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Abstract: The radiative heat transfer in arc plasma models is considered from the point of view of its description 

in terms of a net emission coefficient, the method of spherical harmonics in its lowest order, and the discrete 

ordinate method. Net emission coefficients are computed applying approximate and numerical approaches, 

the multi-band representation of the spectral absorption coefficient with three kinds of its averaging and two 

datasets. The self-consistent access to the radiative heat transfer is applied to a two-dimensional axisymmetric 

model of free-burning arc in argon at atmospheric pressure. The results obtained from the models employing 

the net emission coefficient, the method of spherical harmonics, and the discrete ordinate method are 

compared. 
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1. Introduction 

Electric arcs find a wide range of applications. They appear in gases and vapours at low, 

atmospheric and high pressure. Being characterized by low voltage, emission of high-intensity light, 

and production of heat, electric arcs are utilized in material processing (welding, cutting, furnaces), 

lamps, switching devices, etc. Industrial applications require a high degree of automation, accuracy, 

reliability, and stability of the arc plasma diagnostics (see [1] and the references therein). Electrical 

measurements (voltage and current) provide a method for the control of the arc stability. Fluctuations 

of the arc attachment on the electrode lead to changes in the arc length and in turn in the arc voltage 

[2]. Optical imaging allows for a three-dimensional analysis of the plasma structure [3]. Optical 

emission spectroscopy as a non-intrusive method and in combination with advanced cameras and 

detectors enables the measurement of the plasma temperature in the arc core, which is assumed close 

to the state of local thermodynamic equilibrium (LTE) [4]. Laser scattering methods that in general 

avoid the assumption of LTE have been applied to obtain the electron temperature and density [5]. 

Nevertheless, it is difficult or even hardly possible to determine experimentally the complex 

conditions inside the arc plasma. Modelling and simulation of arc plasma for various applications 

have been, therefore, intensively developed over the years (see e.g. [6–10] among others). An electric 

arc implies a multiphysics problem since the arc generation is generally accompanied by interrelated 

electromagnetics, fluid flow and heat transfer. State-of-the-art models of arc plasma have been 

developed that focus in particular on the effects of turbulence [11], non-equilibrium [12,13], arc-

electrode interaction [14–16] as more details can be found in the review works [1,16] and the 

references therein.  

Due to the high temperatures in the arc plasmas, the treatment of the plasma radiation is an 

important issue in their modelling [17,18]. The divergence of the radiative heat flux appears as a sink 

term in the equation of energy conservation in magneto-hydrodynamic (MHD) models of LTE arc 

plasma. It represents the interaction between the radiation and the plasma matter and is related to 
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the radiative intensity. Arc plasmas are heated up to temperatures of tens of thousands of kelvins 

that implies irradiation by neutral and charged particles that covers the spectral region (1012-1016) Hz, 

where tens of thousands of spectral lines exist. The change of the spectral radiative intensity along a 

line of sight due to emission and absorption is governed by the equation of radiative transfer (RTE) 

with account for the spatial distributions of temperature and pressure, and the equilibrium plasma 

composition. The computation of the radiative heat flux for every frequency and direction in space 

within the arc model becomes hardly affordable. In order to overcome the computational overhead 

and keep the arc model feasible and though capable of predicting the arc behaviour, simplifications 

are usually introduced. An overview and analysis of methods is given in [17]. A common approach 

used in many arc models makes use of introducing a net emission coefficient (NEC) [19] obtained for 

an isothermal cylinder of a given radius. This approach is often reduced to the computation of the 

radiative heat losses in the arc as a function of the local values of temperature and pressure although 

NEC is strongly speaking determined by the entire temperature profile in the arc [19]. Although this 

approach can provide reasonable results for the plasma temperature for a well-chosen value of the 

radius, for which the NEC is computed, there remains inconsistency regarding situations with 

deviations from a cylindrical shape of the arc. Other approaches for solving the RTE with account for 

emission and absorption of radiation as well as effects on the plasma boundaries are the method of 

spherical harmonics (P1 as the lowest order) and the discrete ordinate method (DOM) [20]. The 

application of the DOM to models of gas circuit breakers has been considered in [21]. 

In the present work, we revisit the physical background of the radiative heat transfer, we give 

an overview of approximate methods for its computation, and we follow a self-consistent access in 

the treatment of the radiative heat transfer in models of LTE arc plasma that account for the arc-

electrode interaction [22,23]. The derivation of governing relations used in the methods under 

consideration is given as supplementary material. NEC, P1 and DOM are implemented into a 2D 

model of a free-burning arc. The multiband approximation of the absorption coefficient is applied to 

obtain the NECs and in the P1 and DOM approaches for two datasets regarding the spectral 

absorption coefficient. The plasma temperature and the radiative losses predicted by the NEC, P1 

and DOM approaches are compared. The impact of using different datasets for the spectral 

absorption coefficient is studied. These detailed studies and the self-consistent account for the 

radiative heat transfer in state-of-the-art LTE arc plasma models instead of pre-imposed profiles of 

the plasma temperature [20,21] constitutes the originality of the work. 

2. Physical Background 

An almost complete description of the basic LTE arc model employed in this work can be found 

in the previously published works [22,23]. Here, its main features are briefly summarized. A model 

of a thermionic cathode made of doped tungsten and its non-equilibrium boundary layer (submodel 

1 in Figure 1) and a MHD model of the LTE arc plasma in argon at atmospheric pressure and the 

anode (submodel 2 in Figure 1) are coupled through a dimensionless interface along the edge 

between the cathode and the plasma. For a given total current, the first submodel solves for the 

current and the heat transfer within the cathode applying as boundary conditions pre-computed 

transfer functions for the normal current density and heat flux as functions of the surface temperature 

of the cathode and the voltage drop in the boundary layer. These transfer functions are obtained by 

solving the energy balance of the non-equilibrium boundary layer [24]. Among the results, the 

distribution of the normal current density (jn) and the electron temperature (Te) along the plasma edge 

are computed. These quantities serve as boundary conditions of the second submodel. Notice that in 

the LTE arc plasma, electrons and heavy particles are characterized by a common temperature (Te=T). 

The second submodel solves the equations for conservation of mass, momentum, and energy, the 

equations describing the current continuity, the Ohm’s law, and the Maxwell equation [23]. The 

thermodynamic and transport properties of the argon plasma are from [25,26] while those of the solid 

materials are from [27,28]. In what follows, the attention is focused on the energy conservation 

equation, in which the radiative heat transfer is taken into account. 
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Figure 1. Schematics of the arc plasma model. 

The energy conservation equation for a stationary LTE arc plasma is written as 

𝜚𝐶𝑝𝒖 ∙ ∇𝑇 + ∇ ∙ (𝒒 + 𝒒𝑟) = 𝛼𝑝𝑇𝒖 ∙ ∇𝑝 + 𝜏: ∇𝒖 + 𝑄. (1) 

In Eq. (1),  denotes the mass density, 𝐶𝑝 is the specific heat capacity at constant pressure, T is 

the plasma temperature, u is the velocity vector, q is the conductive heat flux, qr is the radiative heat 

flux, 𝛼𝑝 = −
1

𝜚

𝜕𝜚

𝜕𝑇
  is the coefficient of thermal expansion, p is the pressure, 𝜏 is the viscous stress 

tensor for a Newtonian fluid, and Q contains other heat sources such as the Joule heating and the 

transport of electron enthalpy. 

