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Article 

A Theory of Everything: When Information 
Geometry Meets the Generalized Brownian Motion 
and the Einsteinian Relativity 

Ismail A Mageed 

School of Computer Science, AI, and Electronics, University of Bradford, United Kingdom; 
drismailamageed@yahoo.com 

Abstract: Information geometry (IG) is a fascinating combination of differential geometry and statistics where 
a Riemannian manifold's structure is applied to a statistical model. It may find numerous fascinating uses in 
the domains of theoretical neurology, machine learning, complexity, and (quantum) information theory, 
among others. (IG) aims to provide a differential-geometric perspective on statistical geodesic models' 
structure. In this case, IG, KD, and J-divergence (JD) are used to define the manifold of the Generalised 
Brownian Motion (GBM). Consequently, the geodesic equations (GEs) are devised, and GB information matrix 
exponential (IME) is presented. Moreover, for first time ever, the necessary and sufficient mathematical 
requirement that characterizes the developability of Generalized Brownian Motion(GBM) manifold is devised. 
Also, a novel sufficient and necessary conditions which characterizes the regions where the surface describing 
GBM is minimal is determined. Also, it is shown that GBM has a non-zero 0-Gaussian and Ricci curvatures. 
Consequently, this advances the establishment of a unified GBM- Relativistic Info-Geometric based analysis. 

Keywords: Generalized Brownian Motion (GBM); probability density function (PDF); matrix 
exponential of A (𝑒஺); (geodesic equations (GEs) 

 

1. Introduction 

1.1. Information Geometry 

Stochastic control, neural networks, statistical inference, and other study domains have all made 
extensive use of information geometry (IG) [1].To put it another way, IG seeks to integrate statistics 
with differential geometry (DG) methods. Applying non-Euclidean geometry approaches and 
techniques to probability theories and stochastic processes is, thus, the central premise of IG. A 
topological finite dimensional Cartesian space,  ℝ௡ , where one possesses an infinite-dimensional 
manifold, is called a manifold [2-4]. The challenge of making decisions can be applied to the 
parameter inference 𝜃෠ of a model based on data in Figure 1. 

 

Figure 1. SM’s parametrization [1]. 

Matrix exponential plays a significant role in Lie groups theory [5,6]. From a visual perspective, 
Figure 2 portrays the geometric representation of geodesics on curved surfaces. 

Disclaimer/Publisher’s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and 
contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting 
from any ideas, methods, instructions, or products referred to in the content.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 25 January 2024                   doi:10.20944/preprints202401.1827.v1

©  2024 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202401.1827.v1
http://creativecommons.org/licenses/by/4.0/


 2 

 

 

Figure 2. Geodesics on curved surfaces geometric representation (c.f., [7]). 

Einstein's theory of classical general relativity (GR) holds that objects travel along a geodesic in 
a curved space-time that extremizes the proper time between two locations. A geodesic, which 
reduces the distance between two places, is also known as a "straight line on a curved surface." 

1.2. Generalized Brownian Motion (GBM) 

Simple physical systems’ internal diffusion was firstly defined by Einstein [8-39].  
The Tsallisian entropic measure in discrete domain reads: 𝐻௤  =  ଵ(௤ିଵ) (1 − ∑ (𝑝(𝑛))௤)ஶ௡ୀଵ  (1.1) 

where 𝑝(𝑛)  is the probability of being in the 𝑛௧௛  state. In the limit 𝑞 → 1 , the Tsallis entropy 

reduces to the Boltzmann-Gibbs entropy.  

The Tsallisian entropic measure in continuous domain reads:[40-42] 𝐻௤(𝑋) =  ଵ௤ିଵ (1 − ∫ [𝑓௑(𝑥)]௤ஶିஶ  𝑑𝑥) (1.2) 

where 𝑓௑(𝑥) is PDF(𝑋) PDF௤ିீ௔௨௦௦௜௔௡ reads 𝑓(𝑥) =  ඥఉ஼೜ 𝑒௤(−𝛽𝑥ଶ) (1.3) 

with 

𝑒௤(𝑥) =  [1 + (1 − 𝑞)𝑥]ଵ (ଵି௤)ൗ  (1.4) 

is called the q-exponential, 𝐶௤ is a normalization constant, and 𝛽 > 0 is a scale parameter, and 𝑞, 1 < 𝑞 < 3 finetunes extensivity, for a distributional similarity scaling 𝛽 =  ఔାଵଶఔ =  ଵଷି௤.  

1.3. Random Diffusivity [41] 

Looking at 𝑑𝑋(𝑡) =  𝜈𝑑𝑡 + √𝐷𝑑𝐵(𝑡) (1.5) 

where 𝐵(𝑡) is a Brownian motion, and D is a random variable that is independent of 𝐵(𝑡). If the 

probability density function, 𝑓஽(𝑥), of D is given by :  𝑓஽(𝑥) =  𝛿(𝑥 − 𝐷଴) (1.6) 
D is a constant. Suppose that [43]: 𝐷 ∼ 𝐷଴൫𝜈 𝑉ൗ ൯ଶ ≡  𝑔(𝑉) (1.7) 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 25 January 2024                   doi:10.20944/preprints202401.1827.v1

https://doi.org/10.20944/preprints202401.1827.v1


 3 

 

𝑋(𝑡) − 𝑋(0) − 𝜈𝑡 ∼ √𝐷𝑡𝑍 (1.8) ∼ ඥ𝐷଴𝑡 ௓௏ ఔൗ  (1.9) 

Most importantly, (1.7) can be re-written as: 𝑓஽(𝑥) =  𝑓௏(𝑔ିଵ(𝑥)) ฬ 𝑑𝑑𝑥 𝑔ିଵ(𝑥)ฬ 
= ஽బ(ഌర)ఔ(ഌమ)௫ష(ഌరశభ)ଶቀഌమశభቁ୻(ഌమ) 𝑒(ିഌඥವబమ√ೣ )

 (1.10) 

 

Figure 3. Several plots of 𝑓஽(𝑥)for several combinations of 𝑞, 𝜈 =  3−𝑞𝑞−1 and 𝐷଴(c.f. [41]). 

An idealised approximation to real random dynamics, known as Brownian motion, has been the 
subject of intense research over an extended temporal period [44–56]. A numerical simulation of a 
particle's route is shown in Figure 4. 

 

Figure 4. (c.f., [57]). 

1.4. Polygamma functions  

The classical Euler gamma function may be defined for by ℜ(𝑧) > 0 by Γ(𝑧) =  ∫ 𝑦௭ିଵஶ଴ 𝑒ି௬𝑑𝑦 (1.11) 

The digamma function, 𝜓(𝑧) reads as:  𝜓(𝑧) =  ௗௗ௭ ൫𝑙𝑛Γ(𝑧)൯ =  ୻ᇲ(௭)୻(௭)  , 𝜓(1) =  −𝑒 (1.12) 
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The derivatives 𝜓ᇱ(𝑧) 𝑎𝑛𝑑 𝜓ᇱᇱ(𝑧)(𝜓ଵ(𝑧) 𝑎𝑛𝑑 𝜓ଶ(𝑧)𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦) are called the trigamma and 
tetragamma functions respectively.  

The Trigamma function, 𝜓ଵ(𝑧) is determined by[58] 𝜓ଵ(𝑧) =  ∑ ଵ(௡ା௭)మஶ௡ୀ଴  (1.13) 

where 𝜓ଵ(𝑧)satisfies𝜓ଵ(1) =  𝜋ଶ6  (𝑐. 𝑓. , [58]) 

clearly, 𝜓ଶ(𝑧) solves (1.13) [59] 𝜓ଶ(𝑧) =  −2 ∑ ଵ(௡ା௭)యஶ௡ୀ଴  (1.14) 

This paper contributes to: 
• The above discussion clearly demonstrates the significance of our novel approach as using the 

powerful tool of IG will open new grounds by looking for the first time (GB) as a manifold, by 

which we will directly determine visualization of (GBM) and searching in more depth for the 

temporal paths of the parameters of (GBM). Furthermore, IG technique is used to analyse (GBM) 

as well as the derivation of the corresponding curvature tensors, which physically describe the 

geometric shape of (GBM). More importantly, this clarifies the fact that Ig provides such an 

analysis of (GBM) which is impossible to be done by any other mathematical approach. 

• The new discovery of the informational geometric equations of motion (IGEMs) for (GBM)as 

well as obtaining the solutions of these equations.  

