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Simple Summary: We connect the Planck scale to the subatomic world; we expain the physical 1

meaning of the famous dimensioless constant “137;” we derive the masses of the quarks, leptons, and 2

vector bosons from the Higgs field; and we deduce the origin of Koide’s K = 2/3 enigmatic constant 3

from first principles. 4

Abstract: Natural systems of units {Ui} need to be overhauled to include the dimensionless coupling
constants {αUi} of the natural forces. Otherwise, they cannot quantify all forces in a unified manner.
Thus, each force must furnish a system with at least one dimensional and one dimensionless constant.
We revisit three natural systems of units (atomic, cosmological, and Planck). The Planck system is
easier to rectify, and we do so in this work. The atomic system discounts {G,αG}, thus it cannot
account for gravitation. The cosmological system discounts {/h,α/h}, thus it cannot account for
quantum physics. Here, the symbols have their usual meanings; in particular, αG is the gravitational
coupling constant and α/h is the fine-structure constant. The speed of light c and the impedance of
free space Z0 are resistive properties of the vacuum, thus they must be present in all systems of units.
The upgraded Planck system

UPS := {c, Z0, G,αG, /h,α/h , . . .},

describes all physical scales in the universe—it is nature’s system of units. As such, it reveals a 5

number of properties, most of which have been encountered previously in seemingly disjoint parts of 6

physics, and some of which have been designated as mere coincidences. Based on the UPS results, 7

that relate (sub)atomic scales to the Planck scale and the fine-structure constant to the Higgs field, 8

we can state with confidence that no observed/measured physical properties are coincidental in this 9

universe. 10

Keywords: Atomic processes; Cosmological parameters; Cosmology: theory; Early Universe; 11

Elementary particles; Galaxies: kinematics and dynamics; Gravitation. 12

1. Introduction and Motivation 13

1.1. Three Major Systems of Units Considered 14

In a recent paper [1], we used a cosmological system of units based on the speed of 15

light c, Newton’s gravitational constant G, and MOND’s characteristic acceleration a0 [2–4]. 16

Since G is a building block of this system, then a0 can substitute for the universal MOND 17

unit, the mysterious A0 = a0G. Besides A0, pairs of the fundamental units produced two 18

more de facto important dynamical units: the surface density σ0 = a0/G, and the force 19

F0 = c4/G. Notice the breaking of the symmetry: the term c4G only produces a composite 20

unit of no particular interest with dimensions [M]−1[L]7[T]−6 = c8/F0. This deviation 21

singles out the unit of force F0 = c4/G as an important component of the cosmological 22

system, but there is not much more one can do with it at this point, besides noting that the 23
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same unit of force appears in the Planck system of units as well, and that F0 is a geometry- 24

independent quantity, since both c and G do not carry an imprint of the geometry of the 25

three-dimensional space. 26

The above system of units does not use Planck’s constant h [5,6], which turns out to 27

be a derived unit of no particular interest, but current thinking forgives the oversight— 28

after all, this is a cosmological system designed for measurements in universal scales. 29

Nevertheless, we were drawn into comparisons with the Planck system which now uses 30

Dirac’s /h = h/(2π) as a fundamental unit [7–9]; and, soon enough, we also added Hartree’s 31

atomic system of units [10], which paradoxically does not use c (or G, for that matter) as a 32

fundamental unit. So, we ended up juggling three different systems of units, comparing 33

and contrasting their building blocks and the assumptions that went into their architectures. 34

1.2. Dirac’s Constant /h and the Three Atomic Radii 35

The modern atomic and Planck systems use /h = h/(2π) [7] instead of Planck’s original 36

constant h [5]. This modification is not trivial because the 2π carries the unit of radians. 37

This unit has been dropped by many authors and also by the SI system of units, leading to 38

a widespread misunderstanding that /h simply absorbs a numerical value of 2π with no 39

further ramifications. The inconsistency was noted by Bunker et al. [11] who inserted the 40

unit of radian in the definition of /h and the unit of cycle in the definition of h. The SI system 41

must reinstate at least the radian unit, because it alerts us to the presence of geometry. 42

Dirac believed that /h is the true universal constant, and we can only guess the reason
why: the 2π in /h has introduced 2-D geometry into the constant, so, unlike Planck’s h,
the constant /h is not purely physical, it is a composite constant. This fact was effectively
proven by Leblanc et al. [12] who showed that the Compton radius rc (∝ /h) also includes
a geometric component. This result has important consequences in physics that become
visible when we write side-by-side the three electronic radii of the atomic world:

Classical radius : re = e2/(/ε0mec2) = rcα/h
Compton radius : rc = /h/(mec)

Bohr radius : rb = /ε0/h2/(mee2) = rc/α/h

, (1)

where α/h is the fine-structure constant and /ε0 is the reduced vacuum permittivity defined 43

by /ε0 ≡ 4πε0, an equation that shows how the stereometry of space modifies the physical 44

unit ε0 of the vacuum. Therefore, we have an SI unit problem here too, just as Bunker et al. 45

[11] discovered for /h. The vacuum is a three-dimensional space, hence the stereometric 4π; 46

thus, the units of /ε0 must also include steradians.1 Now, these geometric considerations 47

show why three different radii exist in atomic physics: although they have the same physical 48

dimension, they capture entirely different geometries; the electrons in the atoms venture in 49

3-D space (hence, the 1/(4π) in re); the emitted photons only “see” two dimensions (see 50

footnote 1); and the electrons in the Bohr model of the atom are quantized and see only 51

discrete sectors embedded in 3-D space (hence, the 1/π in rb). The factor of 1/4 “missing” 52

from the 1/π is however applied to the energy levels, because this factor is included in the 53

Rydberg energy ER (see below). 54

Deriving the geometric pattern of the quantized radii rn of the Bohr model is a little 55

harder, but within our grasp.2 In any case, the 1/4 is necessarily missing from rb, so that 56

the quantized angular momentum Ln is truly a 2-D quantity (Ln ∝ /h ∝ 1/(2π)), and 57

1 Similarly, /µ0 ≡ µ0/(4π) is the reduced vacuum permeability, and then, /ε0/µ0 = 1/c2. The stereometric 4π
terms cancel out nicely to produce the “definition” of c, which is a purely physical quantity. Then, Dirac’s
2π term in /h tells us that Planck’s free photons only “see” two dimensions, no matter how they move in
stereometric (3-D) space (in lines, or circles, or ellipses, etc.). We also learn that the fundamental natural
constant c is produced by the vacuum itself, and it is the geometric mean of two smooth inverse Lie mappings of
/ε0 and /µ0 [13].