The divergence of the radiative heat flux ∇ ∙ 𝒒𝑟  is of greatest interest in this work since it 

represents the interaction between radiation and matter. For an absorbing-emitting medium, the 

radiative intensity 𝐼𝜈(𝒓, 𝒔) is defined as the radiative energy per unit time and unit area normal to 

the rays per unit solid angle and frequency (Figure 2) [19,29]. Here, 𝒓 is a position vector fixing the 

location of a point in space, and 𝒔 is a unit direction vector. 

 

Figure 2. Graphical representation of the directional irradiation. 

The change of the spectral radiative intensity along a line of sight into direction 𝒔 is given by 

the radiative transfer equation (RTE) [Modest], which in the case of no scattering reads: 

𝒔. ∇𝐼𝜈 =
𝑑𝐼𝜈

𝑑𝑠
= 𝜅𝜈𝐵𝜈 − 𝜅𝜈𝐼𝜈. (2) 

In Eq. (2), 𝜅𝜈 denotes the spectral absorption coefficient, the Plank intensity 𝐵𝜈 =
2ℎ

𝑐2

𝜈3

𝑒ℎ𝜈/𝑘𝐵𝑇−1
 is 

introduced with ℎ and 𝑘𝐵 being respectively the Plank and the Boltzmann constants, and 𝑐 is the 

speed of light. This equation shows how the intensity is amplified by emission and decreased by 

absorption. The integration of the RTE equation over the solid angle gives the divergence of the 

spectral radiative heat flux 
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∇ ∙ 𝒒𝑟𝜈 = ∫ 𝒔. ∇𝐼𝜈𝑑Ω
4𝜋

Ω=0
= ∫ 𝜅𝜈𝐵𝜈𝑑Ω

4𝜋

Ω=0
− ∫ 𝜅𝜈𝐼𝜈𝑑Ω

4𝜋

Ω=0
. (3) 

Integrated over the spectrum, the divergence of the radiative heat is now being 

∇ ∙ 𝒒𝑟 = 4𝜋 ∫ 𝜅𝜈𝐵𝜈

∞

0

𝑑𝜈 − ∫ ∫ 𝜅𝜈𝐼𝜈𝑑Ω
4𝜋

Ω=0

∞

0

𝑑𝜈 (4) 

or 

∇ ∙ 𝒒𝑟 = 4𝜋 ∫ 𝜅𝜈𝐵𝜈

∞

0

𝑑𝜈 − ∫ 𝜅𝜈𝐺𝜈

∞

0

𝑑𝜈 (5) 

as the incident radiation 𝐺𝜈 = ∫ 𝐼𝜈𝑑Ω
4𝜋

Ω=0
 is introduced. Eq. (5) shows that ∇ ∙ 𝒒𝑟 is obtained through 

integration over the directional coordinates and the spectrum and therefore, it depends on the 

distribution of the plasma temperature in the medium. This refers to the quantity net emission 

coefficient [18] introduced as 

𝜀𝑁 =
1

4𝜋
∇ ∙ 𝒒𝑟. (6) 

At the arc edge, absorption of radiation originating from the arc center can lead to negative 

values of the NEC 𝜀𝑁  [18]. Since an exact evaluation of  ∇ ∙ 𝒒𝑟  is usually not feasible, 

approximations can be invoked [19,29]. 

3. Overview of Approximate Methods Used in the Present Work  

The approximate methods considered in the present work involve simplifications with respect 

to the spectral properties of the arc plasma, and the treatment of the directional integration, i.e., the 

solution of the RTE (2). These methods are briefly summarized below. 

3.1. Multi-Band Approximation for the Spectral Absorption Coefficient 

In this approximation, the spectral properties of the plasma (the spectral absorption coefficient 

𝜅𝜈) are assumed to be uniform over a set of frequency intervals [19]. In the case only one interval is 

used, the approximation reduces to the grey model. The increase of the number of spectral bands 

improves the accuracy and increases the computational effort. The number of spectral bands and 

their boundaries are chosen considering the behaviour of the absorption coefficient (see below for the 

computation of the absorption coefficient). Five intervals with boundaries 0.003, 1.0, 2.8, 3.8, 6.67, and 

10.0 in units of 1015 Hz as reported in [30] are used in the present work. The evaluation of the spectral 

absorption coefficient 𝜅𝜈 in each interval of frequencies [𝜈𝑖 , 𝜈𝑖+1] can be performed applying Plank 

(𝜅𝑃) or Rosseland (𝜅𝑅) averaging [19] or a combination of both (𝜅ℎ) leads to a hybrid mean value [31]. 

The idea behind the hybrid mean absorption coefficient is to weight the overestimate and the 

underestimate expected by respectively the Plank and Rosseland mean absorption coefficients [32]. 

The corresponding equations read 

𝜅𝑃 = ∫ 𝜅𝜈

𝜈𝑖+1

𝜈𝑖

𝐵𝜈𝑑𝜈/ [∫ 𝐵𝜈𝑑𝜈
𝜈𝑖+1

𝜈𝑖

] , (7) 

𝜅𝑅
−1 = ∫ 𝜅𝜈

−1
𝜈𝑖+1

𝜈𝑖

𝑑𝐵𝜈

𝑑𝑇
𝑑𝜈/ [∫

𝑑𝐵𝜈

𝑑𝑇
𝑑𝜈

𝜈𝑖+1

𝜈𝑖

] (8) 

𝜅ℎ = 𝛾𝜅𝑅 + (1 − 𝛾)𝜅𝑃 , 𝛾 = (𝜅𝑃 − 𝜅𝑅)/𝜅𝑃. (9) 

According to Eq. (9), 𝜅ℎ could become negative if 𝜅𝑅/𝜅𝑃 > 2 (not the case in argon).  

