and thate[ " —ef "1 = (ef ! —ef) +
(ef —ef™1), the followmg estimate trivially holds for equation (4.17):

o+l _ ok |2 k_ ok—1|2 k1 _ k1|2
e e —e
b ] b h W 4 h+ L+t i
2t
Eh,h Sh,h F,h
< [Py [l - H + @V - (e — ek
+IGH|r H A Hrh (4.19)
where
= (Vef, V{el™ —ef11);
and
=(V-{e—1}ef, V- {ef™ —ef"1}).
Next we estimate the terms I; and I, given by (4.19).
First of all it is easy to see that
1
= E(IIV*E';EHH2 + [ Vell? = IV (e —e)?) 420)
1 B .
—5 (IVel]I? + [1Vel I = [V (el — e DIP).
Next we note that,
L=h+h
where
Jii=(V-ef, V-{ef" —ef "} (4.21)
and
Jo := (Ve eh,V {ekJrl eﬁ_l}).
Similarly to (4.20) we can write,
h= (IIV e 2+ IV - efllZy — IV - (e —ef) 171 w2)
1 B .
§(IIV eflZy + IV -ef 2y — IIV'(eh —e )
Now observing that Ve = 0 on I', we integrate by parts ], given by (4.21), to get
Jo=—(V{Ve- e} ef —ek ) (4.23)
Let us rewrite |, as,
Jo =M+ M,
where
My i= — (VVeef, ef 1 — k) (4.24)
and

M, = ({vek}Tve ek+1 1;1 1)
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Mj in turn can be rewritten as follows:
M =N+ N,
where
k+1 k
e’ —e
Ny = -7 (VVseﬁ, hTh> (4.25)
and
k k—1
e —e
Ny := —7 (VVseﬁ, h_L_h> .
Then we further observe that
k i i—1 k+1 k k+1 k
e —e e —e e —e
Ny =-72) | VVe b “h h) 7| VVee), 21— ). (4.26)
b T T T
and hence,
k+1 k k i i—1 k+1 k
e’ " —e e e’ —e
Ni > —Tlefpeo || —2|| Y | =2 || + Tlelzoolle}]] | 2—2
T = T
or yet,
1/2
okl _ ok ol _ @il 2\ V/
N; > —Tle|2e0 S TR wVk o h + ||e2|| ,
T ~ T
i=1
and noting that k < T/T we get
1/2
k+1 _ ok k|| of i-112
e —e T e —e
Ny > —Tlefpeo ||t S T/ = | 1 ||t + el 5 (4.27)
T T\ 4H T

Applying to (4.27) Young’s inequality ab < éa®/2 + b/ (25) Va,b € R and 6 > 0 with § = 1, we easily
conclude that

k+1 _ ok |2 k|| ai1]?
T e, —e el —e
N1 > =5 lele | 2 % +TT Y ||| e ] (4.28)
i=1
Similarly to (4.28),
k_ k=12 k || o i-11|2
T er —e el —e
N2 > e | 2 % +1TY % +ed)? ] . (4.29)
i=1
Combining (4.28) and (4.29) we come up with
k1 _ ok |2 k_ ok—12
e — e e —e
M > —Tle]200 ‘ h p- h h_h + L |,
where (4.30)
k|| of i—1 |2
el —e
Le=1T ) | | +lej]1*
i=1
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As for M given by (4.24) we have:
k+1 k k k—1
_ e —e e —e
> =l [ 4~ > e ] (| | 2
or yet
k+1 _ ok |2 k_ k=112
T —e e, —e
My > =5 ef1,00 2| Vek||2 + h h% (4.31)

Now we recall (4.19) together with (3.16) and notice that for every square-integrable field A in )
we have ||A|| < ||All,, Then taking into account that |V - v|| < V/N||Vv| Vv € {H'(Q)}V, and
using Young's inequality with § = 7,6 = 1/7 and J§ = 7, respectively, we easily obtain the following

estimates: , .
k+1 k k k—1
_ T e — e e; —e
By ek — el < TP+ | b S )
h h
k k— k k k—
4] 17 - (e — ek )l < ol + (1 Vel 2+ [ Vel ]2, (432)
k+1 k12
k k1 _ gk—1 TGk € &
G, )h €h <§| It +27 T .

where in the first and the second inequality we also used the fact that ||A + B||?> < 2(||A|?> + ||B]|?) for
all square-integrable fields A and B.

Now we collect (4.20), (4.21), (4.22), (4.23), (4.24) and (4.30), (4.31), (4.32) to plug them into (4.19).
Using the fact that || - || < || - [l < [| - lle, < [| - |l¢,» we obtain for 1 <k <M —1:

(A= B+ (Ce— D) < SR+ o+ 7 |6,
where
k1 _ ok |2 k1 _ k|2
e — € — e
A o || S I T I I
k p- 5 ( +2Jefp,00) po
1 gh,h Sh,h
+5 {1 =20 V2 + (1 = Tlels.o) | Ve 12}
k k—1 2 k k—1 2
e —e T ef —e (4.33)
By = Zh Th + = ( +2e|2,00) Zh Th
T 2
1 Eh,h eh/h
5 {(1+20) | Vel 1P + (1 + Tlely,) [ Vef 2} + Tlelz.oli
1 1
Cei=—51IV(ef™ — eI+ V- (i —ep)lz f+5 (IV-ef 21 +1IV-efllZy
2 2
1 k1412 k k=112 1 k2 k—1(12
Dpi=—5 < [V(ef ey DIP+IV-(ef—ep Izt +5 (IV-erllzy+1V-ef 7y ) -
2 2
Setting
ni=2+ |€|l,oo +2|8|2,oo;
0 = le|y, (4.34)
p:=T?
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we can rewrite Ay and By as follows:
k1 _ k|2 k1 _ ok |2
Ay = e, —ej T’? e, —ej
’ T 2 T
Sh,h Sh,h 6
+3 (19 12+ 19 12) — (IVef 12 + S 9eki?)
(4.35)
k_ ok—1|? k_ ok—1|2
B, .— || " %n + 5y €h — Cn
ke T 2 T
1 Sh,h Eh,h 9
+5 (IVef 12+ [ Vef[1?) +7 (IIVe’,illlz + 2||Veﬁ||2) N
Then we note thatfor1 <k <m—1with2<m<M—1,
e — e ! 2 —12) _ TP
Ax_1 — B = —17 - 1 + (||Veh|| + Ve | ) 72 Lk (4.36)
Sh,h
It follows that
m m
Y (Ax—Bx) =Aw—B1+ Y (Ar_1 — Bp)
k=1 k=2
el _ em
=5 Q- |—"| 45 (1—2T) Vel %+ (1—79) IVejr|?
h
1 1— el ! 1 1 TP (437)
—5 (2+) | =S (14 20) [VeR|? — 5 (14 70) [ Vey | — 5Ly
2 2 2 T
Sh,h
m ek _ ek 1 T
_ h h T k2 k=112 w
Y, 3| + 5 2+0) (IVefI? + Vel 2) + 5Lk
k=2 eph
Now we extend to k = 1 the summation range on the right hand side of (4.37) to obtain,
m
Y (Ax — By)
k=1 )
1 el _ e 1 1
=S @) | (=20 Ve + 5 (1 76) [ Ve
Sh,]’l
e-ellf 1 1 (438)
—5 2-) =5 (1 =10) [Vey|* — 5 (1-21) [ Vey ||
T 2 2
Sh,h
2
u el —ef1 T _ T
— Y dn ||+ 2 @40 ([VekP+ Vel IP) + B L
k=1 eph

