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Article 
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or Not, or Something Else? 
Krzysztof Zboinski and Piotr Woznica * 

Warsaw University of Technology, Faculty of Transport 
* Correspondence: piotr.woznica@pw.edu.pl 

Abstract 

This work addresses the features of railway transition curves’ curvature, especially at extreme points. 
In particular, should it be smooth at the extreme points or not, or something else? Such a question is 
not accidental. This is based on the main results that the present authors obtained while optimizing 
the shape of polynomial railway transition curves. It appeared for the same quality function, that 
depending on the transition curve degree, the optimum shapes represented curvatures either 
possessing bends or close to smooth at the extreme points. Such a discrepancy raises the question of 
its reason, i.e., the factor influencing most the appearance of bends at the extreme points of the 
curvatures. The continuity of G0 and G1 at such points was considered. At the same time, the 
hypothesis was formulated that a long time while negotiating the curve is the factor mostly 
influencing the existence of the mentioned bends in the extremities of curvature. Two cases were 
considered to ensure the long time of vehicle passage through the curve, with a great curve length 
and a small vehicle velocity, respectively. To verify the hypothesis, the optimizations of the shape of 
the transition curves of 5th, 9th, and 11th degrees and the simulations of the railway vehicle behaviour 
were performed. The hypothesis turned out to be true, however, easier in application at High-Speed 
Rail conditions. It was shown that the transition curves shapes got in assumed circumstances did not 
have the bends at the extreme points. The tendency to smooth the curvature can be univocally 
noticed. It resulted in calmer vehicle movement, expressed by vehicle body lateral dynamical 
characteristics. Corresponding results of the simulations and transition curve optimizations were 
presented and compared. 

Keywords: railway transition curves; smoothness; optimization 
 

1. Introduction 

In the contemporary world, we observe a growing passenger flow in both road and railway 
transport. Over time, more and more countries construct modern road and railway infrastructure. In 
the field of railway infrastructure, the growing number of railway lines constructed for high-speed 
trains is observed, mainly in Europe and Asia. Railway infrastructure for such trains needs the proper 
line geometry. Here, the most essential characteristics are large circular arc radii and a suitable shape 
(and length) of transition curves (TCs), spanning between a straight track and the circular arc. 

The modern railway infrastructure is a witness to new shapes of railway transition curves (TCs). 
In railway engineering, not only the 3rd degree parabola (curve characterized by linear change of the 
curvature in the longitudinal coordinate x function and of the vehicle lateral acceleration, too) is used 
mainly by engineers-practitioners. Historically, the Bloss curve is a second crucial transition curve. 
The Bloss curve is, in fact, a polynomial transition curve of the 5th degree. 

The fundamental difference between the above-mentioned two curves is the shape of the 
curvature. The 3rd degree parabola has bends at the extreme curve points (beginning and the end 
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point of the curve), so it has the continuity of type G0. Bloss curve is smooth in the extremities, so this 
curve has the continuity of G1 type (a tangency in strictly mathematical reasoning). 

2. The Main Aim of the Current Work 

The general aim of this work is to answer questions about the desirable features of railway 
transition curves’ curvature, especially at the extreme points. The cause is the ambiguous results of 
the TC optimizations obtained by the authors, presented in [1,2]. They are twofold, different for the 
5th and 7th degrees of polynomial TCs than for the 9th and 11th degrees. The obtained optimum curves 
of 5th and 7th degrees possess the bends at curvature extreme points (like for the parabola of the 3rd 
degree). The curvatures of optimum TCs of the 9th and 11th degrees are close to smooth curves, with 
slight bends preserved. It happens despite the same quality functions for these cases, TC lengths 
adopted consequently for them according to engineering formulas (e.g. [3]), and starting TC shapes 
in the optimization are always adopted with perfectly smooth curvatures (no bends). 

The above-mentioned discrepancy of curvatures, dependent on the TC’s degree, results in the 
main detailed aim of this work. It is to find the main factor that influences the existence of bends at 
the extreme points of the curvatures of optimum railway TCs. So, the authors mean here the existence 
of the continuity of the type of G0 or G1. For this purpose, a hypothesis that causes such a situation 
was formulated. 

The mentioned hypothesis is as follows: 
“The reason is time, more specifically, a large enough amount of time while negotiating the 

whole curve length. If the railway vehicle needs a long negotiation time, then vehicle dynamics can 
be smoother.” It is essential, as the present authors use a full dynamical model (as in railway 
dynamics studies) while calculating the quality functions, instead of the vehicle represented by a 
single point (as in civil engineering approaches to TCs assessment and design). 

