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A Theory of Everything: When Information
Geometry Meets the Generalized Brownian Motion
and the Einsteinian Relativity

Ismail A Mageed

School of Computer Science, Al, and Electronics, University of Bradford, United Kingdom;
drismailamageed@yahoo.com

Abstract: Information geometry (IG) is a fascinating combination of differential geometry and statistics where
a Riemannian manifold's structure is applied to a statistical model. It may find numerous fascinating uses in
the domains of theoretical neurology, machine learning, complexity, and (quantum) information theory,
among others. (IG) aims to provide a differential-geometric perspective on statistical geodesic models'
structure. In this case, IG, KD, and J-divergence (JD) are used to define the manifold of the Generalised
Brownian Motion (GBM). Consequently, the geodesic equations (GEs) are devised, and GB information matrix
exponential (IME) is presented. Moreover, for first time ever, the necessary and sufficient mathematical
requirement that characterizes the developability of Generalized Brownian Motion(GBM) manifold is devised.
Also, a novel sufficient and necessary conditions which characterizes the regions where the surface describing
GBM is minimal is determined. Also, it is shown that GBM has a non-zero 0-Gaussian and Ricci curvatures.
Consequently, this advances the establishment of a unified GBM- Relativistic Info-Geometric based analysis.

Keywords: Generalized Brownian Motion (GBM); probability density function (PDF); matrix
exponential of A (e?); (geodesic equations (GEs)

1. Introduction

1.1. Information Geometry

Stochastic control, neural networks, statistical inference, and other study domains have all made
extensive use of information geometry (IG) [1].To put it another way, IG seeks to integrate statistics
with differential geometry (DG) methods. Applying non-Euclidean geometry approaches and
techniques to probability theories and stochastic processes is, thus, the central premise of IG. A
topological finite dimensional Cartesian space, R", where one possesses an infinite-dimensional
manifold, is called a manifold [2-4]. The challenge of making decisions can be applied to the
parameter inference  of a model based on data in Figure 1.

Figure 1. SM’s parametrization [1].

Matrix exponential plays a significant role in Lie groups theory [5,6]. From a visual perspective,
Figure 2 portrays the geometric representation of geodesics on curved surfaces.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 2. Geodesics on curved surfaces geometric representation (c.f., [7]).

Einstein's theory of classical general relativity (GR) holds that objects travel along a geodesic in
a curved space-time that extremizes the proper time between two locations. A geodesic, which
reduces the distance between two places, is also known as a "straight line on a curved surface."

1.2. Generalized Brownian Motion (GBM)

Simple physical systems’ internal diffusion was firstly defined by Einstein [8-39].
The Tsallisian entropic measure in discrete domain reads:

Hy = o5 (1= ERaem)? (L)

h state. In the limit q — 1, the Tsallis entropy

where p(n) is the probability of being in the n*
reduces to the Boltzmann-Gibbs entropy.

The Tsallisian entropic measure in continuous domain reads:[40-42]
Ho() = 1= [ [fG0) dx) (12)

where fy(x) is PDF(X)
PDFq—Gaussian reads

£ = Ley(-px) (13)
with

e(0) = [1+(1— x] /-0 (1.4)

is called the g-exponential, C;, is a normalization constant, and f > 0is a scale parameter, and q,

1 < q < 3 finetunes extensivity, for a distributional similarity scaling f = % = ﬁ.

1.3. Random Diffusivity [41]
Looking at
dX(t) = vdt +VDdB(t) (1.5)
where B(t) is a Brownian motion, and D is a random variable that is independent of B(t). If the
probability density function, f5(x), of D is given by :

fo(x) = 8(x — Do) (1.6)
D is a constant. Suppose that [43]:

D ~Dy(V/)) = g(V) (17)
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X(t) — X(0) —vt ~/DtZ (1.8)

~ ./Dotvi/v (1.9)

Most importantly, (1.7) can be re-written as:

d
£ = frlg™ ) |97 )|

V.
pPy@x=G /Doy
L s————e 2’ (110)
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Figure 3. Several plots of fj(x)for several combinations of q,v = % and Dy(c.f. [41]).

An idealised approximation to real random dynamics, known as Brownian motion, has been the
subject of intense research over an extended temporal period [44-56]. A numerical simulation of a
particle's route is shown in Figure 4.

Figure 4. (c.f,, [57]).

