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Abstract 

A model of nanoparticles has been designed to resemble partly self-similar ferroelastic star-like 

domain textures. Numerical computations have been used to find the equilibrium configurations of 

magnetisation in such systems. As expected from symmetry, the self-similar initial states give room 

to other types of domain structure as a function of the star parameters. When relaxed without external 

field the self-similar pattern mostly turns to a massive vortex in the center with radially oriented 

domains in the peripheral arms of the star. In contrast to that a random initial state ends up in a 

configuration of a triple valve with one input and two outputs or vice versa in analogy to logical 

gates. A treatment with an in-plane magnetic field always leads to the valve configuration. The triple-

valve states turn out stable and the vortex ones metastable. The results may be useful in the design 

of magnetic based logic devices. 

Keywords: magnetic nanoparticles; self-similarity; vortices; triple valves; logic devices 

 

1. Introduction 

Triple magnetic junctions are promising in development of more efficient and energetically 

economic logic systems [1,2]. An important issue in this field is the appropriate design of domain 

walls and a facility in an external stirring of their arrangement [3,4]. The magnetic order, in particular 

formation of vortices, is essential in the performance of magnetic logic gates [5,6]. The use of magnetic 

nanoparticles and/or nanodots [7] showing a strong sensitivity and directly detectable variations of 

their magnetic state is desirable in manufacturing of magnetic switches and sensors [7–9]. Elucidative 

examples of triple geometry can be found in natural systems. In particular three-arm star patterns of 

ferroic domains are encountered in a number of systems in which a phase transition involves a loss 

of three-fold or six-fold crystallographic axis [10–14]. The ferroelastic star patterns show resemblance 

to triple junctions ubiquitous in the logic devices. Magnetic analogues of electronic structures are 

now extensively studied in view of reduction of electron leakage and energy consumption [15]. 

Various arrangements of magnetic domain walls, vortices and fan-out gates etc. have been considered 

[16–18]. 

In the case of ferroelastics, the mechanism of formation of the triple star patterns is somewhat 

different depending whether the low-symmetry phase is orthorhombic or monoclinic and whether 

one of the preserved axes stays parallel to the initial three-fold axis [15]. When the latter is not the 

case an arm of the star consists of a twinned pair of ferroelastic domains [16]. The frames of the star 

are planar domain walls specific to ferroelastic phase transitions. In principle the system prefers 
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stress-free orientations of domain walls predictable from the decomposition of the point group of the 

high-symmetry phase into left costs of its low-symmetry subgroup. New energetic conditions occur, 

however, when the ideal stress-free domain walls intersect forming lines parallel to the initial 3-fold 

axis. The traces of these lines in the plane perpendicular to the triple axis can be treated as nodes with 

different number of outgoing branches, i.e., traces of the domain walls. It has been shown [19] that 

every such node, except for one, generates a stress, due to a disclination when the spontaneous strain 

of the ferroic phase departs from zero. The exceptional stress-free, or zero-disclination, node consists 

of two opposite sectors of a domain, say VI, one sector containing five and the other one 

approximately 30° large segments, the rest of the space is filled with two remaining domains VII and 

VIII whose angular extent is about 3 x 30° = 90°. The node has been given name (3,1,3,5) [19], that refers 

to the extent of the sectors, and shown to rest stress-free independently of the actual value of the 

spontaneous strain. The actual value of strain determines the exact extent of the angles. It is by nesting 

such nodes that the three-arm stars come into being. This mechanism has been shown in Figure S15 

of ref. [13] (Supporting information). To preserve the (3,1,3,5) structure the star nests one within 

another which gives rise to a several levels of self-similarity, in that an outer star is an image of its 

inner predecessor by a homothety with the scaling factor determined by the actual extent of the 

angles. A particularly rich star-like patterns have been recently observed in organic-inorganic hybrid 

[13]. Some of the phases involved are ferroelectric. The use of the ferreoelastic and ferroelectric triple 

elements in the logic devices deserves further studies. Here we show some results for system of 

analogous geometry consisting of magnetic isotropic materials. 

In the present paper, we study triple structures filled with ferromagnetic domains as possible 

prototypes of magnetic logic devices and switch sensors. The analogy of magnetic and ferroelastic 

structures is all the more pronounced that some materials studied in [13] are ferroelectric. Contrary, 

however, to the materials studied in ref. [13] where the spontaneous electric polarisation is parallel 

to the generic triple axis, we impose here the magnetisation in the plane of the star which is one of 

possible choices giving rise to potentially three input or output paths for the magnetic flux as it is 

encountered in logic devices. The basic geometry of the star-like magnetic particle is depicted in 

Figure 1 for a particular choice of angle φ = 30° (Ɵ = 150°) corresponding to the ideal ferroelastic case. 