Moreover since Cx_q = Dy for all m > k > 2, recalling (4.33) we easily come up with,

m
Z Cy—Dy) = Cy — Dy

1
o {IF et = eI+ 1V (et - e}y (I e e @3

1 1
{||v<ehfeh>||2+||v< —eDIZ} =5 (IV- el + 1V efl2y) -
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Combining (4.38) and (4.39), we obtain for2 < m < —1:
m m
Y (A +Ce) — Y (Be+ Dy)
k=1 k=1
1 em—l—l el 2 1 1
=5 (2—1n) % T3 (1—27) [[Ve > + 5 (1—10) [ Ve|?
Sh,h
1 e, —e) 1 o2 1 192
——-2-7 —=(1—=19)||Vey||-— =z (1—-21)||Ve
32— | . > (1= 70) [ Vell2 = 5 (1-27) | Vel | w0
m k _ek 1 T
=Y ||+ 224 0) (IVefP+ IVel ) + 2oL
k=1 el
1 1
S LIVt — e 2+ 1V - (et — e 12 | +5 (17 e 2y + 11V - e 124
1
+5 {IV(eh—eDI2+1V- (eh D2} — 5 (IIV - eblZy + 1V - fli2 ).
On the other hand, recalling (4.30) we note thatfor2 <m < M —1
m m _eifl 2 _ek 102
Y L<), P+ [lep)? Sl e (4.41)
k=1 k=1
In short since mt < T, from (4.41) we easily obtain for2 <m < M — 1:
_ek 12 p
T2 2 Ly = S f”e%”Z' (442)

Plugging (4.42) into (4.40) and summing up both sides of (4.33) from k = 1 through k = m for
2 <m < N —1 by using (4.35), (4.40) yields:

1
(1-27) [ Ve H|* + 5 (1 —70) | Vey'|?

N~

1
(1—70) | Vey]|* — 5 (1-27) [ Ve, >

Eh,h

k k—1
€, — €,
T

2

—i {T(W+P)

T —
+ 5 (2+6) (Ve + | Ve] 1||2)} (4.43)

Sh,h

k=1
1 1
%{nv et — e[+ V- (et —e)Z b+ 5 (V- e 2 + V- eIy
1

{1Vl —eD 2+ 1V (eh—eD) 21} =5 (I1V - bl + 1V - €12
m 2

2k N2 . 1k £11,012
b (3P + gl + 5 |G ) + Biedl

k=1

+
<
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Thus taking into account that e} — e) = Tey;, leaving on the left hand side only the terms with

superscripts m + 1 and m, and increasing the coefficients of ||Ve;l||2 forj = 0,1 and ||eqy ||§h u for
2 <m < M —1we come up with:

2
m+1l _ m
e e

S 5 (1-20) | Ve 4+ 2 (1= 76) [ Ve

IV e+
k k—1

€ e
T

N~

Sh,h

IV = el )+ (19 I+ 19 e 2)
2

T _ 4.44
+ 5 2+6) (Ve + Vel 1|1) (4
Sh,h

2
k2 k2 T | akl? 2
AR+ 212+ 2 (G, bt lewl o+ T (17emlP+ 19 - el

<Z T(n+p)

1 12 02) 1 12 P 2
+5 (IVel2+ 1Vehi) + 5 (IV - bl + 1V - €121 ) + ZlledIl
Now we recall a classical inverse inequality (cf. [14]), according to which,

IVoll < Ch~Hjo]| < Ch™ o]

pforallv € Vy, (4.45)

Eps

where C is a mesh-independent constant, and we apply the trivial upper bound ||V - v|[;-1 <

VNlle = 1||leo||Vv] forallv € V.

Let us assume that 7 satisfies the following CFL-condition:

T <h/vwithv = C(1+4 Nlje —1)"2 (4.46)
Then we have, Vv € Vj;:
2 Iviig
2 ||v h
9V + 19 w2y <2 T IV < @)
This means that
el _gm |2
IV (e ™! —ef) 1P + 1V - (e ™! —e) 71 < % (4.48)
Sh,h
Plugging (4.48) into (4.44) we obtain,
e —eff 12, 1 2
- T3 (1= 20) [ Vet 4+ 2 (1 76) [ Ve
€h,h
2
m ek _ ek 1 T
< h " Cn T k12 k—1)2
<Y Ti+e) |2 +3040) (Ivekl? + 1vef~"12) .19)
- Sh’

Tigk2 . Noki2 . Tk T 2
O IE G+ 2+ T GH b enl T (I7eul? + 19 enly)

1 12 o2\ o 1 4 2
+5 (Ivel2+ 1Vef?) + 5 (117 - e 2y + ||v'eh||€_1) + Elef
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Next we note that both 1 — 27 and 1 — 76 are bounded below by 1 — T and moreover, %(2 +0)is
obviously bounded above by # + p. Therefore it is easy to see that (4.49) can be transformed into :

2

1 eyl — e m+12 |2
OO W e & o N
en,h
N " et (4.50)
<Sut+Eo+ ) tr+e) ||| + Vel + Ve 2
k=1 eph
where
(T N T 2
Sm = SIFF R4 )2 + | GF
w=X (3R + el + 5 [S¥,
2 (4.51)
2
Eo = llewl? i+ 5 (IVenlP +11V - enl ;)
1 12 012 1 112 012 P 11,072
+5 (IVeh 2+ 1Vell) + 5 (117 - ebliZy + 11V - efl2) + Lleh®
1
Let us assume that 7 < Z Then from (4.51) we have
ey — ey ’ 12 2
"] Ve T+ (Ve
Eh,h
. oo k k (4.52)
<4qSmt+Eot+ Y T4p) || Tl Vel Ve R b
k=1 T ey h
Now we set
B =4M(n+p) = 4T {2+ [elyo + (2 + T?)lel0 } - (4.53)
From the discrete Gronwall’s Lemma and (3.15) from (4.52) we infer that Vimn < M — 1:
em+1 _ e 2
| (Ve 2 4 ([ Ve[| < 4(Sm + Eo)ef, (4.54)

aslongas T < min{h/v,1/(2y)}, where v, -p and p are defined in (4.46), (4.34) and (4.53), respectively,
and in the expression of Ey, e} is to be replaced by eg + Tey,. M

4.2. Scheme consistency

Before pursuing the reliability study of our scheme we need some approximation results related
to the Maxwell’s equations. The arguments employed in this section found their inspiration in Thomée
[33] and in Ruas [31].

4.2.1. Preliminaries

Henceforth we assume that () is a convex polygon for N = 2 or a convex polyhedron for N = 3.

In this case one may reasonably assert that for every g € {L3(Q)}" the solution vg € {H!(Q)N
L3(Q)}N of the equation

—Avg —V{(e-1)V-vg} =g inQ

4.55
dnvg =0 onT. ( )
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belongs to { H>(Q) }N.
Another result that we take for granted in this section is the existence of a constant C, such that,

Vg € {L§(Q)}" itholds [|H (vg) |l < Cellg]l, (4.56)

where 7{(-) is the Hessian of a function or vector field.

(4.56) is a result whose grounds are found in analogous inequalities for convex polytopes applying
to both the scalar Poisson problem and the linear elasticity system (or yet to the Stokes system) (cf.
[26]). In fact (4.55) can be viewed as a problem half way between the vector Poisson equation with
homogeneous Neumann boundary conditions whenever ¢ = 1, and a modified linear elasticity system
with a smoothly varying Poisson ratio € — 1 whenever € > 1. This fully justifies (4.56).