1.4. Polygamma functions

The classical Euler gamma function may be defined for by R(z) > 0 by
M(z) = [, y*te™dy (1.11)
The digamma function, (z) reads as:

¥(2) = +(Inl(2)) =

r'(2) _
2, (1) = —e (112)
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The derivatives '(z) and "' (z) (1 (2) and Y, (z)respectively) are called the trigamma and
tetragamma functions respectively.
The Trigamma function, ¥,(z) is determined by[58]
Y1(2) = Yo

1
(n+z)2

(1.13)
2
where ), (z)satisfiesi; (1) = % (c.f.,[58])
clearly, ¥,(z) solves (1.13) [59]

Wy (2) = =2 Z;‘:;o(m;zﬁ (1.14)

This paper contributes to:

e The above discussion clearly demonstrates the significance of our novel approach as using the
powerful tool of IG will open new grounds by looking for the first time (GB) as a manifold, by
which we will directly determine visualization of (GBM) and searching in more depth for the
temporal paths of the parameters of (GBM). Furthermore, IG technique is used to analyse (GBM)
as well as the derivation of the corresponding curvature tensors, which physically describe the
geometric shape of (GBM). More importantly, this clarifies the fact that Ig provides such an
analysis of (GBM) which is impossible to be done by any other mathematical approach.

e  The new discovery of the informational geometric equations of motion (IGEMs) for (GBM)as
well as obtaining the solutions of these equations.

e  Further advancements in the current paper are made by providing the information theoretic
impact on the devised path of motion characterizing IGEMs.

e Included are the physical applications and explanations of Gaussian and Ricci curvatures.

e Providing a cutting-edge method for using computational information geometry to visualise
queueing systems that has been suggested.

e  The creation of a novel quantitative approach to ascertain GBM’s temporal dynamics for the first
time ever.

The rest of this paper is organised as follows: Section 2 presents preliminary definitions
associated with (IG). The FIM and its inverse as well as the Fisher information metric for the
Generalized Brownian Motion Manifold (GBM) are introduced in Section 3. The a(or V(®)-connection
of the Generalized Brownian Motion Manifold (GBM)is obtained in Section 4. The GEs, KD and JD
(c.f., [60]) of the Generalized Brownian Motion Manifold (GBM) are obtained in Section 5, numerical
solutions to the devised GEs are obtained by using Rung-Kutta method of order 4 and numerical
experiments are determined to illustrate the physical interpretations of our solutions. The structured
proofs of calculating the 0-Gaussian curvature as well as the investigation of the developability of
Generalized Brownian Motion Manifold (GBM) and showing that GBM has a non-zero Ricci
curvature (RC) tensor are devised in Section 6. The exponential matrix analysis of the Generalized
Brownian Motion Manifold (GBM) is obtained in Section 7. Conclusions and future research
directions are included in Section 8. Full illustration of Rung-Kutta method of order 4 is provided in
the Appendix.

2. Main Definitions in IG

2.1. Preliminary Definitions
Definition 2.1 Statistical Manifold (SM)

An SM is referred to as M = {p(x, 8)|6 € 0}[60],with a probability density function p(x, 8), and
6 = (6,,0,,..,0,) € © as the manifold M’s coordinates.

doi:10.20944/preprints202401.1827.v1
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Definition 2.2 Potential Function
The potential function ®(8) (c.f., [60]) is the coordinates only part of (—in ((p(x,8)) (c.f, (2.1)).
Definition 2.3 FIM, namely [g;;]

[9ij1(c.f., [61]) reads as:

[9,] = [aefggj (CD(G))] Jij =12, .m0 (21)

Definition 2.4 FIM's inverse
[g;j] inverse (c.f.,[60]) reads as:

ad][gl,]

[gY]1=(lg4D) 7t = , A= det[g;] (2.2)

The arc length function reads :
(ds)? = Xij=1 91 (d0°)(d0)) (2.3)
Definition 2.5 a-Connection, V%, a € R [61]

V@ reads

I = (59000 (2(6))) (2.4)

ijk

Definition 2.6 Kullback’s Divergence (KD), Kp,q

K(p,r)(c.f., [60]) reads as :

K(p,r) = [p(x;6,)ln (iEiZf))) dx (2.5)

The J-divergence reads as :
p(x;0
Jo.7) = [ ((x:6,) —7(x:6,) ) ln(%) dx (2.6)

Definitions 2.7 Geodesic Equations (GEs)
1. The GEs of manifold M with coordinate system 6 = (6,,0,,..,0,) c.f., [60]) are defined by

d2ek k(0) dgly _ k( ) = r@ : -
—= +1; (dt)(dt) =i,j=12,. Y =0Y9% 0 ks=12,..,n(27)

2.[60] A path 6 = 6(t) minimising the total energy E = E(6) must satify :

d|[ a%L 3
—\ = |—7-=0 (28
dt(a(%)> 29; (2:8)

FIM’s inverse defines g;; (IM) so that :
k=1 g™ 9kj = 615 (29)

Li= (c.£., [60])