A long time of curve negotiation by the vehicle can be achieved in two ways: 

- very long length of the curve and “normal” velocity of the vehicle, 
- small vehicle velocity and “normal” length of the vehicle. 

Under the concept of a “normal” length and velocity, the values of these parameters, calculated 
using the engineering formulas, should be understood here. 

In the current work, its authors performed the optimization of railway transition curves, 
modelled by the polynomials of 5th, 9th, and 11th degrees. For the 9th and 11th degrees, TCs’ feature of 
their great typical length was useful. The optimizations were also supplemented by the simulations 
of the single passage of the vehicle through a chosen railway curve to demonstrate the railway vehicle 
dynamics at the extreme points of the curve. 

Previously, the authors tried to prove the analogous hypotheses, taking greater account of the 
influence of the TC’s initial and end zones, the quality function based on jerk in TC, and the higher 
values of the curve radius R. They turned out to be untrue. 

3. Short Literature Survey 

Many works relating to railway transition curves are currently published. Mainly, it is visible in 
the light of the geometry of the construction of new high-speed train lines. The important works 
relating to railway transition curves are represented, e.g., by Tari and Baykal, Hasslinger, Long et al., 
and Kufver. 

Tari and Baykal, in [4], introduced kinematical parameter - lateral change of acceleration - of 
railway vehicle during the TC negotiating as the crucial criterion for passenger comfort assessment 
in this zone. The continuity of this parameter must be absolutely satisfied. The authors searched only 
for these curves, which fulfilled this criterion. Hasslinger, in [5], considered the trajectory of the centre 
of gravity of a railway vehicle, and got the shape of the curve called Wiener Bogen®. The milder 
railway vehicle dynamics during negotiating this curve was observed. 
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Long, Wei, and Zheng, in [6], suggested a new dynamical model of railway vehicle to study the 
movement characteristics of the common transition curves used in railway engineering. They 
examined the dynamical features, including accelerations of the vehicle body, forces in wheel-rail 
contact, to analyses the general properties of transition curves. A similar idea was also shown in [7–
13]. 

In [14], Kufver adopted the European standard prepared and published by the European 
Committee for Standardization [15]. In this document, the share of passengers (seating but also 
standing) with discomfort reaction was defined with the use of a mathematical relationship. The 
values of the mentioned share were modelled using the quadratic parabola versus the curve length. 
Work [14] showed that it was possible to minimize the introduced passenger’s percentage and find a 
corresponding value of the curve length. 

Mathematical features of transition curves were also studied [16–19]. In the listed works, the 
curve is regarded only theoretically and examined in terms of its geometrical properties, like 
flexibility. The works’ authors first of all are aimed to learn these mentioned properties. 

Finally, there is a large group of works, where the general curve properties, like simply its shape 
or the curvature, or kinematical properties of both railway ([20–34]), and road ([35–37]) transition 
curves are investigated. New solutions dedicated to engineering practice are also proposed by the 
authors. The works relating to the use of transition curves, even in airport runway rapid exit 
taxiways, are also met today [38], even though standards don't currently specify these geometric 
elements in explicit form. 

4. Method Adopted and the Railway Vehicle Model 
4.1. Method Adopted 

In this work, the railway transition curves optimization of 9th and 11th degrees (presented in 
Chapter 5.1) was made. Two polynomial transition curves of the declared degrees, serving as the 
initial curves in this process, were applied. General equations for these curves are represented by the 
y coordinate, and are as follows [1]: 
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where: 

R—circular arc radius [m], 
l0—current curve length [m]. 

The TCs of 9th and 11th degrees were chosen due to their flexibility, but first of all due to the great 
length adopted in the optimization process. The general equation for the optimized curve used is 
represented, as previuosly, by the y coordinate and is as follows: 
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where n means the polynomial degree, here n=9 and 11. 
In the work, the authors wanted to find optimum coefficients Ai from formula (3). One criterion 

(the quality (objective) function) for transition curve optimization and assessment was also applied. 
This was an integral (necessary normalized) of the vehicle body lateral acceleration along the route. 
Operating the formula, one can have: 
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where: 

Lc—overall distance covered by vehicle (constant value) [m], 
l—length of the curve (independent variable) [m], 

by —vehicle body lateral acceleration [m/s2]. 

The book [3] showed the way, how the lengths l0 of the curves should be calculated according to 
railway standards. 