Now in order to establish the consistency of the explicit scheme (3.14) we first introduce an
auxiliary field (-, t) belonging to Vj, for every t € [0, T], uniquely defined up to an additive field
depending only on ¢t as follows:

(Vep{-, t},Vv)+ (V- &, {,t},V-v)._1 = (Ve{,t},Vv)+ (V- e{,t},V-v), 1 VvV E V), (457)

The time-dependent additive field up to which &;,{-, t} is defined can be determined by requiring that
Jofen(-t) —e(-, t)}dx =0Vt € [0, T].

Let us further assume that for every t € [0, T] e(-,t) € {H?(Q)}N. In this case, from classical
approximation results based on the interpolation error, we can assert that,

IV{en(t) —e(, )} I+ IV - {&n (-, 1) — e(, ) }em1 < CihlH(e) (-, )|Vt € [0, T], (4.58)

where C; is a mesh-independent constant.
Let us show that there exists another mesh-independent constant Cy such that for every t € [0, T] it
holds,

185, 1) — e, D)l < Coh®||H(e) (-, )| ¥t € [0, T]. (4.59)

Since &, (-, t) — e(-,t) € {L3(Q)}" for every t, we may write:

ler(, ) —e(t) = sup  (Bleboellh8) e ) (4.60)
ge {L2(Q)}N\ {0} gl

Defining W := {w | w € {H?(Q) N L3(Q)}N 9,w = 0 on '}, owing to (4.56) we have Vt € [0, T]:

1en(- 1) —e(- 1) < Ce sup (&{t} —ef t}, AW —-V(-1)V-w)

461
wew\ {0} [H(w)] (4.61)

Since d,w = 0 and ¢ = 1 on I' we may integrate by parts the numerator in (4.61) to obtain for every
te[0,T],

el e (TCEL ) el 11, TW) £ (V {&4(,) e, T e s
)=t DI =E S W] '

(4.62)
Taking into account (4.57), the numerator of (4.62) can be rewritten as

(V{&n{- t} —e{ t}}, V{iw —v}) + (V- {&{- t} —e{-,1}}, V- {w —v})e 1 VWV E V).
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Then choosing v to be the V-interpolate of w, taking into account (4.58) we easily establish (4.59) with
Co = C:C2.

To conclude these preliminary considerations, we refer to Chapter 5 of [31], to infer that the second
order time-derivative d;&,(+, t) is well defined in {H'(Q)}" for every t € [0, T}, as long as de(-, t)
lies in {H'(Q)}N for every t € [0, T]. Moreover, provided dyre € {H?(Q)}N for every t € [0, T], the
following estimate holds:

9 {&n(-, 1) — (-, )| < Col®||H(due) (-, 1) ¥t € [0, T]. (4.63)

In addition to the results given in this sub-section, we recall that, according to the Sobolev Embedding
Theorem, there exists a constant Ct depending only on T such that it holds:

el oo,y < CrillullZzgo ) + luelFq ) }'/2 Y € HY(O, T). (4.64)

In the remainder of this work we assume a certain regularity of e, namely,
Assumption* : The solution e to equation (2.2) belongs to { H*(Q x (0, T))}N.

Jof{H(e) : H(dre) } (x, t)dx
H{”H e)} (-, 1)l

product of two constant tensors of order greater than or equal to three. Then by the Cauchy-Schwarz
inequality and taking into account Assumption *, it trivially follows from (4.64) that the following upper
bound holds:

Now taking u = ||H(e)(-,t)|| we have u;(t) = , where : denotes the inner

{H (@} Ol < Cr{llIH (@) 17207 + 1I#H i) 720 } /2 Ve € (0, T). (4.65)

In complement to the above ingredients we extend the inner products (-, )¢, » and (-, -)r 5, and
associated norms || - ||¢, , and || - |1 in a semi-definite manner, to fields in {L2(Q)}N, N = 2,3 as
follows:

First of all, VK € Tj, let TTg : L?(K) — P;(K) be the standard orthogonal projection operator onto the
space P; (K) of linear functions in K. We set

Sh,

(G )meas(K) NL!

Yuand v € {LZ(Q)}N, (u,v)ghlh = Z N1 Z Igu(Sk ;) - Hgv(Sk,i)-

KeTy,

Let us generically denote by F C I' an edge of a triangle or a face of a tetrahedron K such that
meas(KNT) > 0. Moreover, we denote by ITp(v) the standard orthogonal projection of a function
v € L?(F) onto the space of linear functions on F. Similarly we define:

meas(F) &
vaand v e (XY, ()= Y "0 Y mpu(Re)  Tev(Re)
FcCT i=1

It is noteworthy that whenever u and v belong to Vy,, both semi-definite inner products coincide
with the inner products previously defined for such fields.
The following results hold in connection to the above inner products:

Lemma 4.1. Let A, (u,v) := (u,v),, 5 — (0, V), for u,v € {L2(Q)}N There exists a mesh independent
constant cqy such that Vu € {H (Q)}N and Yv € V),

|Ae, (w,v)[ < cq [l € lloeo (| Va[f[[ v | m. (4.66)

d0i:10.20944/preprints202401.2097.v1
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Lemma 4.2. Let By, (y{u}, 7{v}) := (v{u}, v {v}rs — (v{u}, 1 {v}r for w,v € {H'(Q)}", where
y{w} represents the trace on T of a function w € H'(Q). Let also V' be the tangential gradient operator over
T. There exists a mesh independent constant &r such that Yu € {H?(Q)}N and Vv € V),

[Zn(r{u}, v} <¢

The proof of Lemma 4.1 is based on the Bramble-Hilbert Lemma, and we refer to [12] for more
details. Lemma 4.2 in turn follows from the same arguments combined with the Trace Theorem, which
ensures that Vry{u} is well defined in {L?(T')}" if u € {H?(Q)}N. Incidentally the Trace Theorem
allows us to bound above the right hand side of (4.67) in such a way that the following estimate also
holds for another mesh independent constant cr:

(4.67)

En(r{ud, v < erh{]| Va2 + [ #(w) 2372 ) 9 {v} llrp - m (4.68)
To conclude we prove the validity of the following upper bounds:

Lemma 4.3. Vv € {L2(Q)}N it holds
IVlleyn < VN+2[1 v e, -

Proof: Denoting by IT;(v) the function defined in () whose restriction to every K € 7y, is I1g(v)
for a given v € {L2(Q)}V, from an elementary property of the orthogonal projection we have

I T1(V) [le, <[ v lley, ¥v € {L2(Q)IN. (4.69)

Now taking v such that v|x € P;(K) VK € Ty, by a straightforward calculation using the expression of
v|k in terms of barycentric coordinates we have:

ZS(GK)meas N+l )2 N+1
Gy)vPdx = o ml (Sk, v(Ski)v(Sk,
It trivially follows that

mea N+1 2
onrhon it {5 o+ (E e }

1

and finally

5 e(Gg)meas(
(N+2)A€(GK)U|KdX > N—H Z |U SKZ

This immediately yields Lemma 4.3, taking into account (4.69). m
Lemma4.4. Vv € {L2(T)}N it holds ||v|r, < VN+1| v |r. =
The proof of this Lemma is based on arguments entirely analogous to Lemma 4.3.

4.2.2. Residual estimation

To begin with we define for k = 0,1,..., N functions & € V;, by & () := &, (-, k7). In the sequel
for any function or field A defined in Q x (0, T), A¥(-) denotes A(-, kT), except for other quantities

carrying the subscript h such as eﬁ.