2 In Bohr’s model, the (nongeometric) number-parts of energies En and radii rn are related by En ∝ 1/rn = 1/n2.
So, for pure numbers, we see that

√
rn = n, and the coefficients of the quantized radii are essentially produced

by geometric averaging, viz., rn+1 =
√

rnrn+2 + 1. The +1 extends the sequence back to n = 0, r0 = 0.
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the associated Rydberg energy ER is independent of geometry (although the abolished 58

geometry contributes a unitless constant of 1/4, i.e., ER ∝ 1/(/ε0/h)2 ∝ 1/[4π/(2π)]2 = 1/4, 59

the same factor as that “missing” from rb). 60

Lastly, the Bohr radius is the fundamental unit of length in the atomic system, but we
argue that the Compton radius is actually the basic unit because its definition in equation (1)
does not contain α/h . In addition, there is more circumstantial evidence that rc is important
among the three radii of equation (1): rc is the geometric mean of re and rb (i.e., rc =

√
rerb),

and this implies that the Compton radius is also the geometric mean of all three length
scales, viz.

rc = 3
√

rercrb . (2)

Thus, rc is singled out among the three electronic radii for further duty in all systems of 61

units (but probably without the 2π term, to remove the artificially inserted 2-D geometry). 62

Furthermore, it may not be as obvious yet, but geometric averaging plays a huge role in 63

nature. The above geometric means (hereafter, G-Ms, to avoid confusion with “GM”) are 64

only a prelude to their ubiquitous appearances in many combinations of natural constants 65

and physical quantities. 66

1.3. Dimensionless Constants 67

The general notion about constructing a system of units is that one is free to choose 68

any units to be the building blocks. Dimensionless constants do not have units to offer, thus 69

they are not chosen as building blocks. They remain as passive invariants in any adopted 70

system of units, and they serve mostly as cross-checks of the various calculations performed 71

between dimensional quantities. The current thinking is summarized in the following 72

excerpt from Zeidler [14]: 73

74

“A special role is played by those physical quantities which are dimensionless in the SI system. We 75

expect that such quantities are related to important physical effects. The experience of physicists 76

confirms this.” 77

78

So, we suspect that such constants are important in physics, but we do not really know 79

what to do with them, beyond their confirmed invariance, because they lack units. 80

The general notion about constructing a system of units is wrong on two counts. (1) 81

Although unitless constants do not have units to offer, they must be actively included 82

in systems of units, because they introduce the natural forces that cause the important 83

physical effects. (2) We are not free to choose any dimensional units as building blocks; we 84

must choose wisely the units that measure the fundamental forces and, in addition, those 85

units dictated by the vacuum itself. In particular, choosing a favorite particle to supply its 86

properties for building blocks (as in the three atomic radii) is a bad idea and the reason is 87

that such favoritism would violate a principle of fairness in this world. As will be seen 88

below, nature does not at all favor or neglect any particle or force field, not even the “very 89

large” ones against the “very small” ones, and vice versa. 90

So, one or both defects have crept into our systems of units, where they selectively 91

crippled or eliminated entirely some fundamental forces. A force is crippled when its 92

dimensional or its dimensionless constant is not included as a building block; and a force 93

is eliminated entirely when both of its defining constants are not included in a system of 94

units. 95

1.4. Outline 96

In this work, we construct a self-consistent system of units that does not suffer from 97

the above defects and that includes gravity, electromagnetism, and the weak interaction. 98

Since all forces besides gravity have been unified, leaving out the coupling constant of the 99

strong interaction may not hurt the effort too much—and we are going to test our system’s 100

performance in atomic and subatomic scales, and in Planck and macroscopic scales as well. 101
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It turns out that the Planck system is easier to upgrade, because it already includes the 102

appropriate dimensional constants {c, Z0, G, /h}, although the impedance of free space Z0 103

has so far been sidelined. So, what we need to do for the upgrade is to activate the unitless 104

coupling constants αG (gravitational coupling constant) and α/h (fine-structure constant); 105

and to repair the damage that /h has caused by inadvertently introducing geometry in them 106

(see footnote 6 for details), besides the well-intended quantum forces. 107

In § 2, we describe the building blocks of the upgraded Planck system of units. In § 3, 108

we collect the new results concerning masses, charges, and lengths in the new system. In 109

§ 4, we discuss the results, and, in § 5, we summarize potential issues still lingering in this 110

system of units, as well as some future research prospects. 111

Finally, in § 6, we list the most important highlights of our investigation, including 112

the results obtained in the appendices. In Appendix A, we derive the long-sought physical 113

significance of Koide’s lepton constant [15] of atomic physics, and in Appendix B, we 114

discuss the universality of the Tully-Fisher/Faber-Jackson relation [16,17] discovered in 115

spiral and elliptical galaxies, respectively. 116

2. The Building Blocks of the Upgraded Planck System 117

The upgraded Planck system (UPS) includes the following building blocks at the very
least:

UPS := {c, Z0, G,αG, /h,α/h}, (3)

where {c, Z0, G, /h} are dimensional units and {αG,α/h} are dimensionless units. We use a 118

slash to indicate the presence of geometric units (which have been inadvertently dropped 119

from the systems of units), but the opposite applies to the coupling constants, in which the 120

role of geometry has been reversed due to the very old use of /h in their definitions (see 121

below). This is a problem with which we have to contend throughout this paper. 122

2.1. Dimensional Units 123

For future reference, we need to recall and emphasize a gem of natural units, the
fundamental dimensional relation between gravity (supplying G) and electromagnetic
(EM) forces (supplying also the vacuum’s constant (4πε0)

−1). This is obtained by equating
the dimensions of the forces in Newton’s gravitational law and Coulomb’s law for two
electrons. We find that

G m 2
e ∼ (4πε0)

−1 e2, (4)

where me is the mass of the electron and e is the elementary positive charge. Here, we write 124

down explicitly the vacuum permittivity /ε0 to ensure that its geometric content (the 4π in 125

the EM term) is clearly visible. 126

Each side of equation (4) becomes unitless when divided by /hc, as is done separately in 127

the definitions of the two fundamental coupling constants. Unfortunately, the /h introduces 128

then geometry into the gravitational part and eliminates geometry from the EM part, clearly 129

altering the original geometrical characteristics of the two coupling constants (see § 2.1.2 130

below). The unit of [rad]−1 has been dropped from /h by international agreement, so this 131

intrusion of geometry is no longer visible [11]; going as far back as Schrödinger [18], our 132

community is under the mistaken impression that it is only a pure numerical factor of 2π 133

which has been absorbed in the definition of /h. 134

2.1.1. Constants Imposed by the Vacuum 135

The speed of light is not related to a natural force. It is indirectly produced by the
vacuum to dictate the speed of EM waves and also sets an upper limit to the motion of
material objects possessing mass. The vacuum does that incidentally by providing the
smallest natural resistance to motion. The magnitude of c is set by the G-M of two inverse
properties of the vacuum, viz.

c =
√

/ε −1
0 /µ−1

0 . (5)
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The SI value of c is c = 2.9979× 108 m s−1, and its dimensions are [length][time]−1 [19]. 136

