Pre prints.org

Article Not peer-reviewed version

Weighted Composition Operators
between Bers-Type Spaces on
Generalized Hua-Cartan-Hartogs
Domains

Ziyan Wang and Jianbing Su ~

Posted Date: 4 July 2024
doi: 10.20944/preprints202407.0393.v1

Keywords: the Generalized Hua-Cartan-Hartogs domains; Bers-type space; weighted composition
operators; boundedness and compactness

Preprints.org is a free multidiscipline platform providing preprint service that
is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons
Attribution License which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.



https://sciprofiles.com/profile/3665219
https://sciprofiles.com/profile/3135218

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 July 2024 doi:10.20944/preprints202407.0393.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article

Weighted Composition Operators between Bers-Type

Spaces on Generalized Hua-Cartan-Hartogs Domains *
Ziyan Wang and Jianbing Su *

School of Mathematics and Statistics, Jiangsu Normal University, Xuzhou 221116, China

* Correspondence: sujb@jsnu.edu.cn

t Supported by: The National Natural Science Foundation of China, Grant/ Award Numbers: 11771184; Postgraduate Research
& Practice Innovation Program of Jiangsu Province, Grant/Award Numbers: KYCX20_2210.

Abstract: We address weighted composition operators between Bers-type spaces on generalized Hua-Cartan-
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1. Introduction

Throughout this paper, we denote by () a bounded domain of C" and by H(Q)) the set of all
holomorphic functions on (). We also denote by ¢ a holomorphic map of () on itself (self-map) and by
i a generic element of H(()). A weighted composition operator 1)Cy is defined as

¥Cof(2) = 9(2)(f o p(2)), z€ Q.

If = 1, pCyp reduces to the composition operator, usually denoted by Cy. If ¢(z) = z, we have the
multiplication operator, usually denoted by M.

In recent years, there has been great interest in the study of (weighted) composition operators
between spaces of various domains. For example, on the unit disk, some properties of weighted
composition operators between H* and Bloch space and between Bloch space and weighted Banach
space have been extensively discussed by Allen in [1,2], respectively. Pu characterised the sufficient and
necessary conditions of bounded and compact composition operators from Bloch space to Bers-type
space and small Bers-type space [3]. Zhong, Wang and Liu [4,5] also discussed sufficient and necessary
conditions for the boundedness and compactness of weighted composition operator between Bers-type
spaces, obtaining the same results.

For the unit ball, Jin and Tang [6] investigated the sufficient and necessary conditions for the
boundedness and compactness of weighted composition operator between Bers-type spaces, which
generalize the results obtained for the unit disk in [4,5]. Du and Li [7] studied the properties of
weighted composition operators from H® space to Bloch space. In [8], Dai described the characteristics
of Lipschitz space on the unit ball, and gave the necessary and sufficient conditions for the weighted
composition operators on Lipschitz space to be bounded and compact. Zhou et al. studied the
properties of weighted composition operators from Bers-type space to Bloch space [9].

Concerning the polydisc, Li and Zhang [10] discussed the equivalence of compactness conditions
for composition operators between Bloch type spaces on the polydisc, and gave the simplest represen-
tation of the compactness conditions. The boundedness and compactness of composition operators
of general weight Bloch spaces were studied by Hu in [11]. Stevi¢ investigated the boundedness
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and compactness of composition operators between special weight Bloch space and H* space in [12].
Later, in [13,14], together with Li , the conclusions were extended to the case of weighted composition
operators.

In 1930, E. Cartan [15] fully characterized the irreducible bounded symmetric domains into six
types: four types of Cartan domains and two exceptional domains of complex dimensions 16 and 27,
respectively. The four types of Cartan domains are defined as follows:

Ri(m,n) = {Z € C"™": 177 >0}.

Ru(p) = {Z TP 1-2Z >0,Z2=2'}.

Ri(q) = {Z € CT1: 14+ 2Z>0,Z=-Z'}.

Riv(N) :={z € CN: 1+ |z/|> — 222/ > 0,1 — |zZ/|* > 0}.

where m,n,p,q, N are positive integers, Z € C"™*" means that Z is a m x n complex matrix, Z denotes
the conjugate of Z and Z’ denotes the transpose of Z.

For the sake of convenience, the four Cartan domains will be denoted by the shorthands
R1, R, R and Ry, respectively, throughout the papers. Su revisited the classical extremal problem
on Cartan domains in [16]. Wang and Liu studied the Bloch constant on Cartan domain of the first
kind in [17].

In 1998, building on the notion of Cartan domains, Yin was inspired by Roos to construct a new
type of domain called the Cartan-Hartogs domains:

Yi(N;m, n;k) : = {& € CN,Z € Ry(m,n) : g% < det(I - 2Z')},
Yi(N; p;k) : = {€ e CN,Z € Ru(p) : [¢)** < det(I — 2Z')},
Ym(N; g k) : = { € CN,Z € Ru(q) : |¢[** < det(I - Z2Z)},
Yv(N;mk) s = {E€ CN,z € Ry(n) « [¢% < (1+ |22 - 2/z*)}.

where R;(m, n), R (p), R () and Ry (n) denote respectively the Cartan domains of the first type,
second type, third type and fourth type, Z denotes the conjugate of Z and Z’ denotes the transpose of
Z,N,m,n, p,q are positive integers, k is positive real number.

In this framework, Bai [18] discussed the boundedness and compactness of weighted composition
operators between Bers-type spaces on Cartan-Hartogs domain of the first type, and obtained necessary
and sufficient conditions. In [19], Su and Zhang studied the boundedness and compactness of weighted
composition operators from H* to the special weight Bloch space on Cartan-Hartogs domain of the
first type. The boundedness and compactness of composition operators between special weight Bloch
spaces on Cartan-Hartogs domain of the fourth type were studied by Su and Zhang in [20].

For m = k = 1, the Cartan-Hartogs domain of the first type Y reduces to the unit ball.

d0i:10.20944/preprints202407.0393.v1
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Yin then constructed four types of Cartan-Egg domains [21], later extending the Cartan-Egg
domains to Hua domains [22]:

HE[(ny,ng,- -+ ,ny;m, n;p1, p2, - -+, Pr)

& ez e R(mm): Y &P < det(I—2Z),j=1,2, - ,r}
j=1

HEy(ny,np, -+ , 00501, P2+ Pr)

{Cj €C,ZeRu(p): Y| < det(I—ZZ),j=1,2,--- ,r}
=1

HEy(ny, 12, -+ , e 4; p1, P2, -, Pr)

.
5 eCh ZeRu(g): ), |§j|2”f <det(I+2Z7),j=1,2,-- ,r}
=1

HEIV(T[],”Z, o NN, p1, P2, ,pr)

.
= {é’j € Cl,ze Ry(n): Y, |€].|2pj < (4|2 P-227),j=12 - ,r}
=1

where §; = ({1, ,gfjnj), |¢§']‘|2 = ZZ] |§ji\2(j =1,2,---,r). ny,--- ,n,mmn,p,q are positive integers,
p1,- -, pr are positive real numbers.

The explicit formula of the Bergman kernel function on the four types of Hua domains have been
obtained in [22]. Li, Su and Wang [23] discussed an extremal problem on Hua domains of the second
type. In [24-26], Liu et al. studied the convexity of Hua domains of the first, second and third type
respectively, and computed the Carathéodory metric and Kobayashi metric on these three domains. Su
et al investigated the boundness and compactness of composition operators between u-Bloch space
and v-Bloch space on Hua domains of the first type [27]. The necessary and sufficient conditions for
the boundedness and compactness of weighted composite operators between Bers-type spaces on four
types of Hua domains are characterized by Jiang and Li in [28].

In 2003, Yin once again extended the Hua domains to the generalized Hua domains [29]:

GHEy(ny,np,- -+ ,np;m, n;p1,p2,- -+, Pri k)
= {(’,‘] e C",Z € Ry(m,n) Z|§]|2”7 <det(I—ZZ) ,j= 1,2,~~~,r}
j=1
GHEy(ny, 1, -+, p; p1, 02,7+, Prik)
r
= {C] S (C”f,Z S %H(p) : Z |C].|2Pj < det(I — ZZ)k,]' =1,2,--- ,1’}
j=1
GHEIH(”l/ Ny, ,Nr; 4,01, P2, 4 Prs )
{(EJE(CJ ZE?RHI 2’5 |2pf<det(I+ZZ) ] 1,2,---,7’}
j=1
GHEy (ny,ng,- -+ ,ny;m;p1, 02,7 -+, Prsk)

{5; € Cz e Ry(n Z|§]|2p, < (1+|zz |> — 222) =12, ,r}
j=1

n; . o . .
where ¢; = (i1, -+ ’gf”j); |£fj|2 =Y./ |€ji‘2(] =1,2,---,r). ny,--- ,n,m,n,p,q are positive integers,
p1,- -, Pr k are positive real numbers. When k = 1, the generalized Hua domains are the Hua
domains.
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The explicit formula of the Bergman kernel function on the four types of generalized Hua domains
have been obtained in [29]. Su and Wang studied the boundedness and compactness of operators
$Cyp : B* — Ag between Bloch space and Bers space on generalized Hua domains of the first type,
and obtained some sufficient conditions and necessary conditions [30].