• Further advancements in the current paper are made by providing the information theoretic 

impact on the devised path of motion characterizing IGEMs. 

• Included are the physical applications and explanations of Gaussian and Ricci curvatures. 

• Providing a cutting-edge method for using computational information geometry to visualise 

queueing systems that has been suggested. 

• The creation of a novel quantitative approach to ascertain GBM’s temporal dynamics for the first 

time ever. 
The rest of this paper is organised as follows: Section 2 presents preliminary definitions 

associated with (IG). The FIM and its inverse as well as the Fisher information metric for the 
Generalized Brownian Motion Manifold (GBM) are introduced in Section 3. The 𝛼(or ∇(஑))-connection 
of the Generalized Brownian Motion Manifold (GBM)is obtained in Section 4. The GEs, KD and JD 
(c.f., [60]) of the Generalized Brownian Motion Manifold (GBM) are obtained in Section 5, numerical 
solutions to the devised GEs are obtained by using Rung-Kutta method of order 4 and numerical 
experiments are determined to illustrate the physical interpretations of our solutions. The structured 
proofs of calculating the 0-Gaussian curvature as well as the investigation of the developability of 
Generalized Brownian Motion Manifold (GBM) and showing that GBM has a non-zero Ricci 
curvature (RC) tensor are devised in Section 6. The exponential matrix analysis of the Generalized 
Brownian Motion Manifold (GBM) is obtained in Section 7. Conclusions and future research 
directions are included in Section 8. Full illustration of Rung-Kutta method of order 4 is provided in 
the Appendix. 

2. Main Definitions in IG 

2.1. Preliminary Definitions  

Definition 2.1 Statistical Manifold (SM)  

An SM is referred to as 𝑀 = {𝑝(𝑥, 𝜃)|𝜃 ∈ Θ}[60],with a probability density function 𝑝(𝑥, 𝜃), and 𝜃 = (𝜃ଵ, 𝜃ଶ, . . , 𝜃௡) ∈ Θ as the manifold M’s coordinates. 
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Definition 2.2 Potential Function 

The potential function Φ(𝜃) (c.f., [60]) is the coordinates only part of (−𝑙𝑛 ((𝑝(𝑥, 𝜃)) (c.f., (2.1)). 

Definition 2.3 FIM, namely [𝒈𝒊𝒋] 
[𝑔௜௝](c.f., [61]) reads as:  ൣ𝑔௜௝൧ = ൤ பమபఏ೔ பఏೕ ൫Φ(𝜃)൯൨ , 𝑖, 𝑗 = 1,2, … , 𝑛 (2.1) 

Definition 2.4 FIM’s inverse 

[𝑔௜௝] inverse (c.f.,[60]) reads as:  

[𝑔௜௝] = ([𝑔 ௜௝]) )ିଵ =  ௔ௗ௝ൣ௚೔ೕ൧∆ , ∆= detൣ𝑔௜௝൧ (2.2) 

The arc length function reads : (𝑑𝑠)ଶ =  ∑ 𝑔௜௝௡௜,௝ୀଵ (𝑑𝜃௜)(𝑑𝜃௝) (2.3) 

Definition 2.5 𝜶-Connection, 𝛁(𝛂), 𝛼 ∈ ℝ [61] ∇(஑) reads Γ௜௝,௞(ఈ) = (ଵିఈଶ )(𝜕௜𝜕௝𝜕௞(Φ(𝜃))) (2.4) 

Definition 2.6 Kullback’s Divergence (KD), 𝑲𝒑,𝒒 𝐾(𝑝, 𝑟)(c.f., [60]) reads as : 𝐾(𝑝, 𝑟) =  ∫ 𝑝൫𝑥; 𝜃௣൯𝑙 𝑛 ቀ௣൫௫;ఏ೛൯௥(௫;ఏೝ)ቁ 𝑑𝑥 (2.5) 

The J-divergence reads as : 𝐽(𝑝, 𝑟) =  ∫ (𝑝൫𝑥; 𝜃௣൯ − 𝑟(𝑥; 𝜃௥) ) 𝑙 𝑛 ቀ௣൫௫;ఏ೛൯௥(௫;ఏೝ)ቁ 𝑑𝑥 (2.6) 

Definitions 2.7 Geodesic Equations (GEs)  

1. The GEs of manifold M with coordinate system 𝜃 = (𝜃ଵ, 𝜃ଶ, . . , 𝜃௡) c.f., [60]) are defined by  ௗమఏೖௗ௧మ + 𝛤௜௝௞(଴) ቀௗఏ೔ௗ௧ ቁ (ௗఏೕௗ௧ ) =,𝑖, 𝑗 =  1,2, … , 𝑛,𝛤௜௝௞(ఈ) =  𝛤௜௝,௦(ఈ)𝑔௦௞, i, j, k, s = 1,2, ..., n (2.7) 

2.[60] A path 𝜃 =  𝜃(𝑡) minimising the total energy 𝐸 = 𝐸(𝜃) must satify : ௗௗ௧ ൭ డమ௅డ(೏ഇೕ೏೟ )൱ − డడఏೕ = 0 (2.8) 

FIM’s inverse defines  𝑔௜௝ (IM) so that : ∑  𝑔௜௞௡௞ୀଵ  𝑔௞௝ =  𝛿௜௝ (2.9) 

where 𝛿௜௝ = ൜1,  𝑖 = 𝑗0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 (c.f., [60]) 

5. Lemma [60] GEs are the equations of motion  𝐿 = 𝐿 ൬𝜃, 𝑑𝜃𝑑𝑡 ൰ 

Such that ௗమఏ೔ௗ௧మ + ∑ Γ௝,௞௜ ቀௗఏೕௗ௧ ቁ ቀௗఏೖௗ௧ ቁ = 0௡௝,௞ୀଵ  (2.10) 

Hence, GEs are interpreted physically as the information geometric equations of motion 
(IGEMs). 
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Definition 2.8 

1. The 𝛼 − curvature RiemannianTensors,  𝑅௜௝௞௟(ఈ) (c.f., [58]) are defined by   𝑅௜௝௞௟(ఈ) = ൣ൫𝜕௝𝛤௜௞௦(ఈ) − 𝜕௜𝛤௝௞௦(ఈ)൯𝑔௦௟ + ൫𝛤௝௧,௟(ఈ)𝛤௜௞௧(ఈ) − 𝛤௜௧,௟(ఈ)𝛤௝௞௧(ఈ)൯൧ (2.11) 

where 𝛤௜௝௞(ఈ) =  𝛤௜௝,௦(ఈ)𝑔௦௞  

2.  𝑅௜௞(ఈ) define the Ricci tensors (c.f.,[58]),   𝑅௜௞(ఈ) =  𝑅௜௝௞௟(ఈ) 𝑔௝௟ (2.12) 

3. 𝐾௜௝௜௝(ఈ) reads as (c.f.,[60]) 𝐾௜௝௜௝(ఈ) =  ோ೔ೕ೔ೕ(ഀ)(௚೔೔)൫௚ೕೕ൯ି(௚೔ೕ)మ (2.13) 

 𝐾ଵଶଵଶ(ఈ)  = 𝐾(ఈ) defines the 𝛼 Gaussian curvature (c.f., [60]) 𝐾(ఈ) =  ோభమభమ(ഀ)ௗ௘௧൫௚೔ೕ൯ (2.14) 

4. The Ricci Tensor (c.f.,[60]) defines the contraction of  𝑅௜௝௞௟(ఈ)  (c.f.,[60]).  
5. The difference between a geodesic ball's volume on the surface and its volume in Euclidean 

space is known as the oriented Riemannian Manifold M ’ s Ricci curvature Tensor (c.f., [62]). 
6. The volumes’ evolution is contracted by the Ricci curvature RC) (c.f., [63]). The Bonnet Myers 

theorem (c.f., [64]) states that when Ricci curvature is positive, the Riemannian manifold has a smaller 
diameter and is more positively curved than a sphere. 

 

 

Figure 5. Visualizing Ricci curvature (c.f., [65]). 