In equation (5), the reduced values of vacuum permittivity and vacuum permeability 137

combine in a way that removes geometric constraints from this speed (see also footnote 1); 138

the maximum permitted velocity of a combined EM wave or a massive object must be the 139

same in any direction of motion. In contrast, it is understood that a static electric field 140

in vacuum must adjust to the geometric constraint imposed by /ε −1
0 , and this is why the 141

vacuum’s inverse permittivity appears in Coulomb’s law. In fact, /ε −1
0 is the slope between 142

the electric field E and the surface charge density e/r2, where r represents distance (see 143

also Appendix B for the role that various surface densities play in disjoint parts of physics). 144

Since equation (5) can be written in the equivalent form

c =
√

ε−1
0 µ−1

0 , (6)

we can surmise that the physical quantities ε0 and µ0 are geometry-free. Indeed, after some
manipulations involving the also geometry-free fine-structure constant α/h (as this was
inadvertently defined long ago, using Dirac’s /h; see below), we find that

ε−1
0 = c

(
2hα/h

e2

)
, (7)

and

µ−1
0 = c

(
e2

2hα/h

)
. (8)

There is no geometric influence on the right-hand sides of these equations. The quantity 145

that is inverted from one equation to the other, h/e2 = µ0c/(2α/h), is proportional to the 146

impedance of free space Z0 =
√

µ0/ε0 = 376.730 Ω, which is the G-M of µ0 and ε−1
0 ; thus, 147

h/e2 has dimension of [ohmic resistance] (see [20] and footnote 20 below). Thus, ε−1
0 and 148

µ−1
0 can effectively be expressed as G-Ms involving the squares of c and Z0 (i.e.,

√
c2Z 2

0 149

and
√

c2(1/Z 2
0 ), respectively); the first G-M involves a direct multiplication of the two 150

constants involved, whereas the second G-M uses the Lie-type inversion of one of the two 151

constants [13]. We will pick up again this important inference in § 4.2 below. 152

2.1.2. Dirac’s Constant /h 153

Dirac’s constant is the slope between the energy E carried by a single photon and its
angular frequency ω, viz.

E = /h ω . (9)

Its SI value is /h = 1.0546× 10−34 J s rad−1 [11,19], and its dimensions are [action][rad]−1
154

or, equivalently, [moment of inertia][second]−1[rad]−1. 155

This new awareness, that inertia is built into /h (and Planck’s h), may be the spark we 156

need to theorize that the weak equivalence principle [21] is embedded into the microcosm 157

as well, where gravity is not important. Action integrals [22], in particular, may be viewed 158

as carrying the units of [moment of inertia][second]−1, thus each action is a measure of the 159

rate of change of moment of inertia at all scales of the universe (see also § 3.5 below). 160

In the spirit of equations (7) and (8), Planck’s reduced constant may also be split into a
product of two G-Ms, viz.

/h =
√

/h(/ε0c)

√
/h
(

1
/ε0c

)
= e

(
/h
e

)
; (10)
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the first G-M on the right-hand side is geometry-independent; the next G-M is influenced
by 2-D geometry since it is directly proportional to√

/h(/ε −1
0 ) ∝

√
(4π2)−1(2ε0)−1 ∝ (2π)−1.

This G-M that reduces to (/h/e) has dimensions of [magnetic flux] = [magnetic field][area].3 161

It is understood from the G-M decomposition (10) that the vacuum quantity /ε0c = 4π/Z0 162

can couple to /h, and thus influence quantum phenomena; and it does so in the definition of 163

the fine-structure constant (§ 2.2.1). 164

2.1.3. Newton’s Gravitational Constant G 165

Newton’s gravitational constant G is the slope between the gravitational field a(r) and
the surface mass density σ(r) ≡ M(r)/r2 [1] on the surface of a sphere of radius r enclosing
a total mass of M(r), viz.

a(r) = G σ(r) . (11)

Its SI value is G = 6.67430× 10−11 m3 kg−1 s−2 [19], with dimensions of [acceleration] 166

[surface density]−1. 167

In the spirit of equation (10), Newton’s gravitational constant can also be split into a
product of two G-Ms, viz.

G =
√

G M2

√
G
(

1
M2

)
, (12)

which shows the potential of mass M to couple to G, and thus influence gravitation. The 168

M2 term does precisely that in the definition of the gravitational coupling constant (§ 2.2.2). 169

Here, the M2 is meant to include both the inertial and the gravitational mass on an equal 170

footing. 171

2.2. Dimensionless Units 172

We now come to the operations and the properties of the unitless coupling constants 173

{αG,α/h}. We show how these units rectify the Planck system of units and make it functional 174

over all non-nuclear scales of the universe, including atomic and subatomic scales as well. 175

2.2.1. Fine-Structure Constant α/h 176

The fine-structure constant has been defined as

α/h =
e2

/ε0/hc
. (13)

Its value has been measured [23] to be very close to (137.036)−1 (or αh = (861.022576)−1
177

for the wiser choice h→ /h in the definition). Other than that, α/h brings no geometry and 178

no units into the system of units. In particular, the geometry embedded in the electric 179

field (and carried on by /ε0) has been inadvertently eliminated by the insertion of /h in the 180

modern definition (13). 181

Nevertheless, definition (13) provides a powerful tool (§ 2.2.3), which we have not 182

taken advantage of in the past: being a measurable constant, α/h may serve as the reference 183

UPS unit against which we can quantify all the other unitless coupling constants. For 184

instance, the gravitational coupling constant αG, which we describe next, acquires a quanti- 185

tative meaning only by comparison to α/h in the ratio (αG/α/h) (although, unfortunately, 186

3 The unit of [area] justifies the deduced geometric factor 1/(2π) in the second G-M of equation (10). The
additional factor of 2 attached to ε0 is a unitless imprint, but it has a geometric origin. This type of imprinting
is difficult to track down in the various equations of physics when they are presented in reduced, simplified
form (see also the discussion in § 1.2 about the numerical factor of 1/4 imprinted by geometry to the Rydberg
energy).
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the reference value α/h introduces a unit of [rad] in this ratio and an artificial dependence 187

on geometry). 188

2.2.2. Gravitational Coupling Constant αG 189

Using G and the electron mass me, the gravitational coupling constant has been defined
as

αG =
Gm 2

e
/hc

. (14)

Its value is 1.7518× 10−45 (or αG = 2.7881× 10−46, the geometry-free value obtained for 190

h→ /h in the definition), as determined by calculation. 191

Comparing the definitions (14) and (13), we see that αG is, unfortunately, geometry- 192

dependent. This problem did not exist during Max Planck’s heydays, when h was in use 193

and /h did not exist. In general, the problem with the modern definitions of constants and 194

variables is that /h necessarily introduces 2-D geometry and a [rad] measure, in addition to 195

the intended physical constant h. 196

The geometry dependence so artificially inserted in αG will be taken out entirely in 197

the calculations that follow. We must emphasize up front that reinstating the true nature 198

of αG (and α/h) is necessary for the successful repair of the modern Planck system, and 199

it leads to the determination of natural scales of mass, length, and charge for the chosen 200

mass-to-charge ratio (me/e) of the electron (§ 2.2.3), or any other chosen particle for that 201

matter (see footnote 7 for details). 202

2.2.3. Relative Strength of Gravitational Coupling βG 203

Leaving aside the unfortunate introduction of [rad] in the above coupling constants, 204

we come now to the only known method of actively using such dimensionless (pure) 205

numbers. Being pure numbers, these constants have absolutely no meaning or practical 206

use, but they become useful in ratios, in which their strengths are compared; then, these 207

ratios acquire meaning by comparisons, and their relative strengths are, for all practical 208

purposes, measurements of the same stature and importance as dimensional quantities 209