The criterion (4) can be treated as a base in railway dynamics, since vehicle dynamics 
improvement in such a situation is guaranteed in the optimization process. The betterment, however, 
depends on the case analysed. 

4.2. Railway Vehicle Model 

For the needs of the work, 2-axle real railway vehicle model was applied. Its structure consists 
of a body linked to two wheelsets with the use of system of spring-damping elements. The mentioned 
model has crucial significance in the work, since it was applied to make the optimization of the 
transition curves shape and to expand knowledge about the general curves properties in general. 

The track's models are presented in Figure 1a,b. The introduced nominal model of the vehicle is 
shown in Figure 1c. The full vehicle-track system has its origin in [7]. In this work, the numerical 
parameters of the vehicle are also presented and widely discussed. 

 
Figure 1. Track considered: (a) vertically, (b) laterally, and vehicle model (c). 

In the proposed model, the complete dynamics of the vehicles are utilized to evaluate selected 
parameters of railway transitions. The behavior of a complete vehicle-track system, which needs a 
thorough understanding of how vehicles interact with the railway track, remains relatively 
uncommon even today. The concept of depicting the entire railway vehicle as a mathematical point 
is inadequate today. The straightforwardness of such a model renders a comprehensive analysis of 
vehicle dynamics unfeasible. 

The complete vehicle-track model allows for the improved assignment of dynamical 
characteristics of railway track transitions to cargo or passenger trains. The outlined method will 
encompass methods for evaluating transitions beyond just the comfort of the passengers. For cargo 
trains, the crucial factor may be the deterioration at the wheel-rail interface. 

The TC shape modeling was widely described in [1]. Relative motion dynamics were a base in 
this approach. The vehicle dynamics was defined relative to the track-based reference frame 01xyz 
presented in Figure 2. Geometrically, model of the track was always considered laterally and 
vertically. 
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Figure 2. Coordinate reference system 01xyz described in the work. 

The algorithm used in the software has a relatively simple construction and is shown in Figure 
3. In it, two iteration loops – integration and optimization – do their tasks, as assumed. The work of 
integration loop came to the end, when the vehicle model covered the declared value LC. The 
optimization loop stopped working, when the value of the iterations reached the assumed limit value. 
The optimum solution, however, could be found earlier. Typically, such solutions were found in 50 
to 250 iterations. The standard calculation time did not exceed one hour for the optimization with 
“normal” vehicle velocities, however, it lasted up to 2-3 days for the small velocities. 
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Figure 3. The software scheme. 

5. Results of the Simulation and Optimization 
5.1. Optimization of Long Transition Curves 

This chapter, as mentioned earlier, shows the results of the optimization of railway transition 
curves of the 9th and 11th degrees performed by the current work's authors. The final results were 
always composed of: 

- shapes of transition curves and corresponding curvatures, 
- image of railway vehicle dynamics represented by the full set of displacements, velocities, and 

accelerations of all main vehicle components with respect to all possible axes, 
- creepages occurring in a contact between wheel and rail. 

In the optimizations performed, the routes Lc of the vehicle passage (used in formula (4)) always, 
as mentioned, composed of: 

- section of straight track ST, equaled to 50 m, 
- section of transition curve TC, spanned between straight and curved track, 
- section of circular arc (curved track) CA, equal to 100 m. 

Table 1 shows track parameters, lengths of TCs, and velocities applied in optimization process 
for two analysed degrees of the polynomial—the 9th and the 11th. The mentioned track parameters 
were: 

- the radius of circular arc R [m], 
- the track cant H [mm]. 

Different values of R and H were applied, in general. 

Table 1. Track parameters, lengths of TCs, and velocities for all analysed cases. 

Case  Radius R [m] Cant H [mm] Length l0 [m] Velocity v [m/s] 
1 (9th) 600 150 118.35 20.20 
2 (9th) 600 150 142.15 24.26 
3 (9th) 600  150 152.36 27.71 
4 (9th) 600  150 180.46 30.79 
5 (11th) 600 150 133.10 20.20 
6 (11th) 600 150 159.86 24.26 
7 (11th) 600 150 182.58 27.71 
8 (11th) 
9 (11th) 

600 
1200 

150 
150 

202.94 
167.40 

30.79 
28.57 

10 (11th) 1200 150 188.25 28.57 
11 (11th) 1200 75 119.18 36.17 
12 (11th) 
13 (11th) 

2000 
2000 

115 
115 

151.80 
134.99 

30.05 
30.05 

The 13 cases shown in Table 1 related only to those ones, when the curve length was greater than 
110 m. In all these cases presented, the improvement of railway vehicle dynamics, as mirrored in 
smaller values of the QF1, was a fact. The railway model negotiating the optimum transition curves 
had a chance to improve crucial dynamical features like body displacements and accelerations, both 
lateral, vertical, and angular. This statement can be fundamental for passenger comfort during the 
journey. 