Definition 2.9 [66] 

1. Given a n-dimensional vector 𝑥 is and A is a nxn matrix, such that ௗ௫ௗ௧ = 𝐴𝑥 (2.15)  𝑒஺  reads:   𝑒஺ = ∑ ஺೔௜!ஶ௜ୀ଴ =  𝐼 + 𝐴 + ஺మଶ! + ⋯ + ஺ೖ௞! +.... (2.16) 

solves (2.15). 
2. Let  Φ(𝛿) = det(A − δI)(2.17) Φ(𝛿) = 0 (2.18) 
The solution of (2.18) are referred to as A’s eigen values such that:  𝐴𝑥 =  𝛿 𝑥 (2.19) 
Notably,  𝑒஺  may be re-written as:   𝑒஺ = 𝑇 𝑒஽ 𝑇ିଵ (2.20) 
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where D is the diagonal matrix of eigen values of A, and T is matrix having of the corresponding 

eigen vectors of A as its columns. 

Definition 2.10 

A unique type of ruled surface known as a developable surface has a Gaussian curvature of 0 
and can be mapped onto a plane surface without causing any curve distortion; a curve drawn from 
such a surface onto a flat plane stays the same (c.f., [67]). 

 

Figure 6. Three kinds of developable surfaces: Tangential on the left, Conical on the centre and on the 
right, Cylindrical (c.f., [67]). 

In the following, a brief overview of Gaussian and Mean Curvatures (c.f.,[68]). 

2.2. Gaussian and Mean Curvatures[68] 

Definition 2.11 (Mong Patch Technique) 

1.Let 𝐾ଵ and 𝐾ଶ be the principal curvatures of a surface patch 𝛿(𝑢, 𝑣). The Gaussian Curvature 𝐾ீ of 𝛿 is  𝐾ீ = 𝐾ଵ𝐾ଶ (2.21) 

and its Mean Curvature is  𝐻 = ଵଶ (𝐾ଵ + 𝐾ଶ) (2.22) 

2. For a Mong patch 𝑧 = 𝑓(𝑥, 𝑦), 𝐾ீand 𝐻 are given by  𝐾ீ = ௅ேିெమாீିிమ  (2.23) 

and its Mean Curvature reads 𝐻 = ଵଶ (௅ீିଶெிାோாீିிమ ) (2.24) 

with 𝐸 =  (డ௙డ௫)ଶ, 𝐹 =  డ௙డ௫డ௬ , 𝐺 =  (డ௙డ௬)ଶ, 𝐿 = డమ௙డ௫మ , 𝑀 =  డ௙డ௫௬ , 𝑁 =  డమ௙డ௬మ 

2.2.1. Classification of Surface Points 

The physical interpretation of the sign of 𝐾ீ at a point r on a surface S is: 
1. 𝑲𝑮 > 0 The principal curvatures 𝐾ଵ and 𝐾ଶ have the same sign at r . An illustrative example 

is given by Figure 7. 
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Figure 7. The elliptic paraboloids 𝑧 =  𝑥ଶ + 2𝑦ଶ(𝑡𝑜 𝑡ℎ𝑒 𝑙𝑒𝑓𝑡) 𝑎𝑛𝑑 𝑧 =  𝑥ଶ − 2𝑦ଶ  (to the right) (c.f., 
[68]). 2. 𝑲𝑮 > 0 The principal curvatures 𝐾ଵ and 𝐾ଶ have opposite signs at r.  𝟑. 𝑲𝑮 > 0 , point in the plane and the origin of a monkey saddle 𝑧 =  𝑥ଷ − 3𝑥𝑦ଶ as in Figure 8, 

are both planar points, but they have quite different shapes. 

 

Figure 8. (c.f., [68]). 

A torus as shown in Figure 9. Minimal surfaces have Gaussian curvature 𝐾ீ ≤ 0. The catenoid 
in Figure 10 is a minimal surface. 

 

Figure 9. (c.f., [68]). 

 

Figure 10. (c.f., [68]). 
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2.3. Different Approach to Gaussian and Mean Curvatures (Angular Technique)[69] 

A new formulation (c.f., [69]) is introduced for Gaussian Curvature 𝐾ீand the Mean Curvature is 𝐻 are defined as  𝐾ீ = 𝐾ଵ𝐾ଶ (2.25) 

and 𝐻 = ଵଶ (𝐾ଵ + 𝐾ଶ) (2.26)  with 𝐾ଵ and 𝐾ଶ as the principal curvatures are determined by: 𝐾ଵ =  ஻భభ(ଵା( ങ೑ങೣభᇲ )మ)యమ , 𝐾ଶ =  ஻మమ(ଵା( ങ೑ങೣమᇲ )మ)యమ (2.27) 

where 𝑥ଷ = 𝑓(𝑥ଵ, 𝑥ଶ) defines the shape of the surface. 𝑥ଵᇱ  and 𝑥ଶᇱ  are parallel to the directions of the 

principal curvature, which are rotated through an angle Ꙍ with respect to 𝑥ଵand𝑥ଶ, and డ௙డ௫భᇲ = 𝑐𝑜𝑠Ꙍ డ௙డ௫భ − 𝑠𝑖𝑛Ꙍ డ௙డ௫మ (2.28) 

డ௙డ௫మᇲ = 𝑠𝑖𝑛Ꙍ డ௙డ௫భ + 𝑐𝑜𝑠Ꙍ డ௙డ௫మ (2.29) 

𝐵ଵଵ = డమ௙డ௫భమ 𝑐𝑜𝑠ଶꙌ − 2 డమ௙𝜕𝑥1𝜕𝑥2 𝑠𝑖𝑛Ꙍ𝑐𝑜𝑠Ꙍ + డమ௙డ௫మమ 𝑠𝑖𝑛ଶꙌ =  డమ௙డ௫భᇲమ(2.30) 𝐵ଶଶ = డమ௙డ௫భమ 𝑠𝑖𝑛ଶꙌ + 2 డమ௙𝜕𝑥1𝜕𝑥2 𝑠𝑖𝑛Ꙍ𝑐𝑜𝑠Ꙍ + డమ௙డ௫మమ 𝑐𝑜𝑠ଶꙌ =  డమ௙డ௫మᇲమ(2.31) 

𝑡𝑎𝑛2Ꙍ =  −2( ങమ೑𝜕𝑥1𝜕𝑥2)(ങమ೑ങೣభమ−ങమ೑ങೣమమ) (2.32) 

Where structures appear on a surface is indicated by a Gaussian curvature contour map. A surface is 

considered to have twofold curvature if both of its primary curvatures are non-zero [70]. 

 
Figure 11. (c.f., [69]). (a) 𝐾ீ> 0, (b) 𝐾ீ  = 0 and (c) 𝐾ீ <0. 

This paper contributes to: 
i) The FIM and its inverse as well as the FIM for (GBM) are introduced.  
ii) A novel GBM’s ∇(஑) [61] are devised. These novel derivations are used to determine the GEs 

for the coordinates of (GBM). These equations are considered as analogues to the equations of motion 
in dynamics. In other words, the information geometric equations of motion are devised for the 
coordinates of the (GBM) manifold. iii) The GEs, the KD, and the JD of (GBM) are determined. iv) 
(GBM) could be compressible or non-solenoidal(for a more detailed survey, consult [71]). Moreover, 
for first time ever, the necessary and sufficient mathematical requirement that characterizes the 
developability of GBM manifold is devised. Also, a novel sufficient and necessary conditions which 
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characterizes the regions where the surface describing GBM is minimal is determined. v) The 
exponential of the FIM for GBM solves ௗ௫ ௗ௧ = Ax.  