(which, incidentally, are also measured by comparisons to international standards). One 210

unitless coupling constant should however be included in the system in absolute terms in 211

order to provide the reference value for comparisons.4 212

For the UPS, we choose α/h for this duty because it has been measured by experiment 213

[23], and its physical meaning has now become clear (see § 3.1 and Table A1 below): the 214

factor
√
αh ' 1/30 (with h→ /h in equation (13)) is a fundamental scale factor used by the 215

Higgs field to assign mass to the bottom quark, which then becomes the gateway for the 216

assignments of all lower particle masses. 217

In this study, we assume that the above two coupling constants do not vary in space.
Then, their invariant nature tells us that, if we determine their relative strength for a
particular particle or object (an electron in the UPS), then this ratio will be the same at all
scales within the utilized system of units. Thus, we calculate the universal UPS ratio

βG ≡
αG
α/h

=
/ε0Gm 2

e
e2 = 2.4006× 10−43 , (15)

a pure comparative number which is independent of /h and h (and c, for that matter—as ex- 218

pected, the vacuum does not at all contribute to such a ratio of forces). This “measurement” 219

of βG represents the strength of gravitational coupling relative to that of the EM coupling 220

obtained from electrons (see footnote 7 for considering protons instead, and finding another 221

UPS with different scales but with the same particles). 222

4 The reference unitless constant (α/h here) plays the exact same role that the standard 1-meter ruler and the
standard 1-kilogram cylinder play in the SI system of units of length and mass, respectively.
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Compared to the relation between units shown in equation (4), βG carries a lot more 223

weight because it can be used in quantitative calculations (although it was equation (4) that 224

gave us a reason to define βG). The numerical value obtained in equation (15) does not 225

tell us that gravity is weak and the EM force is strong;5 it only tells us about the relative 226

couplings of these forces in the particular system of units that includes βG as a building 227

block. Gravity is attractive and has always had a chance to grow past the other forces in 228

extraordinarily massive settings (M� me)—something that is actively occurring in many 229

places in the present universe. In contrast, the Coulomb force cannot do the same, because 230

its attraction brings together charges of opposite signs that cancel each other out [24]. 231

Also, equation (15) does not tell us that, in the distant past, gravity could have been 232

much stronger in the atomic world, and it only got weaker going forward in time [8,9] 233

because of the expansion of the universe. The gravitational force has always been weak 234

in the atomic world because the characteristic atomic masses are too small (much smaller 235

than the Planck mass). So, if it should come to a bout of conjectures, probably the safest 236

choice is the assumption that these constants do not vary in time either, just as they do not 237

vary in space. 238

2.3. Determining a New Atomic Mass Scale 239

Definitions (13) and (14) have both incorporated /h, thus the coupling constants have 240

been defined in the microcosm. Here, we use the above results to establish a new atomic 241

mass scale, after correcting for the unintended insertion of planar geometry into the 242

coupling constants. 243

Looking at equation (14), we see two problems that need to be addressed: (a) Despite 244

the apparent lack of units (not entirely true, since /h also carries radians), αG is not influenced 245

by EM coupling (there is no e in the definition, only mass me, and the two forces are not 246

linked to one another, although they do so in the real world). (b) The unfortunate use of /h 247

has had the unforeseen consequence of arbitrarily adding more geometry (and a [rad] unit) 248

into the dimensionless mix.6 249

We can solve both problems by adopting equation (15) to help us define a new atomic 250

mass scale MA in the UPS. The relative ratio βG carries both forces, and the composite 251

unit /h, which was not appropriate in the first place, has been eliminated (correcting thus a 252

century-old oversight). One unavoidable conclusion is that the geometry of the vacuum 253

(the /ε0) is still present in βG. This comes from the geometric dependence of the electric 254

field, which will now overtly influence the new mass scale MA (see also § 5 below). This 255

appears to be a realistic relationship since mass also carries charge and the carried electric 256

field is influenced by the vacuum’s /ε0. 257

Based on these considerations, we return to equation (14), and we rewrite this defini-
tion by making the following substitutions: βG → αG, h → /h, and MA → me. We find a
new equation, viz.

βG = GM 2
A /(hc) , (16)

in which both sides are dimensionless; and substituting for βG from equation (15), we
obtain the new atomic mass scale

MA =
√

/ε0hc
(me

e

)
= 2.6730× 10−29 kg . (17)

We repeat here the two ingredients that form the physical basis for this mass: (i) the unitless 258

ratio βG in equation (15) has no dependence on /h, or h, or c; and (ii) the substitution h→ /h 259

produces a truly unitless equation (16); there are no loose [rad] units in this equation, 260

5 Had we used the mass and the charge of a supermassive black hole (e.g., [24]) in equation (15), we would have
obtained a relative strength of couplings βG � 1 and a different system of units, which would be hard to
relate to the Planck scale and even harder to use in the atomic world.

6 We point out again that using /h in definitions (13) and (14) reverses what nature intended. It makes α/h be a
geometry-free value, although the geometry should have been that of /ε0 coming from the electric field), and
αG ends up with 2π radians, although it should have been geometry-free.
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covertly suppressed by SI conventional practices (although here the “cycle” unit has been 261

suppressed in h, since it does not signify insertion of geometry; see also [11]). 262

It is quite interesting that only the ratio (me/e) of the characteristic parameters of the 263

electron ends up being a building block of the new mass scale MA. The reciprocal ratio, 264

i.e., e/me = 1.7588× 1011 C kg−1, was first measured by J. J. Thomson [25], years before the 265

electronic charge itself was finally measured by experiment (see also § 4.2). 266

The presence of /ε0 (coupled to h, as shown in the G-Ms given in § 2.1.2) in the new mass
scale MA is necessary (the vacuum’s /ε0 is a building block of the electrostatic field): after
some algebraic manipulations, we recast equation (17) (or equation (16)) to the equivalent
form

MA =

√(
hc
G

)(
Egrav

Eelec

)
, (18)

where the ratio of energies,
Egrav

Eelec
= βG ,

was determined from the corresponding forces acting between two interacting electrons.7

In dimensional analysis, this ratio is 1 (see equation (4) above), but here, βG plays an
important quantitative role: the unitless factor√

βG = 4.900× 10−22 (19)

scales the original Planck mass [5] (Mp =
√

hc/G = 5.4555× 10−8 kg) down to the atomic
world. This scaling is a significant result of our work, as it connects the original Planck
mass scale with the MA scale of the atomic world,8 viz.