Analysing the optimizations performed, the new and practical outcomes may be defined. Firstly, 
the optimum transition curves obtained with smooth curvatures (condition G1) are better than those 
with non-smooth curvatures (condition G0) for the applied criterion QF1. Therefore, the bends in the 
curvatures of long curves at the extreme points seem to have a negative impact on the dynamics of a 
vehicle travelling on such curves. 
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Secondly, for great TC lengths (above 120 m), the optimum polynomial TCs (for both conditions, 
the G0 and G1, and both degrees, the 9th and 11th) are significantly better than the cubic parabola. This 
can be explained just by not only greater lengths but also higher polynomial degrees (many Ai 
coefficients), making such curves more flexible. 

Case no. 8 from Table 2 was chosen to show the graphical results of the optimization. Figure 4a 
compares the TCs (represented by the y coordinate)—the starting (black), and the optimum (red), 
whereas Figure 4b shows the corresponding to them curvatures. It is obvious that the shape of the 
curvature of the newly found TC is rather closer to the standard TC of the 11th degree (2) than to the 
linear curvature of cubic curve. 

  
(a) (b) 

Figure 4. Transition curves: (a) y coordinates; (b) curvatures. 

Figure 5 compares the lateral displacement and acceleration of the body mass centre for three 
curves: 

- initial one (black), 
- the 3rd degree parabola (dashed), described in the further part, 
- the selected (optimum) curve (red). 

Both the displacements (Figure 5a), and the accelerations (Figure 5b) prove the superiority of the 
newly found curve over the starting (1) and the cubic curve. In this light, what is worth noting, Figure 
5b is more interesting. The unfavorable course for cubic curve clearly shows, why this curve should 
not be used. 

  
(a) (b) 
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Figure 5. Dynamical courses for vehicle body lateral: (a) displacements; (b) accelerations. 

Table 2 presents the numerical results of the simulations – the number of steps needed to identify 
the optimum curve, and the ratio of QF1 for this optimum solution (curve) (OC) to the value of QF1 
for the starting curve (IC). 

Table 2. Numerical results of the optimization. 

Degree No. of steps Value OC/IC Smooth 
11th  184 0.86 Yes 

5.2. Simulation and Optimization for Small Vehicle Velocity 

The present subsection aims to supplement the results from subchapter 5.1. Subchapter 5.2 
presents the simulation results of the dynamics of the railway vehicle and optimization of the railway 
track transitions for the vehicle passing through the assumed route (ST, TC, CA) with a small velocity 
of 1 m/s. The 3rd degree parabola and Bloss curve for a single passage were applied in this chapter. 
This was done since these curves have “normal” (not elongated) lengths. The formulas for the y 
coordinates of these TCs are: 
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Table 3 presents assumed parameters for the 3rd and 5th degrees. 

Table 3. Track parameters, lengths of TCs, and velocities for 3rd and 5th degrees. 

Case  Radius R [m] Cant H [mm] Length l0 [m] Velocity v [m/s] 
1 (3th) 600 100 50 1 
2 (5th) 600 100 50 1 
3 (3th) 600  150 100 1 
4 (5th) 600  150 100 1 

So, four simple cases - differentiated in terms of cant and curve length and represented by Figure 
6 - were simulated in this part of the work. 

  
(a) (b) 

Figure 6. Vehicle body lateral accelerations: (a) cases 1 and 2; (b) cases 3 and 4. 
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Recalling Figure 6, one can see that the simulation results were restricted to the demonstration 
of the lateral accelerations of the body mass centre of the vehicle model negotiating the curves (5) and 
(6), earlier defined. Black line related to the 3rd degree parabola, and red line to the Bloss curve (6). 

The results of the analysis show explicitly that the Bloss curve was more favorable than the curve 
(3) for the considered cases. Milder transitions between the adjoining segments of the track are rather 
obvious. Significantly smaller peaks for the entry and exit zones (the extreme points) of the TCs are 
only confirmation of this observation. 

