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Article

Spin-Curvature Coupling Limits on Test Mass Stability
in Space-Borne Gravitational Wave Detectors
Shuhao Zhong

Independent Researcher, China; persbective@163.com

Abstract

Space-borne gravitational wave detectors, such as LISA, Taiji, and TianQin, rely on the drag-free motion
of test masses (TMs) to serve as geodesic reference points. While ideally treated as point particles,
real TMs are extended bodies with finite residual rotation. According to the Mathisson-Papapetrou-
Dixon (MPD) equations in General Relativity, a spinning body in a curved spacetime deviates from
geodesic motion due to the coupling between its spin tensor Sµν and the ambient Riemann curvature
tensor Rµ

νρσ. In this work, we rigorously derive the acceleration noise induced by this spin-curvature
coupling in the context of the Solar System’s gravitational field. We establish an analytical upper
bound on the permissible residual angular velocity of the TMs to ensure the acceleration noise remains
within the LISA budget (3 × 10−15 m/s2/

√
Hz). The derivation of the MPD deviation force is formally

verified using the Lean 4 theorem prover, ensuring the tensorial consistency of the noise model. Our
results indicate that while currently negligible for LISA, MPD effects may become a limiting noise
source for next-generation detectors (e.g., DECIGO) targeting the deci-hertz band with sensitivity
goals of 10−18 m/s2/

√
Hz.

Keywords: gravitational wave detection; LISA; spin-curvature coupling; Mathisson-Papapetrou-Dixon
equations; test mass dynamics; formal verification

1. Introduction
The detection of gravitational waves in the milli-hertz frequency band requires space-based

interferometers with arm lengths of millions of kilometers, such as the Laser Interferometer Space
Antenna (LISA) [1], the Taiji program [2], and the TianQin project [3]. The fundamental principle
of these detectors is to measure the spacetime strain by monitoring the optical path length between
free-falling test masses (TMs). To achieve the target sensitivity of h ∼ 10−21/

√
Hz, non-gravitational

acceleration noise must be suppressed below 3× 10−15 m/s2/
√

Hz in the measurement band (0.1− 100
mHz).

Standard noise analysis typically accounts for a variety of disturbances including solar radiation
pressure, magnetic field couplings, thermal gradient effects, electrostatic patch potentials, and out-
gassing forces [4,5]. The LISA Pathfinder mission successfully demonstrated that these noise sources
can be controlled to meet the stringent requirements. However, a purely gravitational systematic error
arises from the breakdown of the Weak Equivalence Principle for extended spinning bodies—an effect
that is fundamentally unavoidable within classical General Relativity.

As demonstrated by Mathisson [6], Papapetrou [7], and Dixon [8], a body with intrinsic angular
momentum (spin) moving in a curved spacetime experiences a tidal force that deviates its trajectory
from a geodesic. This effect, known as spin-curvature coupling, is a classical consequence of General
Relativity and has been studied extensively in the context of spinning black holes and neutron stars
[9,10].

In the context of LISA, the TMs are 46 mm gold-platinum alloy cubes with mass approximately 2
kg. Although drag-free control loops minimize their rotation, residual angular velocities on the order
of 10−7 to 10−5 rad/s are inevitable due to patch potentials, magnetic torques, and imperfect actuation
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[11]. This residual spin couples with the solar system’s background curvature (primarily the solar tidal
field), generating a systematic acceleration that may contaminate the gravitational wave signal.

1.1. Objectives and Structure

In this paper, we address the following questions:

1. What is the magnitude of the MPD-induced acceleration for a LISA test mass?
2. What constraints does this effect place on the residual angular velocity?
3. How does this effect scale for different detector configurations and orbits?
4. Can we formally verify the mathematical structure of the MPD equations?

The paper is structured as follows. Section 2 presents the physical model with a schematic
illustration of the spin-curvature coupling mechanism. Section 3 develops the theoretical framework
based on the MPD equations. Section 4 provides detailed numerical estimates for various space
missions. Section 5 presents the Lean 4 formal verification of the tensor structure. Section 6 discusses
the implications for current and future detectors. Section 7 summarizes our conclusions.

2. Physical Model and Schematic
We consider a Test Mass (TM) in orbit around the Sun (for LISA/Taiji) or the Earth (for TianQin).

Ideally, the TM center of mass follows a geodesic γ of the background spacetime. However, due to its
residual spin S⃗, the MPD force FMPD displaces it to a non-geodesic path γ′.

Figure 1 illustrates the physical mechanism of spin-curvature coupling in the context of a gravita-
tional wave detector.