As an example, the spectral absorption coefficient (𝜅𝜈) of Ar plasma at a pressure of 1 bar and a 

temperature of 20000 K is shown in Figure 3 along with the mean absorption coefficients 𝜅𝑅, 𝜅𝑃, and 

𝜅ℎ. In some spectral intervals, the difference between 𝜅𝑃 and 𝜅𝑅 becomes quite large. 
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Figure 3. Spectral absorption coefficient (𝜅𝜈) of Ar plasma at a pressure of 1 bar and a temperature of 

20000 K and the mean absorption coefficients 𝜅𝑅, 𝜅𝑃, and 𝜅ℎ. 

3.2. The P1 Method of Spherical Harmonics  

In the method of spherical harmonics, the RTE (2) is transformed into a set of partial differential 

equations [19]. The governing equations of the approximation of lowest order known as the P1-

approximation are written as follows 

∇ ∙ 𝒒𝒓(𝒓) = 𝜅[4𝜋𝐵 − 𝐺(𝒓)], (10) 

𝒒𝒓(𝒓) = −
1

3𝜅
∇𝐺(𝒓). (11) 

The derivation of Eq. (11) is provided in the Appendix A. Notice that the index “” denoting the 

corresponding spectral quantity is dropped. A second-order partial differential equation for 𝐺(𝒓) is 

derived from Eqs. (10) and (11) 

∇ ∙ [−𝐷𝑃1∇𝐺(𝒓)] = 𝜅[4𝜋𝐵 − 𝐺(𝒓)], (12) 

where 𝐷𝑃1 =
1

3𝜅
. The boundary condition at opaque walls (Marshak boundary condition [19]) reads 

𝒏 ∙ (−𝐷𝑃1∇𝐺(𝒓)) = 𝑞𝑟,𝑛𝑒𝑡, (13) 

with 𝑞𝑟,𝑛𝑒𝑡  being the net radiative flux absorbed by the boundary and 𝒏 is the surface normal. 

Depending on the surface emissivity 𝜖 ∈ (0,1), the boundary surface is treated as gray with 

𝑞𝑟,net =
𝜖

2(2 − 𝜖)
(4𝜋𝐵𝜂 − 𝐺) (14) 

or black  𝜖 = 1. The quantity 𝜂 ∈ (0,1) accounts for the fractional emissive power in a given 

spectral interval. The net radiative flux at flow inlets and outlets is computed in the same manner as 

at walls assuming emissivity of one. 

3.3. The Discrete Ordinate Method  

The DOM solves the RTE (2) by means of a discretization of the angular space, i.e., the integral 

over all directions is replaced by numerical quadratures of discrete directions j 
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∫ 𝐼𝑑Ω
4𝜋

Ω=0

= ∑ 𝜔𝑗𝐼𝑗

⬚

𝑗

. (15) 

The number of directions gives the number of the dependent variables to be solved for. 

With intensities have been obtained, the radiative heat flux, the incident radiation, and the 

divergence of the radiative heat flux can be determined (see Eqs. (3) and (5)). 

The boundary condition at opaque walls reads 

𝐼𝑗,bnd = 𝜖𝐵𝜂 +
1 − 𝜖

𝜋
𝑞𝑟,out (16) 

for all directions 𝒔𝑗 such that 𝒏 ∙ 𝒔𝑗 < 0. 

3.4. Approximate Net Emission Coefficient  

Eq. (6) relates the net emission coefficient and the divergence of the radiative heat flux  ∇ ∙ 𝒒𝑟. 

Approximate net emission coefficient can be obtained by solving the RTE (2) for cylindrical 

isothermal plasmas of various temperatures and radii [18]. Approximate analytical expressions for 

the net emission coefficient at the center of homogeneous plasma were presented in [18,33] as 

𝜀𝐴 = ∫ 𝐵𝜈𝜅𝜈 exp(−𝜅𝜈𝑅)
∞

0
𝑑𝜈, (17) 

where 𝑅 denotes the radius of the cylinder. The derivation of Eq. (17) is provided in Appendix B. 

The directional vector is defined by the spherical coordinates 𝜃 and 𝜑 (see Figure 4). Point X is 

located insight the plasma (taken for convenience on the x-axis). The integration along the line XP 

(𝜃 ≠ 0) can be transformed into integration along the line 𝑍𝑃′, which is perpendicular to the z axis of 

the cylindrical plasma. 

 

Figure 4. The geometry of a cylindrical arc plasma. 

The evaluation of the value of 𝜀𝐴 according to Eq. (17) for a given value of the radius 𝑅 can be 

done by applying the multi-band approach [34] and employing the Planck, Rosseland and the hybrid 

mean absorption coefficients considered in the subsection 3.1. 

Alternatively, numerical solutions by means of the P1 and DOM methods in a combination with 

the multi-band approximation of the spectral absorption coefficient are considered in the present 

work, and the NEC is obtained from the evaluated divergence of the radiative heat flux according to 

Eq. (6). Solutions of the RTE are obtained in a three-dimensional geometry and the approximate NECs 

are evaluated for several values of the radius R and the length L (R << L) of the cylinder.  

4. Computation of the Absorption Coefficient 

The spectral absorption coefficient plays a crucial role in the propagation of radiation in 

participating media as it is indicated by Eq. (2) and the subsequent relations. The accurate knowledge 
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of this quantity is thus a necessity for any calculations involving a radiative transfer. The accurate 

determination poses a big challenge as every process resulting in a loss of radiation have to be 

included in the evaluation process. 

The number of processes is significantly reduced in the case of argon as working gas. Since argon 

is a noble gas, the gas under LTE conditions is composed mainly of atomic species alleviating the 

need for evaluation of radiation–molecular interaction processes. Furthermore, the LTE assumption 

enables the evaluation of the emission coefficient instead of direct absorption coefficient evaluations, 

as these coefficients are related to each other by the Kirchhoffs law: 

𝜀𝜈 = 𝜅𝜈𝐵𝜈(𝑇), (18) 

where 𝜀𝜈 denotes the spectral emission coefficient, and 𝜅𝜈, 𝐵𝜈 have been already defined in section 

2. The evaluation of the emission coefficient instead of that of the direct absorption coefficient is 

preferable in certain cases. 

Three kinds of transition processes have to be taken into account, when evaluating the 

absorption coefficient in an atomic gas. These are bound-bound, bound-free and free-free transitions. 

The naming convention is derived from an electron state in the vicinity of an atom or an ion before 

and after the absorption of radiation in the form of a photon.  

The bound-bound transition, often called photo-absorption or line radiation, is associated with 

the absorption of a photon by electron found in the bound state of the argon atom or ion. The 

absorbed energy excites the electron to the higher, but still bound energy state. The resulting 

contribution to the absorption coefficient can be expressed as  

𝜅𝜈 = 𝐼(𝑝, 𝑇)𝑃(𝜈)[1 − exp(−ℎ𝜈 𝑘𝑇⁄ )] (19) 

where 𝐼(𝑝, 𝑇) = 𝜋𝑟0𝑐𝑓𝑖𝑘𝑁𝑖 is the total line intensity, 𝑃(𝜈) is the line profile, generally calculated as 

an approximation to the Voigt profile, and [1 − exp(−ℎ𝜈 𝑘𝑇⁄ )] is a correction factor accounting for 

induced emission. In the above expressions the 𝑟0 is the classical electron radius, 𝑓𝑖𝑘 is the oscillator 

strength of line, 𝑐 is the speed of light constant and 

𝑁𝑖 =
𝑔𝑖𝑁

𝑄int(𝑇)
𝑒

−𝐸𝑖
𝑘𝑇  (20) 

is the population density of the lower level with statistical weight 𝑔𝑖  and energy 𝐸𝑖 , and 𝑄int 

denotes the internal partition function. The line profile 𝑃(𝜈)  expresses an averaging of the 

absorption of many absorbing atoms each in slightly different conditions stemming either from a 

thermal motion (Doppler broadening), a close proximity to charged particle (Stark broadening), a 

close proximity to particle with dipole momentum (van der Waals broadening) or a close proximity 

to a particle with a similar structure of electron levels (Resonance broadening). Details of each 

broadening mechanism falls out of the scope of this work and can be found in relevant textbooks 

such as [35]. 