This geometry allows us to make use of the shape anisotropy created by the acute arms of the star. 

The gradually narrowing arms tend to align the magnetisation along their axes, even if the material 

itself does not show a magnetocrystalline anisotropy. We verify the expectations derived from the 

ferroelastic patterns with numerical modelling performed using the software MuMax3. It allows us 

to find the equilibrium stable or metastable configurations as functions of the applied external field. 

The details of the model, particularities of the geometry, selection of material and computation 

techniques are outlined in Section 2. Section 3 presents relaxed patterns obtained without and with 

an external magnetic field for various initial configurations to reveal the impact of an initial self-

similarity on the stable or metastable magnetic configurations. The treatment with magnetic field 

allows us to predict the switching mechanisms of the system under study. The angular parameters 

of the star turn out crucial for the coercivity and switching performance of the particles. Section 4 

summarizes the observations made and states suggestions of their practical applications. 

2. Materials and Methods 

The geometry of a magnetic star inspired by the similar shapes in ferroelastic species is 

schematized in Figure 1. The panel (a) illustrates carving of the magnetic region (black) on the 

background of a non-magnetic surrounding (blue). Such a star shows a symmetry of the 2D dihedral 

point group 3m (D3) and is parametrised with an angle φ or equivalently Ɵ =  𝜑 + 120° marked in 

the Figure. In the ideal geometry corresponding to a vanishing spontaneous strain in the ferroelastic 

material [13] the angle φ = 30° or Ɵ = 150°. In Figure 1(a) one sees how the black star is carved out of 

an equilateral blue triangle; three similar isosceles triangles of an angle Ɵ are removed from the initial 

triangle. 
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Figure 1. (a) Geometry of carving a star-like particle and (b) schematic of introducing self-similarity. 

The scheme of Figure 1(b) is constructed so that the angles delineating the kite-like deltoidal 

regions of the same colour correspond to those the node (3,1,3,5) [19] of the ideal ferroelastic case. 

The innermost white region in Figure 1(b) is a core which constitutes a limit of the self-similarity or 

the first generation of refs. [13 and 20]. Indeed, the scaling invariance cannot descend below the 

atomic scale in any real material. Therefore, the smallest star must exist as an generic level or the first 

generation of self-similarity[20]. 

The fundamental difference between the ferreoelastic and the present case is now that the 

imposed magnetisation laying in the plane of the particle exhibits pseudovectorial (antisymmetric 

second rank tensor) nature in contrast with strain which is a symmetric second rank tensor. The 

pseudovector, when reflected in a plane perpendicular to it, can be oriented in two opposite 

directions, whereas the opposite directions are equivalent for the strain. Consequently, an initial self-

similar state may be prepared in two different manners schematized in Figure 2. 

 

Figure 2. Two self-similar arrangements of magnetisation in the geometry of three-arm star. (a) involving 3 

domains (b) involving 6 domains. The orientation of magnetisation is represented with colours according to the 

colour circle of the software MuMax3 shown in the inset. The direction of arrows is correlated with colours. Red: 

horizontal right, green: vertical upwards, cyan: horizontal left, violet: vertical downwards [21]. 

The arrangement of Figure 2(a) involves three orientations of magnetisation aligned along the 

axes of the arms of the star. The magnetisation in the oppositely oriented arms belonging to 

consecutive generations of self-similarity is the same or is rotated by 180° as the pseudovector does 

not change under this rotation. The number of the imposed domains is, therefore, 3 as it is the case in 

the ferroelastic material. In contrast to that, the arrangement of Figure 2(b) shows opposite 

magnetisation in the oppositely directed arms, i.e., the magnetisations of oppositely oriented arms of 

subsequent generations are their mutual images in the mirror plane perpendicular to the so related 

arms. The number of colours is now 6, violet representing the direction opposite to green, orange to 
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blue and cyan to magenta. In what follows we will call the configurations of Figure 2(a) and 2(b) 3-

domain and 6-domain configurations, respectively. 