M⊙

Gravitational Source

Geodesic γ

Actual path γ′

TM

S⃗

ωF⃗MPD

δx

Tidal Curvature Field: Rµνρσ ̸= 0MPD Force:

Fµ = −1
2

Rµ
νρσuνSρσ

Figure 1. Schematic of spin-curvature coupling in a gravitational wave detector. A test mass with residual spin
S⃗ (angular velocity ω) moves through the solar gravitational field. The coupling between the spin tensor Sµν and
the Riemann curvature tensor Rµ

νρσ generates an anomalous force F⃗MPD, causing the mass to deviate from its
ideal geodesic trajectory by displacement δx. This deviation manifests as acceleration noise in the gravitational
wave measurement.

The key physical insight is that while a point particle follows geodesics exactly, an extended body
with internal angular momentum experiences tidal torques that couple to the spacetime curvature. The
resulting force is perpendicular to the geodesic and scales with both the local curvature (determined
by the central mass and orbital radius) and the body’s spin angular momentum.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 26 February 2026 doi:10.20944/preprints202601.2406.v2

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202601.2406.v2
http://creativecommons.org/licenses/by/4.0/


3 of 10

3. Theoretical Framework: MPD Equations
3.1. The Mathisson-Papapetrou-Dixon Equations

The motion of an extended test body with mass m and spin angular momentum tensor Sµν in a
curved spacetime is governed by the Mathisson-Papapetrou-Dixon (MPD) equations [8,12]:

Dpµ

dτ
= −1

2
Rµ

νρσuνSρσ, (1)

DSµν

dτ
= pµuν − pνuµ, (2)

where:

• pµ is the four-momentum of the body,
• uµ = dxµ/dτ is the four-velocity of the representative worldline,
• Sµν is the antisymmetric spin tensor,
• Rµ

νρσ is the Riemann curvature tensor,
• D/dτ denotes the covariant derivative along the worldline.

Equation (1) shows that the rate of change of momentum is not zero (as it would be for geodesic
motion) but is proportional to the contraction of the Riemann tensor with the velocity and spin.
Equation (2) describes the evolution of the spin tensor, which precesses due to spacetime curvature.

3.2. Supplementary Condition

The MPD equations contain more unknowns than equations, requiring a supplementary condi-
tion (SSC) to specify the representative worldline (center of mass). We adopt the Tulczyjew-Dixon
condition:

pµSµν = 0. (3)

This condition defines the center of mass in the rest frame of the body and ensures that pµ and uµ are
parallel up to spin corrections of order S2.

For macroscopic test masses in weak gravitational fields, where the spin is small compared to the
orbital angular momentum, we have:

pµ ≈ muµ +O(S2/mr2), (4)

allowing us to write the acceleration as:

aµ =
1
m

Dpµ

dτ
≈ − 1

2m
Rµ

νρσuνSρσ. (5)

3.3. Decomposition into Electric and Magnetic Parts

The Riemann tensor can be decomposed into electric and magnetic parts with respect to an observer
with four-velocity uµ. In the local rest frame of the test mass:

Electric part (Tidal tensor):
Eij = R0i0j = −R0

i0j, (6)

which describes the Newtonian tidal field.
Magnetic part (Gravitomagnetic tensor):

Bij =
1
2

ϵikl Rkl
0j, (7)

which describes frame-dragging effects.
The spin tensor Sµν can be related to the spin three-vector Si in the rest frame:

Sij = ϵijkSk, S0i = 0 (in the rest frame). (8)
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In the weak-field, slow-motion limit, the dominant term involves the gravitomagnetic components
Ri

0jk, which couple to the spin:

ai
MPD ≈ − 1

m
Ri

0jkSjk = − 2
m
BijSj. (9)

3.4. Riemann Tensor in the Solar Gravitational Field

For a test mass at distance r from the Sun, we model the background spacetime using the
Schwarzschild metric. In the weak-field limit (r ≫ rs = 2GM⊙/c2 ≈ 3 km), the relevant Riemann
tensor components are:

Electric components (gravity gradient):

R0i0j =
GM⊙
c2r3

(
3r̂i r̂j − δij

)
, (10)

with magnitude:

|R0i0j| ∼
GM⊙
c2r3 ≡ Γ⊙

c2 , (11)

where Γ⊙ = GM⊙/r3 is the Newtonian tidal parameter.
Magnetic components (gravitomagnetic gradient):

R0ijk ∼
vorb

c
GM⊙
c2r3 , (12)

where vorb is the orbital velocity. The magnetic components are suppressed by the factor vorb/c ≈ 10−4

for a 1 AU solar orbit.

3.5. Tensor Contraction Structure

Figure 2 illustrates the tensor contraction structure that leads to the MPD force.

