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Abstract

Define the perrank of a matrix M,,x, to be the size of a largest square submatrix with nonzero
permanent; if this is equal to m or n, then we say M has full perrank. We derive numerous results on
the perrank of a matrix by methods of commutative algebra.

Keywords: permanent rank

Introduction

Coloring problems constitute a major area of research in discrete mathematics. The standard
algebraic method, via the Combinatorial Nullstellensatz [1], gives rise to a matrix. If this matrix has
full perrank, then a coloring exists. This paper is motivated by the Alon-Linial-Meshulam Conjecture
A4.1, the Kahn-Tarsi Conjecture A2, and the Saxton-Yu Conjecture L7.1. All these conjectures establish
sufficient conditions for a matrix to have full perrank.

We will demonstrate that perrank problems are closely connected to other areas of mathematics.
For example, they are related to all three components of the Kahler package introduced in [2]: Lefschetz
Theorem, Poincaré Duality, and Hodge Riemann Relation, as discussed in the first three sections of the
paper. Interestingly, there is a single perrank result, Corollary R5, that relates to all three components
of the Kdhler package.

Section A presents an analogy between the perrank problem in positive characteristic and its
counterpart in characteristic zero. Section D contains our main results in characteristic zero. Section C
gives partial results on the Alon-Linial-Meshulam Conjecture in characteristic three.

In mathematics, when direct induction does not work, we often attempt to induct on a stronger or
equivalent statement. By using matroid theory along with the minimum support function introduced
in Section S, we derive an equivalent formulation of the Alon-Linial-Meshulam Conjecture that is
suitable for induction: namely Conjecture A4.2. Professor Noga Alon notes that this is the correct
approach. We were able to establish a weak version of Conjecture A4.1 in characteristic 3 using this
approach in another paper: part three of the author’s series “The permanent rank of a matrix”. It implies
the Additive Basis Conjecture in the case Z3, also gives an alternative proof of Jaeger’s weak 3 Flow
Conjecture (first proved by C. Thomassen in 2012). This paper is part two of the series, and part one
was [7].

Numerous conjectures are discussed in this paper; those without names are made by the author
with varying degrees of confidence; some of them are thought to be deep. For example, A7.1 is an
innocent looking problem analogous to the matroid axiom, but very difficult.

During the study of the perrank problems, we derive several ancillary results that are not directly
relevant to the main perrank problem, their proofs omitted to keep the paper from being too long. For
example, R7.1 is a side result on eigenspace decomposition. We will post the proofs of these results
at HAL, preprints.org or researchgate.net under the title “The permanent rank of a matrix (part 4)”.
Interested readers may search online, or contact the author via email.

Lefschetz Property

In sections L, D, S, we assume the ground field has characteristic zero.
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For a matrix My, «,;, define its termrank to be the maximum number of nonzero elements without
any two in the same row or column, and define its perrank to be the order of the largest square
submatrix with nonzero permanent. If its perrank or termrank is equal to min{m, n}, then we say M
has full perrank or full termrank.

Given a ground field, let A" be the quotient of the polynomial ring in n variables xq, x, - - -, x, by
the ideal generated by x3, x3, - - -, x2. The k-th degree component of the graded algebra A" is denoted
by A}}; we may omit n when there is no ambiguity.

Foranideal ] C A, let Jy = AN J.

For f € A, define Ker(f) = {g:gf =0}, Im(f) = {fg: g€ A}.

It is easy to show that Ker(x —y) = Im(x + y) for any pair of variables.

We introduce two operators. Let dx and Ey be the quotient and remainder of formal division
by x, and write 9;:= 9y, for simplicity, similarly for E;. For example, if f = x1x2 + x1x3 + x2x3, then
01f = x2 + x3 and E;f = xpx3. We use the letter E because E; eliminates all terms containing x;. The
letter R is used for the remainder of another type of division in section C.

It is obvious that E;(fg) = (Eif)(Eig), 0i(fg) = (9:if)(Eig) + (9ig)(Eif), and EE; =
E]‘El', ala] = a]‘ai, Eia]' = 6]~Ei (but Eia]‘ # E]a,)

Define Ej =TTjes Ej, 9 =Iljej 9j, Xj = Iljes %j-

If deg(f) = |J|, then 9;f is the coefficient of X; in f.

For u € Aj, define its support supp(u) = {x : oxu # 0}, supp(0) = &; we say it has full support if
oxu # 0 for all x. An element of A is also called a linear form.

Theorem L1 Kery(u') = 0 for any linear form u with |supp(u)| > 2k + i.

Proof. Suppose f € Kery(u'), fix any ] with |J| = k, first assume ] = [£].

Take 91 to fu' = 0, we get (31f)E1(u') + (i01u)E1(fu'"!) = 0; multiply by Eju, we get
(01f)(Equ)*1 = 0; similarly (d12f)(E1u) ™2 =0,- - -, (9yqf) (Eggu) ™ = 0.

(Eju)** +£ 0 because |supp(Eju)| >i+k, so 9;f = 0. Let ] vary, f =0. O

This theorem also follows from the Lefschetz property of algebra A, first proved by Stanley [3].