Let us substitute eh by &, ek for k=2,3,. -, Non the left hand side of the first equation of (3.14) and

take also as initial condltlons 1nstead of e] wi=01
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The case of the initial conditions will be dealt with in the next section in the framework of the
convergence analysis. As for the variational residual Ef(v) resulting from the above substitution,
where E’h‘ is a linear functional acting on Vj, it can be expressed in the following manner:

Ef(v) = ({one}t, v)e + (Vek, Vv) + (V- ek, V- v)._1 + (Ve- &5, V- v) + ({ore}r, v)r
(4.70)
—F(v) — (@, V -v) — GK(v) Ww € V),

where
d* = Ve {ek — e}, (4.71)

and F¥(v) and G¥(v) can be written as follows:
F¥(v) = FX(v) + F5(v) + F(v) + F&(v),

= (T8, — ), V)¢, 1

F5(v) = A, (T*(e), v); 4.72)
h

T* being the finite-difference operator defined by,

Okt _of 0k k-
ri() o P2 W)

and
GK(v) = G(v) + G(v) + Gh(v),
with
Gi(v) = (Q"(& —e), V) (4.74)
Gi(v) =T;,(Qk(e), v);
G(v) = (Q¥(e) — {ore}, v)r,

Q" being the finite-difference operator defined by,

N A
Q() = Yy (4.75)

Notice that, under Assumption * both d;e(-, t) and dyre(+, t) belong to { H (Q) }N for every t € [0, T).
Hence we can define 0;é;, from d;e and dy&;, from dye in the same way as &, is defined from e.
Moreover, straightforward calculations lead to,

()= & {/(:Tl)T (/tk oul} ds) dt + /kik“)f (/kiatt{-} ds) dt}. (4.76)

Furthermore another straightforward calculation allows us writing:
T¢(e) = {one}* + R¥(e)
where (4.77)

1 kt (k+1)T
k ) o _ 2 2
R(e) := 272{ /(H)T{t (k—1)7} amedt+/h {(k+1)T—1) 8tttedt}.

Similarly, o)
Ky — L “a1.
Q) =g [, Al bt @78)

k—-1)t
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and
Q*(e) = {are}* +S¥(e),

where

% ! a k- Dovawedt+ [ k1 dued )
t—(k—1)T et+/ + 1)t —t edt » .
© = 5o {= [ = =Dt [k 1) - et
Now we note that the sum of the terms on the first line of the expression of EX ( ) equals zero
because they are just the left hand side of (2.7) at time t = kt. Therefore the functlons 6 V), are the
solution of the following problem, fork =1,2,...,M —1:

Ak—l—l 2e _|_ék 1
( Tzh h +(Vel,Vv) + (V- {eek}, vV .v) — (V- &,V .v)
ak+1 _ k-1
+ (ehz:hv> — B (v) + (@, V - v) + GK(v) Wv € V, (4.80)
T

&%) =&,(-,0)and &}(-) = &,(-, 1) inQ,

d*, F¥ and G* being given by (4.71), (4.72)-(4.73) and (4.74)-(4.75).
Estimating ||d¥|| is a trivial matter. Indeed, since e¥ € {H?(Q)}V, from (4.59) we immediately obtain,

1d¥|| < Coh? el .ol H (") (4.81)

Therefore consistency of the scheme will result from suitable estimations of [F¥|, and |G¥|r;, in terms
of e, ¢, T and h, which we next carry out.

First of all we search for upper bounds for the operators T¥(-), Q¥(-), R¥(-) and S*(-). With this aim
we denote by | - | the euclidean norm of R", for n > 1.

From (4.76) and the Cauchy-Schwarz inequality, we easily obtain for every x € () and u such that
{Opul} (-, t) € {H>(Q)}N Vvt € (0,T),

T {u(x)}] < Tl {/(:TU (/kT {aru}(x) |ds) dt + /(kH)T (/kt |{8ttu}(x)|ds) dt}
< {0 (L eadeorasars [ ([ a1 as ) ar

1 rk+DT

_ = /( {Dpu} (x)] dt.

T J(k-1)T

It follows that, for every u such that {9yu}(-,t) € {H?(Q)}N vt € (0, T) we have,

L 2 ( k)T , V2
i) < 2L e rar 42
T k-1
Furthermore, from (4.77) and the inequality a + b < {2(a* + bz)}l/ 2%a,b € R, for every x € () we

obtain:

T (k+1)T
IR {e(x)}| < % {/(:_1)T|{8ttte}(x)|dt+/ ki1 |{attte}(x)|dt}

) f{</“:>T|{at”e}(x)'2dt>l/2+ (5 Hower ) dt)m}.

It follows that,
1/2

R0l < T [ Howe P ar} 45
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On the other hand from (4.78) and the Cauchy-Schwarz inequality we trivially have for every
x € T and u such that y{dyu} (-, t) € {H¥2(T)}N vt € (0, T):

1 (k+1)7 1/2
Qi < = { [ “Hombeofar} a84)

Finally, similarly to (4.83), from (4.79) for every x in I' we successively derive,
P 1 kT (k+1)T
Seat < 3 { [ Houeylde [ I(Pueyl
(k—1)t kT

kt 1/2 (k11)e 12
<f{ [ tewereatar) e ([T aneyooan) }
Therefore it holds,

(k+1)7 1/2
set < /3 { [ G 0P ar (4.8

Notice that bounds entirely analogous to (4.82) and (4.84) hold for VT*(-) = T¥(V-) and VrQ*(-) =
Q¥(Vr), thatis, Vx € O,

(k+1)T 1/2
IVTE(e)(x)] < \/E{/(km |{8ttVe}(x)|2dt} , (4.86)
and Vx €T, D
X 1 (k+1)T )
Vi)l < o= { [ T Havie oparf %

Next we estimate the four terms in the expression (4.72) of F¥(v).
With the use of (4.82) and of Lemma 4.3 followed by a trivial manipulation, we successively have:

) 5 (k+1)7 X , V2
FE <l e o /2 |{ [ KOG = el arf | vl
h
> (k+1)T ) 1/2
< VN2 elom 2 | [ Houte - n R} v (4.85)
3 (k+1)T X , V2
< VNFZlelow 2 { [ IHOu@—enC 0ty vl
Recalling (4.72) and applying (4.63) to (4.88), we come up with,
R 2(N +2 (k+1)T 1/2
) < ot 2 e o { [T 1 OG0 Pt} vl @s)

Next, combining (4.66) and (4.86) we immediately obtain.

) (k+1)T 1/2
W1 < ot ellom 2 { [ Huvelniar} 1 (450
T -1y

k

Further, taking into account (3.15), (4.76), (4.86) and the standard estimate || €, — € |/0,c0 < Coolt|€]1,00
where C, is a mesh-independent constant, it holds

1/2
‘ g (k+1)T ' 5
)1 < Cotletay) 2 L[ el o2} v @91)
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Finally by (3.15), (4.77) and (4.83), we have

T (k+1)T 1/2
Bl <l elom 3 {0 1Gmelc 0] vl 92)

Now we turn our attention to the three terms in the expression (4.74) of G¥(v). First of all, owing
to Assumption* and standard error estimates, we can write for a suitable mesh-independent constant
éli

[ {Vai(&y—e)} (1) |I< Cih || {H(0re)} (1)) |, vt € [0, T]. (4.93)

On the other hand, by the Trace Theorem there exists a contant Ct. depending only on (2 such that,
1 {0¢(&n — @)} (1) Ir< Crr{ll {0e(&n — )} (- 1) |2 + || {VOr(&y — &)} (1) [P}!/2 Yt € [0, T]. (4.94)
Hence by (4.63), (4.93) and (4.94), we have, for a suitable mesh-independent constant Cp:
[ {0:(& — )} (/1) lr< Cph [ {H(9re)} (-, ¢) || Vt € [0, T]. (4.95)