W Oy = {0 otherWlse

5. Lemma [60] GEs are the equations of motion

b= (02
N " dt
Such that

oty T (52) (25) = 0 2.10)

Hence, GEs are interpreted physically as the information geometric equations of motion
(IGEMs).
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Definition 2.8

1. The a — curvature RiemannianTensors, R; sz(Cf [58]) are defined by
Rfﬁ?z (0,57 = 0,13 ) g + (LT = P L] (2.11)

jtl
where I’J(“) I’U(? g°

2. Ri(k) define the Ricci tensors (c.f.,[58]),
R = R{D97 (2.12)
3. KL(M) reads as (c.f.,[60])
@

() Rijij
Uy (giwgjj)-9i)? (2.13)

Kl(giz = K@ defines the a Gaussian curvature (c.f., [60])

r(®
K(a) 1212) (2 14)

4. The Ricci Tensor (c.f.,[60]) defines the contraction of Rl(;lk)l (c.f.,[60]).

5. The difference between a geodesic ball's volume on the surface and its volume in Euclidean
space is known as the oriented Riemannian Manifold M ’ s Ricci curvature Tensor (c.f., [62]).

6. The volumes’ evolution is contracted by the Ricci curvature RC) (c.f., [63]). The Bonnet Myers
theorem (c.f., [64]) states that when Ricci curvature is positive, the Riemannian manifold has a smaller
diameter and is more positively curved than a sphere.

Figure 5. Visualizing Ricci curvature (c.f., [65]).

Definition 2.9 [66]

1. Given a n-dimensional vector x is and A is a nxn matrix, such that
& = Ax (2.15)
dt

A

e reads:

A2 Ak
=y 0 T= A+t (2.16)
solves (2.15).
2. Let
®(8) = det(A — 81)(2.17)

P(5) = 0(2.18)
The solution of (2.18) are referred to as A’s eigen values such that:

Ax = §x (2.19)
Notably, e# may be re-written as:

A =TePT™1(2.20)
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where D is the diagonal matrix of eigen values of A, and T is matrix having of the corresponding

eigen vectors of A as its columns.
Definition 2.10

A unique type of ruled surface known as a developable surface has a Gaussian curvature of 0
and can be mapped onto a plane surface without causing any curve distortion; a curve drawn from
such a surface onto a flat plane stays the same (c.f., [67]).

Figure 6. Three kinds of developable surfaces: Tangential on the left, Conical on the centre and on the
right, Cylindrical (c.f., [67]).

In the following, a brief overview of Gaussian and Mean Curvatures (c.f.,[68]).

2.2. Gaussian and Mean Curvatures[68]
Definition 2.11 (Mong Patch Technique)

1.Let K; and K, be the principal curvatures of a surface patch §(u, v). The Gaussian Curvature
K; of & is
KG = KlKZ (2.21)

and its Mean Curvature is
H = 2K +Ky) (2.22)

2. For a Mong patch z = f(x,y),Kzand H are given by

Ky = WM (223)

EG-F?2

and its Mean Curvature reads

1 LG-2MF+NE

H = 2 (208 (224)

; _ (Of\2 p_ _Of _ (N2 g _ 9% g _ Of N _ 9%f
with £ = (ax) k= axc')y'G_ (ay) ’L_axZ’M_ c’)xy'N_ ay?

2.2.1. Classification of Surface Points

The physical interpretation of the sign of K; at a point r on a surface S is:
1. K¢ > 0 The principal curvatures K; and K, have the same sign at r. An illustrative example
is given by Figure 7.
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Figure 7. The elliptic paraboloids z = x? + 2y?(to the left) and z = x% — 2y? (to the right) (cf,
[68]).

2.K; > 0 The principal curvatures K; and K, have opposite signs at r.
3.K¢ > 0, point in the plane and the origin of a monkey saddle z = x* — 3xy? as in Figure §,
are both planar points, but they have quite different shapes.

Figure 8. (c.f., [68]).

A torus as shown in Figure 9. Minimal surfaces have Gaussian curvature K; < 0. The catenoid
in Figure 10 is a minimal surface.

Figure 9. (c.f., [68]).