3. The Fim and Its Inverse for (GBM) 

Theorem 3.1 For GBM manifold, we have  

(i)The FIM is given by:  

[𝑔௜௝] = ቌ− ଵఔ + ଵସ 𝜓ଵ(ఔଶ) − ଵସ஽బ− ଵସ஽బ ఔସ஽బమ ቍ (3.1) 

(ii) (𝑑𝑠)ଶ= (− ଵఔ + ଵସ 𝜓ଵ(ఔଶ))(𝑑𝜈)ଶ − ଵସ஽బ (𝑑𝜈)(𝑑𝐷଴) + ఔସ஽బమ (𝑑𝐷଴)ଶ (3.2)  

(iii) IFIM reads as: 

[𝑔௜௝] = ([𝑔௜௝]) )ିଵ =  ௔ௗ௝ൣ௚೔ೕ൧∆  

=ଵ୼ ቌ ఔସ஽బమ ଵସ஽బଵସ஽బ − ଵఔ + ଵସ 𝜓ଵ(ఔଶ)ቍ (3.3) 

with Δ =  ଵଵ଺஽బమ (𝜈𝜓ଵ ቀఔଶቁ − 5) 

Proof 

(i)We have𝑓஽(𝑥)= = ஽బ(ഌర)ఔ(ഌమ)௫ష(ഌరశభ)ଶቀഌమశభቁ୻(ഌమ) 𝑒(ିഌඥವబమ√ೣ )(c.f., (1.10) ℒ(𝑥; 𝜃) = 𝑙 𝑛൫𝑓஽(𝑥; 𝜃)൯  = (−𝑙 𝑛 Γ ൬𝜈2൰ − ൬1 + 𝜈2൰ 𝑙𝑛2 − ൭− 𝜈ඥ𝐷02√𝑥 ൱ + 𝜈4 𝑙𝑛𝐷0 + 𝜈2 𝑙𝑛𝜈 − (1 + 𝜈4)𝑙𝑛𝑥),  𝜃 =  (𝜃ଵ, 𝜃ଶ)  = (𝜈, 𝐷଴) (3.4) Φ(𝜃) = (𝑙 𝑛 Γ ቀ𝜈2ቁ + ቀ1 + 𝜈2ቁ 𝑙𝑛2 − 𝜈4 𝑙𝑛𝐷0 − 𝜈2 𝑙𝑛𝜈), (3.5) 

Thus, 𝜕ଵ =  డ஍డఔ = (ଵଶ  𝑙𝑛2 + ଵ ଶ 𝜓(𝜈2)− ଵଶ − 𝑙𝑛𝜈) (3.6) 

𝜕ଶ =  డ஍డ஽బ =  − ఔସ஽బ (3.7) 

𝜕ଵ𝜕 ଵ =  డమ஍డఔమ =  − ଵఔ + ଵସ 𝜓ଵ(ఔଶ) (3.8) 

𝜕ଵ𝜕ଶ =  𝜕ଶ𝜕ଵ = − ଵସ஽బ (3.9) 

𝜕ଶ𝜕ଶ =  ఔସ஽బమ (3.10) 

Therefore, the FIM is given by [𝑔௜௝] = ቌ− ଵఔ + ଵସ 𝜓ଵ(ఔଶ) − ଵସ஽బ− ଵସ஽బ ఔସ஽బమ ቍ (c. f.,(3.1)), which proves (i). 

(ii) is immediate. 
(iii) We must show that: 
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Δ = det൫ൣ𝑔௜௝൧൯ =  116𝐷଴ଶ ቀ𝜈𝜓ଵ ቀ𝜈2ቁ − 5ቁ ≠ 0.  
If 𝑞(1 < 𝑞 < 3), 𝜈 =  ଷି௤௤ିଵ, then the extensivity of 𝜈  follows, and 𝜈 > 1. Assuming that Δ =det൫ൣ𝑔௜௝൧൯ =  ଵଵ଺஽బమ ቀ𝜈𝜓ଵ ቀఔଶቁ − 5ቁ = 0. Then, without loss of generality, let 𝑛 = 1 in (1.13).Hence, it 

follows by the assumption that: ቀ𝜈𝜓ଵ ቀఔଶቁ − 5ቁ = (𝜈 ቆ ଵቀഌమቁమ + ଵቀଵାഌమቁమቇ − 5) = 0 (3.11) 

Therefore,  5𝜈ଷ + 12 𝜈ଶ + 4𝜈 − 16 = 0 (3.12) 
Let’s call 5𝜈ଷ + 12 𝜈ଶ + 4𝜈 − 16, the non- vanishing prover(NVP). More importantly, NVP≠ 0 

(see Figure 12), debunking (3.12), that is :  Δ = det൫ൣ𝑔௜௝൧൯ =  116𝐷଴ଶ ቀ𝜈𝜓ଵ ቀ𝜈2ቁ − 5ቁ ≠ 0.  

 

Figure 12. NVP is non-zero. 

Figure 12 shows that det(FIM) is non-zero. For higher level values of 𝑛 ≥ 2, the case is always 

true as it is obvious that the values of 𝜈𝜓ଵ ቀఔଶቁ will be more increasing. This shows that the inverse 

of Fisher Information Matrix of GBM exists. The remaining proof of (iii) follows. 
It is notable to mention that all the novel findings in this paper involve digamma, Trigamma and 

Tetragamma functions which indicates another physical importance of our breakthrough as it unifies 
IG with (GBM) together with many other physical as well as mathematical sciences. 𝟒. 𝐓𝐡𝐞 𝜶(OR 𝛁(𝛂))-Connection of (GBM) 

By definition (2.4), we have Γଵଵ,ଵ(ఈ) =
(ଵିఈ)ଶ ( ଵఔమ + ଵ଼ 𝜓ଶ(ఔଶ)) (4.1) Γଵଵ,ଶ(ఈ) = Γଵଶ,ଵ(ఈ)  = Γଶଵ,ଵ(ఈ) = 0 (4.2) Γଵଶ,ଶ(ఈ) =
(ଵିఈ)଼஽బమ  = Γଶଶ,ଵ(ఈ) = Γଶଵ,ଶ(ఈ)  (4.3) 

Γଶଶ,ଶ(ఈ) =
(ఈିଵ)ఔସ஽బయ  (4.4) 

Furthermore, the following expressions follow: 
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𝛤111(𝛼) =  𝛤11,1(𝛼) 𝑔11 + 𝛤11,2(𝛼) 𝑔21, 

which is after some lengthy calculations: 𝛤111(𝛼) =  (1−𝛼)𝜈8Δ𝐷02 ( 1𝜈2 +  18 𝜓2(𝜈2)), 𝛤111(0) =  𝜈8Δ𝐷02 ( 1𝜈2 +  18 𝜓2(𝜈2)) (4.5) 

𝛤121(𝛼) =  𝛤211(𝛼) = (1−𝛼)32Δ𝐷03  , 𝛤121(0) =  𝛤211(0) = 132Δ𝐷03 (4.6) 

𝛤221(𝛼) =  (𝛼−1)𝜈32Δ𝐷04 , 𝛤221(0) =  − 𝜈32Δ𝐷04 (4.7) 

𝛤112(𝛼) =  (1−𝛼)8Δ𝐷02 ( 1𝜈2 +  18 𝜓2(𝜈2)), 𝛤112(0) =  18Δ𝐷02 ( 1𝜈2 +  18 𝜓2(𝜈2)) (4.8) 

𝛤122(𝛼) =  𝛤212(𝛼) =  (1−𝛼)8𝐷02∆ ൬− 1𝜈 +  14 𝜓1 ቀ𝜈2ቁ൰ , 𝛤122(0) =  𝛤212(0) =  18∆𝐷02 ൬− 1𝜈 +  14 𝜓1 ቀ𝜈2ቁ൰ ( 4.9) 

𝛤222(𝛼) =  (1−𝛼)32Δ𝐷03 (9 − 2𝜈𝜓1 ቀ𝜈2ቁ), 𝛤222(଴) =  132Δ𝐷03 ൬9 − 2𝜈𝜓1 ቀ𝜈2ቁ൰ (4.10) 

Using the above derivations, the GEs of the (GBM) can be devised, which are the information 
geometric equations of motion for the (GBM). 