In 2005, Yin extended the generalized Hua domains and proposed a type of domains named
Hua Constructions [31]. Both Hua domains and generalized Hua domains are special cases of Hua
Construction. Cartan-Hartogs domains, Cartan-Egg domains, Hua domains, generalized Hua domains
and Hua Constructions are collectively referred to as Hua domains, see [33]. The Hua domains is
generally not transitive except for the unit ball. It is thus very meaningful to study the problem on
Hua domains.

Ahn-Park [35]introduced the generalized Cartan-Hartogs domain:

ﬁm = {@ S (Cm,Zk < Qk : |§|2 < I\]Ql(Zl,Zl)]"1 . ~NQt(Zt,Zt)yt,‘Mk > 0}

where () is one of the six bounded symmetric domains, and Nq, (Z, Z) is the corresponding generic
norm of (. k =1,--- ,t. mis positive integer. This type of domains generalizes the Cartan-Hartogs
domain introduced by Yin and Roos.

Wang et al. proved vanishing theorem on generalized Cartan-Hartogs domains of the second type
in [36,37], and [38] discussed the boundedness and compactness of composition operators between
weighted Bloch spaces on generalized Cartan-Hartogs domain of the first type. A considerable attention
has been devoted to Rawnsley’s e-functions and to the comparison theorem for the Einstein-Kahler
and Kobayashi metrics on generalized Cartan-Hartogs domains, see e.g., [39,40]. Other conclusions on
the generalized Cartan-Hartogs domains can be found in [41-43]. On the other hand, the properties of
weighted composition operators between Bers-type spaces on generalized Cartan-Hartogs domains
have not been studied.

Starting from these results, we introduce a novel type of domains, which we term the generalized
Hua-Cartan-Hartogs domain:

%(ﬂl,"' /nr}plz"' /pI’;All" . /At)
r
= {(:] S (an,Zk S %Ak : Z |€'],|2Pj < Nl(Zl,Z)"-Nt(Zt,Z),j: 1, ,rnk=1,--- ,t.}.
=

where ny, - - -, n,, t,r are positive integers, p1, - - - , pr are positive real numbers, and éj = (6]-1, (jjz, S, §]-n} ),
_ j
Ra, Ray, -, Na, € {R, Ry, Ry, Riv ). The generic norm Ni(Zy, Wy) are holomorphic for Z; and

antl-holomorphic for Wy, where Z, Wy € Ra,, k=1, L. Ny (Z, Wy) should meet the following
two conditions:

(2) 2|Nk(Zk,Wk)| > Nk(Zk,Tk) + Nk(wker)/ Zi, Wy € %Ak’ k=1,---,t. (1.2)

We use the shorthand J# for the generalized Hua-Cartan-Hartogs domain and denote the points
Of%by (Z1/Z2/ e, Ly 61/ 62/ T /61’) = (Zl (:)/ where (21122/ T /Zt) =Z, ((:1/ §2/ T /(:T) = g

In the fourth Section of this paper, we will further prove that generalized Hua domains, Cartan-
Hartogs domains, generalized Cartan-Hartogs domains, generalized Cartan-Hartogs domains with
different types of Cartan domains as bases, and generalized ellipsoidal-type domains are special
generalized Hua-Cartan-Hartogs domain.

A Bers-type space on .7 is defined as follows:
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Definition 1.1. Let « > 0. A Bers-type space on S, denoted by Ay (), consists of all holomorphic functions
on € satisfying

Ifl acry = sup  [N1(Z1,Z1) - Ni(Ze, Zp) = Y |&i17P1]°1F(Z,8)] < +oo.
(Zg)ex j=1

It is easy to see that A, (%) is a Banach space.

In this paper, we study the boundedness and compactness of weighted composition operator
between Bers-type spaces on the generalized Hua-Cartan-Hartogs domain, and obtain necessary and
sufficient conditions, which are relevant generalizations of some previous conclusions.

As some applications, in the fourth section of this paper, we will prove sufficient and necessary
conditions for the boundedness and compactness of weighted composition operators between Bers-
type spaces on five domains: generalized Hua domains, Cartan-Hartogs domains, generalized Cartan-
Hartogs domains, generalized Cartan-Hartogs domains with different types of Cartan domains as
bases, and generalized ellipsoidal-type domains. Here, we briefly anticipate them:

(1) Fort = 1,if Z € R, A = L1I, then let Ny(Z1,Z1) = N(Z,Z) = det(I — ZZ ), if z € Ryy,
then let Ny (Z1,Z1) = N(Z,Z) = (1 + |zZ'|? — 2|z|?)¥, where k is positive real number. In this case, the
generalized Hua-Cartan-Hartogs domains are equivalent to generalized Hua domains.

(2) For t = 1, starting from the generalized Hua domains, let p1 = pp = ---p, = 1. If Z €
%A,A = [ 1I, then let Nl(ZLZ) = N(Z,Z) = det(I - ZZ/)", if z € §RIV/ then let Nl(Zl,Z) =
N(Z,Z) = (1+ |zZ'|> — 2|z|*)k, where k is positive real number. In this case, the generalized Hua-
Cartan-Hartogs domains are Cartan-Hartogs domains.

(3) For t = 2,if Z; € Ra,, Ax = L1I, then let Ni(Zy, Z) = det(I — ZiZy )%, if z € Ryy, then
let Np(Zy, Z) = (1 + |zkz|* — 2|z¢|*), where sy, are positive real numbers, k = 1,2. In this case, the
generalized Hua-Cartan-Hartogs domains are generalized Cartan-Hartogs domains. The boundedness
and compactness of weighted composition operator between Bers-type spaces on generalized Cartan-
Hartogs domains will be discussed by examples from generalized Cartan-Hartogs domains and
generalized Cartan-Hartogs domains over different types of Cartan domains, respectively.

(4) For t = 1,if Z € Ry(m, n), then let Ny(Z1,Z1) = N(Z,Z) =1 2L, if Z € Ry(p), then let

m
Ni(Z1,Z1) = N(Z,Z) =1 Z5if Z € Ry (g), thenlet Ni(Z1,Z)) = N(Z,Z) = 1~ % where [{]
2
denotes the integer part of § and if z € Ry (N), letN1(Z1,Z1) = N(Z,Z) =1 — |z|. In this case, we
refer to this generalized Hua-Cartan-Hartogs domains as generalized ellipsoidal-type domains.
Constants will be denoted by C,Cy,Cy, - - -, they are positive and may differ in the different cases.
Without loss of generality, we assume that n; = 1, thatis §; € C, j =1,2,--- ,r,{ = (&1,82,-+, &)

2 .
and [|¢ = T7_, |52

2. Preliminaries

This section is devoted to present and prove few lemmas that will be used in the following theo-
rems about the boundedness and compactness of weighted composition operators {Cy : Ay () —

Aﬁ(%).

Lemma 2.1 (see [34]). Given the sequence ay, € C,k=1,2,--- ,n, then when p > 1
n rn 1P 1 n

Yolael? < | Y Jal| < nPTHYC [agl”. (2.1)
k=1 L k=1 E =

k=1

and when 0 < p <1

n r n 1P 1 n
YolalP = | Yo Jagl| =nP1 Y JalP 2.2)
k=1 L k=1 R k=1
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Lemma 2.2 (see [34]). (The product-type Minkowski inequality) Let a, by > 0,k =1,2,--- ,n, then
n 1 n 1 n 1
{H(uk—kbk)} > (Huk) + (ku) . (2.3)
k=1 k=1 k=1

with the equality that holds iff a, = Cby, k =1,2,--- ,n.

Lemma 2.3 (see [32]). Given the m x n matrix (m < n)

211 Z12 AT

271 Z22 ... 2oy
Z= . . .

Zml Zm2  --- Zmn

then there exist an m x m unitary matrix U and an n X n unitary matrix V such that

A4 0O ... 0 0 ... 0
0 A, ... 0 O0 ... O

z=u| . o V> > A, >0
0O 0 ... Ay, O ... 0O

Lemma 2.4 (see [32]). Given two diagonal m X m matrices A1, Ay

A0 ... 0
0 Ay ... 0
A = . ) M>A > > Ay >0)
0 0 Am
and
v 0 0
0 Ha 0
Ay = . (m=p2 == pm =20)
0 0 ... um
satisfying

Ap <1 (G k=1, ,m),

then there exists a permutation matrix P such that

inf | det(I— A{UARU'V)| = | det(I — A{PALP').
uua=I1,vv =I

The infimum is achieved for U = OP,V = I, where

it 0o ... 0
0 €% ... 0
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Lemma 2.5. Foranya >0, (Z,&) € 7 and f € Ay (H), one has

[Nl 4, )
[N1(Z1,Z1) - - - Ne(Z4, Z2) — ||E]]2)e

1f(Z,8)] <

Proof. By f € A,(), we have

Ifll auery = sup [N1(Z1,Z1) - Ne(Zi, Ze) = |IGI1P11 £ (Z, ©)]
(Z,E)ert

> [Ni1(Z1,Z1) -+ Ni(Ze, Zs) = |IE 1P (Z,©)1,

and so

£ 1.4 02)

FZAl s Nz Nz z) — e

and the lemma is proved. O

Lemma 2.6. Given o, 8 > 0, the weighted composition operator $Cyp : Ay(H) — Ap(H) is compact if
and only if YCy is bounded in Ag() and for any bounded sequence { fy }r>1 in Ay(S) converging to 0
uniformly on every compact subsets of S one has that

Jim [|9Cp fill ay) = 0.