Label the rows and columns of My, with variables x1,xp, - - -, X, and y1, Y2, - - -, Yn respectively,
and view its rows and columns as linear forms in A" and A™. Then M has full perrank iff the product
of its rows or columns is nonzero in A" or A™.

Corollary L2

Any matrix with at least 2k — 1 nonzero entries in its k-th row has full perrank.
Exercise L3 1 %

If any one of the following holds, then M = has full perrank.
(1) neither C nor B has zero element % Bpnxn  Cpxn

(2) per(C) # 0 # per(B)

(3) per(C) # 0, and B has no zero element

Corollary L4.1 perrank(M) > termrank(M)/3 for any matrix M.

Proof. Suppose perrank(M) = p, termrank(M) = t. Letr, 7,73 - - - be the rows of M. Wlog
assume 11 - - - p # 0, then r. € Ker(ry72 - - - 1) for all k > p. The rows ry (k > p) form a submatrix
with termrank at least t — p, so a linear combination of them has support at least t — p. Theorem L1
givest —p <2p. O

The constant 1/3 is a weak result, we believe 1/2 is the truth as in the following conjecture made
by Bryan Shader via private correspondence.

Conjecture L4.2 perrank(M) > termrank(M)/2 for any matrix M.

Next is a stronger version by the author.

Conjecture L5 perrank(M) > termrank(M) — rank(M)/2 for any matrix M.

Conjecture L6 (Michael Tarsi)

For any square matrix M with full termrank, (M M) has full perrank.

L6 and A2 appeared in the unpublished Master’s thesis of Dan Hefetz (a student of Tarsi), in
which he verified them respectively for 4 x 4 and 5 x 5 matrices.
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Main Conjecture L7.1 (author, 2001, unpublished)
For any matrices Myxn, Ny (1) with full termrank, (M N) has full perrank.
Conjecture L7.2 (David Saxton [4]) Suppose u; (1 < i < h) are linear forms

h
and | U supp(u;)| > 2|S| —1forany S C [h], then [T u; # 0.
i€S i=1
Conjecture L7.3 Suppose u; (1 < i < h) are linear forms, a4; > 0, and

h
| Usupp(u;)| > ¥ a;+[S| — 1forany S C [h], then [] u;’ # 0.
i€$ i€S i=1
The above three conjectures are actually equivalent in an algebraically closed field.

We now prove an easy case of L7.3. Four more special cases in appendix.

Observation If [{x:E,f =0}| > deg(f), then f = 0.

Case L8 =2, writeuj upay a; as u v i j for notation simplicity.

Proof. If supp(u) = supp(v), for each variable x, take dy to u'v/ = 0,

we get (idyu)Ex(u'~10/) + (joyv)Ex(u'v/~1) = 0. Multiply by E,o,

we get Ex(u'~1o/*1) = 0. By above observation, we have u' ~1o/*1 = 0.

Similarly u'=20i*2 = 0, - -, eventually v/* = 0, contradiction.

If supp(u) # supp(v), wlog choose a variable x with d,u = 0, 0,v # 0. Take 0y to ulvl =0, we
get u'(Exv)i~! = 0; contradiction if j = 1, induction if j > 1. O

Duality

Define operator D on A" as a linear bijection by D(X)) = Xi,)\; for all ] C [n]. There is a
canonical bilinear form on A} x A _, by (f,8):= fg.

Lemma D1 Kery(f) =Im,_;(f)* forall f € A"

Proof. If g € Kery(f), then gh =0 forany h € Im,,_¢(f),s0 g € Im,,_r(f)*.

If ¢ € Ax\Kery(f), then gf # 0; choose a term ¢ X in gf, ¢ # 0. We then have gfD(X;) =
cXj #0,s08 ¢ Im, () since fD(X)) € Im,, 4(f). O

Define the unit linear form in A" tobe e:= x1 + xp + - - - + xy.

For a linear form p =} p;x; in A" with full support,
L= Zplflxi and let p %:= (p
define stretch operator S, on A" as a ring automorphism by S, (x;) = p; x;.
We have S,1 = (Sp) ™", and D(Spf) = (p1p2- -~ pn)S,-1(Df) forall f.

Lemma D2 Suppose u € A" is a linear form with full support, and parameters 4,b,7,s,t > 0

define its inverse linear form tobe p~ —hk

7

satisfy n =r +s, r = b+1t, s = a +t, then we have bijections

Ker,(u=") PN Kers(u?) and Im;i,(u™") LN Im(u?)

Ay toot A,
Impsq(u™")
e a Im . (u”)
b ub
Ker,(u™") r
s Ker (u?)
n n

Proof. Suppose h € Ker,(e?), fixany T C [n] with |T| = t. By the same method as in the proof
of Theorem L1, we have (d7h)(Ere)*™ = 0, which means sum of all coefficients in drh is zero, since
(r—t)+(a+t) =n—t Then
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EaB(aTh) =0— Y drh=0— ) as(Dh) =0=Y as(ET(Dh)),
BNT=0 ROT SNT=2 SNT=w
|B|=b |R|=r |S|=s |S|=s
i.e. Er((Dh)e’) = 0. Let T vary, we have (Dh)e” = 0. Now suppose f € Ker,(u™"), fu™ =0 —
(Suf)e® =0 — D(Syuf)e? =0 — S, -1(Df)e? =0 — (Df)u’ = 0.
So D takes Ker,(u~") into Kers(u"), done by symmetry and Lemma D1, because D preserves
orthogonal complement. [J

We now present two applications of this lemma.