Figure 10. (c.f., [68]).
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2.3. Different Approach to Gaussian and Mean Curvatures (Angular Technique)[69]

A new formulation (c.f., [69]) is introduced for Gaussian Curvature Kzand the Mean Curvature is
H are defined as

KG = Kle (2.25)

and H = (K, +K,) (2.26)

with K; and K, as the principal curvatures are determined by:
Bi1 Baz

Ki=——,6 K, = —2— (227)
s 2z s 2z
1 x2
where x3 = f(x1,x,) defines the shape of the surface. x; and x; are parallel to the directions of the

principal curvature, which are rotated through an angle CO with respect to x;andx,, and

of
axy

- 9 _ sinch 2L
= cosC) oxs sinC) o%; (2.28)

9 _ sinco 2L o
o] = sinCo ) + cosCO o7, (2.29)

— 9%f g2 0*f 0%f (o2 o%f
Bi, = 97 C0S2CD = 22— §inCIcosC) + 35 5in’C) = ax{2(2‘30)
_9*f . 2 *f 0% 2 o%f
Baz = 5.7 5IN°C) + 25— SinCIcos + 35 05> = -5(2.31)
Y
0x10x:
tan2ed = 5y (232)
6x% ax%

Where structures appear on a surface is indicated by a Gaussian curvature contour map. A surface is

considered to have twofold curvature if both of its primary curvatures are non-zero [70].

K>0 _ K <0
(a) k=0 q

Figure 11. (c.f,, [69]). (a) K;>0, (b) K; =0and (c) K; <O0.

This paper contributes to:

i) The FIM and its inverse as well as the FIM for (GBM) are introduced.

ii) A novel GBM’s V@ [61] are devised. These novel derivations are used to determine the GEs
for the coordinates of (GBM). These equations are considered as analogues to the equations of motion
in dynamics. In other words, the information geometric equations of motion are devised for the
coordinates of the (GBM) manifold. iii) The GEs, the KD, and the JD of (GBM) are determined. iv)
(GBM) could be compressible or non-solenoidal(for a more detailed survey, consult [71]). Moreover,
for first time ever, the necessary and sufficient mathematical requirement that characterizes the
developability of GBM manifold is devised. Also, a novel sufficient and necessary conditions which
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characterizes the regions where the surface describing GBM is minimal is determined. v) The

exponential of the FIM for GBM solves %: Ax.

3. The Fim and Its Inverse for (GBM)

Theorem 3.1 For GBM manifold, we have

(i)The FIM is given by:
1,1, v 1
A G~
gl =| " T e
g 40§

(i) (ds)?= (= + 51 GN(AV)? = 1= (dv)(dDo) + 177 (dDo)? (32)
(iii) IFIM reads as:

]) )_1 — (ldj[gij]

[gij]z([gij A
-~ 2
1 [ 4D 4D,
= (3.3)
Al 1 11 v
w, v tah@

with A = Tlpg("% (g) -5)

Proof
@G - L
())We havefp (x)= = O(Te 2/x *(c.f., (1.10)
2Z7rR)
L(x;0) = ln(fD(x; 9))
3 v v vy Dy v v v
- (—lnF(i) - (1 +§) In2 — <— o > + 5 1nDo + 5 v = (1 + ln),
0 = (61,6,) = (v,Dy) (3.4)
@) = (InT (%) + (1 +3)In2 - 3InDg — 3 Inv), (3.5)

Thus,

0, = =6 In2+2yYG)—3 — Inv) (3.6)

v

0P v
62 = a—D0= —4—D0 (37)

22d
0,0, = 52= -+, (38)

ov?

0,0, = 8,0, = —ﬁ 3.9)

9,0, = 4LDg (3.10)

Therefore, the FIM is given by
1 1 1
=+ i) - Dy

l9:] = 1 v

(c.£,(3.1)), which proves (i).

4Dg 4D?
(ii) is immediate.
(iii) We must show that:


https://doi.org/10.20944/preprints202401.1827.v1

Preprints.org (Www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 January 2024 doi:10.20944/preprints202401.1827.v1

11

If g(1< q <3, v= Z_—q then the extensivity of v follows, and v > 1. Assuming that A =

det([g; ]]) 16D2 (vz,bl( ) ) = 0. Then, without loss of generality, let n =1 in (1.13).Hence, it
follows by the assumption that:

(01 (2) - 5) = v <U + ﬁ) ~5) =0(11)

5v3+12v2+4v—16=0 (3.12)
Let’s call 5v® + 12 v? 4 4v — 16, the non- vanishing prover(NVP). More importantly, NVP= 0
(see Figure 12), debunking (3.12), that is :

= der(lo]) = 55z (v (3) = 5) %o

Therefore,

det(FIM} NOM VAMISHIMNG PROVER wvs RESCALING PARAMETER

-

Y

L
W
=
]

L
"
=l
o

L
"
in
=

L
"
3
-

- a2

tet(FIMY FOR CHOSEN YALUES OF RESCALING PARAMETER

]

1.2 1.4 1.6 1.5 2z -3 a4 2.6 ZaE N

»
RESCALING PARAMETER
iTools .SubhashBose .comsgrapher

Figure 12. NVP is non-zero.