Bound-free transition, also called photo-absorption or radiative recombination, represents 

another important process in the evaluation of the absorption coefficient. The process is associated 

with the formation of a positive ion and a free electron due to absorption of radiation. The transition 

is characterized by a continuous absorption coefficient, with sharp drops at certain frequency known 

as absorption edges. The frequency of these edges is governed by the energy structure of the involved 

atoms and corresponds to the energy difference between the bound states and the ionization level. 

Some approximations to the evaluation of bound-free absorption coefficient are provided e.g., in 

[36,37]. 

Finally, the free-free transition, known as the inverse Bremsstrahlung or simply the 

Bremsstrahlung from the emission point of view, represents the absorption of radiation by a free 

electron in the electric field produced by a neutral particle with a dipole momentum or an ion. The 

contribution of this process to the total absorption coefficient is generally small with exception of the 

low frequency limit. The calculation procedure depends on whether the process is calculated in the 

vicinity of a neutral atom or an ion. This topic is considered in detail e.g., in [38]. 
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The absorption coefficient is evaluated using the Kirchhoffs law. Two separate datasets were 

considered in the present work, each one obtained in a slightly different way as follows. 

• Dataset I 

The plasma composition for the given pressure of 1 bar and temperature values from 300 K up 

to 30000 K is obtained using the mass action law, the energy levels of the species (ArI-IV), and their 

internal partition functions [37]. The spectral absorption coefficient is then deduced from these 

population densities as the sum of several radiative contributions for wavelengths between 30 nm 

and 4500 nm: the atomic continuum comprising the Bremsstrahlung in electron-ion collisions, 

Bremsstrahlung in electron-atom collisions, radiative recombination and attachment, and atomic and 

ionic spectral lines. An almost complete description and the data used is given in [37]. Compared to 

[37], the number of atomic energy levels was extended according the NIST data [39] to include 427 

energy levels for ArI, 417 for ArII, 125 for ArIII, and 58 for ArIV. In particular, attention was paid to 

the description of the atomic lines. Instead using an escape factor as in [37], the line-by-line method 

was employed that takes into account a fine treatment of the profiles of the atomic lines and their 

broadening due to Doppler effect, Van der Waals interaction, and Stark effect. This treatment is a 

complex and long task since these effects modify the shape of the line profiles depending on the 

pressure and the temperature. For the 9551 lines of argon species (2758 for ArI, 5804 for ArII, 843 for 

ArIII and 146 for ArIV), the wavelength-grid involves 9267017 points at 300 K, and 1256961 points at 

30000 K. 

• Dataset II 

The same plasma composition utilized in Dataset I is used to calculate the radiation properties 

for Dataset II, thus keeping the plasma composition of both data sets equal. The spectral absorption 

coefficients are calculated with consideration of radiation processes including bound-bound (atomic 

and ionic lines), bound-free (photoionization continuum) and free-free (Bremsstrahlung) processes. 

Data for known atomic lines were taken from the NIST database. In total, 804 atomic and ionic lines 

of argon were considered (412 for ArI, 300 for ArII, 68 for ArIII and 24 for ArIV). Several broadening 

mechanisms for each line were considered, including Doppler, Stark, Van der Waals and resonance 

broadening. The final line profile was calculated using Whiting approximation to the Voigt line 

profile [40]. Two data sources were utilized for evaluation the photoionization process on the 

absorption properties of argon. Primary source were cross sections published by Opacity Project 

supplemented by hydrogenic approximation according to [36] in case of missing cross sections. In 

total, 1203 energy levels of argon atoms and ions were considered (176 cross sections and 27 

hydrogenic for ArI, 238 cross sections and 23 hydrogenic for ArII, 225 cross sections and 231 

hydrogenic for ArIII and 338 cross sections and 52 hydrogenic for ArIV). The Bremstrahlung 

contribution was calculated for both neutral argon and argon ions. The radiation contribution was 

calculated in the range from 1·1011 Hz (3 mm) to 1.2·1016 Hz (25 nm) with fixed frequency step of 

1010 Hz resulting in the total number of 1199991 frequency-grid points. 

5. Results and Discussion 

The main objective of the present work is the self-consistent access to the radiative heat transfer 

in models of LTE arc plasma. For that purpose, the NEC, P1 and DOM methods are implemented into 

a 2D axisymmetric model of a free-burning arc and the computed plasma parameters are compared. 

Each method requires the knowledge of the radiative properties of the plasma. In the framework of 

the arc model employing the NEC, the values of the NEC have to be computed prior to the simulation 

and provided as a function of the temperature. The arc models employing the P1 and the DOM 

methos make use of a mean absorption coefficient (Planck, Rosseland, hybrid) obtained as a function 

of the temperature for a number of frequency bands. In order to provide a consistent data for 

comparison, the NECs for isothermal cylindrical plasma in argon at atmospheric pressure are 

presented first. Then, the results from the model of the free-burning arc are presented and discussed. 
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5.1. Isothermal Cylindrical Plasma 

The net emission coefficient as considered above represents the radiative power per unit volume 

and unit solid angle that is irradiated from a cylindrical isothermal plasma of radius R into the 

surrounding. Approximate NECs 𝜀𝐴  are obtained using Eq. (17) for plasma temperatures up to 

30000 K. The results are shown in Figure 5 for various plasma radii R, mean absorption coefficients 

(𝜅𝑃, 𝜅𝑅, 𝜅ℎ) and datasets (I, II). For the sake of a convenient reading, curves with solid symbols are 

assigned to Dataset I, while open symbols are assigned to Dataset II. NECs obtained with the Planck 

mean absorption coefficient 𝜅𝑃  are presented by rectangles, while circles correspond to the 

Rosseland mean absorption coefficient 𝜅𝑅, and triangles denote NECs obtained with the hybrid mean 

absorption coefficient 𝜅ℎ.  

The dependence of the approximate NECs 𝜀𝐴 on the radius R is related to the exponential term 

in Eq. (17). For a given temperature, the spectral absorption coefficient is constant and the product 

𝜅𝜈𝑅 (the optical thickness) increases with the increase of R, which leads to the decrease of 𝜀𝐴. The 

NECs obtained applying the Planck mean absorption coefficient 𝜅𝑃 are larger than those applying 

the Rosseland mean value 𝜅𝑅 since 𝜅𝑃 > 𝜅𝑅 (see Figure 3). The employment of the hybrid mean 

absorption coefficient 𝜅ℎ leads to values of 𝜀𝐴 between those applying 𝜅𝑃 and  𝜅𝑅. Although the 

general course of the NECs obtained with datasets I and II is similar, a more pronounced difference 

appears for temperatures beyond 15000 K. 