Theorem D3

Kery (u'v/) = 0 for any linear forms u, v in AZ*++/+1 with full support.

Proof. Induction on i. When i = 1, suppose f € Kery(uv/), apply Theorem L1 twice, fuv/ =
0— fu=0— f=0.

Wheni > 1, apply D2 with t = k+1,a =i—1,b =j,r=k+j+1,s = k+i, we have
D(Kery;(v/)) = Kery i1 (v=(=1)). Apply D2 with t =k, a = j+1, b = i, we have D(Im;(u!)) =
Imyjq (u™UFD),

Then Kerg(u'v/) =0 «— Imy;(1') NKergyi(v/) =0 «—

Imkﬂ-ﬂ(u’(f“)) ﬂKerkﬂ-H(U’(i’l)) =0 +— Kerg (o ("D y=0tD)y=0. O

Theorem D4

Kery (u"v?) = 0 for any linear forms u, v in A2+t with 9;u/9;0 > 0 for all i.

Proof. First assume ground field is the real number field R, and wma v = e.

Letw = Y /d;u x;, then Sy, (w*w ") = ue’, need to show Kery(w*w ") = 0.

Suppose f € Kery(w'w "), by above Lemma D(fw*) = gw~" for some g,

then fw*D(fw") = fw'gw™ =0 — fw* =0 — f =0.

When R is a subfield of the ground field, easily follows. [J

The following is our main result in characteristic zero.

Theorem D5 Kery(u'v/) = Kery(u') + Ker(v/) for any linear forms u, v with
|[supp(u)| > i, |[supp(v)| > j, and |supp(u) Usupp(v)| > 2k +i+j+ 1.

Proof. Just need to show C direction. Induction on k, k = 0 follows from LS.

For fixed k > 1, induction on (3, j), the base case is when i = 0 or j = 0.

Suppose f € Kery(u'v/). Let S = supp(u) Usupp(v), for any x ¢ S, fu'v/ = 0 gives (E,f)u'v/ =
0 = (9+f)u'v/, then o, f € Ker(u') + Ker(v/) by induction hypothesis. Since f = (dyf)x + E,f, it
suffices to prove the statement for E;f. So wma S is the entire universe of variables.

If both u and v has full support S, done by Theorem D3.

If neither u nor v has full support. Since |supp(u) Usupp(v)| > i+ j+ 3, either |supp(u)| > i+2
or [supp(v)| > j+ 2, wlog assume the latter, then pick x ¢ supp(u).

If wlog, v has full support, u does not, then pick x ¢ supp(u).

Write dy, Ey as 9, E for notation simplicity, wma dv = 1.

take 9 to fu'v/ = 0, we have u'(Ev)/"'(JEf + Evdf) = 0 (1)
By induction hypothesis of (i,j — 1,k),
we have jEf + Evdf € Ker(u') + Ker(Ev/~!) C Ker(u') + Ker(v/) (2)

here Ker(Ev/~!) C Ker(v/) because v/ = (Ev + x)/ = Ev/~1(Ev + jx).

Multiply (1) by Ev, we get u(Ev)/T1af = 0. It is easy to verify u, Ev satisfy the support condition
of induction hypothesis of (i,j + 1,k — 1),

we have of = a+ b, where a € Kery_;(u'), b € Kery_;(Eo/*1).

Then b(Ev — jx)v/ = b(Ev — jx)Ev/ "} (Ev + jx) = bEv/T! =0

so b(Ev — jx) € Ker(v/), and also a(Ev — jx) € Kery(u')

so df (Ev — jx) € Ker(u') 4 Ker (/) (3)

Finally (2)-(3) f € Ker(u!) + Ker(v/) O

This theorem gives h = 2 case of :

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Conjecture D6.1 Suppose u; (1 < i < h) are linear forms, and

h
| U supp(u;)| > 2k +2|S| — 1 forany S C [h], then Ker(T] u;) = 0.
i€S i=1

Conjecture D6.2 Suppose u; (1 < i < h) are linear forms, a; > 0, and

h
| U supp(u;)| > 2k+ ¥ a;+|S| — 1 forany S C [h], then Kery (] u}") = 0.
i€S i€s i=1

Hodge Riemann Relation

In this section, we assume the ground field is C, and CP' is the complex projective line. For
f € A, define its conjugate f in the only plausible way.

Let e be the unit linear form, define ey = 1 and ¢; = el /il wheni > 0.
min{m,n—m} )
LemmaR1 f = Y (=1)'D(fey—m—i)em—; forall f € Al
i=0

Proof. Fixany M C [n] with |[M| = m. Fixi withi <mandi <n —m.
aM(D(fenfmfi)emfi) = %aSD(fenfmfi) = %a[n]\s (fenfmfi) = %;an
where S run over all i -set of M, and T run over all m -set of [n]\S.