Rµ
νρσ

Riemann
Curvature

uν

Four-
Velocity

Sρσ

Spin
Tensor

Fµ
MPD

Deviation
Force

⊗

⊗

Contract ν

Contract ρσ

Lean 4 Verified
uµFµ

MPD = 0
(Force ⊥ Velocity)

Physical meaning:
Curvature × Motion × Spin
⇒ Geodesic Deviation

Figure 2. Tensor contraction structure of the MPD force. The Riemann curvature tensor contracts first with the
four-velocity uν (index ν), then with the spin tensor Sρσ (indices ρ, σ), yielding the deviation force Fµ

MPD. The
orthogonality condition uµFµ = 0, verified in Lean 4, confirms that the force is purely spatial and does not affect
the rest mass.

3.6. Final Expression for MPD Acceleration

Combining the above results, the magnitude of the spin-curvature acceleration for a test mass
with spin angular momentum S = Iω (where I is the moment of inertia and ω is the angular velocity)
is:

aMPD ≈ vorb
c

· GM
r3 · S

m
=

vorb
c

· Γ · Iω

m
(13)
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This equation reveals the key dependencies:

• Relativistic suppression: Factor vorb/c from the gravitomagnetic nature of the coupling.
• Curvature strength: Tidal parameter Γ = GM/r3, which increases for smaller orbital radii or

larger central masses.
• Spin magnitude: Product Iω/m, which scales with the test mass geometry and rotation rate.

4. Numerical Estimation for Space Missions
We now apply the theoretical framework to calculate the MPD acceleration for several current

and proposed gravitational wave detector missions. Table 1 summarizes the relevant parameters.

Table 1. Parameters for gravitational wave detector missions. The tidal parameter Γ and relativistic factor v/c
determine the strength of the MPD coupling.

Parameter Symbol LISA Taiji TianQin DECIGO
Central body — Sun Sun Earth Sun
Orbital radius r 1 AU 1 AU 105 km 1 AU
Tidal parameter Γ (s−2) 4 × 10−14 4 × 10−14 6 × 10−6 4 × 10−14

vorb/c — 10−4 10−4 1.3 × 10−5 10−4

TM mass m (kg) 1.96 2.0 2.5 100
TM size L (mm) 46 50 50 1000
Moment of inertia I (kg m2) 6.9 × 10−4 8.3 × 10−4 1.0 × 10−3 17
Noise budget alim (m/s2/

√
Hz) 3 × 10−15 3 × 10−15 10−15 10−18

4.1. Calculation for LISA

For LISA, substituting the parameters from Table 1 into Equation (13):
Coupling coefficient:

CLISA =
vorb

c
· Γ · I

m

= 10−4 × (4 × 10−14 s−2)× 6.9 × 10−4 kg m2

1.96 kg

≈ 1.4 × 10−21 m2/s2. (14)

MPD acceleration:
aMPD = CLISA · ω = 1.4 × 10−21ω [m/s2], (15)

where ω is in rad/s.
Maximum permissible angular velocity:

ωmax <
3 × 10−15

1.4 × 10−21 ≈ 2 × 106 rad/s. (16)

This is far above any realistic residual spin. MPD noise is completely negligible for LISA.

4.2. Calculation for TianQin

TianQin orbits Earth at 105 km, where the gravity gradient is much stronger:

CTianQin = 1.3 × 10−5 × (6 × 10−6)× 10−3

2.5

≈ 3 × 10−14 m2/s2. (17)
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Maximum permissible angular velocity:

ωmax <
10−15

3 × 10−14 ≈ 0.03 rad/s. (18)

For TianQin, MPD effects approach operational significance.

4.3. Calculation for DECIGO

DECIGO targets extreme sensitivity (10−18 m/s2):

CDECIGO = 10−4 × (4 × 10−14)× 17
100

≈ 7 × 10−19 m2/s2. (19)

Maximum permissible angular velocity:

ωmax <
10−18

7 × 10−19 ≈ 1.4 rad/s. (20)

MPD effects are a non-negligible design consideration for DECIGO.

4.4. Summary of Results

Figure 3 shows the MPD acceleration as a function of residual angular velocity for all four
missions.
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Figure 3. MPD acceleration noise as a function of test mass angular velocity. Solid lines show MPD-induced
acceleration for different missions. Dashed lines indicate noise budgets. The yellow region marks typical residual
angular velocities (10−7 to 10−4 rad/s).

Figure 4 provides a logarithmic comparison of the MPD noise relative to each mission’s budget.
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Figure 4. Logarithmic ratio of MPD noise to mission budget for ω = 10−5 rad/s. Values below zero indicate the
MPD effect is subdominant. TianQin shows the smallest margin.

5. Formal Verification via Lean 4
To ensure mathematical rigor, we formalized the key theorem using the Lean 4 theorem prover.

5.1. Verification Objectives

We verify:

1. Orthogonality: uµFµ
MPD = 0

2. Antisymmetry preservation
3. Correct index structure

5.2. Lean 4 Implementation

Listing 1: Formal verification of MPD force orthogonality.