MA = Mp
√

βG . (20)

We note that MA and Mp are mass scales related by this equation, and they do not (cannot) 267

correspond to any real particle or object in nature (see also § 4.3). 268

Notice the complete absence of /h from equations (15)-(18). The only geometric de- 269

pendence entering these equations is that which is imposed by the vacuum on to the 270

electrostatic field (hence, MA ∝ /ε 1/2
0 ∝ 2

√
π). The

√
π does not carry any angular units 271

since Eelec ∼ e2//ε0 ∼ [Joule] in equation (18)—just like the 1/π in the Bohr radius and 272

the factor of 1/4 in the Rydberg energy (see the analysis following equation (1) in § 1.2). 273

Therefore, besides introducing the speed of light, the vacuum manages to imprint MA only 274

with a unitless, purely numerical constant9 (see also footnote 3). 275

7 An alternative choice, such as of two interacting protons with masses mp, leads to another complete system of

units, say UPS′. In this case, we find that M′A = 27.5 GeV/c2 and (β′G)
1/2 = 9.00× 10−19, but equation (18) is

still valid, and connects M′A with the original Planck mass Mp =
√

hc/G. Also, the scaling M′A/MA = mp/me
holds precisely between the two systems of units; and the relation MA M′A = (memp)/αh is exact as well.
Finally, referring to the upcoming UPS results in § 3.1 below, the relation M′A =

√
mtmb holds to within 2.5%

in the UPS′, where mt and mb are the masses of the top and bottom quarks, respectively; thus, M′A actively
participates in the mass ladder of the UPS′, just as MA does in the UPS mass ladder of § 3.1 and Appendix A.

8 We knew that a rescaling of the Planck mass Mp =
√

hc/G by some power of βG would produce an atomic
mass. But we did not know which power is appropriate to use. Here, we have shown that the appropriate
coefficient of Mp is the G-M of Egrav and (Eelec)

−1, if we are scaling Mp down to lower masses. If we are
scaling up, then the −1 exponent naturally moves on top of Egrav in the G-M (see § 3.4 below). In retrospect,
these two G-Ms make perfect sense in a “fair” world dominated by the pervasive G-M averaging of pairs of
fundamental physical quantities.

9 The realization that the vacuum also leaves unitless numerical imprints (in addition to its dimensional
constants /ε0, /µ0, c, Z0) is new, unexpected, and it may prove very important in future work. Sooner or later, we
will have to investigate such imprints of the vacuum to the nuclear world, especially in the strong interactions
and the so-called beta functions [26].
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3. Results within the UPS Realm 276

3.1. Subatomic Masses 277

This new UPS mass scale (17) corresponds to

MA = 15.0 MeV/c2, (21)

thus it lands near the subatomic world of the low-mass up and down quarks, with corre-
sponding masses mu = 2.16 MeV/c2 and md = 4.67 MeV/c2 [27]; and it is smaller than the
G-M defined for the hydrogen atom

√
memp = 21.9 MeV/c2, (22)

where mp is the proton mass. 278

The new mass scale MA appears to be important for the standard model of particle 279

physics, and it should be investigated further theoretically (there is no elementary particle 280

corresponding to this energy). So far, we have derived the following useful relations 281

(sufficient to lead us to a clear physical interpretation of Koide’s enigmatic constant and 282

other constants of the same type; for details, see Appendix A): 283

(1) The mismatch between MA and√memp may be related to Koide’s K-constant, K = 2/3
[15], viz.

MA/
√

memp = 0.685 , (23)

connecting thus the masses of leptons to the atomic constants MA and mp. 284

(2) Using the above values of first-generation quark masses and the mass of the strange
quark, ms = 93.4 MeV/c2 [27], we find that

√
mums/MA ' 0.95 , (24)

and √
mdms/

√
memp ' 0.95 , (25)

showing only a 5% deviation of both quark G-Ms from the two atomic mass constants. 285

The results indicate that the mass of the second-generation strange quark is connected 286

to both MA and the masses of the first-generation quarks. Thus, a connection should 287

exist for the charm quark too,10 and so on for the third generation of quarks as well. 288

(3) It certainly appears that there exists a ladder-type mechanism that uses G-Ms (and
some scaling coefficients) to relate various particle masses (see also Table A1 in Ap-
pendix A below). Some examples (and their corresponding deviations from experi-
ment) are:

ms =
√

mdmτ (2.5%) , (26)

where mτ = 1.777 GeV/c2 is the tauon mass;

ms =
√

mumb (1.7%) ; (27)

mc =
√

mpmτ (1.7%) ; (28)

mc =
√

2mdmt (0.054%) , (29)

where mt = 172.5 GeV/c2 is the top quark mass;

mu =
√

2mdme (1.1%) ; (30)

10 The charm and bottom quarks have masses of mc = 1270 MeV/c2 and mb = 4180 MeV/c2, respectively [27].
At such high masses, something must be changing in the dynamics: for the ordered by mass triplet s-c-b, we
find, to within a 1.6% accuracy, that mc = 2

√
msmb. We also find that the charm quark participates rather

“reluctantly” in just one pure/unscaled G-M (equation (28), referring to the compact triplet p-c-τ); and even
that one is unusual, as it involves the proton mass mp.
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mp =
√

2mµmb (0.17%) , (31)

where mµ = 105.66 MeV/c2 is the muon mass;

mb =
√

mµmt (2.1%) ; (32)

and
MA =

√
mµmu (0.71%) , (33)

MA =
√√

memµ
√

memτ (0.80%) . (34)

(4) The Higgs boson (mH = 125.25 GeV/c2) is certainly special, although unavoidably a
part of the mass ladder. This is the only particle that is not involved in simple G-Ms
with the low-mass particles. Two of its complex relations are the following:

mb =
√

ms (mH/K) (0.21%) , (35)

where K = 2/3 [15]; and

mH

mb
= 30.0 ' MA

me
(2.0%) . (36)

This relation shows how the Higgs boson manages to assign mass to the much lower- 289

mass bottom quark by using a novel mechanism, not related to a G-M or Koide’s scale 290

factor (see below). 291

(5) The vacuum expectation value (VEV) of the Higgs field is v = 246.22 GeV/c2 [28]. To
within a deviation of 1.8%, we find for the compact11 triplet H-t-v that

mt =
√

mH v , (37)

which shows exactly where the most massive quark is located at the top of the mass
ladder. Furthermore, the Higgs mass is the G-M of the top quark mass and the mass
of the Z0 boson mZ0 = 91.1876 GeV/c2 (a deviation of only 0.13%), viz.

mH =
√

mt mZ0 . (38)

Obviously, the top quark receives its mass from the Higgs field, and then it participates 292

in the G-Ms that define the masses of the other particles (see Table A1 in Appendix A). 293

The high-mass geometric sequence Z0-H-t-v appears to be very compact indeed 294

(footnote 11), and its common ratio is about 1.38.12 We note that W± (mass mW± = 295

80.377 GeV/c2) is not a member of this sequence since mZ0 /mW± = K−1/4 ' 1.11.13
296

This relation provides another definition of Koide’s K in terms of the decay products 297

of the Higgs boson (deviation 2.5%). 298

(6) On the other hand, the G-M of mH and mW± is 10% larger than mZ0 ; but using
empirically Koide’s constant, we find that

mZ0 =
√(

K1/2 mH
)

mW± , (39)

11 No other available particle slots in the domain.
12 It will become apparent in Appendix A that the ratio 1.38 approximates CF = 4/3 (to within a deviation of

3.5%), where CF is the quadratic Casimir charge of the SU(3) fundamental representation of the quark potential
(equation (4.45) in Reference [29]).