The initial magnetic configurations do not a priori correspond to a minimum of energy, i.e., they 

are not equilibrium states. In what follows we study the impact of the initially prepared self-similar 

arrangements on the closest stable or metastable magnetic state. We use the software MuMax3 [22–

24] to relax the system to the corresponding equilibrium states. An advantage of this software is that 

it implies a well-defined size of voxels, here 2 nm x 2 nm x 2 nm. It bears an analogy to the natural 

materials in which the scale cannot be fine-grained beyond the atomic size limit. Noteworthy is that 

the same limitation is in power in the ferroelastic case which, all that withstanding, shows quite a 

number of self-similarity levels. The size of the largest triangle of Figures 1 and 2 is such that the 

vertical and horizontal dimensions of the outer square marked with gray are 1000 x 1000 voxels. The 

height of the largest triangle, thus, amounts to 800 voxels. The thickness of the system is held 

constantly 5 voxels. We have checked that with this thickness the magnetisation is always uniform 

across the dimension perpendicular to the image plane. 

The simulations reproduce physical behaviour of the coarse grained magnetization 𝑴 subjected 

to a local magnetic field 𝑯𝑒𝑓𝑓 resulting from the field applied from outside and one produced by the 

neighbouring voxels. The magnetization then obeys the Landau–Lifshitz–Gilbert (LLG) equation 

𝑑𝐌

𝑑𝑡
= −𝛾 (𝐌 × 𝐇𝒆𝒇𝒇 − 𝜂𝐌 ×

𝑑𝐌

𝑑𝑡
), (1) 

where γ is the electron gyromagnetic ratio and η is a phenomenological damping parameter [25] 

Our simulations are performed quasi-statically i.e., consist in finding a minimum of magnetic 

energy starting from an initial configuration, without however, taking into account inertial effects of 

spin rotations that may happen in real systems as results of sudden changes of external field or of the 

configuration of neighbouring spins. Out of the operation modes offered by the software MuMax3 

[22–24] we use the relax one in finding the equilibrium configurations without external field (Section 

3.1.). The magnetic moments of the voxels then evolve according to the Landau-Lifshitz-Gilbert (LLG) 

equation (1) with a defined damping constant. Apart from the study without external field (Section 

3.1.) and at the first stage of modelling for the extreme value of the external field B = 1000 mT, where 

the system searches its equilibrium state after being put into an initial saturated configuration with 

all the voxel moments aligned with the external field (Section 3.2.). The dimensionless damping factor 

in the LLG equation then amounts to 0.02. In the study with variating external field the field is swept 

from +1000 mT to -1000 mT with an increment of 1 mT. The mode minimize of MuMax3 is then 

employed. This search for a minimum of energy enhanced by the conjugate gradient method [26] 

with an extreme damping that makes the motion of the magnetic moments equivalent to a wandering 

on the energy map. The simulation is stopped when the maximal unitless torque normalised 

specifically to the MuMax3 software becomes smaller than 10-6 [27]. The procedure corresponds to a 

physical precessional motion of magnetic moments, however slowed down to zero by an extremely 

large damping constant in the Landau-Lifshitz-Gilbert equation [28]. 

The material under study here is Permalloy, i.e., an isotropic magnet whose saturation 

magnetisation is 𝑀𝑠  =  800
𝑘𝐴

𝑚
  and the exchange interaction constant amounts to 𝐴𝑒𝑥  =  1.3 ×

10−11 𝐽

𝑚
  [29,30]. The only source of anisotropy, therefore, is the shape anisotropy. This seems an 

appropriate choice for the first reference study. 

3. Results 

To reveal the behaviour of the system in different conditions we show below results in zero 

external field starting from self-similar and random configurations and, afterwards, under a uniaxial 

variating magnetic field. The parameters Ɵ = 120° + φ of the stars have been selected so as to cover 

the region from the most acute star to the limit in which it becomes equivalent to an equilateral 

triangle. This is presented in Figure 3. The tightest angle φ allowing one to model a triangle with its 
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apex consisting of a single voxel (and not a 1D chain of voxels attached to the apex, which would 

introduce a different geometry) amounts to φ = 6°, so that Ɵ = 126°. 

 

Figure 3. Relaxation of the 3- and 6-domain self-similar configurations (see Figure 2) for 5 angles Ɵ marked in 

the middle in degrees. In column (a) the starting point is 3-domain and in column (b) 6-domain. 

3.1. Non Biased Paths to Equilibrium States 

The first series of studies is done without any external field. This allows one to watch the 

configurations to which the initial 3- and 6-domain partly self-similar patterns defined in Figure 2 

wander spontaneously without any symmetry-breaking perturbation as functions of the angle Ɵ. The 

angle turns out to be crucial in qualitative determination of the final state. Some examples are shown 

in Figure 3. 