Proof. Assume that YCyp : Ay(H#) — Ag(J€) is compact, then it must be a bounded operator. Let
{fx}x>1 be a bounded sequence in A, (#) such that fy = 0 on every compact subsets of /¢ as k — co.
If |9Copfill 4 s() = 0as k — oo, then there exists a subsequence {f;} of {fi} such that

inf [[¥Cofiyllay(r) > 0.

Since Cy is compact, then there exists a function ¢ € Ag(#’) and a subsequence of { f. } (still written
by {fx; } without loss of generality), such that

jlggo 19Cofi; = 8llag(r) = O

Let K be a compact subset of 7, for V(Z,¢) € K C . and ¢Cyfy, — g € Ag(J), it follows from
Lemma 2.5 that

19Cofi; — 8llag(2)

[9Cofi;(Z,8) — 8(Z,0)| < (N{(Z1, Z1) -~ Ni(Zs, Z2) — |[EIPTP

This means that ¢Cy fk], — g =3 0 on compact subset K as j — oo, and that for Ve > 0, 3J; > 0, such that
for j > J;, we have

[¥Cofi,(2,8) —8(2,0)| <&, (Z,§) € K.

Since fk]. = 0 on every compact subsets of 5 as j — oo, then for the above ¢, 3], > 0, such that for
j > J» we have

[fi;(¢(Z,8))| <& (Z,8) € K.
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In this case, let ] = max{]1, 2}, M = max(z g ek [$(Z,§)|, thatis [p(Z,{)| < M on K, when j > ], for
(Z,¢&) € K, we obtain

18(Z,0)| < |WCofi,(Z,8)| + &= [$(Z,0)|Ifi;($(Z,8))| + ¢
< Me+¢
= (M+1)e.

From the arbitrariness of ¢, we have ¢g(Z, ) = 0 on K. Then, by the uniqueness theorem of analytic
functions, we have ¢ = 0 on 7. It follows that

Jim [[$Cofi 4y ) = O-

which contradicts with infjey [[$Cy fi, HA,s(«?f) > 0. Therefore, limy_., ||¢C¢fk||Aﬁ(jf) =0.
Conversely, assume that {f; };>1 is a bounded sequence in A (%), and that || fi|| 4,(2) < C1
Jk=1,2,--- . Then { fi }x>1 is locally uniformly bounded on .. According to Montel’s theorem, there
exists a subsequence {f,} of {f} such that fi, = f on every compact subset of . as j — co. This
means that fi — f = 0 on every compact subset of /" as j — co.
For V(Zo, o) € J, there exists a compact subset Kz, =\ such that (Z, o) € Kz, ¢,)- Since
fk], = f,j—0o,(Z,8) € K(z,,&) then 3Jo > 0, such that for j > Jo, we have

fi(Z,8) = f(Z,0)] <1,(Z,8) € Kz,8).

and we also know that

£ (Zo,80)| < 1f(Z0,80) — fi,(Zo,Go)| + | fi;(Z0, So)-

Hence,
t

t
T Ne(Zio, Zio) = 112011711 (Zo, G0)| < [ln Ni(Zko Zio) = [180l1*1*1f (Zo, 0) — fi;(Zo, o)
=1

Pl
t
+ [T T Ne(Zko, Zio) — ||é‘0||2]“|fkj(Zof o)l
=1
<14+GC.

From the arbitrariness of (Z, &),

T Ne(Zi, Zie) = 1211 £(Z,8)| <1+ C1, (Z,6) € #
k=1

ie.,

t [—
1l auey = sup [TTNe(Zi Ze) = IEIP*1f(Z,8)] <1+ Co.
(Z,8)eH k=1

Then, for the sequence of functions {fi, — f};>1, we have

1fi; = fllawoey < W fillagor) + 1flagry <G +1+C=1+2C,

that is, { fi, = f }j>11is bounded in A, (7). Due to the hypothesis,

B [[9Co(fi; = )l agr) = Hm [[¥Cofi, = ¥Cof L agr) =0,
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which shows that $Cy : A () — Ag(H) is compact, and the lemma is proved. [
Lemma 2.7 (Hua-type inequality). If Z,S € Ra, X Ra, X - -+ x Ry, then

Ni(Zi, Ze) - Ni(Si, S) < [Ne(Zio )2, k=12, ¢, (24)
Proof. If Z,5 € Rp, x Np, X -+ X Ry, combine (1.2) and a%2 + b2 > 2ab, we have

2Nk (Zk, Sk)| = Ni(Zk, Z) + Ni(Sy, Sk)
1 _
> 2[Ni(Zk, Zk)] 2 - [Nk (Sk, Sk)]2-

Nf—=

Then, we have,
Nk(Zkl Zk) : Nk(sk/ Sk) < ‘Nk(zkr Sk)|2'k =12,---,t

and the lemma is proved. [
Lemma 2.8. IfZ,5 € Rp, X Rp, X -+ X RNy, then
Ni(Z1,Z1) -+ Ne(Zt, Zt) - N1(S1,51) - - Ni(St, S1) < [N1(Z4,S1) - - Ne(Zt, Sp) 2. (25)
Proof. By (2.4), we get directly
Ni(Z1,Zy) -+ Nt(Ztrz) “N1(S1,51) - -~ Ne(St, St)

= N1(Z1,Z1)N1(51,51) - - - Nt (Zt, Zi) Nt (St, St)
< INL(Zy, S1) - - INe(Z4, Sp) P
= |N1 (le\Si]) e Nt(Zt1§)|2/

and the lemma is proved. [

Lemma 2.9. If (Z,¢),(S,g) € A, then
= PP
| Zgjjgj]‘ < Il (2.6)
=1

and
ElI[Igll < IN1(Z1,S71) - - Ne(Zt, Si)|-

Proof.
r p p r ) ) T 2 ) r 2 ) l
DLCAE TR RO TR Stk

= (JE1Plel?)?
= JEllell -

For (Z,¢),(S,g) € s, we have
161> < Ni(Z1,Z1) -+ Ni(Ze, Z2)

Igll® < Ni(S1,51) - - - Ne(St,S1).
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From (2.5), it follows that
Iglligl < N1 (Z4,7Z0) -+ Ni(Zo, Z2) - Na(S1, 81) - - Ni(S1, 57)]
< IN1(Z1,51) -+ - Ni(Ze, St),
and the lemma is proved. 0O
Lemma 2.10. If (Z,¢),(S,g) € A, then
[N1(Z1,Z1) - - Ne(Z1, Z2) = GIP) N1 (81, 51) - - Ne(S1, Sp) — [l %] 2.7)

< [IN1(Z1,51) - - Ne(Ze, Se) | = [I€ [ 1611

Proof. Assume that a,b,c,d are nonnegative real numbers with b < 4,d < ¢, then we have (a2 —
b?)(c* — d?) < (ac — bd)?. From this inequality and (2.5), we obtain

[N\(Z1,Z1) - - Ni(Zt, Zt) = |IE]IP][N1 (81, 51) - - Ne (St 5) = ll6 1]

< {INI(Z1,Z1) -+ - Ne(Ze, Z1)]2[N1 (51, 51) - - Ne(Se, 5002 — gl g1}
< [INu(Z1,81) -+ Ne(Ze, 1) = Il g 1%,

and the lemma is proved. 0O

Lemma 2.11. Leta > 0,if (S,6) € J, then f(5)(Z,8) € Au(IH), where the function f(s \(Z,¢) is defined
as _ _
[N1(51,51) - - - Ne(St, 5¢) — Il IP]*

[Nl(Zlisil)"‘Nt(Zt,Sit) — ;:1 é’;’jé;’]‘]Za

f(S,g) (Zr 6) =

with || fs,¢) 4y () < 1.

Proof. From (2.6) and (2.7), we have

[N1(Z1,Z1) - - Ne(Zt, Zt) = IEI1P]"| f5,6)(Z, )]
[N1(S1,51) - - - Ne(S, S) — llg|]?]*
IN1(Z4,81) - Ni(Z,§1) — Xy &) 2
[N1(S1,51) - - - Ne(S1,St) — ll]*]*
[IN1(Z1,81) -+ Ne(Z, St)| = | s @fjﬁfjﬂz“
[Nl(slésil) e Nt(St,iST) — llglI*)*
[IN1(Z1,51) - - - Ne(Zt, St)| = 1€ [lg 12

= [N1(Z1,Z1) - - Ne(Z1, Zy) — |G ]17)*

< [Ni(Z1,Z1) -+ Ni(Z4, Z2) — ||g]|2)°

< [Ni1(Z1,Z7) -+ Ne(Z1, Z2) — ||E)P)*
<1

7

which shows that

Ifsollayey = sup [N1(Zy,Z1) - Ni(Ze, Zi) = €171 fis,.0) (Z, 8 < 1,
(Zg)esx

and f(s ) € Ax(). The lemma is thus proved. [
Lemma2.12. IfZ,S € Rp, x Ra, X -+ X Ry, then