  

(a) (b) 

Figure 5. Approximate net emission coefficient 𝜀𝐴 obtained for mean absorption coefficients 𝜅𝑃, 𝜅𝑅, 

𝜅ℎ; datasets I and II, and for plasma radii: (a) R=0; (b) R=1 mm. 

Figure 6 shows the influence of the number of spectral bands on the values of approximate NECs 

𝜀𝐴 obtained for a radius of the plasma R=1 mm, applying the mean absorption coefficients 𝜅𝑃 and 

𝜅𝑅, and datasets I and II. Here, approximate NECs are calculated applying a division of the frequency 

region (0.003-10). 1015 Hz into 5 and 16 spectral intervals [34]. The results for 5 and 16 spectral bands 

agree well that justifies the usage of the 5-band approximation in the further studies. 
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Figure 6. Approximate net emission coefficient 𝜀𝐴  for a plasma radius R=1 mm. The results are 

obtained for mean absorption coefficients 𝜅𝑃 and 𝜅𝑅, datasets I and II, and 5 or 16 spectral bands. 

Figure 7 shows the NECs 𝜀𝑁 obtained from the evaluated divergence of the radiative heat flux 

according to Eq. (6) in a 3D geometry of the isothermal cylindrical plasma (Figure 4). The ambient 

temperature is set at 300 K and the plasma temperatures is varied from 300 K up to 30000 K. As for 

the study cases in Figure 6, mean absorption coefficients (𝜅𝑃, 𝜅𝑅, 𝜅ℎ) and datasets (I, II) are varied. 

The absorption coefficients employ the 5-band approximation. The cylindrical plasma has a radius 

R=1 mm and a length L=20 mm. The computational domain is resolved by means of about 20000 

elements. Twelve directions are used in the DOM to discretize the angular space. The results of the 

P1 method practically coincide with those of the DOM method (see also Figure 8). They indicate the 

same behavior with respect to the variation of the mean absorption coefficient and the dataset like 

the results for the approximate NECs 𝜀𝐴 in Figure 5b. Nevertheless, the values of 𝜀𝑁 are somewhat 

higher than those of 𝜀𝐴 for both datasets as indicated by the dash lines representing 𝜀𝐴 computed 

with the Planck mean value 𝜅𝑃  of the absorption coefficient. Furthermore, a control sample at a 

plasma temperature of 15000 K shows that 𝜀𝑁~(0.9-1.3).109 W/m3/sr (in cases 𝜅𝑅, 𝜅ℎ) and 𝜀𝑁~(6.2-

8.1) .109 W/m3/sr (in case 𝜅𝑃), while 𝜀𝐴~(0.7-0.9).109 W/m3/sr (in cases 𝜅𝑅, 𝜅ℎ) and 𝜀𝐴~(4.8-5.5) .109 

W/m3/sr (in case 𝜅𝑃). 

  

(a) (b) 
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Figure 7. Net emission coefficient 𝜀𝑁 obtained by (a) the P1 and (b) DOM methods with a 5-band 

spectral absorption coefficient for a radius of 1 mm, mean absorption coefficients, and datasets. 

Figure 8 shows a comparison of NECs 𝜀𝑁 with some published data. The 𝜀𝑁-values obtained 

with the P1 and DOM methods and mean absorption coefficients 𝜅𝑅 , 𝜅𝑃 based dataset I are shown 

since they enclose the largest and the lowest predicted NECs. Notice that the NECs presented in 

references [37,41,42] apply in general parent data to dataset I. The P1 and DOM results with 𝜅𝑅 

coincide and are in a good agreement with those in the work [41]. Furthermore, they agree well with 

the NECs obtained in [37,42] for plasma temperatures between 10000 K and 15000 K, but deviate 

stronger for temperature beyond 20000 K. The P1 and DOM results with 𝜅𝑃 exceed the NECs in the 

works [37,41,42] over the whole temperature range. The introduction of the hybrid mean absorption 

coefficient  𝜅ℎ  will reduce in a certain degree the deviation between the present and previously 

published data (see Figure 8) and can be therefore seen as a good candidate for applications in arc 

plasma models.  

 

Figure 8. NECs obtained in the present work by means of the P1 and the DOM methods for a plasma 

radius R=1 mm in comparison with published data. 

The evaluation of the NECs 𝜀𝑁 in this work provides consistent datasets for the comparison of 

the results of arc models, in which the radiative heat transfer is considered in terms of NEC, the P1, 

and the DOM approaches. 

5.2. The Free-Burning Arc 

The model of the free-burning arc in this work employs a tungsten-inert gas arrangement and 

the 2D axisymmetric computational domain are presented in Figure 9. It includes a La-W cathode 

with a length of 20 mm, a radius of 2 mm, and a truncated 60° conical tip (a plateau radius of 0.2 mm). 

The anode is a water-cooled cooper plate with a radius of 33 mm and a thickness of 7 mm. The 

distance between the cathode tip and the anode is 8 mm. The arc is burning in atmospheric pressure 

argon at direct current of 100 A. The gas is fed with a flow rate of 12 slm through a nozzle with an 

inner radius of 8 mm.  

Simulations are performed applying the NECs 𝜀𝑁  (with R=1 mm) the P1, and the DOM 

methods. The data for the implementation of the radiative heat transfer (see Eq. (1)) are based on 5-

bands hybrid mean absorption coefficients 𝜅ℎ and datasets I and II. The boundary conditions for the 

RTE (2) are set according to respectively Eq. (14) for the P1 method and Eq. (16) for the DOM method. 

Temperature-dependent values for the emissivity of tungsten [43] and copper [44] are considered. 

The open boundaries are considered with emissivity of one (see subsections 3.2 and 3.3). 
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Figure 9. The arrangement of the free-burning arc with the 2D computational domain. 

Figure 10 presents the distribution of the plasma temperature T (a) and the radiative term -Qr 

(b) obtained applying the NEC 𝜀𝑁 , the P1 method and the DOM with the hybrid absorption 

coefficient based on dataset I. The results from the model with the NEC are given shown with the 

uniformly coloured contour lines on both the left- and right-hand side of each graph. The results from 

the models applying the P1 method and the DOM are shown as filled contours in a colour map to be 

are compared side by side with each other and with the NEC-results. The contour lines overlap with 

the edge between the filled contours when the results are in agreement. The NEC contours are taken 

at the same levels as the filled ones for the plasma temperature and the positive range of the -Qr-

values in Figure 10b. Both the P1 method and the DOM predict negative -Qr-values in the region 

surrounding the cathode tip and close to the anode. This means that the radiation is absorbed there 

in contrast to the predictions of the models applying the NECs. Note that the results from the P1 and 

the DOM only slightly differ from each other. In general, the contours of equal temperature predicted 

by the models with the NECs agree well in the hot arc core with those from the P1 method and the 

DOM and deviations are observed in the arc periphery. The filled contours of equal temperature from 

the model with the P1 method are slightly broadener than those with the DOM. The difference in the 

filled contours representing the -Qr-values from the models with the P1 method and the DOM is well 

pronounced near the cathode tip as shown in Figure 10b. 