13 Eliminate mH between equations (39) and (40).
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an important relation with a deviation of the G-M from the measured mZ0 value of
only 0.57%. Furthermore, the relation mW± =

√
K mH mW± also appears to hold (1.9%

deviation), which then implies that

mW± = KmH . (40)

This relation helps us understand the important role of the exact constant K = 2/3
[15]: K is a numerical scale factor that relates some close pairs of particle masses. Here,
the Higgs field connects to Z0 by an inverse-mapping G-M,14 viz.

mZ0 =
√

m 3
H (1/v) ,

and to W± by the simple scale factor K, as seen in equation (40). In hindsight, the 299

Higgs field could not assign two different (but comparable) masses to Z0 and W±, 300

both by using G-M averages, so it used two different methods. 301

(7) Returning now to equation (35), we see the Higgs mass is scaled inversely (by 1/K) 302

to participate in a G-M with ms and mb. Although we have only a partial view of the 303

dynamics of the Higgs field in the above equations, it is obvious that it follows a set of 304

scaling rules in addition to participating in G-Ms. The origin of these scaling rules is 305

unknown to us at this moment, but we feel confident that we have made a step in the 306

right direction with this analysis. The relevant scaling factors may not be visible in 307

the action integrals, but they should then appear in the solutions (a manifestation of 308

symmetry breaking). 309

(8) The next and considerably more difficult step concerns the assignment of mass to the 310

bottom quark, whose mass is much lower than the Higgs mass and the masses of its 311

decay products. We were surprised to find that yet another method is used by the 312

Higgs boson for this assignment.15
313

Notice the unitless factor of 30.0 in equation (36). This equation suggests that the
mass scale MA and the electron mass me are related to the mass ratio mH/mb. But
me is not a mass scale, so the proportion MA/me in equation (36) is at least obscure,
if not superficial (it does not represent a ratio of mass scales or a ratio of particle
masses). Using equation (58) derived below and the equations of § 2.3, we rewrite this
proportion (equation (36)) in a palatable (physical) form, viz.

mb
mH

=
1

30
' √αh (2.1%) , (41)

where αh = (861.022576)−1 is given by equation (13) with the corrective substitution 314

h→ /h [5,6]. 315

Thus, the mass of the bottom quark mb, which is 30 times lower than mH, is de- 316

termined self-consistently from this scaling equation by effectively using the ratio 317

of scales Mp/MA in intermediate steps and the Planckian fine-structure constant16
318

αh = e2/(/ε0hc) in the final step. This is the third method employed by the Higgs 319

boson to assign mass. In particular, it uses this 1/30 scaling to get down to the bottom 320

quark and, then, into the regime of the lower particle masses (see also Table A1 below). 321

If the mb assignment also involves the W− boson (which carries Koide’s scale factor K) 322

to deliver charge to the bottom quark, then equations (40) and (41) combine to show 323

14 Eliminate mt between equations (37) and (38).
15 There is no way for the Higgs boson or its decay products to reach down to the bottom quark mass by G-Ms

because of the barrier set by v. When we run the v-W±... G-M toward lower masses, i.e., (mW± )
2/v, it reaches

a lowest possible mass slot that is ' 2π times higher than mb. There is no justification for adopting yet another
scaling factor of 2π, as it does not appear in any other G-M relation. Furthermore, introducing geometry in
mass assignments does not appear to be an appropriate practice.

16 We cannot help but wonder—if A. Sommerfeld, W. Pauli, C. Jung, R. Feynman, et al. [30] became familiar with
this result, would they show the same fascination for number 861?
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that mb = (mW−)(
√
αh/K) ' 0.05(mW−). The physical significance of Koide’s factor 324

for the high-mass quarks is discussed in detail in Appendix A.2. 325

326

3.2. The Planck Charge 327

The Planck charge qp is a prime example of the state of confusion in the field: not 328

understanding the significance of the meddling of geometry in the modern Planck units, 329

people adopted different definitions of qp by arbitrarily choosing between /ε0 and ε0 and 330

between /h and h. In the end, this unit, along with the Planck units of magnetic flux 331

[/h/(/ε0c)]1/2 and ohmic resistance (/ε0c)−1, fell out of favor.17
332

Now, we know better. The definition of the Planck charge qp must be geometry-free,
viz.

qp ≡
√

/ε0/hc =
√

2ε0hc . (42)

Absence of geometry is required, first because this is a unit of charge, and second because
qp provides an alternative definition of the fine-structure constant (which is geometry-
independent in its current definition (13)), viz.

α/h =

(
e

qp

)2
. (43)

We find that qp = 1.8755× 10−18 C = 11.7062e (where 11.7062 =
√

137.036). Once again, 333

nature shows us here her principle of fairness (or impartiality). As in the case of the electron 334

mass me, the elementary charge e here is not related to the fundamental unit of charge qp 335

by a rational numerical factor; instead, qp is chosen as the UPS scale of charge that does not 336

correspond to the charge multiple of any specific particle or field. 337

3.3. A New Atomic Length Scale 338

Equation (1) can help us determine a new length scale for the UPS, a scale that certainly 339

does not correspond to any of the three atomic radii in equation (1): based on nature’s 340

apparent principle of fairness, we understand that none of the known electronic radii can 341

be the fundamental unit of length. But we know that scale values generally fall between 342

particle values and vice versa. To proceed then, we use the G-M of re and rc to determine a 343

new atomic length scale LA.18
344

The G-M of re and rc gives

LA = rc
√
α/h =

√
/h

/ε0c3

(
e

me

)
, (44)

and LA = 3.2987× 10−14 m = rc/11.7062. The numerical value 11.7062 is the same with
that found for the ratio qp/e (equation (43)) because

α/h = (LA/rc)
2, (45)

and then, the following proportion (cross-multiplied) holds exactly:

LAqp = rc e . (46)

This relation implies that the G-M of the new scales LA and qp is equal to the G-M of the
traditional and widely-used electronic constants rc and e; and it brings to light a previously

17 See Reference [31] and also article https://en.wikipedia.org/wiki/Planck_units .
18 The remaining choice, the G-M of rb and rc, would give an equivalent result, scaled by a different power of α/h

(L′A = LA/α/h ), such that rc =
√

LAL′A.
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unused combination of units with dimensions of [length][charge]. These dimensions are
equivalent to

[momentum flux]
[magnetic flux]

=
[momentum]

[magnetic field]
=

[energy]
[electric field]