The white innermost star in the initial states contains spins directed perpendicularly to the 

surface towards the viewer in accordance with the colour code of the software MuMax3. This choice 

has been made to avoid any initial bias for the in-plane magnetic moments. It also turns out a good 

guess because an upward spot, although reduced in size, is present in all the relaxed configurations 

independently of initial conditions. The spot has been found to be a concomitant of a vortex [31]. 

Whereas the 6-domain commencing leads systematically to a central vortex, in the 3-domain 

initial state the vortex seems to be hindered by narrow arms (126° and 130°) and appears for Ɵ larger 

than 150°. The radial extent of the vortex is limited to the central part of the, star whereas the 

peripheral apices mainly remain in their initial radially divergent configurations. The vortex is 

always separated from the radially oriented parts with kind of domain walls. The walls are not 

straight and their lateral extent varies along their lengths. The phenomenon is more pronounced for 

the 6-domain initial configurations. E.g. for 150° the domain wall separating the vortex from the green 

area of the vertical arm is quite sharp on the left hand border of the arm and separates regions 

differing by 60° whereas it is diffused, if non-existent at all, on the right hand border, where the green 

colour dominates on both sides. In the column a) of Figure 3 the walls are much more sharp on all 

their lengths. An example of this kind of behaviour is provided in Figure 4. Noteworthy is that the 

chirality of the vortices with 3 and 6 initial domains is opposite; the white spot in the centre points 

always upwards, but the circulations of the magnetic moments are opposite. 
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Figure 4. Magnification of relaxed vortices of Figure 3 for Ɵ = 150°. 

In the cases of the most narrow arms (Ɵ = 126° and 130°) the system ends up in a different 

configuration deprived of a central vortex. The final configurations then resemble a three-wave valve, 

router or a logical gate in that the two arms are orientedout of the centre and one into the centre of 

the star. Thus two arms play a role of outputs and the third reversed one becomes an input. This is 

achieved by a quasi 180° reorientation of one of the arms, see the lower right arms in Figure 3 (a) for 

126° and 130°. In contrast to that the configurations involving 6 initial domains always evolve 

towards a vortex in the center of the star. 

A comparison of energies of the most narrow stars (Ɵ = 126° and 130°), reveals that the triple-

valve configurations are more stable (Figure 3(a)) that vortex ones (Figure 3(b)) in that the energies 

of the former are about 3 times smaller than of the latter. On the other hand, the energies of the vortex 

states for Ɵ = 150°, 170° and 180° are equal to 5 significant figures in spite of geometric differences. 

A study with totally random initial configuration turns out much more time-consuming. 

Generally such simulations favour the triple valve final state. Figure 5 shows both the initial and the 

final states for Ɵ = 150°. 

 

Figure 5. Relaxation of totally random (in-plane and out-of-plane) initial configuration at Ɵ = 150°. 

The final stage is clearly the logical gate with one input and two output arms. The domain of the 

input arm shows a very regular deltoid shape limited with somewhat curved domain walls. This is 

in a correspondence with the geometry of the node (3,1,3,5) [13]. The energy of this triple valve turns 

out almost four times lower as compared with the energy of the vortex states of Figure 4. 

3.2. Switching Properties and Equilibrium States Under an External Field 

A treatment with an external magnetic field may cast a light on the most efficient method of 

fabrication of configurations useful for technological applications. A series of such studies are 

depicted in Figure 6 for 5 angles Ɵ defining the geometry of the star: 180°,170°, 150°, 130° and 126°. 

The external field is applied vertically, i.e., along the axis of the upward arm. The initial value of the 

field is 1000 mT. It practically ensures a complete bias upwards for Ɵ = 180° but more acute stars relax 

to slightly inhomogeneous states at this field as it follows from the application of the relax operational 
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mode of MuMax3. The field is decreased at 1 mT increment down to -1000 mT. This protocol allows 

us to satisfy conditions of adiabaticity and to study a complete switching of the particles. Recording 

of the net magnetisation in the vertical (y) direction provides the corresponding hysteresis loops. 

They turn out to be symmetric. Therefore, only the parts of hysteresis loops obtained with decreasing 

field are shown in Figure 6(a) for clarity. 

 

Figure 6. (a) Half-loops of hysteresis corresponding to decreasing field for the stars specified in the column Ɵ. 