5. The GEs, the KD, and the JD of the (GBM). 𝑲𝑫𝑮𝑩𝑴 and 𝑱𝑫𝑮𝑩𝑴 

By the definition, the GEs should take the form: ௗమఏೖௗ௧మ + 𝛤𝑖𝑗𝑘(0) ቀ𝑑𝜃𝑖𝑑𝑡 ቁ (𝑑𝜃𝑗𝑑𝑡 ) = 0,𝑖, 𝑗 = 1,2, … , 𝑛 (5.1) GES୩ୀଵ reads as ௗమఔௗ௧మ + 𝛤111(0) ቀ𝑑𝜈𝑑𝑡ቁ2 + 𝛤221(0) ቀ𝑑𝐷0𝑑𝑡 ቁ2 + ቀ𝛤121(0) + 𝛤211(0)ቁ ቀ𝑑𝜈𝑑𝑡ቁ ቀ𝑑𝐷0𝑑𝑡 ቁ = 0 (5.2) 

Equation (5.2) presents a family of families of equations of motion of the rescaling parameter, 
RP = 𝜈 which are dependent on the values of both the parameters 𝜈 and 𝐷଴. One element of this 
family could be obtained by assuming that𝐷଴ = 1.Thus,  ௗమఔௗ௧మ + 𝜈8Δ𝐷02 ( 1𝜈2 +  18 𝜓2(𝜈2)) ቀ𝑑𝜈𝑑𝑡ቁ2 = 0 (5.3) 

with Δ = det൫ൣ𝑔௜௝൧൯ =  ଵଵ଺஽బమ ቀ𝜈𝜓ଵ ቀఔଶቁ − 5ቁ 

This transform (5.3) to be : ௗమఔௗ௧మ + 2𝜈ቀ𝜈𝜓1ቀ𝜈2ቁ−5ቁ ( 1𝜈2 +  18 𝜓2(𝜈2)) ቀ𝑑𝜈𝑑𝑡ቁ2 = 0 (5.4) 

At k = 2, we have a family of families of equations of motion of the initial maximiser parameter, 
IMP = 𝐷଴ which are dependent on the values of both the parameters 𝜈 and 𝐷଴. One element of this 
family could be obtained by assuming that𝜈 = 2(𝑜𝑟 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡𝑙𝑦, 𝑞 =  ହଷ)there is a second set of GEs 

corresponding to the 2nd coordinate 𝐷଴, namely: ௗమ𝐷0ௗ௧మ + 1൫2𝜓1(1)−5൯𝐷03 (9 − 4𝜓1(1)) ቀ𝑑𝐷0𝑑𝑡 ቁ2 = 0 (5.4) 

By 𝜓ଵ(1) =  గమ଺  , (5.4)will take the form: 

ௗమ𝐷0ௗ௧మ + 1(𝜋2−15)𝐷03 (27 − 2𝜋2) ቀ𝑑𝐷0𝑑𝑡 ቁ2 = 0 (5.5) 
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Using Rung-Kutta method of order 4, the numerical solution of (5.4) can be visualized for 𝑛 =10, as in Figure 13 below. 

 

Figure 13. the temporal path of the rescaling parameter. 

Following Figures 13 and 14, the analysis of the dynamics of both the position of information 
theoretic rescaling parameter and its velocity shows an increase against time, which describes a form 
of unbounded motion. This also justifies the physical concept of (GBM). This also allows us for first 
time ever to capture the hidden dynamics of GBM from an IG viewpoint. 

 
Figure 14. The temporal path of the velocity of the rescaling parameter. 

Analysis of the dynamics of both the position of information theoretic initial maximize (IMP) 
parameter and its velocity shows an increase against time in Figures 15 and 16, a description of a 
form for an unbounded motion which justifies the physical concept of (GBM). Furthermore, the 
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velocity of (IMP) decreases as time increase, which directly implies that the motion of the (IM) 
parameter will reach rest point at a certain time elapse. This also allows us for first time ever to 
capture the hidden dynamics of GBM from an IG viewpoint. 

 

Figure 15. The temporal path of the velocity of the initial maximizes parameter. 

 

Figure 16. The temporal path of the velocity of the initial maximizer parameter(IMP), 
namely 𝐷଴ 

Now, by (2.6), after some few algebraic calculations, the 𝐾𝐷ீ஻ெ(𝑝, 𝑟) reads as: 
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 𝐾ீ஻ெ൫𝜈௣, 𝜈௥ , 𝐷଴௣, 𝐷଴௥൯ =  √(ଶ൫ഌ೛,ష ഌೝ൯)୻(ഌೝమ )√(ഌ೛ഌ೛ഌೝഌೝ )(ವ೚೛ഌ೛ವ೚ೝഌೝ )భర୻(ഌ೛మ )  (5.6) 

Moreover, in a similar fashion, the  𝐽𝐷ீ஻ெ(𝑝, 𝑟) reads as   𝐽𝐷ீ஻ெ(𝑝, 𝑟) =   𝐾𝐷ீ஻ெ(𝑝, 𝑟) +  𝐾𝐷ீ஻ெ(𝑟, 𝑝) = 𝑙 𝑛 ቀ௣൫௫;ఏ೛൯௥(௫;ఏೝ)ቁ(௣൫௫;ఏ೛൯ି௥(௫;ఏೝ)) ≠ 0 (5.7) 

(5.7) presents contributes to revealing that GBM manifold is compressible or non-solenoidal. 

Getting more deeper with our mathematical calculations,  𝐾ீ஻ெ൫𝜈௣, 𝜈௥ , 𝐷଴௣, 𝐷଴௥൯ =  
=

√(ଶ൫ഌ೛ష ഌೝ൯)୻(ഌೝమ )√(ഌ೛ഌ೛ഌೝഌೝ )(ವ೚೛ഌ೛ವ೚ೝഌೝ )భర୻(ഌ೛మ ) +
√(ଶ൫ഌೝ ష ഌ೛൯)୻(ഌ೛మ )√(ഌೝഌೝഌ೛ഌ೛)(ವ೚ೝഌೝವ೚೛ഌ೛)భర୻(ഌೝమ )  (5.8) 

In what follows, we present some numerical experiments to illustrate the physical 
interpretations of our new findings. 

By Figures 17 and 18, the analysis shows that the underlying KD and ID of GBM are influenced 
by the information theoretic impact of both rescaling and initial maximize parameters, 𝜈 and𝐷଴This 
is shown by the path continuity of the above graphs of coordinates as well as their temporal velocities.  
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Figure 17. 
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Figure 18. 

6. Novel Investigation of the Mathematical Requirements of the developabality of (GBM) , 

Calculating 0-Gaussian Curvature of GBM, and Showing that RICCI CURVATURE (RC) 

tENSOR of GBM is Non-Zero 

In this section, new results providing under which mathematical requirements, GBM would be 
developable and has a non-zero 0- Gaussian and Ricci curvatures. Also, a novel sufficient and 
necessary conditions which characterizes the regions where the surface describing GBM is minimal 
are determined.  

Theorem 6.1 GBM manifold has: 

i) A non-zero 0-Gaussian curvature. ii) A non-zero Ricci tensor. (iii) GBM is developable under 
the Mong Patch Technique if the condition 𝜈𝜓ଵ ቀఔଶቁ = 4 (6.1) 

is satisfied. 
(iv) The surface describing GBM is minimal if and only if it holds that 𝜈 = 0 or ఔ଼஽బమ =  (ଵଶ  𝑙𝑛2 + ଵ ଶ 𝜓(𝜈2) − ଵଶ − 𝑙𝑛𝜈)ଶ (6.2) 

(v) GBM is developable under the Angular Technique for the first principal curvature,𝐾ଵ, if the 
condition 

Either 𝜈 = 0 or𝐷଴ = 0 𝑜𝑟  𝐷଴ଶ(1 ∓ √(5 − 𝜈𝜓ଵ ቀఔଶቁ))ଶ  =  (𝐷଴ଶ𝜓ଵ ቀఔଶቁ − 4𝐷଴ଶ − 𝜈2) (∓√(5 − 𝜈𝜓1 ቀ𝜈2ቁ))+𝐷଴ଶ𝜓ଵ ቀఔଶቁ − 4𝐷଴ଶ(6.3) 

are satisfied 

Proof  

Case i), by definition (2.10), part i), it is enough to show that the 𝛼 −Gaussian curvature 𝐾(𝛼) =  𝑅1212(𝛼)𝑑𝑒𝑡ቀ𝑔𝑖𝑗ቁ ≠ 0 (6.4) 

To this end, the  𝑅௜௝௞௟(ఈ)  can be expressed by  𝑅𝑖𝑗𝑘𝑙(𝛼) = ቂቀ𝜕𝑗𝛤𝑖𝑘𝑠(𝛼) − 𝜕𝑖𝛤𝑗𝑘𝑠(𝛼)ቁ𝑔𝑠𝑙 + ቀ𝛤𝑗𝑡,𝑙(𝛼)𝛤𝑖𝑘𝑡(𝛼) − 𝛤𝑖𝑡,𝑙(𝛼)𝛤𝑗𝑘𝑡(𝛼)ቁቃ , 𝑖, 𝑗, 𝑘, 𝑙, 𝑠, 𝑡 = 1,2,3, … . , 𝑛 (6.5) 
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where 𝛤𝑖𝑗𝑘(𝛼) =  𝛤𝑖𝑗,𝑠(𝛼)𝑔𝑠𝑘, i, j, k, s = 1, 2, ..., n. 