2/|N1(Z1,81) - - - Ne(Zt, S¢)| > N1(Z1,Z1) - Ne(Zt, Zt) + N1(S1,S1) - - - Ne(St, St)- (2.8)
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Proof. By (1.2)
2|Ni(Zk, Sk)| > Ni(Zk, Zi) + Nk(S, Sk) k= 1,2, -t
So
2|N1(Z1,51) - - - Ne(Zy, St)|
= 2|Ni(Z1,51)] - 2|N2(Z2, S2)| - - - 2Ny (Z4, St) |
> [N1(Z1,Z1) + N1(51,51)][N2(Z2, Z2) + Na(S2,52)] - - - [Nt(Zt, Zt) + Ni (S, St)]
> Ni(Z1,Z1)Np(Za, Z3) - - - Ne(Zt, Zt) + N1(S1,51)Na(S2, Sa) - - - Ne(St, St),
and the lemma is proved. O
Lemma 2.13. If (Z,{), (S,c) € S, then
t - ¢ o , o - ,
2 TTNZ 50 — ellel| = TT N2 Z0) — el + TI NS S — el @9)
k=1 k=1 k=1

Proof. Since (Z,¢), (S,¢) € A, we have

t
Ie1* < TT Ne(Zk, Zi),
=1

t
gl < TT Ne(Sk Se)-
Pl

Given a permutation iy,ip,- - - ,i; of 1,2, - - ,t, we write

k t
Mi, . igigayie = L INa(Ziy Zi) TT Ni(Si, Siy) k=1,2,--- ,t—1.
1=1 I=k+1
then
Mil,'--,ik;ik+1,-",it + Mik+1 lt 11 2”6” ||g||
k t t
=1INy(Z,Z) T1 Nil(silzsi,)+HNi1(Si,/Si1) 1T Nz, z,) —2l]llls|l
=1 I=k+1 =1 I=k+1
k ot ) k g _
EZHNZI(Z”IZZ])Z H l lll ZHNZI l[/ 2 H Ni[(zi[/Zil)z _2||€||||g”
I=1 l:k+1 =1 I=k+1
t
1
= 2HNZZ(ZIZ!ZZZ)2 HNll Sllrsll)2 _2”6” ||g||
I=1
> 2[[¢llgll = 2||§||||€||

=0.

Hence,
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t
21 TT Ne(Zx, S) = lIg N gl
k=1
t
> 2| [T Ne(Ze, S| = 2"l
k=1

> [ [INe(Zi, Zk) + Ne(Sk, )l = 20gllllgll = 2" = 2) 2]l llg]]

»
- H: l\*
—_

t

Ni(Ze, Zi) + ] T Ne(Sk. Si) = 2[g gl + M — 2" = 2)lI] ¢
k=1
t

Ne(Zi, Zi) + T T Ne(Sk, S) — €11 = IIg?
k=1

t —
Ni(Zi, Zi) = 16117 + T T Ne(Sk, Sk) = Il 1%,
k=1

I (\V4
= =
o e ]
— [y

P
—_

where M denotes the sum of all terms in [T,_; [Nk (Zk, Zx) + Nk (S, Sk)] except [T;_; Nk(Zk, Zx) and
TTi_; Ni(Sk, Sk), and M — (2 —2)||¢]|||g|| > 0. The lemma is thus proved. O

3. Main Results

In this Section, we present few charaterization theorems about the boundedness and compactness
of weighted composition operators ¢Cyp : Ay () — Ag(H).

Theorem 3.1. Consider two positive numbers a, 3 > 0, a holomorphic self~map ¢ of ¢ and a function
€ H(A). Then, the weighted composition operator $Cy : Ay (H) — Ag () is bounded if and only if

~ [Nl(Zl,Z) te Nt(Zt/Z) - ||‘;I||2]/3
M= Z/ TAT TAT,
(Z,sél)lgéf v (20l [N1(Wy, Wy) - - - Ne (Wi, We) — [[7][?]*

< o0,

where (W, 1) = ¢(Z,¢).

Proof. Assume that $Cy : Ay (') — Ag () is bounded. Then, for each f € Ay (), there exists a
positive constant C such that ||¢Cyf /|| 4 p(#) < Cl|fll 4, ()- For the fixed point (S, ¢) € 7, consider
the function

[N1(A1, A1) - - - Ni(Ar, Ar) — ||Z]17)"

Z,8) = — — ——,
fiso(2:9) [N1(Z1, A1) -+ - Ne(Zy, Ap) — ]r':1§]r']]§fj]2“

(Z,&) e

where (4,7) = ¢(S,c). From Lemma 2.11, it follows that f(g .y € A«(7) and || f(s )|l 4, () < 1. By
direct computation, we have

19Cof(5,0)ll.45 ()

= sup [Ni1(Z1,Z1) - Ne(Z, Zp) — ||EIP)P[9Co fs,)(Z,©)]
(Zzg)ent

> [N1(S1,51) - - - Ne(St,5¢) — Hg|\2]’3|lpC¢f(5rg)(S,g)|
= [N1(S1,51) - - Ne(St, S1) = ll6lIP1P19(S,6) fis.0) (A, D)

— INY(S1,5D) - N (S S — lclZBl (s, N1 (A1, Ay) - Ni(An A = ISP
[N1(S1,51) £(St,St) = [Pl g)|[N1(A1,A1)-~Nt(At,At)—Z]r‘:ﬂf]gf]]z“

[N:(S1,51) - Ne(51,51) — [l6IP)F

[N1(A1, A1) - - Ni(Ar, Ar) — |12

= [9(S,9)l
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We also know that ||¢C¢f(5,g)HAﬁ(%J) < Cllf(s¢)ll 4, () < C < 400, which shows that,
[N1(S1,51) - - - Ne(St, 5¢) — |Ig||%1P
S,¢ — == <C, (A Q) =¢(Sq),
VNN () N, A — g = <O T )
that is,
o [N1(Z1,Z4) - - - Nie(Ze, Z1) — ||E|I*)P
M= sup [¢(ZQ) = == < too, (W, 1) = ¢(Z,8).
(Z,E)er [N1 (Wi, Wr) - - - Ne(We, We) — |[7]]2]%
Conversely, if
- AT 7 — 218
M= sup [9(Z0) [Nl(leé) Nt(Zt,@ ||§||]2 < oo,
(Z.E)en [N1(Wy, Wy) - - Ne (Wi, We) — [[]|2]*
then, for all f € A,(#), we obtain from Lemma 2.5
19Cofllag(e)
= sup [Ni(Z1,Z1)- - Ni(Z, Z1) — ||EIPIF|¢Co £ (Z,8)]
(zg)esnx
= sup [Ni(Z1,Z1)- - Ni(Z, Z1) — |IEIPIP9(Z, &) F (W, 7))
(Zg)enx
— — 11l 40 (2)
< sup [Ni(Z,Z1)---Ni(Zi, Zi) — | E171P9(Z,8)) — e —
(Z,8)ernt [N1(W1, Wy) - - Ne(We, W) — (7|2
= M| fll 4, ()

which implies that $Cyp : Ay (H#) — Ag(s) is bounded. This proves the desired result. [

Theorem 3.2. Consider two positive numbers o, B > 0, a holomorphic self-map ¢ of F, and a function
W € H(J). Then, the weighted composition operator $Cp : Ay () — Ag(H) is compact if and only if
¥ € Ag(s) and

| NUZLZE) - NUZ0 Z0) — 228
1 z, 21 £t —0, 3.1
oo P N i, W) - Ne (W T) — [T G

where (W, 1) = ¢(Z,¢).

Proof. Assume that the weighted composition operator ¢Cy : Ay () — Ag(H) is compact, then
¢Cy is bounded. By taking f = 1, we have

[N1(Z1,Z1) - - Nie(Zt, Ze) = 1§ 11P1P |9 (2, ©)
= [N((Z1,Z1) -+ Ne(Zt, Ze) = [I1P1P$Cpf (Z,8)] < +oo.

This shows that ¢ € Ag(). Let us now consider a sequence (S',¢")(i =1,2,---.) in 4 such that
¢(S',¢') — 9 asi — oo. If such a sequence does not exist, then (3.1) holds. If such a sequence exists,
let (A, 7)) = ¢(S',¢'),i = 1,2, -, and define the sequence of functions f;(Z,&) = fisieh(Z,8),i =
1,2, .

[Ny (AL, A}) - Ny (AL AD) — || T7|12)

fi(Z,8) = fisie)(Z,6) =

] ' PiiPi
[N1(Z1, A) - Ne(Ze, A) = 55 82722

d0i:10.20944/preprints202407.0393.v1
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From Lemma 2.11, it follows that fgi i) € A«() and ||f(si ci)ll 4, () < 1, thatis {f;} is bounded

in A, (). Taking i — oo, it follows that (A, ') — 9., and therefore [Nl(Ai,Xa) - -Nt(Aﬁ,Zi) -
1Z7)1?] = 0,asi — co.
According to the two inequalities (2.6) and (2.9),

N1 (Zy, AD) - Ni(Zo, AD) = Y &8 > [Ny (20, AD) - Ni(Zo, AD)| = | Y &) 8|
j=1 j=1

> Ny (24, AD) - - Ni(Z4, AD)| = [IEN )
> 271 NW(Z1, Z0) - Ni(Z0, Z2) — [1E112)

+27! [Ny (A}, AD) -+ Ny (AL, AD) — [|27]1%)
> 271Ny (21, Z7) - - Ne(Z, Zy) — ||E)P)-

[N1(Z1,Z7) - - Ne(Zt, Z¢) — ||]|%] has thus a positive lower bound in the compact subset. Hence,
fi = 0 on every compact subsets of 5 as i — co. Then, by making use of Lemma 2.6,

lim (|9 Cofill ag(r) = 0.