(b) initial states (B=1000 mT), the states just before and just after switching and the reversed states of the stars at 

B= - 1000 mT. 

The coercive field increases with decreasing angle Ɵ and is the largest for the most acute stars. 

The remagnetisation starts with reorientation of spins in the armes situated at the angle 120° with 

respect to the applied field. The reorientation initiates in the apices of the arms and spreads out to the 

centre of the star. As a result, a configuration of triple valve “two in - one out” forms before the step-

like reversal of the vertical arm. This jump reverses the magnetisation in all three arms so that a triple 

valve “one in – two out” comes into being being which further becomesd progressively saturated. 

Apart from step like-jumps the hysteresis loops show rounded parts for the field values where the 

pattern varies in a continuous way. An exception is the case of the regular triangle at Ɵ = 180° (blue 

curve in Figure 6(a)), where the progressive expansion of the region coloured in red in Figure 6(b) 

manifests itself in a slanting straight part preceding the reversal jump. This behaviour manifests the 

lack of an obstacle imposed by the cusp-like connection of the lower arms when Ɵ ≠ 180°. 

The configurations arising after switching off of the field are all of the type triple valve in analogy 

to those observed for the most acute stars with 3-domain initial state (see Figure 3(a) for Ɵ = 126° and 

Ɵ = 130°) as well as for the random initial state of Figure 5. The configurations are not identical, 

however. Their energies when obtained with the field treatment are down to half as high as the ones 

attained with self-similar and random initial state. Thus, the external filed helps to find the most 

stable triple valve arrangements. 

4. Discussion and Conclusions 

The minimisation procedures reported in Section 2 lead to local energy minima which are 

directly attainable from the prescribed initial states. The minima can, thus, be local or global 

corresponding to metastable or stable magnetic configurations respectively. The recapitulative Table 

1 allows one to compare the energies of the particular relaxed states at B = 0 described in Section 3. 

Table 1. Magnetic energy of the relaxed configurations obtained at B = 0 without and with external field 

treatment. Asterisks indicate vortex states. 

Etot [10-5 pJ] 3-domain 6-domain hysteresis random 

180° 2.5278681* 2.5278681* 1.0451257 - 

170° 2.9810302* 2.981451* 0.8581696 - 
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150° 2.9240302* 2.924786* 0.49729887 0.8465562 

130° 0.6808681 1.792714* 0.18028585 - 

126° 0.51189704 1.3600054* 0.51109695 - 

The energies of the vortex states in the 6-domain initial configurations for Ɵ = 126° and Ɵ = 130° 

are clearly higher than those of the triple-valve type configurations in the 3-domain counterparts. The 

vortex spin arrangements are, thus, metastable. The self-similar initial configuration of the present 

systems seems to be a good choice for obtaining vortex states useful in many logic devices [18,32–34]. 

The chirality of the vortices is clearly determined by whether the initial self-similar configuration is 

3-domain or 6-domain. Whereas the 3-domain arrangement favours left-handed helicity, the 6-

domain privileges the right-handed one. The fact that the vortex state does not arise in the most acute 

3-domain stars indicates that the 6-domain initial state better stimulates the circulating magnetic flux 

against the triple-valve. 

Both types of arrangement in magnetic nanoparticles and their systems are now extensively 

studied as potential elements of memory and logic devices [35–40]. Their design should be based on 

the predictable patterns of magnetisation and their liability to external stirring by magnetic fields and 

other stimuli. The geometry of triple junctions is of special interest in this context because it underlies 

the functionality of logic gates and transistors [15,16,41]. This geometry has been encountered in the 

ferroelastic domain textures [11,13,19] with an additional property of several levels of scaling 

invariance or self-similarity. The latter characteristic turns out to exhibit an unexpected robustness 

with respect of some external perturbations [20]. While not directly transferable to magnetic 

structures, for symmetry reasons, such geometry has been used here as initial configurations in 

magnetic particles shaped in to a form of three-arm stars. When relaxed, such initial states have been 

shown in Section 3 to give rise to metastable vortex configurations widely studied in the logic devices 

[18,32–34]. In some cases the relaxed pattern, usually stable, corresponds to a triple valve. The 

treatment with a homogeneous external field uncontestably favours such configurations. The 

coercivity of the magnetic elements is also an important factor for technology, especially when the 

memory storage devices are considered. In the case of our three-arm stars the coercive field increases 

with the acuity of stars. This indicates the effective modalities for fabrication of magnetic 

configurations desired for specific application. 
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