Figure 12 shows that det(FIM) is non-zero. For higher level values of n > 2, the case is always
true as it is obvious that the values of vy, (E) will be more increasing. This shows that the inverse

of Fisher Information Matrix of GBM exists. The remaining proof of (iii) follows.

It is notable to mention that all the novel findings in this paper involve digamma, Trigamma and
Tetragamma functions which indicates another physical importance of our breakthrough as it unifies
IG with (GBM) together with many other physical as well as mathematical sciences.

4.The a(OR V®)-Connection of (GBM)

By definition (2.4), we have

1- 1
MO0 G+ sw.() @)
F(a) F(“) F(a) 0(42)

11,2 12,1 21,1

(@ _(1-o) (@) (@)
L2552 802 =1 =T, (43)

(a—1)v
Loy (44)

Furthermore, the following expressions follow:
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1(0!) (d) ()
ry- = 1119 +F112g ,

which is after some lengthy calculations:

n = S8 G O = Gt n0) @9
= = n i = Y = o we)
= Y = s u)

O = SR G 0,0, MY = = G G 49

Z(a) 2@ _ Q-9 f 1 2(0) 200) _ _1 11 v
Fo” = Fo” = 8030 (_; _1/)1()) 2 = I 8AD2 (_;+ lel (;)) (4.9)

Z(a) (1-a) 200) 1 3 v
I’ = 32AD3( — 2 ( )) Iz = 32403 <9 2, (2)) (4.10)

Using the above derivations, the GEs of the (GBM) can be devised, which are the information
geometric equations of motion for the (GBM).

5. The GEs, the KD, and the JD of the (GBM). KD;gy and JDggy
By the definition, the GEs should take the form:

2pnk
a8 +r"(°)( )(d‘”)_ou  n (5.1)

GESy- reads as

e (dt) 137 (%)2 + (r WA 550)) (dt) (d:to) =062

Equation (5.2) presents a family of families of equations of motion of the rescaling parameter,
RP = v which are dependent on the values of both the parameters v and D,. One element of this
family could be obtained by assuming thatD, = 1.Thus,

d?v

dt? = 8aD3 (1/2

with A = det([gij]) 16D2( 1/)1( ) )

This transform (5.3) to be :
d?v 2v 11 v ()
P oo LRl (5) —oes
Atk =2, we have a family of families of equations of motion of the initial maximiser parameter,
IMP = D, which are dependent on the values of both the parameters v and D,. One element of this

L, (L) =063

family could be obtained by assuming thatv = 2(or equivalently,q = g)there is a second set of GEs
corresponding to the 2" coordinate D,, namely:

2
+(2¢ (1) 503 -4, (1)) (%) = 0(5.4)

By ¥,(1) = %2 , (5.4)will take the form:

d?p, 1 ) (dD0)2 B
T e @ -2 () =069)
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Using Rung-Kutta method of order 4, the numerical solution of (5.4) can be visualized for n =
10, as in Figure 13 below.

TEMPFORAL PATH OF THE RESCALING PARAMETER. 3 > q > 1

-

k

L
T
[

- FEG

L
T
[

«F12

L
T
b2

26

RESCALING PARAMETER, 3 > g > 1

L
T
b2

205

0.0z 0. 04 0. 06 0. 03 0.1 0.12 .14 0.16 0.15

! L
TIMECED

r

iTool s . .SubhashBose .comsgrapher
Figure 13. the temporal path of the rescaling parameter.

Following Figures 13 and 14, the analysis of the dynamics of both the position of information
theoretic rescaling parameter and its velocity shows an increase against time, which describes a form
of unbounded motion. This also justifies the physical concept of (GBM). This also allows us for first
time ever to capture the hidden dynamics of GBM from an IG viewpoint.

PATH OF 15T TEMPORAL DERIVATIVE OF RESCALING PARAMETER

15T TEMPORAL DERIVATIVE OF RESCALING PARAMETER

B
L

TIMECL>
iTool s ..SubhashBose comAgrapher

Figure 14. The temporal path of the velocity of the rescaling parameter.
Analysis of the dynamics of both the position of information theoretic initial maximize (IMP)

parameter and its velocity shows an increase against time in Figures 15 and 16, a description of a
form for an unbounded motion which justifies the physical concept of (GBM). Furthermore, the
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velocity of (IMP) decreases as time increase, which directly implies that the motion of the (IM)
parameter will reach rest point at a certain time elapse. This also allows us for first time ever to
capture the hidden dynamics of GBM from an IG viewpoint.