;

these interesting units compare mass flows (“matter waves”) to EM waves (“energy flows”),
and energy/momentum to EM field components. These quotients also indicate a close
correspondence between the relativistic energy-momentum (E-p) equation

E = c p , (47)

and Maxwell’s EM amplitudes (E0, B0; [32]) relation

E0 = cB0 . (48)

The above dimensional ratios of units are obtained easily by dividing these two equations. 345

We see then that B0 (current flow) is to EM waves what momentum p (mass flow) is to 346

dynamics, and similarly for amplitude E0 and energy E. 347

Length LA is much larger than the modern Planck length Lp =
√

/hG/c3 = 1.6163× 348

10−35 m. (The modern definition of Lp must be used here, because rc in equation (44) 349

brought its 2-D geometry into LA, and α/h is accidentally geometry-free.) In this case, 350

LA must be scaled down to produce Lp; thus, Lp = LA
√
βG. This scaling-down of LA 351

should be contrasted to the scaling-up of MA to produce the original Planck mass Mp (i.e., 352

Mp = MA/
√
βG; see § 2.3). 353

3.4. Cosmological Scales and Some Ambivalent Superatomic Particles 354

In §§ 2.3 and 3.3 above, we rescaled the fundamental scales of the UPS to obtain the 355

corresponding Planck scales. These “A” and “p” values do not describe any specific particle 356

or object in the universe; that would not be a fair choice by nature. But we can extend both 357

scales into the macrocosm by running the G-Ms toward larger masses and lengths. 358

(a) Cosmological Mass Scales.—We evaluate a geometric progression that starts with
scales MA and Mp, and moves on to larger mass scales:

{MB, MC, MD} = {1.113× 1014, 2.271× 1035, 4.633× 1056} kg. (49)

Mass scale MD is 2-3 orders of magnitude larger than the current estimates of the mass of 359

the universe [1], so we can halt the sequence at MD. The common ratio of the geometric 360

progression is Mp/MA = 1/
√
βG = 2.041× 1021. The G-M of MB and MC is equal to 0.84 361

earth masses; and the G-M of MC and MD is 5× 1015 solar masses and identifies universal 362

structures much larger than individual galaxies (e.g., galaxy clusters). 363

(b) Cosmological Length Scales.—We evaluate a geometric progression that starts with
scales Lp and LA, and moves on to longer length scales:

{LB, LC} = {6.730× 107, 1.373× 1029}m. (50)

Length scale LC is 2-3 orders of magnitude larger than the current estimates of the size of 364

the universe [1], so we can halt the sequence at LC. The common ratio of this geometric 365

progression is LA/Lp = 1/
√
βG = 2.041× 1021, the same as the common mass ratio given 366

in item (a) above. The G-M of LB and LC is equal to 98.5 parsecs, a value typical of giant 367

molecular cloud complexes in spiral galaxies. 368

(c) Cosmic Microwave Background (CMB).—We convert the temperature of the CMB,
TCMB = 2.7255 K, to an equivalent mass mCMB = 3.52× 10−10 MeV/c2. Since mCMB � MA,
we need to extend the geometric progression of mass scales to much lower masses as well.
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At the low-mass end of the geometric sequence {M0, MA, Mp}, the tiny mass scale M0 is
found to be M0 = 7.35× 10−21 MeV/c2. Then, the G-M relation

mCMB =
√

M0MA , (51)

holds to within a 5.7% deviation between the two sides. This deviation is relatively small, 369

given the enormous difference in scales (by 21.31 orders of magnitude) involved on the 370

right-hand side of equation (51). 371

(d) A Superatomic Particle Near the Planck Mass?—The equivalent mass of the CMB
photons is so low, that extending the geometric sequence of {mCMB, mH} to higher masses,
we obtain a potential particle mass of MS = m 2

H /mCMB = 4.453× 1016 GeV/c2 ' 1.455×
10−3Mp, which is at the scales where the strong force supposedly joins in with the other
forces [33]. Since the Higgs mass is mH = 125.25 GeV/c2, then the energy ratio

√
βW

(analogous to
√
βG in § 2.3) that scales the strong interaction down to the weak interaction

is √
βW =

√
EW

ES
=

√
mH

MS
= 5.30× 10−8. (52)

This value is smaller by a factor of 20 compared to the usually quoted coupling constant 372

ratio of the weak to the strong interaction. One reason is that the quoted estimates of this 373

ratio in particle physics depend on microphysics [33]; these values are not really constants, 374

since they show some secular dependence on particle energy [34,35]. In any case, it is 375

doubtful that the Higgs field can assign masses above its VEV of 246.22 GeV/c2 [36]. 376

(e) Sub-TeV Particles?—In the atomic world, the Higgs VEV appears to be a barrier 377

against growing more massive nuclei and particles. Nevertheless, researchers are searching 378

the TeV scales in hopes of discovering such particles [37]. If there is a way to jump across 379

the Higgs VEV (which we do not currently see; see also [36]), then the next few particle 380

slots generated by the high-mass geometric progression Z0-H-t-v. . . will have energies of 381

0.351, 0.502, 0.716, and 1.022 TeV. 382

3.5. Units Jumping to the Forefront 383

Consider the units of mass M and area R2; think of them, in abstract terms, as gravity 384

and 2-D geometry. It has long been known that one can form two new units from them, the 385

surface density σ = M/R2 and the moment of inertia I = MR2. These have been used in 386

physics applications, but they are not very popular, certainly not as popular as the unit of 387

volume density we get from M and R3. It has become clear to us that σ and I have not been 388

given due attention in the past, but now they seem to come to the forefront in our analyses 389

of various astrophysical problems. 390

Surface density σ plays an important role in our recent work on varying-G gravity
[1], and provided the cosmological system of units with an important relation used in unit
reductions and in the sourcing of the gravitational field: σ ∼ a/G, where a is acceleration
(or, equivalently, the gravitational field), so that

[surface density] =
[grav. field]

[grav. constant]
,

indicating that the surface density σ(r) = M(r)/r2 is a dynamical quantity of considerable 391

influence. Moment of inertia I has already played a role in our calculations of units, as 392

we hinted in § 2.1.2. Here, we discuss its potential significance for inertial masses and the 393

weak equivalence principle [21]. We use dimensional analysis throughout this subsection, 394

so all symbols (having their usual meanings) represent units. 395

Bunker et al. [11] righted a wrong in physics when they pointed out that, in units, 396

/h = E/Ω. (In this notation, [rad] is a unit carried by Ω = [rad][second]−1.) The current SI 397

system suffers from this inconsistency, and it should be repaired as soon as possible. The 398

problem that concerns us here is the following: in the original Planck system, one of the 399
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fundamental units was h, and action integrals had dimensions of h = ET = M R2 T−1 = L, 400

where L denotes angular momentum. This description has been in the books since Dirac 401

and Landau’s times circa 1930 [8,9,22]. 402

In their dimensional analysis of Newton’s G, Landau & Lifshitz [22] used only basic 403

cgs-system units, and they did not mention any interpretation of the units of action. Other 404

authors have mentioned that the action integrals S appear to have the same unit as angular 405

momentum L, so S = L = ET. This is an interesting conclusion, but not a fundamental 406

one, since there exist objects and fields in nature that neither rotate nor revolve (e.g., free 407

spin-0 particles in vacuum and tenuous gases in galaxy clusters). 408

We have a different interpretation of the units of action S , which appears to be
fundamental, viz.