Now let i vary, coefficient of X in the RHS of this lemma is:
YY(-DISlarf =yorfy(-1)8l whereSC M, SNT=a, |T|=m
ST T S

For fixed T # M, Y.(—1)I5/ = 0. Take T = M, we get dp(f. O
S

Theorem R2  Suppose 1 = 2k + h, then the hermitian form (f, g):= (—1)*fge" defined on A" is
positive definite on Kery (e *1).
This is known as the Hodge Riemann Relation.
Proof. By above Lemma, fe'™! =0 — f = (=1)kD(fe,) — Df = (—1)kfe,
then (f, f) = (=1)kfe"f = n! (Df)f > 0, equality iff f =0. O
Result R3.1 Kery(u?%e) N Kery(ue?) = 0 for any linear form u in A%*+3 with
full support and J;u € R for all i.
Conjecture R3.2  Kery(u2e) NKery(ue?) = 0 for any linear form u in A?+3
with d;u # dju forall i # j, wherek > 1.
remark, S3 gives dim(Kery (u?e) N Kery (ue?)) < 1.

Let M = (CP')", it is a Kihler manifold whose cohomology ring is A" with
Al = H?(M, C) = HFK(M). Let 7; be the projection of M to the i -th component, ¢; be the Fubini -
Study Kéhler class of the i-th copy of CP!. We naturally identify x; € A; with the pullback 7t} (c;).
Then a linear form u € A; is a Kéhler class of M iff d;u > 0 for all i.

Apply “Theorem A" in Dinh and Nguyen [5] to M with p = g = k, we get the following called
the mixed Hodge Riemann Relation, which instantly gives D4.

Theorem R4 Suppose u; (0 < i < h) are Kihler classes in A" and n = 2k + h, then the

h h
Hermitian form (f,g) := (—1)¥fg IT u; defined on A! is positive definite on Kery([] u;). As a
h i=1 i=0
corollary, Kery (T u;) = 0.
i=1

Corollary R5 Suppose all elements of P(5; 1), are positive real numbers, and Q px )« has full
perrank, then (P Q) has full perrank.
The case h = 1 also follows from Theorem L1, the case i = 2 also follows from Theorem D4.

Let u, v be linear forms in A%*1 with full support, we work in A%*2 with extra variable y. Point
in CP! is often written as (a,b), with (a,b) = (ra, rb) for r # 0.

For (a,b) € CP',let K(a,b):= E,(Ker((u + ay) (v + by))), well defined.

If K(a,b) # 0, then we say K(a,b) is the eigenspace of eigenvalue (a,b).

Conjecture R6 For any linear forms u,v € A%+ with full support, there exist (a,b) € CP* such
that K(a,b) = 0.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Result R7.1 For any Kahler classes u,v € A%*1, Kery(uv) is the direct sum of all eigenspaces
and every eigenvalue (a,b) satisfies b/a < 0. Moreover:
Conjecture R7.2 If there is only one eigenvalue (a,b), then bu + av = 0.

Minimum Support

For subspaces U C A;and V C A]-, define UV to be the subspace of Ai+]~ spanned by {uv : u €
U, v € V}. Define Ker(U) = {f : fu =0 Vu € U}; Im(U) to be the ideal generated by U.

A subspace of A is also called a linear form space. For a linear form space U, define its support
supp(U):= U supp(u); define its minimum support function

msi(ll)lie:uminﬂsupp(V)\ : V is a subspace of U with dim(V) =i}

Theorem S1 If U is a linear form space with dim(U) = n and ms; (U) > k,
then dim(U¥) = ("5 1).

Proof. Obvious when n =1 or k = 1, induction, now assume n > 2 and k > 2.

Choose a variable x and a linear basis {v1 + x,v2,v3, - - -, v, } of U with 9,v; = 0forall1 <i < n.
Let Vi =span({v; : i > 1}) and V, = span({v; : i > 2}). If v; € V,, then x € U, contradict
msy (U) > 2.So vy ¢ Vo, dim(V;) = n.

Letd = (dy,dy,- - -,dy) and D = {d € Z" : z d; = k, d; > 0}, then |D| = (" 1) and U is

spanned by {(v; + x)% ﬁ vf" :d € D}, need to show linear independence.
i=2
n
Suppose Z cq (1 + x)™ H U‘»ii =0 (%)
Take 9, we get Z (dicg) o) dl ! H v; 4i = 0. Since V} = E,(U), ms1 (V1) > k —1, by induction

hypothesis of (n,k —1), {vd1 T -i :d € D, dy > 1} is a linear basis of Vf 1. So ¢; = 0 for all d

with dy > 1, substitute into (*) we get Z o H v; 4= 0.
dl i=
Since Vo C U, msy(V2) > k, by mductlon hypothe51s of (n—1,k),

{H v :d € D, di = 0} is a linear basis of V. Soc; = 0 for all d withd; = 0. O
Result S2 Suppose U is a linear form space,
(D) if ms;(U) =d+1, 0# f € UY, then fx # 0 for any variable x.

(2) if msy(U) =d+2, 0+# f € U, then Ker; (f) = 0.
ResultS3  If U is alinear form space with dim(U) = 2 and ms; (U) = 2k, then dim(Kery 1 (U))

IN

The following are some miscellaneous conjectures.