19Cofill a5()

= sup [Ni(Z1,Z1)--- Ne(Zt, Z) — [IG1P1P19Cy £i(Z, §))
(Z,8)est

> [Ni(S1,80) -~ Ni(SL, S0) = 6" IP1PlwCy £i(S", ')
= [N1(S5,81) - Ne(SL, S1) = || IP1P Ly (S, 6') fi (AL, )]
[N1 (A}, AY) - - Ni(AL A)) — ||
[Ny (A%, AT) - Ni(A] A]) — Ty g 2e
[N1(8%,81) - - Ni(SL, S3) — lIg']|%)°
[Ny (A}, A]) -+~ Ni(A}, A]) — 712

= [Ny (S, 80) -+ Ni(SL, S1) — [I'IP1P (ST, ¢

=[y(s",¢")|

This leads to _ _
o N Si,Si ...N Si,Si —I~i1218

i (51| NAOSLED - NS, S) — [P

e [N1(A}, A}) - Ne(Ap Ap) = (12712

where (A/, ') = ¢(S,¢'), and then

im |p(zg) MGZ0 N2 Z) —EPP
$(Z,5) = [Nl(wll Wl) ce Nt(wt, Wt) o ”77” ]tX

where (W, 7n7) = ¢(Z,{).
Conversely, suppose that (3.1) holds, then

[N1(Z1,Z1) - - Ne(Ze, Zs) — |IE)2]P
Z, — v
(Z,Sél)lgjf vzl [N1(Wy, Wy) - - - N (Wi, W) — ][]

< +o0o,


https://doi.org/10.20944/preprints202407.0393.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 July 2024 doi:10.20944/preprints202407.0393.v1

15 of 30

that is, pCy is bounded. Let {f; };>1 be a bounded sequence of functions in A, (.") which converges to
0 uniformly on every compact subsets of 7. Upon denoting by ||fi|| 4,(#) < C2,i = 1,2, -, we have,
by (3.1), that Ve > 0, 3o > 0, such thatV(Z,¢) € E = {(Z,{) €  : dist(¢(Z,{),0¢) < o}, we have

[N1(Z1,Z7) - - - Ne(Zy, Zy) — ||€]]%]P

|l[J(Z/‘:)| [N1(W11W1) .. -Nt(Wt,Wt) - ”77“2]0(

(3.2)

By (3.2) and Lemma 2.5, we obtain
sup [N1(Z1,Z1) - Ne(Zi, Zt) = 1P 19Cy fi(Z, 0]

(Z,g)eE

= (S;P [N1(Z1,Z1) - - Ne(Zt, Ze) = |GIP1P19(Z, ©)|1 f(W, )|
Z,&)eE

< sup [Ni(Z1,70) -+ Ni(Zo,Z) — 2121Plg(2,2)] Ml ____
(2,8)eE [N1(Wy, Wy) - - - Np(We, W) — ||77]]2]*

§C2€.

On the other hand, if we set
E; ={(Z,{) € o : dist(¢(Z,{),0¢) > 0},
itis clear that E, is a compact subset of 7. By hypothesis, we know that { f; } converges to 0 uniformly

on every compact subsets of /. Since ¢ € Ag(#’), we can assume that ||| 4 p(#) < Cs. Then, for
suche > 0,

sup [N1(Z1,Z1) - Ni(Zy, Zp) — || EPIF 9 Cy fi(Z, )|

(Z,)€Es

= sup [N1(Z1,Z1) - Ni(Ze, Zs) = [IEIPIP19(Z, D11 fi(9(Z,€))]
(Zg)€EE,

< sup [9(Z,&)I[N1(Z1,Z1) - Nu(Z, Zi) — ||EIPIP - sup | fi(¢(Z,€))]
(Zg)€Es (Z,8)€E,y

§C3€.

By combining the above two cases, for i — co, we have

1¥Cofill agwy = sup [Ni(Z1,Z1) -+ Ne(Ze, Ze) = |IEIP1P[9Cy £i(2,€))
(zg)e

<(sup + sup )[Ny(Z1,Z1) - Ni(Z, Ze) — |E|17P19Co £i(Z,€))]
(zg)eE  (Z[{)€Es
< (Cz + C3)€.

That is, lim;_,c [|Cyp f; | Ag(H) = 0. From Lemma 2.6, we obtain that the weighted composition
operator YCyp : Ay (H#') — Ag(s) is compact. This completes the proof of the theorem. [J

4. Main applications

In this Section, we discuss several special cases of generalized Hua-Cartan-Hartogs domains,
and obtain five specific domains in which the necessary and sufficient condition for the boundness
and compactness of weighted composition operators between Bers-type spaces may be specifically
characterized.
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4.1. The generalized Hua domains

For t = 1, consider the quantity

det(I—zZ)k,  Z e Ri(m,n)
Ni(Z1,Z1) = N(Z,Z) = { det(I - ZZ)*,  Z € Ru(p) (4.1)
(1+ |22 = 2z), z € Ry (N)
where k is positive real number. In this case, the generalized Hua-Cartan-Hartogs domains are the
generalized Hua domains:
GHE; := {¢;j € C", Z € Ry(m, n) Z|§]\2Pf <det(I—zZY,j=1,--- 1},

j=1

GHEy = {¢j € C",Z € Ru(p Z & < det(I—2Z)k,j=1,--- 1},
j=1

GHEyy := {¢; € C",z € Rv(N Zlclzpf<(1+|zz| =21z j=1,---,r}.
j=1

GHE;, GHEj;, GHE}y denote respectively the generalized Hua domains of the first, second, and the
fourth kind. The Bers-type spaces on GHEj, GHEy;, GHE[y may be defined as follows

Definition 4.1. Let & > 0.
(i) The Bers-type space A, (GHE) consists of all f € H(GHE;) satisfying

— r T
Ifl gy = sup  [det(T = ZZ)E = Y |&[7i1*|f(Z,8)| < +eo.
(Z,&)cGHE; j=1

(ii) The Bers-type space A, (GHE}) consists of all f € H(GHEy) satisfying

IfllayGrEy =  sup  [det(I—2zZ)k Z G171 £(Z,8)] < oo,
(2,8)eGHEy

(iii) The Bers-type space A,(GHEyy) consists of all f € H(GHEyy) satisfying

1fllag(criby) = sup [+ 22 = 2[21)* = 3 18171]%1 £ (2, 8)| < +oo.
(Z,g)EGHEIV ]:l

To prove that the above generalized Hua domains are special cases of the generalized Hua-
Cartan-Hartogs domains, we need to verify that det(I — ZW’)I‘, Z,W € Ry, Ry and (1 + zz'ww’ —
22@’)", z,w € Ry satisfy conditions (1.1) and (1.2). Indeed, we have

Lemma 4.1. The following statements hold.
() IfZ,W € Ry(m,n)and 0 < km < 1, then

2| det(I — ZW )| > det(I — ZZ )k + det(I — WW)E. 4.2)
(ii) If Z,W € R (p) and 0 < kp < 1, then

2| det(I — ZW)¥| > det(I — ZZ')* + det(I — WW k. 4.3)
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Proof. (1) Assume that Z, W € R;(m,n), and that m < n.
For m = n, applying Lemma 2.3, there exist m x m unitary matrixes Uy, Uy, V1, V such that
A 0 ... 0
0 Ay ... 0
Z=WU\| . . Vi=UiMVi (I>AM 24224, 20), (4.4)
0 0 Am
and
M1 0 0
0 Uz
W=U| . . Va=WAVy (1> >pp > > ppy >0). (4.5)
0 0 ... um
Then, it turns out that
det(I — ZW') = det(I — WA Vi Vo AT
= det(Uh 0 — LAV AT )
= det Ul det(ﬁl/ - Al Vlvzlleﬁzl)
= det(I — M VIV A v MG T, Uy),
and according to Lemma 2.4, there exists a square matrix P, such that
| det(I —ZW )| > | det(I - A1PA2P/)| = H(l - /\il"ki)r
i=1
where ki, ko, - - -,k is a permutation of 1,2, - - - , m. Using (2.2) and (2.3), we have
2| det(I — ZW K| = 21~ "kmk| det(1 — ZW')¥|
__ k
= gl-mk {2m| det(I — zw’)|]
L k
> 217K 2 T (1= A )|
i=1
m k
_ o P2 o)
i=1
m k
> 21k ]2 A7 - 1})]
i=1
—2 {0 -3+ a- i)l |
i=1
m 1 m 1 N mk
> 2 [TTa -]+ [[Ta- )" }
i=1 i=1
m Ly mk m %xmk
> 2 f [T -]+ [[Ta -]
i=1 i=1

d0i:10.20944/preprints202407.0393.v1
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For m < n, there exists a unitary matrix U(") such that
z=(z\",0u, W= (W™, wy)u.
By (4.6), we obtain

2| det(I — ZW')¥| = 2| det(I — Z,W; )¥|
> det(I — Z1Z1 )* + det(I — Wy, )E
> det(I — Z1Z1 )* + det(I — Wiy — WoA, )F
= det(I — ZZ ) + det(I — WW)X.