In particular,  𝑅1212(𝛼) = ቂቀ𝜕2ቀ𝛤111(𝛼) + 𝛤112(𝛼)ቁ − 𝜕1(𝛤211(𝛼) + 𝛤212(𝛼)ቁ)(𝑔12 + 𝑔22) + ቀ𝛤21,2 (𝛼) 𝛤111(𝛼) + 𝛤22,2 (𝛼) 𝛤112(𝛼)) −
(𝛤11,2 (𝛼) 𝛤211(𝛼) + 𝛤12,2 (𝛼) 𝛤212(𝛼)ቁቃ (6.6) 

Following some lengthy calculations, it could be verified that we obtain a family of families of 𝛼 −Gaussian curvatures determined by 

 𝑅ଵଶଵଶ(ఈ) = [ቌ (𝐷଴ − 𝜈)(1 − 𝛼)4𝐷଴ଶ(𝜈𝜓ଵ ቀ𝜈2ቁ − 5)ଶቍ ൭൬− 12𝐷଴൰ ቆ𝜓ଵ ቀ𝜈2ቁ + 𝜈2 𝜓ଶ ቀ𝜈2ቁቇ + ቀ𝜈𝜓ଵ ቀ𝜈2ቁ − 5ቁ ቆ 1𝜈ଶ − 𝜈2 𝜓ଶ ቀ𝜈2ቁቇ
+ ቆ1𝜈 − 14 𝜓ଵ ቀ𝜈2ቁቇ ቆ𝜓ଵ ቀ𝜈2ቁ + 𝜈2 𝜓ଶ ቀ𝜈2ቁቇ൱ + 

((ଵିఈ)మ଺ସ୼஽బర )((𝜈 − ଶ஽బ)( ଵఔమ + ଵ଼ 𝜓ଶ ቀఔଶቁ)+(ଵఔ − ଵସ 𝜓ଵ ቀఔଶቁ))](6.7) 

Here, a numerical experiment will indicate the required result without any loss of generality due 
to the higher complexity of calculations. 

We have 𝐾(଴) =  𝑅1212(0)
𝑑𝑒𝑡൫𝑔𝑖𝑗൯ = ଵ୼ ([ቆ (𝐷0−𝜈)4𝐷02(𝜈𝜓1ቀ𝜈2ቁ−5)2ቇ ቆቀ− 12𝐷0ቁ ൬𝜓1 ቀ𝜈2ቁ + 𝜈2 𝜓2 ቀ𝜈2ቁ൰ +ቀ𝜈𝜓1 ቀ𝜈2ቁ − 5ቁ ൬ 1𝜈2 − 𝜈2 𝜓2 ቀ𝜈2ቁ൰ + ൬1𝜈 − 14 𝜓1 ቀ𝜈2ቁ൰ ൬𝜓1 ቀ𝜈2ቁ + 𝜈2 𝜓2 ቀ𝜈2ቁ൰ቇ + 

( ଵ଺ସ୼஽బర)((𝜈 − ଶ஽బ)( ଵఔమ + ଵ଼ 𝜓ଶ ቀఔଶቁ)+(ଵఔ − ଵସ 𝜓ଵ ቀఔଶቁ))] ) (6.8) 

For 𝐷଴ = 1, we obtain the following family of zero-Gaussian curvatures devised by 𝐾(஽బ ୀଵ)(଴)  = 
ଵ(୼(𝐷0 =1))మ ([ቆ (1−𝜈)4(𝜈𝜓1ቀ𝜈2ቁ−5)2ቇ ቆቀ− 12ቁ ൬𝜓1 ቀ𝜈2ቁ + 𝜈2 𝜓2 ቀ𝜈2ቁ൰ + ቀ𝜈𝜓1 ቀ𝜈2ቁ − 5ቁ ൬ 1𝜈2 − 𝜈2 𝜓2 ቀ𝜈2ቁ൰ +൬1𝜈 − 14 𝜓1 ቀ𝜈2ቁ൰ ൬𝜓1 ቀ𝜈2ቁ + 𝜈2 𝜓2 ቀ𝜈2ቁ൰ቇ + 

( ଵ଺ସ)((𝜈 − 2)( ଵఔమ + ଵ଼ 𝜓ଶ ቀఔଶቁ)+(ଵఔ − ଵସ 𝜓ଵ ቀఔଶቁ))] ) (6.9) 
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Figure 19. How (RP), namely 𝜈 impacts the 0-Gausian curvature for IMP = 𝐷଴ = 1, 𝑛 = 10. 

Hence, 𝐾(ఈ) =  ோభమభమ(ഀ)ௗ௘௧൫௚೔ೕ൯  𝑖𝑠 non zero. 

Case ii)To prove that 𝑅௜௞(ఈ) is non-zero of Eqn(2.12) 
We need to show that at least one component is a non-zero. Following (6.1), it can be verified 

that 𝑅ଵଵ(଴) is expressed by:  𝑅11(0) =  ସ஽బ(𝜈𝜓1ቀ𝜈2ቁ−5)  [ቀଵସ 𝜓1 ቀ𝜈2ቁ − ଵସ஽బ − ଵఔቁ ቌ൬𝜓1ቀ𝜈2ቁା𝜈2𝜓2ቀ𝜈2ቁ൰஽బቀ𝜈𝜓1ቀ𝜈2ቁ−5ቁమ +  ൬ భഌమାభఴ𝜓2ቀ𝜈2ቁ൰ቀ𝜓2ቀ𝜈2ቁା ఴഌమିଵቁ஽బమቀ𝜈𝜓1ቀ𝜈2ቁ−5ቁ +
ସఔቀ𝜈𝜓1ቀ𝜈2ቁ−5ቁ ቌ (஽బିఔ)ସ஽బమቀ𝜈𝜓1ቀ𝜈2ቁ−5ቁమ ቀ− ଵଶ஽బቁ ൬𝜓1 ቀ𝜈2ቁ + 𝜈2 𝜓2 ቀ𝜈2ቁ൰ + ൬ቀ𝜈𝜓1 ቀ𝜈2ቁ − 5ቁ൰ ൬ ଵఔమ − 𝜈2 𝜓2 ቀ𝜈2ቁ൰ +

൬ଵఔ − ଵସ 𝜓1 ቀ𝜈2ቁ൰ ൬𝜓1 ቀ𝜈2ቁ + 𝜈2 𝜓2 ቀ𝜈2ቁ൰ቍ + ସ(ቀఔି మವబቁ( భഌమାభఴ𝜓2ቀ𝜈2ቁ+భഌିభర𝜓1ቀ𝜈2ቁ)஽బమቀ𝜈𝜓1ቀ𝜈2ቁ−5ቁ ቏(6.10) 

The devised value of 𝑅ଵଵ(଴) corresponding to 𝐷଴ = 1 , 𝑅ଵଵ(଴) =  ସ(ఔటభቀഌమቁିହ)  [ቀଵସ 𝜓ଵ ቀఔଶቁ − ଵସ − ଵఔቁ ቌ൬టభቀഌమቁାഌమటమቀഌమቁ൰ቀఔటభቀഌమቁିହቁమ + ൬ భഌమାభఴటమቀഌమቁ൰ቀటమቀഌమቁା ఴഌమିଵቁቀఔటభቀഌమቁିହቁ +
ସఔቀఔటభቀഌమቁିହቁ ቌ (ଵିఔ)ସቀఔటభቀഌమቁିହቁమ ቀ− ଵଶቁ ൬𝜓ଵ ቀఔଶቁ + ఔଶ 𝜓ଶ ቀఔଶቁ൰ + ൬ቀ𝜈𝜓ଵ ቀఔଶቁ − 5ቁ൰ ൬ ଵఔమ − ఔଶ 𝜓ଶ ቀఔଶቁ൰ +

൬ଵఔ − ଵସ 𝜓ଵ ቀఔଶቁ൰ ൬𝜓ଵ ቀఔଶቁ + ఔଶ 𝜓ଶ ቀఔଶቁ൰ቍ + ସ((ఔିଶ)( భഌమାభఴటమቀഌమቁାభഌିభరటభቀഌమቁ)ቀఔటభቀഌమቁିହቁ ቏ (6.11) 
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Figure 20. How 𝜈 impacts 𝑅ଵଵ(଴) for 𝐷଴ = 1, 𝑛 = 10. 

 

Figure 20. How 𝜈 impacts 𝑒ோభభ(బ)
 for 𝐷଴ = 1, 𝑛 = 10. 