Conjecture S4 Ker,(f) = 0 iff Ker,(Df) =0 forall f € A}

Conjecture S5 For any linear forms u, v in AZ*++/+1 with full support, there exists a variable x
such that Kery (Ey(u'v/)) = 0.

It instantly implies D3, true wheni = j =k = 1.

Conjecture S6 Suppose g € A is a product of j linear forms, f € Ay and u is a linear form. If
fg # 0 # qu*+iFi, then fqu! # 0.

In other words, u?*+*/ # 0 implies Kery (') = 0 in Gorenstein algebra A/Ker(g).

It implies a special case of L7.3 and D6.2 in an algebraically closed field, when all linear forms
have full support. The case j = 1 follows from D5. The condition that g is a product of linear forms is
necessary, otherwise counter example exists with i = 1, j = k = 3. Follow up in A7.2.

Conjecture S7

Suppose My, has full termrank, and the bottom square of N, (,_1) has nonzero permanent.
Then there exists a permutation matrix P such that (M N)P = (S T), where per(S,x») # 0 and the
bottom square of T, (,_1) has full termrank.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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It implies L7.1. Here the bottom square of an #n x m tall matrix is the m X m submatrix consisting
of its bottom m rows. Follow up in the next section.

Analogy

We make no assumption on field characteristic in this section.

The conjectural relation between perrank and termrank in characteristic zero is analogous to that
between perrank and rank in positive characteristic.

The following two conjectures are analogous to L7.1 and L6 respectively.

Main Conjecture A1 (author, 2001)

For any matrices Myxn, Ny (,—1) With full rank, (M N) has full perrank.

Conjecture A2 For any nonsingular matrix M, (M M) has full perrank.

This was made by Jeff Kahn [7] and Michael Tarsi (remark on L6), motivated by:

Conjecture A3 (Francois Jaeger [8]) For any nonsingular matrix M over Fs,
there exists a vector v over F5, such that neither v nor Mv has zero entries.

This Conjecture was generalized by Alon and Tarsi to IF, for any prime p > 5. Nagy and Pach [9]
recently proved it for any prime p > 80.

It is easy to prove the analogue of 14.2, i.e. perrank(M) > rank(M)/2 for any matrix M, see [7].
Kisley and Shader [10] recently proved that there is essentially only one matrix to make equality hold.

It is also easy to prove the analogue of S7, but the analogue does not imply Al although S7 implies
L7.1.

Conjecture A4.1 (Alon, Linial and Meshulam [6]) Suppose By, By, - - -, B; are nonsingular matri-
ces over a field of characteristic p > 3, and p > g > 2, then
By B, --- B,
M = o : |, where each row repeats g — 1 times, has full perrank.
By B, --- B,

This was stated in [6] for g = p only. When q = p, suppose Oy, O, O3, - - - is a sequence of row
operations that make By into I. Now inside matrix M, perform O; on each (B; B; - - - By), then O, on
each (By By - - By), - - - until all B; become I. These operations change product of row linear forms
of M by a factor det(B;)?~!,sowma B; = I. Let C = (B, - - B)), take product of row linear forms:
IT(x: + ;cz‘j}/j)p*l =T1((p— Vx; + ;Cij]/j) H(; cijyj)P 2

i i i

I C (p—1I C c
I C 0 C

SO o has full perrank, iff ) . has, iff has.
I C 0 C c

So the case g = p is equivalent to the case 4 = p — 1. The same argument shows the case g =t
implies the case ¢ = t — 1, by taking By = I.
The case q = 2 differs from our main conjecture Al by one column.

Now we formulate an equivalent statement of this conjecture.

Conjecture A4.2 Suppose U is a linear form space over a field of characteristic p > 3, dim(U) = n,
and ms;(U) > pi forall1 <i < n, then ulp=n £,

One direction, A4.2 implies the case 4 = p of A4.1:

Let U be the linear form space spanned by the rows of (By, By, - - -, Bp), then U satisfies the
condition of A4.2, and U(P~1" =£ 0 implies M has full perrank.

The other direction: Let S = supp(U), choose a linear basis of U, we get a matrix M, «s. There is
a matroid structure on S with rank function r().
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Forany R C S, let r = r(R), which is the rank of the n x R submatrix. Perform row operations on
M to make the bottom 1 — r rows of the 1 X R submatrix zero. Let V C U be the subspace spanned by
the bottom 1 — r rows of M. We have

IS\R| > |supp(V)| > p(n —r) = p(n —r(R)). Then by Edmond’s matroid base packing theorem,
S contains p disjoint bases, and A4.1 gives A4.2. [

Next is a slightly stronger version.

Conjecture A4.3 Suppose U is a linear form space over a field of characteristic p > 3, dim(U) = n,
and ms;(U) > pi—1forall1 <i < n, then up—1n # 0.

This is analogous to L7.3, where h = n, a; = p — 1, and the union of support in characteristic
zero is analogous to the minimum support function in positive characteristic. We make this stronger
version exactly because of the analogy.

Exercise A5

(1) dim(Kery(f)) <k forany 0 # f € A

(2) dim(Kerg(U)) <1 for any linear form space U with dimension k

(3) what f, U makes equality hold ?

Corollary A6.1

M, (2n—1) has full perrank if every n X n submatrix of M is nonsingular.