Now recalling (4.72) and taking into account (4.87) and Lemma 4.4, similarly to (4.88) we first obtain:

2 (k+1)T 172
chtnl < ={ [ @ eenlia) v (496)

Then using (4.95) we immediately establish,

1/2

2 (k+1)t
Gt < o/ { Jo 1@ a1 @97)

Next we switch to G’z‘. Similarly to (4.90), (4.68) and (4.87) yield

(k+1)T 1/2
a2 L7 (1 (wae) o 124 @) ) P vl e

k—1)T

As for G’g, taking into account (4.79) together with (4.85) and (3.16), we obtain:

pe (k+1)t 172
chml <3 {0 HanehniRae) v 499)

Then using the Trace Theorem (cf. (4.94)), we finally establish,

(k+1)7 1/2
G50 < Coy 3 { [ (1 @uedCt) I+ 1 {Tueh ) ) dep v s @00

Now collecting (4.89), (4.90), (4.91) and (4.92) we can write,

B R 2(N+2 (k+1)T 1/2
< Conty 22 e o { [0 @u} 1) P e
2 ( k)T , V2
realt e o2 { [ HOuTe} 0 Pat]
s (4.101)

2 (k+1)T
retleymy/ 2 { 17 uve (P

T ( k)T 172
lelom 3 { [ IomedColParf
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On the other hand (4.97), (4.98) and (4.100) yield,

e = a7 {11 e gl
+crh\/§{/(£k1 (|| (Vore} (1) |2 + || {H(3e)} (8 | ) }1/2 )
2

+Cm 3 { /(H)T (I (e} (. 0) 17 + 11 {Vaue} (1) ) dt}l/

Then, taking into account (4.80) and the stability condition (4.46), by inspection we can assert that the
consistency of scheme (3.14) is an immediate consequence of (4.81), (4.101) and (4.102).

4.3. Convergence results

In order to establish the convergence of scheme (3.14) we combine the stability and consistence
results obtained in the previous subsections. With this aim we define eh = eh — eh fork=0,1,2,..., M.
By linearity we can assert that the variational residual on the left hand side of the first equatlon of (3 14)
fork =2,3,..., M, when the ehs are replaced with the ehs, and eh is replaced with e forj=0,1,is
exactly E,’; (v) since the residual corresponding to the e;’s vanishes by definition. The 1n1tia1 conditions
é]h for j = 0 and j = 1 corresponding to the thus modified problem have to be estimated. This is the
purpose of the next subsection.

4.3.1. Initial-condition deviations

Here we turn our attention to the estimate of E, which accounts for the deviation in the initial
conditions appearing in the stability inequality (4.54) that applies to the modification of (3.14) when e’fl
is replaced by é’h‘.

Let us first define,

ey = (8} — &%)/t

& 1= € — ey,
(4.103)
Eo —uemue,w (||Ve1hu2+||v enl2y)

5 (||Véh||2+||Veh|| )+ 5 (I &2+ 17 &2,)

Recalling that e} = e + Tey; we have &} = &) + 7&;;,. Thus, taking either A = V&) or A = V - &)
and either B = tV&y; or B = TV - &1, we apply twice the inequality ||.A + B||?/2 < || A|?> + ||B|? to
(4.103) together with Lemma 4.3, to obtain,

_ 3 _ _ _ _
Eo < S{IVEI2+ V-l + 2 (IVeul? + 1V - eul2) }
+(N+2)

(4.104)

Finally using the inequality |V - v||2_; < N|le — 1]jo,.||VV|]* Vv € {H!(Q)}V, after straightforward
manipulations we easily infer from (4.104) that
- _3+3N|e—

E, <
0= 2

1
Loz (7@ + 12 ey, |2) + Tielaee 1202 + (N + 2D ellowle . (4105)
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We next use the obvious splitting é2 = (é2 —ep)+ (ep — eh) together with the trivial one,
Al _ 40
_ e, —¢ A 1T A
ey = h ho_ ey = ({ateh}\t:O —e1)+ p /0 (T —t)ouey, dt + (e1 — eqp). (4.106)

2
Then plugging (4.106) into (4.105), since {Zle ||.Al||} < pYl | || 4;|? for any set of p functions or
fields A;, we obtain:

_ 3+ 3N|le — 1|9
£y < 23Nle~ Tl {{||v<2 e0) 2+ 1V (e0 — )2}

- 2
2
{||vat( n—e)(-0)]* + T—t )01V &y, dt +||v(e1_elh)||2}}
(4.107)
+2T|€|2,oo(||é2—eo||2+||eo—eh|| ) ,
T
+3(N +2)|lello,c0 {Hat(éh —e)(-,0)[ A (T —t)oney dt|| + |le; — elh||2} :

Owing to a trivial upper bound and to the Cauchy-Schwarz inequality we easily come up with

. 1/2
{/O |Vattéh|2dt}

2

<T

T . 2 T X
S| [ ovane | < | [ v

It follows that,

T 2 T T
/(T—t)Vattéh dt ST/ ||vaﬁéh\|2dtg(1+N||s—1||0,oo)r/ IVoue|?dt.  (4.108)
0 0 0

2

The last inequality in (4.108) follows from the definition of &;. Indeed we know that,
(vattéh, VV) + (V - 018, V - V)€_1 = (Vatte, VV) + (V -oye, V- V)s—l Vv € V. (4.109)
Taking v = {04+&, } (-, t), by the Cauchy-Schwarz inequality we easily obtain:

{IVoenl|* + |V - dgrenl|2_1 1% < {[|VOre|* + ||V - Oe]|2_, }/2, (4.110)

IVauenl < y/1+ Nlle = 1ol Varel, @i
which validates (4.108).

On the other hand according to (4.63) we have ||9;:&; || < ||9se|| + Coh?||H (dsee)||. This yields,

or yet

T 2 T 5 T 5 R T 5
| = nawerar| <7 [ aue dtSZT{ | Nowel?dt + Gt [ |#(ane)] dt}. (4.112)
0 0 0 0

Incidentally we point out that Assumption * and (4.64) allow us to assert that

e Ve e {L2(Qx (0,T))}Y;

* [|9uell € {L=(0, T)}N;

o {oet—o=e1 € {52( )I\}[’N

e {e}—o=eo € {H*(Q)}
Clearly enough, besides (4.59) and (4.58), we will apply to (4.107) standard estimates based on the
interpolation error in Sobolev norms (cf. [14]), together with the following obvious variants of (4.58)
and (4.63), namely,

IVor(&y —e)(-, 0)|| < Cih[[H(e)],

~ 4113
19:(25 — ) (- 0)]| < Coli? [H(er)]|. (#.113)
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Then taking into account that T < 1/(2y), from (4.107)-(4.108)-(4.112)-(4.113) and Assumption®, we
conclude that there exists a constant C depending on (, T and ¢, but neither on / nor on 7, such that,

Eo <G {(h2 +Th? + 1) [ H(e)|? + (h + 2h?) [ H(er) |2 + T Vouel 72 r)

(4.114)
+ 22 [9ree B 3y + THE Jo 1 @e) |7t}

Notice that, starting from (4.64) with u = || Vdye||, similarly to (4.65), we obtain

Hoeelllio,r) < Cr{lllowellZ2q ) + 19t 11720 r) } 2.