This completes the proof of (4.2).
(2) Assume Z, W € Ryi(p), then the polar decompositions of Z, W are similar to (4.4) and (4.5),
thus (4.3) can be proved in the same way. O

Lemma 4.2 (see [32]). The linear transformation:
Wy =21 412y, Wy =21 —i2p

W3 = 123 — 24, Wy = 123 + 24

maps the domain Ry (4) :
1+ |25 + 25+ 25 + 2 = 2(121 * + |22 + [23)* + [z4)?) > 0
1— |z +5+5+23 >0

onto the domain Ry(2,2) :

I—WW >0W = ( w1 Ws )
wy Wy

Lemma 4.3 (see [32]). If Z, W are m x n matrices which satisfy I — 77 >0,1-— WW > 0, then I —
/

W Z(W'Z) > 0and I — W' Z is nonsingular.
Lemma 4.4. Let z,w € Ryy(N), then there exist two second-order square matrices Z, W such that
1+ zZww’ — 22w = det(I — W'Z) #0,

1+ |22/ > = 2)z? = det(I — 2Z)),
1+ [wa'|? = 2|w|? = det(I - WW').

Proof. If z,w € Ry (N), then there exists a N x N real orthogonal square matrix I such that the two
N-dimensional vectors z and w can be written as

z =(27,25,23,2;,0,--- ,0)T,

w = (wy, wy, w3, wy,0,---,0)T.

According to Lemma 4.2, we have

1—77 >0,1—WW >0,
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where
zi +izy iz} —z)
Z=| 1772 T3 T4 e R(2,2), (4.7)
1z3+z; 2] —izy
wi 4wy iwi — wj
W= ( l,u}* +w§ w;’_ Z.wf; ) € R1(2,2). (4.8)
3 4 W 2

By Lemma 4.3, we get det(I — Wz ) # 0. Hence,

14 z2'@w — 220 =1+ [(2)% + (25)% + (25)* + (z3)%] [(w})? + (w5)? + (w})? + (w})?]
(2] + 250 + 250 + 25

= det(I-W'Z) #0.
and

1 [22' P = 2)z = 14 |(2])% + (23)* + (23)% + (2)*1 = 2(|21 P + |23 + |57 + |251)
= det(I — 2Z'),

U w2 = 2fw]? = 1+ [(w])? + (w3)? + (w5)? + (w))?? = 2(|wi ? + [w3 * + [w5 | + [ ]?)

= det(I - WIW).
This completes the proof of the Lemma. [J
Lemma4.5. Ifz,w € Riy(N), and 0 < k < %, then
(14 |22')% = 2|z)2)F + (1 + |ww' > — 2|w|?)F < 2|(1 + zz'Tw@ — 22w )F|. (4.9)

Proof. For z,w € Ry(N), Lemma 4.4 ensures that there exist two second-order square matrices
Z,W € R((2,2) such that
(14 |z2/|2 = 2|z)2)F = det(I — ZZ')¥,

(1 + [eww' |2 - 2[w|?)F = det(I — WW)F,

(1+ zzww’ — 2zw)* = det(I — ZW ),
where Z, W are identical to (4.7) and (4.8), respectively. By (4.2), we have

(14 |22')% = 2|z)2)F 4+ (1 + |[ww' > = 2|w|?)F < 2|(1 + zz"ww@’ — 2270 )K|.
This completes the proof of the Lemma. [J
Lemma 4.6. Ifz € Ry(N), then 0 < 1+ |zz/]2 —2|z* < 1.
Proof. Since z € Ry (N), there exists a real orthogonal square matrix I such that
z=e%(A1,ir2,0,---, 00T (A1 > A3 >0, 1> A1+ Ay),
where ¢ = cos 6 + i sin 6. Therefore,
22" = e®(A1,iA,0,- -+ ,0)TT'(A1,iA5,0,- - - ,0) e = 29 (A2 — A2),

which implies that
0<|zZ| = [e#9(A2 = A)| = A2 — A3 < 1.
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At the same time,

2022 = 222" = 26 (Ay,iAn,0,- -+, 0T (Ay, —ids, 0, - ,0)'el
=2[eP(AT+43) = 2(A] +A3) = AT — A3 > (\f - A3)* = |22,

that is |zz'|? — 2|z|> < 0, then 1+ |zZ/|?> — 2|z|> < 1. Furthermore, when z € Ry(N), we have
1+ |zZ'|?> — 2|z|? > 0. Hence, 0 < 1 + |zz'|? — 2|z|? < 1. This completes the proof of the Lemma.
O

By the definition of the Cartan domains of the first kind and second kind, det(I — Zfl)k, Ze
Ry, Ry clearly meet (1.1). From Lemma 4.6, (1 + |z2'|> — 2|z|?)¥, z € Ry meets (1.1). Meanwhile, upon
using Lemmas 4.1 and 4.5, we have that when k meets certain conditions, det(I — ZW’)", Z,W € Ry, R
and (1+ zz'ww’ — 2z’ )k, z,w € Ry meet conditions (1.2). Therefore, those generalized Hua domains
are special cases of generalized Hua-Cartan-Hartogs domains. Using Theorems 3.1 and 3.2, we obtain
the conditions for the boundedness and compactness of weighted composition operators between
Bers-type spaces on generalized Hua domains.

Let us now consider a holomorphic self-map ¢ of GHE € {GHE|, GHE};, GHEy }. Let us write
(W,n) = ¢(Z,¢) for (Z,&) € GHE;, GHEyy and (w, 1) = ¢(z,¢) for (z,&) € GHEpy.

Corollary 4.1. Ifa, B > 0 are positive numbers, ¢ is a holomorphic self-map of GHE and ¢ € H(GHE), then
the following statements hold.
(i) If 0 < km < 1, then the weighted composition operator $Cyp : Ay (GHE]) — Ag(GHEy) is bounded

iff
. 1-2Z)%—||z||2]P
M= sup |y(z,g) =22y RS
(Z,%)€GHE, [det(I — WIW' )k — [|]|2]
ii) If 0 < kp < 1, then the weighted composition operator YCyp : Ay (GHEy) — Ag(GHEY) is bounded
p g p P ¥Cy B
iff
. det(I — ZZ' )k — ||&||?]
F s (e G ZZ P
(7,8)€GHEy [det(I = WW )k —[|][]*

(iii) If 0 < k < 3, then the weighted composition operator Cy : A(GHEry) — Ag(GHEry) is
bounded iff
v [(1+ |22 — 2]z[*)* — || Z]|*)P
Mpy = sup  [p(z,0)]
I (e R T PR

< +o0

Corollary 4.2. Ifa, B > 0 are positive numbers, ¢ is a holomorphic self-map of GHE and ¢ € H(GHE), then
the following statements hold.

(i) If 0 < km < 1, then the weighted composition operator $Cy : Ay(GHE;) — Ag(GHE;) is compact
iff y € Ag(GHE;) and

— 77"k — |1E1218
tim (7,0 =22 Z BT
0(2,8)~9GHE; [det(T = WW)* —[In]?]*

(i) If 0 < kp < 1, then the weighted composition operator $Cy : Ay (GHER) — Ag(GHEy) is compact
l]ffl/] S Aﬁ (GHEH) and

— 77"k —|1&1218
tim - fp(z, ) (S22 ) ZELT
otz e (1 W g 2

d0i:10.20944/preprints202407.0393.v1
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(iii) If 0 < k < 3, then the weighted composition operator $C¢ : An(GHEwy) — Ag(GHEyy) is
compact iff € Ag(GHEy) and

| [0+ |22 — 2J22)¢ — J2]1P
lim z, =
seer mtrmy P T Tow B 2l = [y

Remark 4.1. Corollaries 4.1 and 4.2 express the sufficient and necessary conditions for boundedness and
compactness of weighted composition operators between Bers-type spaces on generalized Hua domains of
the first, second, and the fourth kind. This is new result, not obtained before. In order to prove analogue
results for the generalized Hua domains of the third type, we should prove that “ if Z,W € Ri(q), then
2| det(I — ZW')¥| > det(I — ZZ' )k + det(I — WW' )k . We have tried to prove this inequality by the polar
decomposition of Ry, without successs so far. This will be the subject of future analysis.