  

(a) (b) 

Figure 10. Contours of equal plasma temperature T (a) and the radiative source -Qr (b) from the 

models of the free-burning arc with the NEC 𝜀𝑁 and the P1 method (a) and the NEC 𝜀𝑁 and the 

DOM method. The hybrid absorption coefficient is based on dataset I. 

The distributions of the predicted plasma temperature and the radiative heat source along the 

arc axis obtained with the models applying NEC, P1 and DOM as well as different data sets for the 

absorption coefficient are shown in Figure 11. Note that the axial position of the end of the cathode 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 12 June 2024                   doi:10.20944/preprints202406.0853.v1

https://doi.org/10.20944/preprints202406.0853.v1


 13 

 

tip is zero, while that of the anode surface is at 8 mm. Experimental values from optical emission 

spectroscopy (OES) [45] are shown as well in Figure 11a. Note that the values of the plasma 

temperature on the arc axis obtained with the various models and data sets are very close to each 

other. They fairly agree with the experimental values. The distribution of the -Qr-values on the arc 

axis in Figure 11b shows that the values from the model with the NEC based on dataset 1 are higher 

than the other results by a factor of up to two. This effect results from the higher NEC 𝜀𝑁 for database 

I (see Figure 7a,b). Negative values of -Qr are obtained close to the anode surface. 

  

(a) (b) 

Figure 11. The plasma temperature T (a) and the radiative source -Qr (b) along the axis from the 

models of the free-burning arc with the NEC 𝜀𝑁 (squares), the P1 method (circles), and the DOM 

(triangles). The hybrid absorption coefficient is based on datasets I (solid symbols) and II (open 

symbols). Experimental data from OES of the spectral line ArII (solid diamonds) are presented as 

well. 

The distributions of the plasma temperature and the radiative heat source along a lineout that is 

perpendicular to the arc axis and is drawn in a distance of 1 mm from the cathode tip are shown in 

Figure 12. Similarly to Figure 11, the results are obtained with the models applying NEC, P1 and 

DOM as well as different data sets for the absorption coefficient. Experimental data for the plasma 

temperature are shown in Figure 12a. Note that the OES data for two spectral lines (Ar I at 696 nm 

and Ar II at 488 nm) are shown in order to show temperatures above 15000 K close the arc axis (radial 

position zero). The results show that for radial positions close to the zero, the temperatures obtained 

by the models with NEC, P1 and DOM are very similar. Deviations are obtained toward the arc 

periphery as the model with the P1 method predicts the highest values. Note that the accuracy of the 

experimental values in the arc periphery is comparable with the deviations resulting from the applied 

methods of computation of the radiative heat transfer. The radial distribution of the -Qr-values 

(Figure 12b) shows again the higher values from the model with NEC based on dataset I and similar 

result for the P1 and DOM. Note that the model with NEC and dataset II shows a well pronounced 

deviation from the P1- and DOM-results for radial positions beyond 1 mm.    
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(a) (b) 

Figure 12. The plasma temperature T (a) and the radiative source -Qr (b) along a lineout in a distance 

of 1 mm from the cathode tip and perpendicular to the axis. The results are from the models of the 

free-burning arc with the NEC 𝜀𝑁 (squares), the P1 method (circles), and the DOM (triangles). The 

hybrid absorption coefficient is based on datasets I (solid symbols) and II (open symbols). 

Experimental data from OES of spectral lines Ar I (open diamonds) and Ar II (solid diamonds) are 

presented as well. 

In order to explore the impact of the description of the radiative heat transfer on other terms in 

the equation of energy conservation Eq. (1) than Qr, Figure 13 presents their axial distribution for the 

models with NECs and datasets I and II. The results show that the deviations in the terms other than 

Qr are small. It seems that the difference in the Qr-terms is distributed in smaller parts among the 

other terms in Eq. (1) so that its effect on the plasma temperature is of minor importance. The Joule 

heating (𝒋 ∙ 𝑬) and the transport of electron enthalpy (2.5 𝑘𝐵𝒋 ∙ ∇𝑇) are combined in the term Q on the 

right-hand-side of Eq. (1). The Joule heating is the dominant term for axial positions below 0.5 mm 

from the cathode tip. The transport of electron enthalpy and the convective term (𝜚𝐶𝑝𝒖 ∙ ∇𝑇) as well 

as the divergence of the conductive heat flux ∇ ∙ 𝒒 reach their maxima in the vicinity of the cathode. 

The radiative term 𝑄𝑟 = −∇ ∙ 𝒒𝒓  and the convective term are dominating for distances from the 

cathode tip beyond 1 mm. The impact of the datasets is weaker in this region. Note that the terms 

accounting for viscous dissipation and pressure work in Eq. (1) are of minor importance and are not 

shown in Figure 13. 
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Figure 13. Axial distribution of terms in the equation of energy conservation from simulations with 

NEC 𝜀𝑁 and Datasets I and II. 

6. Conclusions 

The present work is focused on the account of the radiative heat transfer in arc plasma models. 

State-of-the-art LTE models of a free-burning arc applying NECs, the P1-method, and the DOM are 

employed to study the effects resulting from the various methods and absorption data. NECs are 

computed using analytical approximations and a three-dimensional solution of the equation of 

radiative transfer from an isothermal cylinder in the framework of the multi-band approximation for 

various definitions of the mean absorption coefficient (Planck, Rosseland, hybrid) with the P1 and 

the DOM. A self-consistent access to the radiative heat transfer is realized in the model of free-

burning arc. The main results are summarized in what follows. 

• The approximate (𝜀𝐴) and the numerically obtained (𝜀𝑁) NECs depend on the datasets for the 

spectral absorption coefficient in particular for plasma temperatures beyond about 15000 K. The 

approximate NEC 𝜀𝐴 is lower than 𝜀𝑁 independent of the datasets that have been used.  

• The NECs obtained with a division of the spectrum into 5 and 16 spectral bands are very close 

to each other. The P1 method and the DOM for solving the equation of radiative transfer provide 

practically the same numerical NECs 𝜀𝑁. 

• The NECs depend on the way of averaging the spectral absorption coefficient within the spectral 

bands. NECs that are obtained applying the Planck mean values are larger than those applying 

the Rosseland mean values. A hybrid definition of the mean absorption coefficient provides 

intermediate values. 

• The implementation of the NEC for a plasma radius of 1 mm, the P1 method and the DOM with 

five spectral bands and a hybrid mean value of the spectral absorption coefficient into the model 

of the free-burning arc shows very similar values of the plasma temperature in the hot arc core 

and deviations in the range of 1000 K in the arc periphery. Such deviations can hardly be 

approved in experiments with optical emission spectroscopy. 

• The arc models with the P1 method and the DOM indicate negative radiative losses (absorption 

of radiation) near the electrodes in contrast to the models with NEC.  