Thus noting that 1 < diam(Q)), using again the upper bound T < 1/(27) and extending the integral to
the whole interval (0, T) in (4.114), from the latter inequality we infer the existence of another constant
Cp independent of 1 and 7, such that,

Eo < G {2 (M ()P + [#(en) >+ [H(@ue) 22001

(4.115)
+Tz{”affe”L2 ax@m) T ”afffe”LZ(Qx(o,T)) + Hva”e”Lz(Qx(O,T))}
4.3.2. Error estimates
In order to fully exploit the stability inequality (4.54) we further define,
M-1
c Tigk2 . N2 T’—kr
= —|F —||d = . 4.11
Sui= L (GIFR+ gl + 5 |6, @116

According to (4.80), in order to estimate Sy; under the regularity Assumption* on e, we resort to the
estimates (4.81), (4.101) and (4.102). Using the inequality |a - b| < |a||b| for a,b € R", it is easy to see
that there exists two constants Cr and Cg independent of / and 7 such that

Tk 2 2
Z SIFR < Cr (1 +72) e o) (4.117)
M-1
T - _
k_zl SIG R, < Co (7 +72) Il om): (4.118)

On the other hand, recalling (4.65) wehavek =1,2,..., M —1:

T
1P < [ {I@+ 7@ 2} at. (4.119)
Therefore, since M = T /T we have:

2
ZIIH 12 < S o) 2+ are) 2} (4.120)

It follows from (4.120) and (4.81) that,

—1
¥ ZakP < GC3Tle
k:l

) Nh4

<| |H2 (Qx(0,T)) + |e|12LI3(Q><(0,T))> (4.121)
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Plugging (4.117), (4.121) and (4.118) into (4.116) we can assert that there exists a constant C depending
on ), T and ¢, but neither on & nor on 7, such that,

- ~ n*
Sm<C? <h2 + 72+ Tz) ”e”%{‘*(ﬂx(o,T)) (4.122)

Now recalling (4.54)-(4.53), provided (4.46) holds, together with T < 1/(27), we have:

1/2
{ +[[vertt)2 + ||VéZZH2} < 24/Spm + Egef/2. (4.123)

This implies that, form =1,2,..., M — 1, it holds:

2
m+1 Sm
€ &

1/2
Z1+1 ehm em+1_em 2 1 1 ) ) /
— - + [V (et — e ) |24 |V (et — ™)) |
emtl _gmtl  am _ gm|? 12 (4.124)
< Q= [ (&t =) 2+ 1V (& —em) |7

+24/Sm+ Eoeﬁ/z.

Let us define a function e, in Q x [0, T| whose value at t = kT equals e',; fork=1,2,..., M and that
k k-1
e, (x) —e (x)

varies linearly with ¢ in each time interval [(k — 1) 7, k7], in such a way that d;ej,(x, t) = -

forevery x € Qand t € ((k—1)t, k7).
Now we define A"~1/2(.) for any function or field A(-, t) to be the mean value of A(-,t) in (mt, (m +
1)7, that is A"+1/2 = ¢ 71 fn(ffﬂ)r A(-,t)dt. Clearly enough we have

et - | @y 172 — (arey e, (4129)

eZl em+1 — e

T T

and also recalling (4.120) and (4.65)

2
am+1l _ m+1 A __ am
€, e ey e

/(m+l)r atéh — Jse

T T mt T

2
|

2

. X 1/2
{f( +1)T (0.8, — ate)zdt} 1 /(m+1)T

|9:8; — Ore||* dt

<
o \/? T Jmt
C2h4 (m+1)T

. T
=L 7 (are)Pat < CHC3* [ ([ (@re)]12 + | (ue) |2},

which implies that

2

< C2C31?|diam(Q) (4.126)

PllelBys v

On the other hand from (4.58) and (4.65) we have for j = mor j = m 4 1:

1V (&), — )12 < C3r2 (e < C3Chh /{IIH( )12+ 17 (2re) |2} dt
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which yields,

IV (&, —e)|* < CRCER el Fp 01 (4.127)

Now using Taylor expansions about t = (m + 1/2)7 together with some arguments already exploited
in this work, it is easy to establish that for a certain constant C independent of 1 and 7 it holds,

|[{re} ™12 — {are} 12| < € lell a(anor) (4.128)

where for every function g defined in Q) x [0,T] and s € R, ¢° is the function defined in Q by
§°() =g(,s1).

Noting that {9;e;, }""+1/2(.) is nothing but {dre; }""*1/2(-), collecting (4.124), (4.125), (4.126), (4.127),
(4.128), together with (4.115) and (4.122), we have thus proved the following convergence result for
scheme (3.14):

Provided the CFL condition (4.46) is satisfied and 7 also satisfies T < 1/(27), under Assumption
* on e, there exists a constant C depending only on (), € and T such that

9 _ m+1/zH (el —
e [{one = e} 2+ max V(e — e

(4.129)
< C(r+h+12/7) {llell e o1y + IH(e0) | + [F(er) ]} . m

In short, as long as 7 varies linearly with 7, first order convergence of scheme (3.14) in terms of
either 7 or /1 is thus established in the sense of the norms on the left hand side of (4.129).

5. Assessment of the scheme

The purpose of this section is to validate the theoretical results given in Section 4 by means of
numerical experiments for N = 2. With this aim every partition 7}, is assumed to fit both Q) and Q;,
in the usual way. Let (), be the union of all the triangles in 7j,. If we replace Q) by (), in the scheme
(3.14), it is not difficult to see that, in the case of convex domains, the error estimates (4.129) extend to
a curved domain (), as long as the norm || - || is replaced by the norm || - [, . Actually, unlike we did
so far, in this section the notation || - ||, will rather stand for the later norm, for the sake of brevity.

We performed numerical tests for the model problem (2.2), taking T = 0.5 and Q) to be the unit
disk given by Q = {(x1;x2)| r < 1}, where r := y/x? + x3. Hy ), being the Heaviside function, for an
integer m > 1 we take

e(r) =14 (1 —4r*)™(1 — Hy5(r)) (5.130)

er72t

e(r)’

We consider that the exact solution e = (e, ep) of (2.2) is given by

and set vy(r, 1) :=

e1 = —x0g(r,t) and e; = xqvp (7, 1).

It is easy to check that e satisfies absorbing conditions on the boundary of the unit disk.
The initial data ey and e; are given by

(—xg,x1)e"

e(r)

2(x2/ _x1>ei’

e(r)

ep = ;o = and ey := {dre}|;—o =

d0i:10.20944/preprints202401.2097.v1
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Since V - (ee) = 0in Q) by construction, the right hand side f = (f1; f2) is given by f := edye — Ae +
V(V -e), thatis,

£ =(—4xpe" 2 — Aeq; 4x1e" 2 — Aey),

3X2 ’ " 3X1 ’ "
where (Aeq; Aey) = (—709 — X2Ug; — Uy + X10g);
! 2 ! " ! 2
. / e—¢ ,_ n g~ —2e —ee +2(e _
with vy = 5 e Zt, vy = - ( ) e’ 2t
€ €

and ¢ = —8mr(1 —4r2)" (1 — Hy (1)),
¢ = 8m(8m*r? — 4r® —1)(1 — 4r2)"2(1 — Hy 5(r)).

s s
is: 15
I I
e B
1z 1z
e B
1 1

Scalare Scalarrer

2
| I8 | ]
17 07
T8 I
is: 15t
e T4
1 1
T2 ]
5 In

' '

m=>5

Figure 1. Function ¢(x, y) in the domain Q) = (0,1) x (0, 1) for different values of m in (5.130) on the
mesh with 1 = 272,

In our computations we used the software package Waves [34] for the finite element method
applied to the solution of the model problem (2.2). The spatial domain () is discretized by a family
of quasi-uniform meshes consisting of 2 x 22142 triangles K for I = 1, ...,6, constructed as a certain
mapping of the same number of triangles of the uniform mesh of the square (—1,1) x (—1,1), which
is symmetric with respect to the cartesian axes and have their edges parallel to those axes and either
to the line x; = x; if x1x > 0 or to the line x; = —x, otherwise. The above mapping is defined by
means of a suitable transformation of cartesian into polar coordinates. For each value of | we define a
reference mesh size /1; equal to 2.