It is observed that 𝑅ଵଵ(଴) is non-zero according to the curve. It would be zero. Whenever  ቀ𝜈𝜓1 ቀ𝜈2ቁ − 5ቁ → ∞ (6.12) 

Following (1.13), 𝜓ଵ ቀఔଶቁ → ∞ if and only if 𝑛 → ∞. So, (6.12) holds if and only if 𝑛 is infinite. 

Therefore, 𝑅ଵଵ(଴) is everywhere non-zero unless 𝑛 is infinite. This completes the proof.  
The remaining components of the Ricci Curvature Tensor could be computed in a similar 

fashion. 

(iii) Following (2.21), 𝐾ீ  = ௅ெିெమாீିிమ , with  𝐸 =  (డ௙డ௫)ଶ, 𝐹 =  డ௙డ௫డ௬ , 𝐺 =  (డ௙డ௬)ଶ, 𝐿 = డమ௙డ௫మ , 𝑀 =  డ௙డ௫௬ , 𝑁 = డమ௙డ௬మ. 𝐾ீ = ௅ேିெమாீିிమ  (2.23) 
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and its Mean Curvature is  𝐻 = ଵଶ (௅ீିଶெிାோாீିிమ ) (2.24) 

with 𝐸 =  (డ௙డ௫)ଶ, 𝐹 =  డ௙డ௫డ௬ , 𝐺 =  (డ௙డ௬)ଶ, 𝐿 = డమ௙డ௫మ , 𝑀 =  డ௙డ௫௬ , 𝑁 =  డమ௙డ௬మ 

Setting, 𝑥 = 𝜈, 𝑦 = 𝐷଴and 𝑓 to be the potential functionΦ(𝜃)൫𝑐. 𝑓. , (3.5)൯. It is immediate that,  𝐸 =  (ଵଶ  𝑙𝑛2 + ଵ ଶ 𝜓(𝜈2) − ଵଶ − 𝑙𝑛𝜈)ଶ, 𝐹 =  − ଵఔ + ଵସ 𝜓ଵ(ఔଶ), 𝐺 =  ( ఔସ஽బ)ଶ, 𝐿 = − ଵସ஽బ , 𝑀 =  0, 𝑁 =  ఔସ஽బమ(6.13) 

By (2.23) and (6.13), clearly it follows that: 𝐾ீ =  ଶ(ఔటభቀഌమቁିସ)ఔమ((௟௡ଶିଷ)ାట(𝜈2)) (6.14) 

It can be seen from (6.13) that 𝐾ீ = 0 if and only if 𝜈𝜓ଵ ቀఔଶቁ =  4 , which shows (iii). 

To prove (iv), it suffices to show that the Mean Curvature H of (2.24) is zero, if and only if  𝜈 = 0 or ఔ଼஽బమ =  (ଵଶ  𝑙𝑛2 + ଵ ଶ 𝜓(𝜈2) − ଵଶ − 𝑙𝑛𝜈)ଶ (c.f., (6.2)) 

After some lengthy calculations, it could be verified that 

𝐻 =  ഌరವబ( ഌఴವబమି (భమ ௟௡ଶାభ మట(𝜈2)ିభమି௟௡ఔ)మ)
((భమ ௟௡ଶାభ మట(𝜈2)ିభమି௟௡ఔ)మቀ ഌరವబቁమି൬ିభഌାభరటభቀഌమቁ൰మ) (6.15) 

Clearly, (iv) follows from (6.15). 

(v) we have 𝐾ଵ =  ஻భభ(ଵା( ങ೑ങഌᇲ)మ)యమ  , 𝐾ଶ =  ஻మమ(ଵା( ങ೑ങವబᇲ )మ)యమ (c.f.,(2.27)), 

𝑓 to be the potential functionΦ(𝜃)൫𝑐. 𝑓. , (3.5)൯.  
After some manipulation, it could be verified that డ௙డఔᇲ = ቀଵଶ  𝑙𝑛2 + ଵ ଶ 𝜓 ቀఔଶቁ − ଵଶ − 𝑙𝑛𝜈ቁ  𝑐𝑜𝑠Ꙍ + ( ఔସ஽బ)𝑠𝑖𝑛Ꙍ (6.16) 

డ௙డ஽బᇲ =  ቀଵଶ  𝑙𝑛2 + ଵ ଶ 𝜓 ቀఔଶቁ − ଵଶ − 𝑙𝑛𝜈ቁ  𝑠𝑖𝑛Ꙍ − ( ఔସ஽బ)𝑐𝑜𝑠Ꙍ (6.17) 

𝐵ଵଵ = ൬− ଵఔ + ଵସ 𝜓ଵ ቀఔଶቁ൰ 𝑐𝑜𝑠ଶꙌ + ௦௜௡Ꙍ௖௢௦Ꙍଶ஽బ + ௦௜௡మꙌସ஽బమ  (6.18) 

𝐵ଶଶ = ൬− ଵఔ + ଵସ 𝜓ଵ ቀఔଶቁ൰ 𝑠𝑖𝑛ଶꙌ − ௦௜௡Ꙍ௖௢௦Ꙍଶ஽బ + ௖௢௦మꙌସ஽బమ  (6.19) 

We also have, 𝑡𝑎𝑛2Ꙍ =  ିଶ( ങమ೑ങഌങವబ)(ങమ೑ങഌమିങమ೑ങವబమ)(c.f., (2.32)). This directly implies that,  

ଶ𝑡𝑎𝑛Ꙍଵି𝑡𝑎𝑛2Ꙍ = 𝑡𝑎𝑛2Ꙍ =  2𝜈𝐷0(஽బమటభቀഌమቁ−4஽బమ−𝜈2) (6.20) 

The developability of GBM is satisfied if and only if 𝐾ீ = 0 or if either 𝐾ଵ = 0 𝑜𝑟 𝐾ଶ = 0 . 
Choosing 𝐾ଵ = 0. Consequently, 𝐵ଵଵ = 0. Clearly, it follows that: 𝑡𝑎𝑛ଶꙌ + 2𝐷0ఔ  𝑡𝑎𝑛Ꙍ =  ସ𝐷02ఔమ ൬1 − ఔସ 𝜓1 ቀ𝜈2ቁ൰(6.21) 

Hence, 𝑡𝑎𝑛Ꙍ =  − ஽బఔ (1∓√(5 − 𝜈𝜓ଵ ቀఔଶቁ)) (6.22). thus, it is obtained by linking (6.20) and (6.21), 

that ି2𝐷0ഌ (ଵ∓√(ହିఔ𝜓1ቀ𝜈2ቁ)) ଵି(𝐷0ഌ (ଵ∓√(ହିఔ𝜓1ቀ𝜈2ቁ)))మ =  ଶఔ஽బ(𝐷02𝜓1ቀ𝜈2ቁିସ𝐷02ିఔమ)(6.23) 
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(6.23) implies = 0 , or𝐷0 = 0 , or ଵ(𝐷02𝜓1ቀ𝜈2ቁିସ𝐷02ିఔమ)  =  (ଵ∓√(ହିఔ𝜓1ቀ𝜈2ቁ)) 𝐷02(ଵ∓√(ହିఔ𝜓1ቀ𝜈2ቁ))2−ఔమ (6.24). 

ଵ(𝐷02𝜓1ቀ𝜈2ቁିସ𝐷02ିఔమ)  =  (ଵ∓√(ହିఔ𝜓1ቀ𝜈2ቁ)) 𝐷02(ଵ∓√(ହିఔ𝜓1ቀ𝜈2ቁ))2−ఔమ implies  

𝐷଴ଶ(1 ∓ √(5 − 𝜈𝜓ଵ ቀఔଶቁ))ଶ − 𝜈2  =  (𝐷଴ଶ𝜓ଵ ቀఔଶቁ − 4𝐷଴ଶ − 𝜈2) (1∓√(5 − 𝜈𝜓1 ቀ𝜈2ቁ)) (6.25) 

Thus,  𝐷଴ଶ(1 ∓ √(5 − 𝜈𝜓ଵ ቀఔଶቁ))ଶ  =  (𝐷଴ଶ𝜓ଵ ቀఔଶቁ − 4𝐷଴ଶ − 𝜈2) (∓√(5 − 𝜈𝜓1 ቀ𝜈2ቁ))+𝐷଴ଶ𝜓ଵ ቀఔଶቁ − 4𝐷଴ଶ 

(6.26) 
This completes the proof. 