• The predicted plasma temperature in the models with NECs is practically the same despite the 

discrepancy in the radiative loss term Qr for the two datasets for the spectral absorption 

coefficient, which are considered in the present study.  
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Appendix A 

In the P1-approximation, the radiation intensity is expressed in terms of a scalar function 𝑎(𝒓) 

and a vector function 𝒃(𝒓) [19] 

𝐼(𝒓, 𝒔) = 𝑎(𝒓) + 𝒃(𝒓) ∙ 𝒔, (A1) 

Notice that the index “” denoting the spectral quantities is dropped for the sake of shortness. 

The four unknowns are related to physical quantities. For example, the incident radiation  

𝐺(𝒓) = ∫ 𝐼(𝒓, 𝒔)𝑑Ω
4𝜋

Ω=0
= ∫ (𝑎(𝒓) + 𝒃(𝒓) ∙ 𝒔)𝑑Ω = 4𝜋

4𝜋

Ω=0
𝑎(𝒓), (A2) 
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since ∫ 𝒔𝑑Ω
4𝜋

Ω=0
= ∫ ∫ (

sin 𝜃 cos 𝜑
sin 𝜃 sin 𝜑

cos 𝜃

) sin 𝜃𝑑𝜃𝑑𝜑 = (0,0,0)
𝜋

0

2𝜋

0
. 

𝒒𝒓(𝒓) = ∫ 𝐼(𝒓, 𝒔)𝒔𝑑Ω
4𝜋

Ω=0
= ∫ 𝑎(𝒓)𝒔𝑑Ω + 𝒃(𝒓) ∙ ∫ 𝒔𝒔𝑑Ω =

4𝜋

Ω=0

4𝜋

Ω=0

4𝜋

3
𝒃(𝒓), (A3) 

since ∫ 𝒔𝒔𝑑Ω =
4𝜋

3
𝜹̂

4𝜋

Ω=0
 with 𝜹̂ being the unit tensor. Hence, 

𝐼(𝒓, 𝒔) =
1

4𝜋
𝐺(𝒓) +

3

4𝜋
𝒒𝒓(𝒓) ∙ 𝒔 (A4) 

and 𝒔. ∇𝐼(𝒓, 𝒔) is computed as 

𝒔. ∇𝐼(𝒓, 𝒔) = ∇ ∙ 𝒔𝐼(𝒓, 𝒔) = ∇ ∙ 𝒔 (
1

4𝜋
𝐺(𝒓) +

3

4𝜋
𝒒𝒓(𝒓) ∙ 𝒔) = ∇ ∙ 𝒔

1

4𝜋
(𝐺(𝒓) + 3𝒒𝒓(𝒓) ∙ 𝒔) (A5) 

Applying the RTE (2), one gets 

∇ ∙ 𝒔
1

4𝜋
(𝐺(𝒓) + 3𝒒𝒓(𝒓) ∙ 𝒔) = 𝜅(𝐵 − 𝐼(𝒓, 𝒔)) = 𝜅 (𝐵 −

1

4𝜋
𝐺(𝒓) −

3

4𝜋
𝒒𝒓(𝒓) ∙ 𝒔) (A6) 

and the integration over all solid angles yields 

∫ ∇ ∙ 𝒔
1

4𝜋
(𝐺(𝒓) + 3𝒒𝒓(𝒓) ∙ 𝒔)

4𝜋

Ω=0

𝑑Ω = ∫ 𝜅 (𝐵 −
1

4𝜋
𝐺(𝒓) −

3

4𝜋
𝒒𝒓(𝒓) ∙ 𝒔)

4𝜋

Ω=0

𝑑Ω (A7) 

∇ ∙
1

4𝜋
𝐺(𝒓) ∫ 𝒔

4𝜋

Ω=0

𝑑Ω + ∇ ∙
3

4𝜋
𝒒𝒓(𝒓) ∫ 𝒔𝒔

4𝜋

Ω=0

𝑑Ω = ∫ 𝜅 (𝐵 −
1

4𝜋
𝐺(𝒓))

4𝜋

Ω=0

𝑑Ω − ∫ 𝜅 (
3

4𝜋
𝒒𝒓(𝒓) ∙ 𝒔)

4𝜋

Ω=0

𝑑Ω (A8) 

In which the first term on the left-hand-side and the second term on the right-hand-side are zero. 

Therefore, Eq. (A8) becomes 

∇ ∙ 𝒒𝒓(𝒓) = 𝜅[4𝜋𝐵 − 𝐺(𝒓)] (A9) 

A multiplying the RTE by components of the directional vector s and integrating over all directions 

Ω yields for the left-hand-side 

1

4𝜋
∇ ∙ [𝐺(𝒓) ∫ 𝒔𝒔𝑑Ω

⬚

4𝜋

+ 3𝒒𝒓(𝒓) ∙ ∫ 𝒔𝒔𝒔𝑑Ω
⬚

4𝜋

] =
1

4𝜋
∇ ∙ (𝐺(𝒓)

4𝜋

3
𝜹̂) =

1

3
∇𝐺(𝒓) (A10) 

and for the right-hand-side 

𝜅 (𝐵 ∫ 𝒔𝑑Ω
⬚

4𝜋

−
1

4𝜋
𝐺(𝒓) ∫ 𝒔𝑑Ω

⬚

4𝜋

−
3

4𝜋
𝒒𝒓(𝒓) ∙ ∫ 𝒔𝒔𝑑Ω

⬚

4𝜋

) = −𝜅 (
3

4𝜋
𝒒𝒓(𝒓) ∙

4𝜋

3
𝜹̂) = −𝜅𝒒𝒓(𝒓) (A11) 

and finally, from Eq. (A10) and (A11) one gets 

𝒒𝒓(𝒓) = −
1

3𝜅
∇𝐺(𝒓) (A12) 

Equations (A9) and (A12) provide the governing set of one scalar and one vector equations for the 

quantities 𝐺(𝒓) and 𝒒𝒓(𝒓) in the P1-approximation. 

Appendix B 

Lowke [18] computed approximate net emission coefficients at the center of cylindrical 

isothermal plasma of various temperatures and radii R as 

𝜀𝐴𝜈 = 𝜅𝜈(𝐵𝜈 − 𝐽𝜈) = 𝜅𝜈𝐵𝜈𝐺1(𝜅𝜈𝑅), (B1) 

where 𝐽𝜈 represents the average radiative intensity, i.e.,  

𝐽𝜈 =
1

4𝜋
∫ 𝐼𝜈𝑑Ω

⬚

𝟒𝜋
, (B2) 

and 𝐺1(𝑥) = ∫ sin 𝜃 𝑒−𝑥/ sin 𝜃𝑑𝜃
𝜋/2

0
 with 𝜃  is being the polar angle and 𝑥 = 𝜅𝜈𝑟 . The incident 

radiation is  
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𝐺𝜈 = ∫ 𝐼𝜈𝑑Ω =
⬚

𝟒𝜋

4𝜋𝐽𝜈 = 4𝜋𝐵𝜈[1 − 𝐺1(𝜅𝜈𝑅)]. (B3) 

The derivation is given for the sake of completeness in the Appendix A. 

In order to evaluate the net emission coefficient, 𝐺1(𝑥) must be obtained. 