TEMPORAL PATH OF TNITIAL MAXTHMIZER PARAMETER. RP = 2
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Figure 15. The temporal path of the velocity of the initial maximizes parameter.
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Figure 16. The temporal path of the velocity of the initial maximizer parameter(IMP),
namely D,

Now, by (2.6), after some few algebraic calculations, the KD;py (p,7) reads as:


https://doi.org/10.20944/preprints202401.1827.v1

Preprints.org (Www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 January 2024 doi:10.20944/preprints202401.1827.v1

15

VPV rn)VEE W)(

o~ vr)

KGBM(Vp; Vr ;DOp; DOr) = (56)

L)
Moreover, in a similar fashion, the JDgpy(p,7) reads as
0. P(x:6p) =T (x:61))
;6. p
IDeeu(P,7) = KDgpu(p,7) + KDgpu(r,p) = In (%_91:))) # 0(57)
(5.7) presents contributes to revealing that GBM manifold is compressible or non-solenoidal.

Getting more deeper with our mathematical calculations,

Keem (Vp: V-, Doy, DOT) =

\/(2("1""T))r(”r)x/("p,,r)(["”’ )4 velr- Vp))r(”p)\/( )(DOT Ay,

v
pp

D e ) (5.8)
In what follows, we present some numerical experiments to illustrate the physical
interpretations of our new findings.
By Figures 17 and 18, the analysis shows that the underlying KD and ID of GBM are influenced
by the information theoretic impact of both rescaling and initial maximize parameters, v andD,This
is shown by the path continuity of the above graphs of coordinates as well as their temporal velocities.
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Figure 18.

6. Novel Investigation of the Mathematical Requirements of the developabality of (GBM),
Calculating 0-Gaussian Curvature of GBM, and Showing that RICCI CURVATURE (RC)
tENSOR of GBM is Non-Zero

In this section, new results providing under which mathematical requirements, GBM would be
developable and has a non-zero 0- Gaussian and Ricci curvatures. Also, a novel sufficient and
necessary conditions which characterizes the regions where the surface describing GBM is minimal
are determined.

Theorem 6.1 GBM manifold has:

i) A non-zero 0-Gaussian curvature. ii) A non-zero Ricci tensor. (iii) GBM is developable under
the Mong Patch Technique if the condition

v, (g) =4(6.1)

is satisfied.
(iv) The surface describing GBM is minimal if and only if it holds that

1 1 1
v=0or 8:73 = G2 +<9p3) -5 —w)? (6.2)

(v) GBM is developable under the Angular Technique for the first principal curvature,K;, if the
condition
Either v =0o0rD, = 0 or

DRAFVE -y (1)) = 03y (2) - 4D8 — ) VS — v, (D3 (2) - 4D3(63)
are satisfied

Proof

Case i), by definition (2.10), part i), it is enough to show that the a —Gaussian curvature
(@)
K@ = S22 4 0 (6.4)
det 9y

To this end, the Ri(;xk)l can be expressed by

R, = [(a,.rf,f“) - airj,f“))gsl + (rf;’l)r;g“) - rf;;%;,@)] Vi Ls,t =123, ...,n(65)
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@ _ I"l.(].‘;)gSk, ijks=12..,n

where I’ 5
In particular,

a 1(a 2(a a 2(a a 1(e a 2(a
Rgz)lz = [(az(rlg ) + Flg )) - al(rég ) + Fzg )))(912 + gzz) + (rgl,)Z Flg ) + FgZ,)Z Flg )) -

@ pila) | H(a) L2(0)
(TyypTo " + T, Ty )] (6.6)

Following some lengthy calculations, it could be verified that we obtain a family of families of
a —Gaussian curvatures determined by

RS - [(4;;;’(%1)‘_‘2)2) (o) (G +50:)+ () -9) (- 5:)

2

(210 ®) Q)+ 3 B))

(eran (@ = )Gz + 52 ()G — 3 GN67)

Here, a numerical experiment will indicate the required result without any loss of generality due
to the higher complexity of calculations.

e KO = 25 = S e () (O +20.0)
(1 )= (E-2.0)+ (- ) (O +1.0))+

1

G =5+ 5¥2 G =30 G (68)

For D, = 1, we obtain the following family of zero-Gaussian curvatures devised by

B = e (i) (D 0 12 0) (.0 -9) (5-20.0)
(- ) () +20.0))+

G =G +31 ()G = 3w (1) (6.9)
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Figure 19. How (RP), namely v impacts the 0-Gausian curvature for IMP = Dy = 1,n = 10.