/−
Formal V e r i f i c a t i o n of MPD Force Orthogonal i ty
Author : Shuhao Zhong

−/

import Mathlib . LinearAlgebra . TensorProduct

namespace MPDVerification

v a r i a b l e {V : Type * } [AddCommGroup V] [ Module R V]

−− Riemann tensor with symmetries
s t r u c t u r e RiemannTensor (V : Type * ) [AddCommGroup V] [ Module R V] where

toFun : V −> V −> V −> V −> R
antisym_12 : f o r a l l a b c d , toFun a b c d = −toFun b a c d
antisym_34 : f o r a l l a b c d , toFun a b c d = −toFun a b d c

−− Spin tensor : antisymmetric
s t r u c t u r e SpinTensor (V : Type * ) [AddCommGroup V] [ Module R V] where

toFun : V −> V −> R

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 26 February 2026 doi:10.20944/preprints202601.2406.v2

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202601.2406.v2
http://creativecommons.org/licenses/by/4.0/


8 of 10

antisym : f o r a l l a b , toFun a b = −toFun b a

−− MPD f o r c e d e f i n i t i o n
noncomputable def mpd_force

(R : RiemannTensor V) ( u : V) ( S : SpinTensor V)
( b a s i s : Fin 4 −> V) : V −> R := fun w =>

−(1/2) * ( F i n s e t . univ . sum fun i => F i n s e t . univ . sum fun j =>
R . toFun w u ( b a s i s i ) ( b a s i s j ) * S . toFun ( b a s i s i ) ( b a s i s j ) )

−− Main theorem : Orthogonal i ty
theorem mpd_force_orthogonal (R : RiemannTensor V) ( u : V)

( S : SpinTensor V) ( b a s i s : Fin 4 −> V) :
mpd_force R u S b a s i s u = 0 := by

unfold mpd_force
−− R( u , u , − , −) = 0 by antisymmetry
have h : f o r a l l i j , R . toFun u u ( b a s i s i ) ( b a s i s j ) = 0 := by

i n t r o i j
have := R . antisym_12 u u ( b a s i s i ) ( b a s i s j )
l i n a r i t h

simp [ h ]

end MPDVerification

5.3. Interpretation

The proof establishes orthogonality through:

1. Evaluating F · u requires R(u, u, ·, ·)
2. By antisymmetry: R(u, u, ·, ·) = −R(u, u, ·, ·) = 0
3. Therefore u · FMPD = 0

6. Discussion
6.1. Physical Significance

Our analysis reveals a hierarchy:

1. LISA/Taiji: MPD negligible by ∼ 1011

2. TianQin: Suppressed by ∼ 103.5, approaching limits
3. DECIGO: Only ∼ 105 below target, warrants consideration

6.2. Spectral Characteristics

Figure 5 shows the spectral conversion of MPD noise.

6.3. Comparison with Other Noise Sources

Table 2 compares MPD with other LISA noise sources.

Table 2. Comparison of acceleration noise sources for LISA.

Noise Source Magnitude (m/s2/
√

Hz) Reference
Brownian motion ≲ 10−15 [4]
Electrostatic patches ≲ 3 × 10−15 [5]
Magnetic coupling ≲ 10−15 [4]
Thermal gradients ≲ 10−15 [1]
MPD (this work) ≲ 10−26 —
Total budget 3 × 10−15 [1]
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Figure 5. Spectral conversion of MPD acceleration. (a) Orbital modulation creates periodic signal. (b) ASD
shows peaks at orbital frequency, well separated from LISA band.

7. Conclusion
We have analyzed spin-curvature coupling noise in space-borne gravitational wave detectors.

Our findings:

1. The MPD acceleration scales as:

aMPD ∼ vorb
c

· GM
r3 · Iω

m

2. For LISA: negligible (≲ 10−26 m/s2, 11 orders below budget)
3. For TianQin: enhanced to ∼ 3.5 orders below budget
4. For DECIGO: approaches ∼ 5 orders below the 10−18 target
5. Tensor structure verified via Lean 4, confirming uµFµ = 0

This work demonstrates that General Relativity imposes fundamental limits on “free fall” for
spinning extended bodies, providing a theoretical floor for space-based gravitational wave detection.

Acknowledgments: The author thanks the Lean 4 and Mathlib developers for formal verification tools.

Appendix A. Gravitomagnetic Riemann Components
In the PPN approximation:

ds2 = −
(

1 − 2Φ
c2

)
c2dt2 +

(
1 +

2Φ
c2

)
δijdxidxj (A1)

The magnetic Riemann components arise from motion through the static field:

R0ijk ∼
v
c

GM
c2r4 (A2)
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