We consider a partition of the time domain (0, T) into time intervals | = (#;_1, ;] of equal length
T7; for a given number of time intervals M, [ = 1, ...,6. We performed numerical tests taking m = 2,3,4,5
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in (5.130). We choose the time step 7; = 0.025 x 271 1=1,..,6 which provides numerical stability for
all meshes. We computed the maximum value over the time steps of the relative errors measured in
the L2-norms of the function, its gradient and its time-derivative in the polygon (), for the different
meshes in use. Now e and ey, being the exact and approximate solution of (2.2), setting M := T/ 1,
these quantities are represented by,

kK k
X @%He eylln

v ST
max e
1<k<M h
max V(e — )l
¢} = 1=k=M , (5.131)
) k
max ||Ve*|,
1<k<M
max O (e — ey ) Yrt1/2
P {0 (e —e) /I
= k+1/2
J
(max[{ore ™Iy

In Tables 1-4 method’s convergence in these three senses is observed taking m = 2,3, 4,5 in (5.130).
Figure 2 shows convergence rates of our numerical scheme based on a P; space discretization, taking
the function ¢ defined by (5.130) with m = 2 (on the left) and m = 3 (on the right) for ¢(r). Similar
convergence results are presented in Figure 3 taking m = 4 (on the left) and m = 5 (on the right) in
(5.130).

Table 1. Computed maximum relative errors ¢; in maximum energy, maximum L? and maximum in
broken time error on different meshes with mesh sizes h; = 2-1'1 =1,..,6 for the function ¢ with

m = 2 in (5.130).

I nel nno el(l) el(i)l / el(l) el(z) el(i)l / el(z) el(3> el(i)l / 81(3)
1 32 25 0.6057 2.2827 3.1375

2 128 81 0.1499 4.0418 1.0769 2.1198 1.1536 2.7196

3 512 289 0.0333  4.5007 0.4454 2.4178 0.5776  1.9972

4 2048 1089 0.0078  4.2466 0.2077 2.1449 0.2802 2.0617

5 8192 4225 0.0019 4.1288 0.1066  1.9483 0.1379 2.0313

6 32768 16641 0.0005 4.0653 0.0535 1.9905 0.0690 1.9981

Table 2. Computed maximum relative errors ¢; in maximum energy, maximum L? and maximum in
broken time error on different meshes with mesh sizes h; = 2-11 =1,..,6 for the function ¢ with

m = 3 in (5.130).

I nel nno el(l) el(i)l / el(l) el(z) el(i)l / el(z) 31(3) el(i)l / 61(3)
1 32 25 0.6144 1.8851 3.0462

2 128 81 0.1511 4.0666 1.0794 1.7464 1.1417 2.6682

3 512 289 0.0339  4.4553 04713 2.2904 0.5680 2.0099

4 2048 1089 0.0080 4.2216 0.2166 2.1753 0.2760 2.0583

5 8192 4225 0.0019 4.1207 0.1137  1.9049 0.1354 2.0381

6 32768 16641 0.0005 4.0615 0.0566  2.0092 0.0677 1.9997
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Table 3. Computed maximum relative errors ¢; in maximum energy, maximum L? and maximum in
broken time error on different meshes with mesh sizes h; = 2-11 =1,..,6 for the function ¢ with
m = 41n (5.130).

I nel nno el(l) el(i)l / el(l) el(z) el(i)l / el(z) 61(3) el(i)l / el(3>
1 32 25 0.6122 1.9517 3.0545

2 128 81 0.1529 4.0027 1.0896 1.7912 1.1445 2.6689

3 512 289 0.0346  4.4266 0.4879 2.2331 0.5639 2.0296

4 2048 1089 0.0082  4.2069 0.2234 2.1839 0.2728 2.0667

5 8192 4225 0.0020 4.1151 0.1183 1.8879 0.1336 2.0418

6 32768 16641 0.0005 4.0585 0.0595 1.9890 0.0668  2.0008

Table 4. Computed maximum relative errors ¢; in maximum energy, maximum L? and maximum in

broken time error on different meshes with mesh sizes h; = 2711 =1,..,6 for the function ¢ with
m =5 in (5.130).

1072

I nel nno el(l) el(i)l / el(l) el(z) el(i)l / el(z) el(s) el(i)l / el(3>
1 32 25 0.6107 1.9930 3.0603
2 128 81 0.1546  3.9505 1.1006  1.8108 1.1464 2.6696
3 512 289 0.0351 4.4031 0.4982  2.2090 0.5619  2.0403
4 2048 1089 0.0084 4.1954 0.2288 2.1777 0.2706  2.0765
5 8192 4225 0.0020 4.1106 0.1223  1.8715 0.1325 2.0417
6 32768 16641 0.0005 4.0561 0.0607  2.0139 0.0662 2.0011
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Figure 2. Maximum in time of relative errors for m = 2 (left) and m = 3 (right)
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Figure 3. Maximum in time of relative errors for m = 4 (left) and m = 5 (right)

Observation of these tables and figures clearly indicates that our scheme behaves like a first
order method in the (semi-)norm of L*[(0, T); H!(Q)] for e and in the norm of L®[(0, T); L>(Q)] for
e for all the chosen values of m. As far as the values of m greater or equal to 4 are concerned this
perfectly conforms to the a priori error estimates given in Section 4. However, those tables and figures
also show that such theoretical predictions extend to cases not considered in our analysis such as
m = 2 and m = 3, in which the regularity of the exact solution is lower than assumed. Otherwise
stated, some of our assumptions seem to be of academic interest only and a lower regularity of the
solution such as H2(Q x (0, T)) should be sufficient to attain optimal first order convergence in both
senses. On the other hand second-order convergence can be expected from our scheme in the norm of
L*[(0,T); L>(Q)] for e, according to Tables 1-4 and Figures 2 and 3.

6. Final remarks

As previously noted, the approach advocated in this work was extensively and successfully
tested in the framework of the solution of CIPs governed by Maxwell’s equations. More specifically
it was used with minor modifications to solve both the direct problem and the adjoint problem, as
steps of an adaptive algorithm to determine the unknown dielectric permittivity. More details on this
procedure can be found in [9] and references therein.

As a matter of fact, the method studied in this paper was designed to handle composite dielectrics
structured in such a way that layers with higher permittivity are completely surrounded by layers
with a (constant) lower permittivity, say ¢ = 1. It should be noted, however, that the assumption that ¢
attains a minimum in the outer layer was made here only to simplify things. Actually, under the same
assumptions (4.129) also applies to the case where ¢ in inner layers is allowed to be smaller than in the
outer layer, say ¢ < 1. We refer to [6] for further details.