Conjecture A6.2 We may replace 2n — 1 above with [31/2].

When n = 4, verified by brute force if My, contains at least one zero element.

If true, [3n/2] seems sharp, easy example My, (3k—1), but example Moy 1 1) (3x+1) NOt yet found.

Let {v;} be a collection of linear forms (repetition allowed), define V; = [T v; for index set [ and
Vz = 1. The following is analogous to matroid axiom. iel

Conjecture A7.1 If |T| > 2|S| and Vs # 0 # Vr, then there exists R C T\S with |R| =
|T| —2|S|, such that Vs g # 0.

seems extremely difficult, next is a slightly stronger version

Conjecture A7.2 Suppose i,k > 1, |[| =j >0, |[H =i+j+2k f € Arand fV; #0 # V|Vy,
then there exist I C H with |I| = i, such that f V;V; # 0.

True wheni = 1, j = 0 or 1, char = 0 or 3. When linear forms indexed by H are identical, it
becomes S6.

We present some other ideas on A2.

Conjecture A8 Let X« = (x;;) be a matrix of variables, then det(X)" is in the ideal generated
by permanents of all n x n submatrices of (X X).

This was made by Bernd Sturmfels [11], and Richard Wilson in 1999 when the author was a
postdoc at Caltech.

Let R and S be the polynomial ring in variables x1, X2, - - -, x;, and y1, Y2, - - -, yn respectively, | be
the ideal generated by x1x; - - - x, and I be the ideal generated by yi’,y%, .- ',yi, then the following
statements are equivalent:

(1) there exists a nonsingular M, x,, (M M) does not have full perrank.

(2) there exists a nonsingular My x, = (a;;) such that [T(LCa;y;) € I

]

(3) there exists commutative diagram: f
f is an automorphism R——>35
h is a homomorphism l’i lq
g is the quotient map R/] s s/1

(4) there exists onto homomorphism h : R/] — S/I

(1) «— (2) easy. (2) — (3) — (4) trivial.

(4) — (2) Proof. LetX; =x;+], yi=yi+ 1 LetY = {y1, 2, -, Yn}-

For each i, write z; = h(X;) as a polynomial of Y, let ¢; and [; be its constant and linear component,
well defined. Let Z = {zy,22,- - -,z }, L = {l1, o, - - -, I, } and M,,x,, be the coefficient matrix of L as
linear combination of Y.
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Because S/ is graded, the linear component of any polynomial of Z, viewed as a polynomial in
Y, must be a linear combination of L.
Since & is onto, every y; is a polynomial of Z, it follows that M is nonsingular.

For each i, I; # 0, the lowest degree component of z; is either ¢; or I;. Because S/ is graded, we

n n n
haveri:0—>I—[zi:0—>HciHli:0—> liIO L]
i=1 i=1 Ci#o Ci:O i=1
(2) can be stated as: orbit of y1y5 - - - i, intersects I under the action of general linear group. Does
invariant theory help ?
(3) A common technique to derive a contradiction from a commutative diagram is by applying a

functor, such as homology. Does such a functor exist ?

Characteristic Three

In this section, we assume the ground field has characteristic three.

Theorem C1

(1) Kery(u) = Imy(u?) for any linear form u with |supp(u)| > 2k + 1.

(2) Kery(u?) = Imy(u) for any linear form u with |supp(u)| > 2k + 2.

Proof. Since u® = 0, one direction is trivial. The other direction is by induction on k, easy to verify
whenk = 1.

Pick any x € supp(u), write dy, Ex as 9, E for notation simplicity, wma du = 1.

(1) Suppose f € Kerg(u), fu =0 — Ef + (3f)(Eu) = 0 — (3f)(Eu)?> = 0.
By induction hypothesis of (2), of = g(Eu) for some g, then

f=Ef +@f)x = (3f)(x — Eu) = —g(Eu)(Eu — x) = —g(Eu+x)? = —gur®

(2) Suppose f € Kerg(u?), fu? =0 — (2Ef + (3f)Eu)Eu = 0. By (1) we have
Ef — (3f)Eu = g(Eu)? for some g, then

f=Ef+@f)x = (3f)(Eu+x) + g(Eu)?> = (0f )Ju + gu(Eu — x) € Im(u). O

Theorem C2 For any linear form u in A" with full support,

(1) When n = 2k + 1, Ker;(u?) = Im;(u) forall i # k

(2) When n = 2k + 1, Ker;(u) = Im;(u?) forall i #k+1

(3) When n = 2k + 2, Ker;(u?) = Im;(u) forall i #k+1

(4) When n = 2k + 2, Ker;(u) = Im;(u?) forall i #k+1

If i=kin(l)ori=k+1in (2) (3) (4), then the corresponding Ker;() strictly contains the
corresponding Im;( ), and their dimension differ by exactly one.

Proof. (1)1f i < k, given by C1(2). If i > k, C1(1) gives Ker,,_;(u) = Im,,_;(u?), then Ker;(u?) =
Im;(u) by Lemma D1. Same proof for (2) (3) (4).

For the second part of the theorem, induction on #, easy to verify when n < 3.

Pick any variable x, write dy, Ex as 0, E for notation simplicity, wma ou = 1.