R@
Hence, K® = ——1212_ ¢ non zero.
det(gij)
Case ii)To prove that Rl(,‘: ) is non-zero of Eqn(2.12)

We need to show that at least one component is a non-zero. Following (6.1), it can be verified

that Rg) is expressed by:

RO — 49_5) [(1 ¥, () 1 1) (n)+5.0)) + (50:0) (w0 +221)

1 Do(Vll’l( 4 Cp v Do(v‘l’l(g)—S)z Dg(wl(g)_s)

0 4DED¢_())5) () (. O + 20, ()) + (0, () -9)) (B - 2. ()) +

2

(=30 0)(nQ+20.) |+ LBl

The devised value of RE(P corresponding to D, =1,
s (@) 2oy ((G) | b
wp(3)-5 a1\ (vs(2)-s5)’ (v1(3)-5)

(Vw:é)‘s) (4(1;:;1(_5)_5)2 (_ %) (1/)1 G) + %‘/’2 G)) + ((vzpl (%) - 5)) (Viz _ glpz (g)) 4

Ly () ( (2) + 2 (9) R i 2 e 21 )] PPN
v 4 2 2 2 2

R = :

((3)-5)
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Figure 20. How v impacts Rﬂ) for Dy = 1,n = 10.
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Figure 20. How v impacts Rt for Dy =1,n=10.

It is observed that Rﬁ) is non-zero according to the curve. It would be zero. Whenever

(v, (%) -5) - = (612)

Following (1.13), (g) — oo if and only if n — . So, (6.12) holds if and only if n is infinite.

Therefore, Rﬁ) is everywhere non-zero unless n is infinite. This completes the proof.
The remaining components of the Ricci Curvature Tensor could be computed in a similar
fashion.

(iii) Following (2.21), K,

*f
ay?’

_ LM-M?
EG-F2’

. af af af a%f of
with E = (a)z,F = Bxay’G = (E)Z'L =@,M= E.N =

LN-M?
EG-F2

K; = (2.23)
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and its Mean Curvature is
1 ,LG-2MF+NE
=Gz ) 229
Uvapo o oo @y a*f _ o
with £ = ( - axay'G - (ay) ’ BxZ'M axy T ay2
Setting, x = v,y = Dpand f to be the potential function®(8)(c. f., (3.5)). It is immediate that,
= A N 2p= 1ty De= (22 =—1 M= =Y
E=Gm2+yG) —;— )% F = ——+29:,(.6 = (400) L= 4DO,M =0,N= 403(6’13)
By (2.23) and (6.13), clearly it follows that:
_ _20m(E)-m
6= G-y O
It can be seen from (6.13) that K; = 0 if and only if v, (E) = 4, which shows (iii).
To prove (iv), it suffices to show that the Mean Curvature H of (2.24) is zero, if and only if
1 1 1
v =_0or # = (5 In2 + ;1/)(%) -5~ nv)? (cf., (6.2))
After some lengthy calculations, it could be verified that
Bz G In2459()—5-tn)?)
H=—"" o S (6.15)
G m2ebw -3y (z) (=3 ())
Clearly, (iv) follows from (6.15).
) we have K, = L , K, = —22 (c.£.,(2.27)),

ar Ly A+GEDD?

f to be the potential function®(8)(c. f., (3.5)).
After some manipulation, it could be verified that

af 1 1 1 .
L =(Gm2+1y (g) — 2~ Inv) cosC + (G)sinCd (6.16)
a 1 .
anO (G 2+ 39 (3) =3 — ) sinCO — (35)c0sCD (6.17)
1 1 inCO (0¢] Q
Buy = (=450 (%)) cos?e0 + 5204 D (6.1)

v sinCIcosC) | cos?CD
B,, = ( Lily, (2)) sin?C) — 0 1 92D (6.19)

a2 f
~2(Gy55
We also have, tan2C) = azfa le)}? (c.f., (2.32)). This directly implies that,
9v2 apZ
2tanCO 2vD
——— = tan2® = - 6.20
1—tan?Cd (Dél[)l(g)—él-Dg—vz) ( )

The developability of GBM is satisfied if and only if K; = 0 or if either K; = 0o0or K, =0.
Choosing K; = 0. Consequently, B;; = 0. Clearly, it follows that:

tan?d + 222 tanC) = 4D°< 9, (3 ))(621)

Hence, tanCd = —22(1FV(5 — v, (g))) (6.22). thus, it is obtained by linking (6.20) and (6.21),
that
0(1+\/(5 Wlll(%) _ 2vDq
1—(70(1+\/(5—vl/)1(%))))2 05wy (3)- aDG-v)'

(6.23)
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1 o awe-wy (3

6.23) implies = 0,0rDg =0 , or -
(623)implies =000 =0 OF Gy G-aivm  Dawia-wr (e

(6.24).

1 o amE-v (3
D5p1(3)-4D5—v2)  DFATV(s-vip, (3))2—v2

implies

DG(1 FV(5 - viPy (g)))z —v? = (D¢, (g) — 4D§ —v*) AFV(5 —vip, (3))) (6:25)
Thus,
DFAFVE vy (1)) = 0ws (2) - 4DE —v2) PV - vp, (D3 (%) - 4D3

(6.26)
This completes the proof.