7. The Exponential Matrix of the FIM of GBM (𝒆𝑭𝑰𝑴𝑮𝑩𝑴 𝑸𝑴)  

Theorem 7.1 𝒆𝑭𝑰𝑴𝑮𝑩𝑴 𝑸𝑴  solves 
𝑑𝑥 𝑑𝑡  = Ax. 

Proof  

Recalling that GBM’s FIM ,ൣ𝑔௜௝൧ reads  

[𝑔௜௝] = ቌ− ଵఔ + ଵସ 𝜓ଵ(ఔଶ) − ଵସ஽బ− ଵସ஽బ ఔସ஽బమ ቍ (7.1) 

Rewriting [𝑔௜௝] in a simpler form,  [𝑔௜௝] = ቀ𝑎 𝑏𝑏 𝑐ቁ , 𝑎 = − 1𝜈 + 14 𝜓1 ቀ𝜈2ቁ , 𝑏 = − 14𝐷0  , 𝑐 =  𝜈4𝐷02 (7.2) 

If Φ(𝛿) = (𝛿) = det൫[𝑔௜௝] − δI൯ = det ቀ𝑎 − 𝛿 𝑏𝑏 𝑐 − 𝛿ቁ = 0 , then 𝛿ଶ − (𝑎 + 𝑐)𝛿 + (𝑎𝑐 − 𝑏ଶ)= 0. 

Therefore,  𝛿ଵ,ଶ = 
(௔ା௖)±ඥ(௔మା௖మାସ௕మିଶ௔௖)ଶ  

Hence 𝐷 = ቀ𝛿1  00  𝛿2ቁ , 𝑒𝐷 =  ቀ𝑒𝛿1  00 𝑒  𝛿2ቁ (7.3) 

For 𝛿ଵ,ଶ = (௔ା௖)±ඥ(௔మା௖మାସ௕మିଶ௔௖)ଶ  , the corresponding eigen vectors are൬ ଵ(ഃభషೌ)್ ൰. , ൬ ଵ(ഃమషೌ)್ ൰ . Clearly, 
follows that the matrix 

T =ቆ 1 1(𝛿1−𝑎)𝑏 (𝛿2−𝑎)𝑏 ቇ (7.4) 

Thus, 𝑒ிூெಸಳಾ ೂಾ reads: 

𝑒ிூெಸಳಾ ೂಾ  = 𝑇𝑒஽𝑇ିଵ =  ଵୢୣ୲(்) ቆ 1 1(ఋభି௔)௕ (ఋమି௔)௕ ቇ ൬𝑒ఋభ  00 𝑒 ఋమ൰ ቌ(ఋభି௔)௕ −1(௔ିఋమ)௕ 1 ቍ (7.5) det(𝑇)  =  (𝑎 − 𝑐)ଶ + 4𝑏ଶ ≠ 0  
By (7.5), the required statement is obtained. 

8. Conclusions and Future Work 

From the perspective of IG, GBM is described, and KD and J-D, the GEs, were established. 
Additionally, the GBM's matrix exponential of information is developed. This work creates new 
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avenues for research by establishing connections between queueing theory and a wide range of other 
mathematical fields, including matrix theory, differential geometry, and information theory. In 
particular, the addition of geometric ties between queueing theory and information allows one to 
revealing a ground-breaking unified relativistic and of Riemannian geometric analysis of queue 
manifolds [3,4,7]. This paper's contributions suggest several potential study directions for the new 
applications of information geometry, such as using information geometrics on different statistical 
manifolds to further advance many existing physical phenomena. 

Appendix 

The following material [72,73,74] as it is needed to carry out mathematical analysis. 
Rung-Kutta Method of Order 4 

Having the simultaneous equations, ௗ௬ௗ௫ =  𝐹(𝑥, 𝑦, 𝑢) (A.1), ௗ௨ௗ௫ =  𝐺(𝑥, 𝑦, 𝑢) (A.2) 

where y and u are prescribed when 𝑥 =  𝑥଴. In particular, the Rung-Kutta Method of order 4, 
generalizes the numerical solutions of (A.1) as follows: 𝑦௡ାଵ =  𝑦௡ + ଵ଺ (𝑘଴ + 2𝑘ଵ + 2𝑘ଶ + 𝑘ଷ) + 𝑂(ℎହ) (A.3) 

𝑢௡ାଵ =  𝑢௡ + ଵ଺ (𝑚଴ + 2𝑚ଵ + 2𝑚ଶ + 𝑚ଷ) + 𝑂(ℎହ)(A.4) 

with 𝑘଴ = ℎ𝐹(𝑥௡, 𝑦௡, 𝑢௡), (𝐴. 5)  𝑘ଵ = ℎ𝐹 ൬𝑥௡ + 12 ℎ, 𝑦௡ + 12  𝑘଴, 𝑢௡ + 12  𝑚଴൰ , (𝐴. 6)𝑘ଶ = ℎ𝐹 ൬𝑥௡ + 12 ℎ, 𝑦௡ + 12  𝑘ଵ, 𝑢௡ + 12  𝑚ଵ൰ , (𝐴. 7)  𝑘ଷ = ℎ𝐹(𝑥௡ + ℎ, 𝑦௡ + 𝑘ଶ, 𝑢௡ +  𝑚ଶ), (𝐴. 8) 𝑚଴ = ℎ𝐺(𝑥௡, 𝑦௡, 𝑢௡), (𝐴. 9)𝑚ଵ= ℎ𝐺 ൬𝑥௡ + 12 ℎ, 𝑦௡ + 12  𝑘଴, 𝑢௡ + 12  𝑚଴൰ , (𝐴. 10) 

𝑚ଶ = ℎ𝐺 ൬𝑥௡ + 12 ℎ, 𝑦௡ + 12  𝑘ଵ, 𝑢௡ + 12  𝑚ଵ൰ , (𝐴. 11) 𝑚ଷ = ℎ𝐺(𝑥௡ + ℎ, 𝑦௡ +  𝑘ଶ, 𝑢௡ +  𝑚ଶ), (𝐴. 12) 

In particular, when 𝐹 = 𝑢, so that (A.1) and (A.2) are equivalent to  ௗమ௬ௗ௫మ = 𝐺 ቀ𝑥, 𝑦, ௗ௬ௗ௫ቁ , 𝑢 =  ௗ௬ௗ௫ (A.13) 

After some manipulation, it is implied that 𝑦௡ାଵ =  𝑦௡ + ℎ𝑦௡ᇱ + ௛଺ (𝑚଴ + 𝑚ଵ + 𝑚ଶ) + 𝑂(ℎହ)(A.14) 

𝑦௡ାଵᇱ =  𝑦௡ᇱ + ଵ଺ (𝑚଴ + 2𝑚ଵ + 2𝑚ଶ + 𝑚ଷ) + 𝑂(ℎହ)(A.15) 

with 𝑚଴ = ℎ𝐺(𝑥௡, 𝑦௡, 𝑦௡ᇱ ), (6.17) 𝑚ଵ = ℎ𝐺 ቀ𝑥௡ + ଵଶ ℎ, 𝑦௡ + ଵଶ ℎ𝑦௡ᇱ , 𝑦௡ᇱ + ଵଶ  𝑚଴ቁ , (𝐴. 18) 

 𝑚ଶ = ℎ𝐺 ൬𝑥௡ + 12 ℎ, 𝑦௡ + 12 ℎ𝑦௡ᇱ + 14  ℎ 𝑚଴, 𝑦௡ᇱ + 12  𝑚ଵ൰ , (𝐴. 19) 𝑚ଷ
= ℎ𝐺 ൬𝑥௡ + ℎ, 𝑦௡ + ℎ𝑦௡ᇱ + 12  ℎ𝑚ଵ , 𝑦௡ᇱ +  𝑚ଶ൰ , (𝐴. 20) 

The use of this formula is clearly simplified in those cases when 𝐺 is independent of 𝑦௡ᇱ . 
Thus, the local truncation[74]error (the error induced for each successive stage of the iterated 

algorithm) will behave like Error = 𝐶ℎହfor some constant C. Here C is a number independent of h, 
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but dependent on𝑥଴ and the fourth derivative of the exact solution) at 𝑥଴(the constant factor in the 

error term corresponding to truncating the Taylor series for𝑦(𝑥଴ + ℎ) about 𝑥଴ at order ℎସ. 
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