4.2. The Cartan-Hartogs domains
Fort = land p; = pp = --- = p, = 1, Ni(Z1,Z;) is equivalent to (4.1). In this case, the

generalized Hua-Cartan-Hartogs domains are the following Cartan-Hartogs domains:
Yi:={¢eC,ZeRi(mn): | <det(I-2Z)}
—{eC,ZeR(mn):|E] < det(I-2Z)},
Yi:={¢eC,ZeRulp):|c* <det(I-2Z')}
= {¢eC,ZecRy(P): |g)? < det(I - ZZ )},
Y :={¢eC,zeRy(N): & <1+ zZ')> 2]z}
={¢eC zeRy(N): g < (1+ |22 = 20z1)},

where ] = % > 0. Yy, Yy, Yiv denote the Cartan-Hartogs domains of the first, second, and the fourth
kind, respectively. The Bers-type spaces on Yj, Y, Y1v are defined by:

Definition 4.2. Let a > 0.
(1) The Bers-type space Ay (Y1) consists of all f € H(Yy) satisfying

Ifllayy = sup [det(I—ZZ' )k — |&2)*|f(Z,&)| < +oo.
(Z2)eYr

(ii) The Bers-type space Ay (Y1) consists of all f € H(Yy) satisfying

Iflla, vy = sup [det(I—ZZ')* —|E2)*|f(Z,)| < +oo.
(Z,8)eYn

(iii) The Bers-type space Ay (Y1y) consists of all f € H(Yy) satisfying

Ifll acxn) = sup [(1+ [22'[* = 2|z — [2141%]f (2, &)| < +eo.
(z6)eYy

By the definition of the Cartan domains of the first kind and second kind, det(I — Zfl)k, Z e
Ry, Ry clearly meet (1.1). From Lemma 4.6, (1 + |z2/|? — 2|z|*)¥, z € Ry meets (1.1). Meanwhile, using
Lemmas 4.1 and 4.5, we have that when k meets certain conditions, det(I — ZW/)k, Z,W € R, Ry and
(1+zzZww’ — Zzw’)k, z,w € Ry meet conditions (1.2). Therefore, those Cartan-Hartogs domains are
special cases of generalized Hua-Cartan-Hartogs domains. According to Theorems 3.1 and 3.2, we
obtain the conditions for boundedness and compactness of weighted composition operators between
Bers-type spaces on the Cartan-Hartogs domains .
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Assume that ¢ is a holomorphic self-map of Y € {Yy, Yy, Yiv}, and let us write (W, ) = ¢(Z, &)
for (Z,¢) € Y, Yypand (w, ) = ¢(z,&) for (z,{) € Yiy. We have

Corollary 4.3. If a, B > 0 are positive numbers, ¢ is a holomorphic self-map of Y, and p € H(Y), then the
following statements hold.
(i) If 0 < km < 1, then the weighted composition operator YCyp : Ax (Y1) — Ag(Y1) is bounded iff

~ _ 77\k _|1x|218
Ny = sup |9(Z Q) [det(! Zi,) &1 < 4o0.
(Z)eY: [det(I — WW )k — [57]2]=

(ii) If 0 < kp < 1, then the weighted composition operator $Cyp : Ax (Y1) — Ag (Y1) is bounded iff

~ _ 77\k _ 7218
Nip= sup |¢(Z,0) [det(! Zi} &1 < +oo0.
(Z,2)eYn [det(I — WW )k — |57]2]«

(iii) If 0 < k < 1, then the weighted composition operator YCy¢ : Ay (Yrv) — Ap(Y1v) is bounded iff

_ (1 4+ 222 — 222 — [g)8
Ny = su Z,
w= s W O Lo P 2w = [y

< +o0

Corollary 4.4. If o, B > 0 are positive numbers, ¢ is a holomorphic self-map of Y and i € H(Y), then the
following statements hold.
(i) If 0 < km < 1, then the weighted composition operator $Cy : Ax(Y1) — Ag(Y1) is compact iff
€ Ag(Yr) and
, det(I — zZ )k — |¢|?]P
tim fp(z, ) DU 22—
$(Z,5)—=aY [det(I — WW )k — ||2]«
(ii) If 0 < kp < 1, then the weighted composition operator $Cyp : Ay (Yrr) — Ag(Yr) is compact iff
P e .A/g (YH) and

_ 77Nk _ | x|2
lim  |p(z, 0 9= ZZ) PP
$(Z,5)—=0Yn [det(I — WIW )k — |57]2]«

(iti) If 0 < k < 3, then the weighted composition operator $Cp : Ax(Yrv) — Ag(Yrv) is compact iff
P e 'A/S (YIV) and
12 _ 5l 12\k _ |#[21B
i (e, [ 2 =20 g
9(z8) =y (1 + Jww'|2 = 2[w|2)F — |[2]*

For m = 1,k = 1, the Cartan-Hartogs domain of the first kind Yj is the simple unit ball B,. The
sufficient and necessary conditions for the weighted composition operator ¢Cy : Ax(Bn) — Ag(Bn) to
be bounded and compact are summarized as follows

Corollary 4.5. Given a, § > 0, a holomorphic self-map ¢ of Bn, and ¢ € H(By,), then the weighted composition
operator pCy : Ay (Bn) — Ag(Bn)
(1) is bounded if and only if

AP
S VOIG fpe <
(ii) is compact if and only if $ € Ag(Bn) and
(1 =)

o A
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This result is consistent with the conclusion of Jin and Tang in [11].

From Corollary 4.5, by setting n = 1, we may obtain the boundedness and compactness conditions
for weighted composition operators between Bers-type space on the unit disk, which are consistent
with the results of [9, 10].

Corollary 4.6. Given w, B > 0, a holomorphic self-map ¢ of D and i € H(D), then the weighted composition
IIJC(p : .A,X (D) — Aﬁ (D)
(1) is bounded if and only if

A—EPF
PRI e <
(ii) is compact if and only if $ € Ag(D) and
, (1—[z[)P
1 =10
oo P T g P

4.3. The generalized Cartan-Hartogs domains

For t = 2, let us introduce

det(I — ZiZg )%, Zy € Ry(m, n)
Ni(Zy, Zy) = { det(I — ZZg )%,  Zx € Ru(p) (4.10)
(1+ [zezi > = 2|z*)*, 2z € Riv(N)

where s; are positive real numbers, k = 1,2. In this case, those generalized Hua-Cartan-Hartogs
domains are generalized Cartan-Hartogs domains. We consider the case in which Z;, Z; simultaneously
belong to Ry, Ry, Ry, and assume Z; € Ry(m,n),Zy € Ri(g, 1), then let Ni(Z1,Z1)No(Z,,Z,) =
det(I — 7,77 )* det(I — Z,7; )*2. We refer to this domain as GW7, with formal definition

GWI,I = {ff] S C"]’/Zl S %I(m,n), Zy € %I(g,l) :
r
Y IEPP < det( — Z4Z7 ) det(I — 2,25 )2, j=1,--- 1}
=1

Definition 4.3. Let & > 0, the Bers-type space A, (GWiy) consists of all f € H(GWryy) satisfying

r
Iflla,wiy = sup  [det(I— ZyZy )t det(I — Z575')2 — Y |&;*PI]*|f(Z,8)] < +eo.
/ (Z,5)eGWy; j=1

For Z, € Ry(m,n), Z, € Ri(g 1), by the definition of the Cartan domain of the first kind,
det(I — Zkfk/)sk,k = 1,2 clearly meet (1.1), if s (k = 1,2.) satisfy 0 < sym < 1,0 < sp¢ < 1, then
Lemma 4.1 implies that det(I — Zka/)sk, k = 1,2 satisfy conditions (1.2). Therefore, the generalized
Cartan-Hartogs domain GWrj is a generalized Hua-Cartan-Hartogs domain, and we may easily obtain
conditions for the boundedness and compactness of weighted composition operator between Bers-type
spaces on GWij.

Assume that ¢ is a holomorphic self-map of GWyy, and consider (W,#) = ¢(Z,¢) for (Z,¢) €
GWI,I-

Corollary 4.7. For a0, > 0,0 < sym < 1, 0 < sp¢ < 1, a holomorphic self-map ¢ of GWy and
¢ € H(GWry), the following statements hold.
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(i) The weighted composition operator YCp : Ax(GWr1) — Ap(GWryyp) is bounded iff

[det(I — 21 Zy)™ det(I — Zo73))> — |1&]|*)?

Nii= sup [9(Z7) — — < oo
(2E)eGw, [det(I — Wi )t det(T — WaTA2 )2 — [l 2]
(ii) The weighted composition operator Cy : Ao (GWr11) — Ag(GW1y1) is compact iff p € Ag(GWryy)
and
_ “'\s _ “'\s _ 218
lim (2, 8| [det(I Zlé/) 1det(I Zzzi)/ el [ 0
$(Z,5)—IGW1, [det(I — Wy Wy )51 det(I — Wo W5 )52 — ||n7]]2]*

In particular, for r = 1 GWyj is the ordinary generalized Cartan-Hartogs domain Wrj.
Wip = {(Z1,Z2,€) € Ri(m,n) x Ri(g,1) x C" : |&* < det(I — ZyZy ) det(I — Zo25')2}.

If we set ¥ = 1 in Corollary 4.7, we obtain sufficient and necessary conditions for the boundedness
and compactness of weighted composition operators between Bers-type spaces on the generalized
Cartan-Hartogs domains Wi .

4.4. The generalized Cartan-Hartogs domains over different Cartan domains

For t = 2, we introduce Ni(Z, Zx) as in (4.10), k = 1,2. In this case, those generalized Hua-
Cartan-Hartogs domains are generalized Cartan-Hartogs domains. Here, we consider the case in
which Z;, Z; belong to different Cartan domains. Taking Z; € Ry(m,n), Z, € Ry(p) as an example, let
N1(Z1,Z1)No(Z2,Z) = det(I — Z1Z; )t det(I — Z, 75 )*2 and refer to this domain as GW ; by setting

GWin = {&; € C",Zy € Ri(m,n), Zy € Ru(p) :

]
&P < det(I — Z,Zy )1 det(I — 2,25 )%2,j = 1,2, -+ ,1}.
j=1

Definition 4.4. For « > 0, the Bers-type space A, (GWi 1) consists of all f € H(GWy ) satisfying

)
Il auowi) = sup  [det(I — ZyZy') det(I — ZoZ5')2 — Y |&;[*P1)*( £(Z, &)| < +o0
(Z,5)EGWLI j=1

For Z; € Ri(m,n),Zy € Ry(p), by the definition of the Cartan domains of the first kind and
second kind, det(I — Zkfk/)sk,k = 1,2 clearly meet (1.1), if s (k = 1,2.) satisfy 0 < sym < 1, 0 <
spp < 1, then by Lemma 4.1 we know that det(I — Zka/)sk, k = 1,2 satisfy conditions (1.2). Therefore,
the generalized Cartan-Hartogs domain GW7; is a special case of generalized Hua-Cartan-Hartogs
domains. Taking Theorems 3.1 and 3.2 into account, we obtain the conditions for the boundedness and
compactness of weighted composition operators between Bers-type spaces on GWy .