Another issue that is worth a comment is the practical calculation of the term (V - eeZ, V-v)in
(3.14). Unless ¢ is a simple function such as a polynomial, it is not possible to compute this term exactly.
That is why we recommend the use of the trapezoidal rule to carry out these computations. At the
price of small adjustments in some terms involving norms of ¢, the thus modified scheme is stable
in the same sense as (4.54). Moreover, the qualitative convergence result (4.129) remains unchanged,
provided a little more regularity is required from e. We skip details for the sake of brevity.


https://doi.org/10.20944/preprints202401.2097.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 January 2024 d0i:10.20944/preprints202401.2097.v1

32 0f33

Author Contributions: Conceptualization, L.B. and V.R.; methodology, L. B. and V.R; software, L.B. and V.R.;
validation, L.B. and V.R,; investigation, L.B. and V.R.; writing—original draft preparation, V.R.; writing—review
and editing, L.B and V.R,; visualization, L.B. All authors have read and agreed to the published version of the
manuscript.

Funding: The research of the first author is supported by the Swedish Research Council grant VR 2018-03661.
Institutional Review Board Statement: Not applicable

Informed Consent Statement: Not applicable

Data Availability Statement: Not applicable

Conflicts of Interest: The authors declare no conflict of interest.

References

1. R.A. Adams, Sobolev Spaces, Academic Press, N.Y., 1975.

2. F Assous, P. Degond, E. Heintze, P-A. Raviart, On a finite-element method for solving the three-dimensional
Maxwell equations, . Computational Physics, 109 (1993), 222-237.

3. S. Badia, R. Codina, A Nodal-based Finite Element Approximation of the Maxwell Problem Suitable for
Singular Solutions, SIAM ]. Numer. Anal., 50-2 (2012), 398—-417.

4. L. Beilina, M. Grote, Adaptive Hybrid Finite Element/Difference Method for Maxwell’s equations, TWMS J.
of Pure and Applied Mathematics, 1-2 (2010), 176-197.

5. L. Beilina, Energy estimates and numerical verification of the stabilized Domain Decomposition Finite
Element/Finite Difference approach for time-dependent Maxwell’s system, Cent. Eur. . Math., 11-4 (2013)
702-733.

6. L. Beilina, V. Ruas, An explicit P; finite element scheme for Maxwell’s equations with constant permittivity
in a boundary neighborhood, arXiv:1808.10720, 2020.

7. L. Beilina, V. Ruas, Convergence of Explicit P1 Finite-Element Solutions to Maxwell’s Equations, Springer
Proceedings in Mathematics and Statistics, vol 328, p.91-103, Springer, 2020.

8. L. Beilina, V. Ruas, On the Maxwell-wave equation coupling problem and its explicit finite-element solution,
Applications of Mathematics, open access (2022), DOI: 10.21136/ AM.2022.0210-21.

9. J. Bondestam-Malmberg, L. Beilina, An adaptive finite element method in quantitative reconstruction of
small inclusions from limited observations, Appl. Maths & Information Sci., 12-1 (2018), 1-19.

10. A. Bossavit, Computational Electromagnetism, Variational Formulations, Complementary, Edge Elements,
in: Electromagnetism, vol. 2, Academic Press, New York, 1998.

11.  F. Brezzi, On the existence, uniqueness and approximation of saddle-point problems arising from Lagrange
multipliers, RAIRO Analyse Numérique, 8-2 (1974), 129-151.

12.  J.H. Carneiro de Araujo, P.D. Gomes, V. Ruas, Study of a finite element method for the time-dependent
generalized Stokes system associated with viscoelastic flow, ]. Computational Applied Mathematics, 234-8
(2010), 2562-2577.

13. V.C. Chen and W.V. Wahl, Das Rand-Anfangswertproblem fiir quasilineare Wellen-gleichungen in
Sobolevraumen niedriger Ordnung, Z. reine angew. Math., 337 (1982), 77-112.

14. PG. Ciarlet, The Finite Element Method for Elliptic Problems, North Holland, 1978.

15. P. Ciarlet Jr, J. Zou, Fully discrete finite element approaches for time-dependent Maxwell’s equations,
Numerische Mathematik, 82-2 (1999), 193-219.

16. P. Ciarlet Jr, Augmented formulations for solving Maxwell equations, Computer Methods in Applied Mechanics
and Engineering, 194-2-5 (2005), 559-586.

17.  P. Ciarlet Jr, E. Jamelot, Continuous Galerkin methods for solving the time-dependent Maxwell equations in
3D geometries, . Computational Physics, 226-1 (2007), 1122-1135.

18. G. Cohen, P. Monk, Gauss point mass lumping schemes for Maxwell’s equations, Numerical Methods for
Partial Differential Equations, 14-1 (1998), 63-88.

19. M. Costabel, A coercive bilinear form for Maxwell’s equations, ]. Math. Anal. Appl., 157-2 (1991), 527-541.

20. M. Costabel, M. Dauge, Singularities of Maxwell’s equations on polyhedral domains, Analysis, Numerics
and Applications of Differential and Integral Equations, Pitman Research Notes in Mathematics Series, Vol. 379,
p-69-76, 1998.


https://doi.org/10.20944/preprints202401.2097.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 January 2024 d0i:10.20944/preprints202401.2097.v1

33 0f33

21. M. Costabel, M. Dauge, Weighted regularization of Maxwell’s equations in polyhedral domains. A
rehabilitation of nodal finite elements, Numerische Mathematik, 93-2 (2002), 239-277.

22.  A.Ditkowski and D. Gottlieb, On the Engquist-Majda absorbing boundary conditions for hyperbolic systems,
Contemporary Mathematics, 330 (2003), 55-72.

23. A. Elmkies and P. Joly, Finite elements and mass lumping for Maxwell’s equations: the 2D case. Numerical
Analysis, C. R. Acad.Sci.Paris, 324, pp. 1287-1293, 1997.

24. B. Engquist, A. Majda, Absorbing boundary conditions for the numerical simulation of waves, Mathematics
of Computation, 31 (1977), 629-651.

25. V. Girault, P.A. Raviart, Finite Element Methods for Navier-Stokes Equations, Springer Series in Computational
Mathematics, Vol. 5, Springer-Verlag, Berlin, 1986.

26. P Grisvard, Sigularities in Boundary Value Problems, Masson, Paris, 1992.

27. E.Jamelot, Résolution des équations de Maxwell avec des éléments finis de Galerkin continus, these doctorale, Ecole
Polytechnique, Palaiseau, France, 2005.

28. P.Monk. Finite Element Methods for Maxwell’s Equations, Clarendon Press, 2003.

29. J.-C.Nédélec, Mixed finite elements in R3, Numerische Mathematik, 35 (1980), 315-341.

30. P-A.Raviart and J.-M. Thomas, Mixed Finite Element Methods for Second Order Elliptic Problems, Lecture
Notes in Mathematics, Springer Verlag, 606: 292-315, 1977.

31. V. Ruas, Numerical Methods for Partial Differential Equations; an Introduction, Wiley, 2016.

32.  V.Ruas and M.A. Silva Ramos, A Hermite Method for Maxwell’s Equations, Appl. Maths & Information Sci.,
12-2 (2018), 271-283.

33. V. Thomée, Galerkin Finite Element Methods for Parabolic Problems, Springer Series in Computational
Mathematics, Second edition, 1997.

34. WavES, the software package, http://www.waves24.com

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.


https://doi.org/10.20944/preprints202401.2097.v1

	Introduction
	The model problem
	Notations and reminders
	Well-posedness considerations
	Variational form

	Space-time discretization
	Space semi-discretization
	Full discretization

	Reliability analysis
	Scheme stability
	Scheme consistency
	Preliminaries
	Residual estimation

	Convergence results
	Initial-condition deviations
	Error estimates


	Assessment of the scheme
	Final remarks
	References