Define 0 : Kery 1 (1) — Kery((Eu)?) N A} ~! by 6(f) = 9f, itis one to one, and onto, §71(g) =
¢(x — Eu), then easy to verify 6(Imy,1(u?)) = Im(Eu) N Azfl.

The n = 2k + 1 case (2) follows from induction hypothesis n = 2k case (3).

The n = 2k + 2 case (4) follows from induction hypothesis n = 2k + 1 case (1).

The n = 2k 41 case (1) and n = 2k + 2 case (3) follow from Lemma D1. O

It would be interesting to find a representative of the extra dimension in each case.

Conjecture C3 Suppose U is a linear form space with ms;(U) > 3i —1 forall 1 < i < n, where
n = dim(U), then U*" # 0.

It is easy to see that C3 is equivalent to A1 in characteristic three.

Let u be a linear form with dyu = ¢ # 0, write dy, Ey as 9, E for simplicity. For any f, introduce a
new operation: divide f by u wrt variable x, as follows

f=Ef +(3f)x = Ef + 3f ) (u— Eu)e! = c13f )u+ Ef — 1 (3f ) (En)

and define R(,, ) f:= Ef — ¢ 1(3f)(Eu) as the remainder.

Itis obvious d(Rf) = 0 and f — Rf € Im(u), this is what we need later.
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Conjecture C4 Suppose U is a linear form space with ms;(U) > 3i — 1 + 2k
forall 1 < i < n, where n = dim(U), then Kery(U?") = Im(U).

We prove the case n = 2 only. Attempts failed when n = 3.

Proof. Observe U* = span(u?v?) for any linear basis {u,v}. Let S = supp(U),
choose a basis {u, v} and two variables x, y such that

Case (1) dyu =1 =9yv and 0,0 = 0 = dyu if ms;(U) = |S| — 1.

Case (2) dyu =1 =9dyu and 9,0 = 0 = dyv if ms;(U) < [S| —2.

When k = 0, 4?0 # 0 because: Case (1) 9x(u?v?) = 2(Exu)v* # 0 by C1(2);
Case (2) dxy (u%v?) = 20% # 0. Induction on k, suppose f € Kery(u?0?).

Case (1) Let g = Ry, (R(u,x)f), then gu?v? = 0, take Oxy, we get gEyy, (uv) = 0.
Let E:= Ey,. By C1(1), §(Eu) = h(Ev)? for some I, because |supp(Ev)| > 2k + 3.
Multiply by (Eu)?, we get hE(u?v?) = 0. E(U) satisfies support condition of k — 1,
by induction hypothesis, we have i = a(Eu) + b(Ev) for some 4, b, then
¢(Eu) = a(Eu)(Ev)?, thatis, g — a(Ev)? € Kery(Eu) = Imy((Eu)?) by C1(1).

Finally (Ev)? € Im(v), (Eu)? € Im(u), f — g € Im(U), done.

Case (2) Let ¢ = R(,,)f, then gqu?v? = 0, take 9y, we get g(Eyu)v®> = 0, take 9y, (Eg +
(0x8) (Eu))v* = 0, where E:= Exy. So Eg + (9:8) (Eu) € Kery(v?) = Imy(v).
Multiply by Eu, we get (9xg)E(u)?*v?* = 0. E(U) satisfies support condition of k — 1, by induction
hypothesis, we have dyg = a(Eu) + bv for some a, b, then

f =g = Eg+ 2(328) = —(9:8)(En) + x(9:8) = —a(Eu)(Eu — x) = —a(Eu+ x)?
=—a(Eu+x—y)u=0 modulo Im(U). O

We say a linear form space U covers (ay,ay,- - -,a;) if ms;(U) >a; V1 <i<k.

Theorem C5 If U is a linear form space covering (2,5 + 2k) with dim(U) = 2,
then Kery (U*) = ¥_Ker;(V?), where V runs over one dimensional subspaces of U.

same proof as above, in the last step, f = (9xg)(y — x) modulo ¥ Kery(V?). O

We may generalize C5 to dim(U) = n to become a stronger conjecture than C4. Two similar cases,
Case (2) easy to handle, Case (1) stuck at the inductive step.

Let U be a linear form space with dim(U) = n > k/2, it is easy to see that
dim(U*) < {(dy,da,---,dn) € Z" : i di =k and 0 < d; < 2}|. We say U* has full dimension if
equality holds. =

Result C6.1

UF has full dimension for any linear form space U with ms; (U) > k < 2dim(U).

condition ms; (U) > k seems too sufficient, so we make

Conjecture C6.2 U* has full dimension for any linear form space U with

(1) U covers (2,5,8,--+,3h — 1) when k = 24, or

(2) U covers (2,5,8,--+,3h —1,3h+ 1) when k = 2h + 1

This is stronger than C3, true when k < 4, difficult when k > 5.

C1, C3,C4, C5,C6.1 are analogous to L1, L7.3, D6.2, D5, S1 respectively.