Such promising results encouraged the authors to perform some optimization processes to check 
what transition curve of the 5th degree can be obtained in cases, when the initial curve will be the 3rd 
degree parabola. The aim of the second part of subchapter 5.2 was, therefore, to test whether the 
smooth curves would be found by the optimization procedure in this process. 

Table 4 presents the values of the parameters of the example optimizations. 

Table 4. Values or parameters of the example optimizations. 

Case Radius R [m] Cant H [mm] Length l0 [m] Velocity v [m/s] 
1 (5th) 600 100 40 1 
2 (5th) 600 100 50 1 

In Table 5, the numerical results of the optimization were presented. 

Table 5. Results of the optimizations. 

Case No. of steps Value OC/IC Smooth 
1 (5th) 98 0.63 Yes 
2 (5th) 141 0.55 Yes 

The cases (1) and (2) from Table 4 are presented visually in Figures 7 and 8. The outcomes were 
restricted to the demonstration of the optimum curvatures and corresponding lateral accelerations of 
the body mass centre of the vehicle model. Peaks for the accelerations courses at the extreme curve 
points are visible for all cases, but these are significantly smaller, as previously, for the optimum 
curves (red line). 

  
(a) (b) 

Figure 7. Results of the optimization – case 1: (a) curvature; (b) vehicle body lateral accelerations. 
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(a) (b) 

Figure 8. Results of the optimization – case 2: (a) curvature; (b) vehicle body lateral accelerations. 

The addition to the results shown in the point 5.2, let be two Figures presenting decreases in the 
QF1 values versus: 

- the iterations (steps) needed to find the optimum solution, 
- the current distance (route) covered by vehicle. 

As the illustrative example, both cases from Table 5 were taken. 
In the first case, the optimum solution has been found in the 98th step, as indicated. Figure 9a 

shows the change in QF1 versus the consecutive iterations (steps). A downward trend is visible, and 
the minimum QF1 value was 0.0000274 [m/s2]. 

Figure 9b presents case no. 2 and the change in QF1 versus the overall distance covered by the 
model. The last (141st) step of the optimization is analysed, and a values decline is also visible. Since 
the accelerations of the vehicle become smaller and smaller in circular arc (see e.g. Figure 5b), the 
values of QF1 approach relatively a fixed value. Thus, the QF1 can be modelled by a hyperbolic 
function from this moment. 

  
(a) (b) 

Figure 9. QF1 value in function of: (a) step number; (b) route current length. 
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6. Conclusion 

The work, in a simple way, verified the hypothesis concerning the bends of the curvatures of the 
railway transition curves in the extreme points of the curve. The authors of the work formulated the 
hypothesis that the time to negotiate the curve is the factor that influences the existence of the bends 
in the extreme points of TCs, mostly. 

The results presented in the work, done with the use of a 2-axle railway vehicle, clearly showed 
that this hypothesis turned out to be true. It was shown that the new shapes of the optimum transition 
curves got for a specific arc and a long time while negotiating the curve are close to smooth curves, 
i.e., the bands at their extreme points are much lower than for cubic parabola and the optimum curves 
of the 5th and 7th degrees obtained in the earlier studies. So, a long negotiation time is a factor that can 
smooth the curvature at the extreme points. However, it is not specified how long the time must be 
to negotiate the whole curve. 

The lack of bends (formally, the milder bends) at the curve's curvature extreme points resulted 
in milder courses mirrored first of all by displacements and accelerations of the vehicle body in the 
mentioned points. It was the most visible in the curve extremities, but also in the middle part of the 
curve. 

It is also worth noting that the simulations and optimizations were possible even with such a 
small vehicle velocity equal to 1 m/s. The problem was, however, the long time needed to perform 
the optimizations, caused by the integration procedure. In such circumstances, the optimization 
calculations took approximately 2-3 days. 

Since the case with small velocity could not be met in practice (trains do not operate at such 
speeds), the only possibility to use the railway transition curves with no curvature bends is in cases 
with great lengths. Such curves should be used mainly in railway lines dedicated to high-speed trains, 
where the curve lengths reach the greatest possible lengths. 

To date, no works have shown in which situation non-smooth transition curves (having bends 
at curvature extreme points) are better than those with no bends. Many works focused on the TC’s 
shape optimization, but the need for the existence of smoothness at extreme points is still not fully 
explained. Thus, this work's novelty is that it possesses such an explanation. The results obtained 
might suggest that the use of the smooth TCs is reasonable and beneficial when their lengths are long 
enough, while their use for short TCs is not. 
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