One considers the distance s along the line of sight XP. Point X corresponds to s=0 and point P 

corresponds to s=L. Multiplying the RTE Eq. (2) by an integrating factor 𝑒− ∫ 𝜅(𝜂)𝑑𝜂
𝐿

𝑠 , where L is the 

plasma boundary, one gets 

𝑑𝐼𝜈

𝑑𝑠
𝑒− ∫ 𝜅(𝜂)𝑑𝜂

𝐿
𝑠 = 𝜅𝜈𝐵𝜈𝑒− ∫ 𝜅(𝜂)𝑑𝜂

𝐿
𝑠 − 𝜅𝜈𝐼𝜈𝑒− ∫ 𝜅(𝜂)𝑑𝜂

𝐿
𝑠  (B4) 

𝑑𝐼𝜈

𝑑𝑠
𝑒− ∫ 𝜅(𝜂)𝑑𝜂

𝐿
𝑠 = 𝜅𝜈𝐵𝜈𝑒− ∫ 𝜅(𝜂)𝑑𝜂

𝐿
𝑠 −

𝑑

𝑑𝑠
[𝐼𝜈𝑒− ∫ 𝜅(𝜂)𝑑𝜂

𝐿
𝑠 ] +

𝑑𝐼𝜈

𝑑𝑠
𝑒− ∫ 𝜅(𝜂)𝑑𝜂

𝐿
𝑠 . (B5) 

Here, the relation 

𝑑

𝑑𝑠
[𝑒− ∫ 𝜅(𝜂)𝑑𝜂

𝐿
𝑠 ] =

𝑑

𝑑𝑠
[− ∫ 𝜅(𝜂)𝑑𝜂

𝐿

𝑠

] 𝑒− ∫ 𝜅(𝜂)𝑑𝜂
𝐿

𝑠 = 𝜅(𝜂)𝑒− ∫ 𝜅(𝜂)𝑑𝜂
𝐿

𝑠  (B6) 

is used. Then,  

𝑑

𝑑𝑠
[𝐼𝜈𝑒− ∫ 𝜅(𝜂)𝑑𝜂

𝐿
𝑠 ] = 𝜅𝜈𝐵𝜈𝑒− ∫ 𝜅(𝜂)𝑑𝜂

𝐿
𝑠  (B7) 

If, the point, where the radiation intensity is sought, is placed in the coordinate origin, then replacing 

𝜌=L-s applies to the intensity in point Z in direction –Ω 

𝐼𝜈(0, −Ω) = ∫ 𝜅𝜈(𝜌)𝐵𝜈(𝜌)𝑒− ∫ 𝜅(𝜌′)𝑑𝜌′
𝜌

0

𝐿

0

𝑑𝜌 (B8) 

Therefore, the average radiation intensity can be expressed as 

𝐽𝜈 =
1

4𝜋
∫ 𝐼𝜈𝑑Ω

⬚

𝟒𝝅

  (B9) 

and 

𝐽𝜈 =
1

2𝜋
∫ ∫ ∫ 𝜅𝜈(𝜌′)𝐵𝜈(𝜌′)𝑒− ∫ 𝜅(𝜌′′)𝑑𝜌′′

𝜌′
0 sin 𝜃𝑑𝜑𝑑𝜃𝑑𝜌′

2𝜋

𝜑=0

𝜋/2

𝜃=0

𝜌

𝜌′=0

 (B10) 

The integration is taken along straight lines from the center of the arc (𝜌′ = 0) to the edge of the arc 

(𝜌′ = 𝜌), and the direction of the lines is given by the spherical coordinates 𝜃, 𝜑. The integration along 

lines for 𝜃 ≠ 𝜋/2 can be transformed to integration along lines perpendicular to the arc axis by using 

𝑑𝜌 = 𝑑𝑟/ sin 𝜃. 

𝐽𝜈 = ∫ 𝜅𝜈𝐵𝜈𝑑𝑟′ ∫ 𝑒− ∫ 𝜅/ sin 𝜃𝑑𝑟′′
𝑟′

0 𝑑𝜃
𝜋/2

𝜃=0

𝑅

𝑟′=0

. (B11) 

Let us consider the integral ∫ 𝑒− ∫ 𝜅/ sin 𝜃𝑑𝑟′′
𝑟′

0 𝑑𝜃
𝜋/2

𝜃=0
. Then, 

∫ 𝑒− ∫ 𝜅𝑑𝑟′′/ sin 𝜃
𝑟′

0 𝑑𝜃
𝜋/2

𝜃=0

= ∫ 𝑒−𝑥/ sin 𝜃𝑑𝜃
𝜋/2

𝜃=0

 (B12) 

where 𝑥 = ∫ 𝜅𝑑𝑟′′
𝑟′

0
. This integral can be expressed through the recurrence relation  

𝐺𝑛 = ∫ sin𝑛 𝜃 𝑒−𝑥/ sin 𝜃𝑑𝜃
𝜋/2

𝜃=0

 (B13) 

as 𝐺0. Notice that  

𝐺1 = ∫ sin 𝜃 𝑒−𝑥/ sin 𝜃𝑑𝜃
𝜋/2

𝜃=0

 (B14) 
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and 

 ∫ 𝐺0(𝑥′)𝑑𝑥′ = − ∫ 𝑑𝜃
𝜋/2

𝜃=0
∫ sin 𝜃 𝑒−𝑥′/sin𝜃𝑑 (−

𝑥′

sin𝜃
) = − ∫ 𝑑𝜃

𝜋/2

𝜃=0
∫ sin 𝜃 𝑑(𝑒−𝑥′/sin𝜃)

−𝑥/sin𝜃

0

𝑥

0

𝑥

0
=

− ∫ 𝑑𝜃
𝜋

2
𝜃=0

[𝑒−
𝑥′

sin𝜃 sin 𝜃|
0

−
𝑥

sin𝜃

] = − ∫ 𝑑𝜃 sin 𝜃
𝜋

2
𝜃=0

(𝑒−
𝑥

sin𝜃 − 1) = ∫ sin 𝜃 𝑑𝜃
𝜋

2
𝜃=0

− ∫ sin 𝜃
𝜋

2
𝜃=0

𝑒−
𝑥

sin𝜃𝑑𝜃 =

−cos 𝜃|
0

𝜋

2 − 𝐺1(𝑥) = 1 − 𝐺1(𝑥) 

Hence,  

𝐽𝜈 = ∫ 𝐵𝜈𝑑𝑥′ ∫ 𝑒− ∫ 𝜅/ sin 𝜃𝑑𝑟′′
𝑟′

0 𝑑𝜃
𝜋/2

𝜃=0

𝜅𝜈𝑅

𝑥′=0

= 𝐵𝜈[1 − 𝐺1(𝜅𝜈𝑅)] (B15) 

The approximate net emission coefficient is finally expressed as  

𝜀𝐴𝜈 = 𝜅𝜈(𝐵𝜈 − 𝐽𝜈) = 𝜅𝜈𝐵𝜈𝐺1(𝜅𝜈𝑅). (B16) 
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