Assume that ¢ is a holomorphic self-map of GWyy and write (W, 1) = ¢(Z,¢) for (Z,&) € GWy .
We have

Corollary 4.8. Given «, > 0,0 < sym < 1,0 < spp < 1, a holomorphic self-map ¢ of GWy 1 and
¢ € H(GWryy), then the following statements hold.
(i) The weighted composition operator $Cyp : Ay (GWr 1) — Ag(GWr) is bounded iff

~ det(I — Z,Z1 )1 det(I — Zy 75 )52 — ||E[|?18
Nip= sup |¢(Z,8)] [det( 171/) ( ZL), 1Z117]
(Z,6)eGWi [det(I — Wi Wy )5t det(I — Wo W, )52 — ||57]]2]*

< 400
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(ii) The weighted composition operator Cy : Ay (GWrn) — Ag(GWr ) is compact iff ¢ € Ag(GWin)
and

. det(I — Z1Z7 )51 det(I — ZoZ5 )52 — ||E]121P
lim [p(z,g) S Az detll = ZaZe )2 = AT
$(Z,5)=9GW [det(I — WiWy )stdet(I — Wo W, )52 — ||57]|2]«

4.5. The generalized ellipsoidal-type domains

For t = 1, let us introduce

ZZ
1——| | ,  Z e R(m,n)
m

1Z|?
L . 1-——, Z e %II(P)
N1(Z1,21) = N(Z,Z2) = P
5
-7, Z€Rmq)
[5]

1—z>, zeRw(N)

where [1] denotes the integer part of 1. In this case, we refer to those generalized Hua-Cartan-Hartogs
domains as the generalized ellipsoidal-type domains.

2

Ly:= {¢ € C",Z e Re(m,n): Z|§|2p1<1 1217 | L =121},
2 |Z|2

Ly := {& € C%, Z € Ru(p ZlCl Pi<1— =1,2---,r},

Ly = {g; € C",Z € Ru(q 2|§;|2p} <1- |[q|],j=1,2,---,r},
2

Ly := {{j € C,z € Ry(N Z|(;‘|2pl<l—|z|2,j_12 )}

j=1

Ly, Ly, Lir and Ly denote generalized ellipsoidal-type domains of the first, second, third, and fourth
kind, respectively. The Bers-type spaces on Ly, Ly, Ly and Ly may be defined as follows

Definition 4.5. Let « > 0.
(i) The Bers-type space Ay (Ly) consists of all f € H(Ly) satisfying

7 2 r N
Il 4y = sup (1— 7|m’ - Z% &1 £(Z,8)] < +oo.
]:

(Z,C)GLI
(ii) The Bers-type space Ay (Ly) consists of all f € H(Ly) satisfying

ZZ r
oy = sup (1— 120 - L1620 < o
(Z,5)eln p

(iii) The Bers-type space f € Ay (L) consists of all f € H(Lyy) satisfying

_ |Z|2 - 2p
sup (1 - ZIC;I N 1f(Z,2)] < oo

11l 4
() (Z,§)€lm [2] j=
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(iv) The Bers-type space Ay (Lyy) consists of all f € H(Lyy) satisfying

,
I lagy = sup (1= 121 = 32 1627)"[f (2, &)] < +oo.
(z£)€Ly j=1
In order to prove that the above generalized ellipsoidal-type domains are special cases of general-
ized Hua-Cartan-Hartogs domains, we need to prove the following Lemma first

Lemma 4.7. The following statements hold.

(i) IfZ € Ry(m,n), then 0 < 1 — % < 1and forall Z, W € R1(m, n) we have

(- tr(fnZ/)) il tr(VTVnW/)) <2l(1- tr(?nW/))‘.

(ii) If Z € Ryu(p), then 0 < 1 — % <1, and forall Z,W € Ry (p) we have

(22 r(WW)  r(ZW)
(1 T )+ (1 Y ) <2|(1 o )|

(iii) If Z € R (q), then 0 < 1 — %
2

<1, and for all Z, W € Ry(q) we have

tr(2Z) tr(WW) tr(ZW)
o) 0 o) =20 o)l

(iv) Ifz € Rpy(N), then 0 < 1 — |z|> < 1, and for all z,w € Ry (N) we have

2

(1 =1z + (1~ |wl?) <21 -z,

Proof. (i) For Z € Ry(m, n) we have 0 < |Z|? = tr(ZZ ) < m, thatis0 < 1— %

< 1. According to
the two inequalities [tr(ZW )|2 < tr(ZZ )tr(WW ) and a? + b? > 2ab, we obtain

2](17@)122 thr(ZW \/trZZ)\/trWW
:2_2\/tr(ZZ)\/tr(WW) So_ (tr(ZZ) +tr(WW/)>
m m p -
- BEZ) ,_ u(VW),

(ii) For Z € Ry (p), we may write

1 1
1211 ﬁzu \?le
V221 z22 Va22p
Z - . . 7
1z 1z z
V2l ptpz e pp

then 0 < |Z|? = tr(Zzl) < p, and easily obtain the proof.

d0i:10.20944/preprints202407.0393.v1
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(iii) For Z € R(q), we have 0 < |Z|?> = %tr(ZZl) < [3],thatis0 <1— % < 1. According to
2

the two inequalities |tr(ZW') |2 < tr(ZZ )tr(WW') and a® + b* > 2ab, we obtain

tr(ZW) w(ZW)| /7 \/tr W)
AT 222 2[%1
B tr(zZ) | tr(WW) tr(zZ)  tr(WW)
‘Z‘ZJ 21]] J 2(]] 22‘< gy )
. w(zZ) . u(WW)
2(3] 2(3]

(iv) For z € Ry(N), we have 0 < |z|> < 1, thatis 0 < 1 — |z|> < 1. According to the two
inequalities |z@'| < |z||w| and a® + b*> > 2ab, we obtain

211 — 2w | > 2 —2|zw'| > 2 —2|z||w| >2— (]z* + |w|*) =1 — |z]*> +1 — |w|

This completes the proof of the Lemma. [J

The above Lemma shows that 1 — tr(ZmW),Z,W € Ri(m,n);1 - tr(ZpW),Z,W € Ru(p);1-—

tr(zz[;][ ) ,Z,W € R(q) and (1 —zw'),z,w € Ry (N) satisfy conditions (1.1) and (1.2). Therefore,
the generalized ellipsoidal-type domains are special case of the generalized Hua-Cartan-Hartogs
domains, and we may obtain the boundedness and compactness conditions for weighted composition
operators between Bers-type spaces on these domains.

Assume that ¢ is a holomorphic self-map of L € {Ly, Ly, Ly, Ly }. Let us write (W, 1) = ¢(Z,§)

for (Z,¢&) € Ly, Ly, Ly, and write (w, ) = ¢(z,¢) for (z,¢) € Lyy.

Corollary 4.9. Given a, B > 0, a holomorphic self-map ¢ of L, and ¢ € H(L), then the following statements
hold.
(i) The weighted composition operator $Cyp : An(L1) — Ag(Ly) is bounded iff

\Zl
0= sup |p(z,e) L —IEP

(Z)eL (1- ‘W‘Z — I)12)e

(ii) The weighted composition operator Cyp : Ay (L) — Ag (L) is bounded iff

\Z|
QH = Ssup W’(Zr §)| ( \W|2 |||§|||| ))

(Zg)eLn (1-
(iii) The weighted composition operator $Cyp : A (L) — Ag(Lm) is bounded iff

o p(z c>|(1_|z e
= sup , 3 < H-c0.
T e (- B — e

(iv) The weighted composition operator $Cyp : Ay (Lrv) — Ag(L1v) is bounded iff

~ 1 — - 2 ﬁ
S w0 ((1 - ||;||2 - ||||<’;‘7 ||||2>)a

(Z/C:)GLIV

< +o0
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Corollary 4.10. Given a, f > 0, a holomorphic self-map ¢ of L, and i € H(L), then the following statements
hold.
(i) The weighted composition operator $Cyp : Ay (L1) — Ag(Ly) is compact iff ¢ € Ag(Ly) and

. (1- 2L — g8
1 , _
LT e

(ii) The weighted composition operator $Cyp : Ay (Ln) — Ag(Ln) is compact iff ¢ € Ag(Ly) and

(125 jz2)p
lim_ [$(Z,0)] .
%ﬁ—nwa

$(Z,5)—dly (1—
(iii) The weighted composition operator $Cyp : An (L) — Ag (L) is compact iff ¢ € Ag(Lyy) and

. (1B — g2y
lim  [$(Z,¢)|

¢(Z,F) =Ly ! (1- \W\Z — Iy ||2)

(iv) The weighted composition operator Cyp : Ay (Lrv) — Ag(L1v) is compact iff p € Ag(L1yv) and

(1P - 22 _
VO ap = e =

lim
¢(z,¢)—olry
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