7. The Exponential Matrix of the FIM of GBM (ef/Mssmom)

d
Theorem 7.1 ef™MéeBMemM golyes d—i = Ax.

Proof
Recalling that GBM’s FIM ,[gi j] reads

1 1 1%
—-+ G o
1

[gij] =

4D, 4D2

Rewriting [g;;] in a simpler form,

lgi] = (a f).a=—%+llll1(v ,b=—L,C= ﬁ%z)(7.2)

b 4
— — — a—46 b — 2 2\—
If ®(5) = (6) = det([g;;] — 81) = det ( P a) =0, then 62— (a+ )8 + (ac — b2)=0.
Therefore,
_ (a+o)ty/(aZ+c?+4b%—2ac)
812 = >
Hence
64 0 D ed1 0
p-(o 5)e= (5 o
(a+c)++/(a2+c2+4b%-2ac) . . 1 1
For 6,, = 2 , the corresponding eigen vectors are( s,-a) )., | (@,-a) ) .Clearly,
b b
follows that the matrix
1 1
T=| G- -0 | (74)
b b

Thus, efMeBMaeM reads:
(61—a)

1 1 5 -1
FIM _ Dp-1 _ _ 1 - B e‘1 0 b
efMgeMom = TePT-1 = dotD) <(51b ) (62b a)>< 0 652) @) 4 (7.5)

det(T) = (a—c¢)®>+4b*#0
By (7.5), the required statement is obtained.

8. Conclusions and Future Work

From the perspective of IG, GBM is described, and KD and J-D, the GEs, were established.
Additionally, the GBM's matrix exponential of information is developed. This work creates new
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avenues for research by establishing connections between queueing theory and a wide range of other
mathematical fields, including matrix theory, differential geometry, and information theory. In
particular, the addition of geometric ties between queueing theory and information allows one to
revealing a ground-breaking unified relativistic and of Riemannian geometric analysis of queue
manifolds [3,4,7]. This paper's contributions suggest several potential study directions for the new
applications of information geometry, such as using information geometrics on different statistical
manifolds to further advance many existing physical phenomena.

Appendix

The following material [72,73,74] as it is needed to carry out mathematical analysis.
Rung-Kutta Method of Order 4
Having the simultaneous equations,

d da
Z=Fxyu (Al), == Gxyw) (A2)

where y and u are prescribed when x = x,. In particular, the Rung-Kutta Method of order 4,
generalizes the numerical solutions of (A.1) as follows:

Yot = Yn + = (ko + 2k + 2k, + k3) + 0(h%) (A.3)

Uy = Up +%(Tn0 +2m; + 2m, + m3) + 0(h®)(A4)
with kg = hF (x, Y, Uy), (A.5)
1 1 1 1 1 1
ki = hF (xn + Eh'y” +§ ko, uy +§ mo> ,(A.6)k, = hF (xn +§h,yn +§ ki, up +§ ml) ,(A.7)
ks = hF(x, + by, + ky, uy, + my), (A.8) my = hG (xp, Y, Uy), (A.9)my

1 1 1
= hG (xn+zh,yn+z kO'un+E mo),(A.lo)

1 1 1
m, = hG (xn + ih,yn + > ki, u, + 3 ml), (A.11) mg = hG(x, + h,y,, + ko, uy, + my), (A.12)
In particular, when F = u, so that (A.1) and (A.2) are equivalent to
d%y _ dy _ ady
2 =6(xy2)u="2 (A13)

After some manipulation, it is implied that

., h
Ynr1 = Yo+ hyn + 2 (Mg +my +my) + 0(h°)(A.14)
Va1 = Y+ (Mo + 2my + 2m;, +my) + 0(h%)(A.15)
. ' 1 1 ' ’ 1
withmy = hG(x,, Y, ¥p), (6.17) my = hG (xn TSRy + Ay v +3 mo) ,(4.18)
1 1 1 1
m, = hG (xn +§h,yn +§hy,’l +Z h mgy, vy, +§ ml),(A. 19) ms

1
= hG(xn+h,yn+hy,!L +§ hmy ,y, + mz),(A.ZO)

The use of this formula is clearly simplified in those cases when G is independent of y,.
Thus, the local truncation[74]error (the error induced for each successive stage of the iterated

algorithm) will behave like Error = Ch*for some constant C. Here C is a number independent of h,
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but dependent onx, and the fourth derivative of the exact solution) at x,(the constant factor in the

error term corresponding to truncating the Taylor series fory(x, + k) about x, at order h*.
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