Appendix: Subcases of 1 = 3 Case of L7.3
LemmaL9.1 If a/bi~1cF = 0 = a/~1b'ck and [supp(c)| > i+ +k, for linear
forms a,b, ¢, then a/bick—1 = 0.
Proof. For every x € supp(c), take dy to a/bi~1ck = 0, we get
(joxa) Ex(a =101~ k) + (i — 1) (dxb) Ex (b’ =2c%) + (kdxc) Ex(alb~1ck1) = 0,
multiply by Exb, we get Ey(alb'ck=1) = 0, s0 albick—1 =0. O
Now assume h = 3, write uq up u3 a1 a, a3 as u v wi j k for notation simplicity.
Let S = supp(u), if |S| <i+1, then |supp(Egv)| > j, [supp(Esw)| > k and
|supp(Esv) Usupp(Esw)| > j+ k + 1, Case L8 gives Es(v/wk) # 0.
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If |S| = i, then u is a monomial, u'v/w" = u'Es(v/wk) # 0. If |S| = i + 1, pick any x € S, then
Ex(u') is a monomial, E, (u'v/w) # 0, so u'viwk # 0.

So wma [supp(u)| > i+ 2 and |supp(v)| > j+ 2 in L9.2 and L9.3 below.

Casel9.2 k=1

Proof. If there exist x € supp(w) and x ¢ supp(u) Usupp(v), then 9 reduces to
Case L8, wma supp(w) C supp(u) Usupp(v), then |supp(u) Usupp(v)| > i+j+ 3.

Ker; (u'v/) = Kery (u') + Ker; (v/) = 0 by Theorem D5. [J

Theorem D5 is not needed when |[supp(w)| > i+ j + 2.

If |supp(w)| > i+ j + 3, for every x € supp(w), take dy to u'v/w = 0, we get

(i0xu) Ex(ui " 0lw) + (jox0) Ex(u'v/1w) + (9yw)Ex(u'v/) = 0, multiply by E(uv),

we get Ex(u/T1o/t1) = 0, s0o u'T1o/T! = 0, contradict Case L8.

If |supp(w)| = i + j + 2, pick a variable x ¢ supp(w) and wlog assume 0,v # 0,

take 0, to ulv/w =0, multiply by Eyu, we get E (ut1oi~lw) =0, along with Ex(u'v/w) =0 gives
Ex(u'*1v/) = 0 by Lemma L9.1, contradict Case LS.

Case L9.3 k=2, |supp(w)| > i+ j+ 3, there exists a variable x such that
dyw =0 and 9dyu # 0 # 90.

Proof. If there exist y € supp(w) and y ¢ supp(u) Usupp(v), then 9, reduces to
Case 1.9.2, wma supp(w) C supp(u) Usupp(v), then |supp(u) Usupp(v)| > i+ j+4.

Take 9y to u'viw? = 0, we get Ex(u 10/ 1w?) = 0 = Ey(u' 1o/ T1w?).

Ex(uT10o/~1w?) = 0 and E, (u'v/w?) = 0 gives Ex(u't1v/w) =0,

Ex(u'~'o/t1w?) = 0 and E, (u'v/w?) = 0 gives Ex(u'v/Tlw) =0,

Ex(uT10/w) = 0 and Ey(u'v/*1w) = 0 gives Ex(u'*1o/*1) = 0, contradict L8. O

Casel94 i=j=2, [supp(w)| <k+4.

Proof. For each variable x, wma {dyu, 9,0, 0xw} contains at most one zero entry, else if dyu or dxv
is the only nonzero entry, then 0, reduces to Case L9.2; if 9,w is the only nonzero entry, take d, and
induction on k.

There are at least k + 6 variables, pick x,y ¢ supp(w),

take 9, to u?v?wk = 0, we get Ex(ulow*) = 0 = Ey(uvPwk)

take 9y to them and to 1202wk = 0, wma dyu = —land dyv =1

UPWK = 3U2VIWk = 3UV2WK = V3WK, here U = Eyyu, V, W similarly,

take linear combinations, (U — AV)3Wk =0, A€{1,6,-60}, hered = /1.

Let S = supp(U) Usupp(V), TA ={z € S:9,(U— AV) =0}. If T, = & for some A, done by L8
since |supp(U — AV)| = |S| > k + 4. Assume T} is nonempty for all A.

LetT ={z € S:9.W = 0}, wma |supp(w)| > k+2,s0 |T| < 2. T can not intersect every T since
Ty, Ty, T_p pairwise disjoint, assume wlog T N T; = &, then |[supp(U — V) Usupp(W)| = |S| > k+ 4,
by Case L8 we must have |supp(U — V)| < 2, thatis, |S\T1| < 2. It follows that |Ty| = |T_g| = 1,
and S = Ty UTyUT_y. Butif TN Tyy = &, then by the same argument |T;| = 1, contradiction. So

T=TeUT._y.
111116 -0 —1 =«
Finally easy to check this matrix 111116 -6 -1 =«
has full perrank, need L8 twice. O 111111 1 1 1
(illustration k = 3) 111111 1 1 1
a b c de 0 0 0 0
a b c de 0 0 0 0
a b c de 0 0 0 0

Oxu  dyu

Result Case L9.5
esult Case <8xv 3,0

Conjecture L9.6
2

) is nonsingular for every pair of variables.

u?0?w = 0 = u?vw? does not hold for linear forms u, v, w € A® with full support.
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