S = MR2/T = I/T ;

that is, S describes the rate of change of the moment of inertia I/T, where I = MR2, and 409

M is bona fide inertial mass. We believe that this interpretation has important ramifications 410

going forward, because it introduces the concept of inertia into the units of all action 411

integrals, including those of non-gravitating (atomic and nuclear) fields. But if the massless 412

fields know about inertia in their variations, then the weak equivalence principle (and its 413

inertial mass) may have already permeated all other physical processes besides gravity. In 414

other words, macroscopic mass is, in a major way, gravity; but its inertia appears to be a 415

universal property,19 communicated by the vacuum itself (i.e., by the “resisting” properties 416

c and Z0) in the same way that geometry-dependent vacuum properties (/ε0 and /µ0) are 417

also installed in the universe. 418

To conclude, we believe that force actions cannot be unified before the influence of 419

the vacuum on every single field is delineated and becomes fully understood. This is not 420

going to be an easy task; as we mentioned above, the vacuum interferes in the universe 421

by three distinct ways: dimensional geometry-dependent constants (/ε0, /µ0), dimensional 422

geometry-free constants (c, Z0), and purely numerical imprinted values. (We note that it is 423

this vacuum “activities list” that prompted us to include Z0 as another building block of 424

the UPS, as shown in equation (3).) 425

4. Discussion 426

4.1. Pairs of Fundamental Dimensional Units 427

Equation (45) shows that two lengths are needed to produce the fine-structure constant 428

α/h in any system of units: the fundamental scale LA and a Compton-type scale such as rc. 429

This subsidiary scale cannot be defined by using the fundamental mass scale (then, one 430

gets α/h = 1). Therefore, equation (45) defines rc independently of mass MA. In our case, 431

this definition is obtained easier from equation (46): rc = LA(qp/e). Using the definition of 432

the fine-structure constant is an integral part of the above derivation of rc; and this example 433

justifies our statement that all systems besides the UPS are incomplete, missing at least the 434

unitless coupling constants, and thus, they are incapable of describing all scales and forces 435

in the universe. 436

Next, we consider Planck’s original set of dimensional units {c, G, h}, with h in place 437

of /h to avoid misunderstandings from the introduction of geometry into the units. The 438

speed of light barrier is applicable to all systems of units, but h is not fundamental in 439

the cosmological system and G is not fundamental in the atomic system for “obvious” 440

(now known to be obviously wrong) reasons: negligibly weak influences should not be 441

building blocks at the core of a system. We realize now that all three constants are necessary 442

building blocks, and that the vacuum-force pairs {c, G} and {c, h} serve two different (but 443

complementary) functions within the UPS: 444

445

19 In the absence of microcosmic inertia, a delta-function impulse delivering specific energy E/M > c2 to an
elementary particle would easily achieve motion with speed v > c.
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(a) The pair of constants {c, G} with its universal unit of force20 F0 = c4/G and 446

the corresponding unit imprint of the famous Tully-Fisher/Faber-Jackson relation [16,17] 447

c4 = GMa0 (where F0 = Ma0; [2–4]) was analyzed in our companion paper [1] in the 448

cosmological system of units. (We discuss the universality of this relation in Appendix B.) 449

Combined with Newton’s G, powers of c define units whose purpose is to monitor the 450

effectiveness of forces F in producing motion (speed v). Some of these units are very 451

well-known: c2/G ∼ F/v2 = M/RS, c3/G ∼ F/v = Zm, c4/G ∼ F, and c5/G ∼ Fv = P. 452

Here, M is mass, RS is (Schwarzschild) radius, Zm is mechanical impedance, and P is power. 453

454

(b) With the notable exceptions of
√

ε0hc ∼ q (charge) and
√

h/(ε0c) ∼ ΦB (magnetic 455

flux) (§ 2.1.2), the pair of constants {c, h} can only generate composite units, which cannot 456

be viewed as fundamental units in the physical world; although these units do afford some 457

interesting symmetries. For instance, examine the sequence of units hc→ [E][L], h→ [E][T], 458

h/c→ [M][L], and h/c2 → [M][T], before the next powers of c generate some lower-level 459

subsidiary units, e.g., h/c3 → [M][a]−1. Combining powers of c with Planck’s h, these units 460

are designed to monitor the action integral S (i.e., integrated energy in time) during motion, 461

although they are not as well-known: h/c3 ∼ S/v3, h/c2 ∼ S/v2, h/c ∼ S/v, h ∼ S , 462

and hc ∼ Sv. Since action S determines both speed v and acceleration a, this sequence 463

of units can also be interpreted as: h/c3 ∼ (E/v2)/a = M/a, h/c2 ∼ (E/v)/a = p/a, 464

h/c ∼ E/a, h ∼ (Ev)/a, and hc ∼ (Ev2)/a, where E represents energy and p represents 465

momentum. 466

The above symmetries are naturally propagated also to derivative units. As a typical
case, we discuss the sequence of composite units M/Tn (for integer n) generated by the
widely-used pair of units of mass and time {M, T}, because this sequence holds some
surprises. These units apparently measure resistive properties in the material world:

M/T ∼ F/(R/T) = Zm [mechanical impedance]
M/T2∼ F/R = Sm [mechanical stiffness]
M/T3∼ F/(RT) = σP [power][area]−1

, (53)

where R represents length and index P represents power. It is surprising that the unit M/T
(of the ubiquitous Ṁ of accretion physics) turns out to be a resistive property of inflowing
matter. It is also quite surprising that the “power surface density” σP is a member of this
sequence of units that describe the various types of mechanical resistance. In Appendix B,
we find that power surface density is a universal dynamical quantity, although it appears
prominently only in the Stefan-Boltzmann law [38,39]. Its resistive character becomes
apparent when we rewrite it in terms of force F and moment of inertia I, viz.

σP = F2/(I/T) , (54)

where (I/T) represents resistance due to the rate of change of the moment of inertia. In 467

this equation, we recognize the importance of the force squared F2 in σP ∼ M/T3. Coming 468

full circle to expressing the resistances in terms of F2, we find for the impedance and 469

the stiffness that Zm = F2/P and Sm = F2/E, respectively, where E represents energy. 470

Therefore, the magnitude of F2 appears to be regulated by power in impedance, by energy 471

in stiffness, and by inertial changes in power surface density. 472

Furthermore, the inertial magnitude itself appears in the next term of the sequence (53), 473

i.e., M/T4 ∼ F2/I, and the integrated quantity (IT) appears next in M/T5 ∼ F2/(IT). 474

Obviously then, the units of the sequence M/Tn describe resistive properties in which F2
475

is regulated by the temporal variations of inertia. 476

20 Besides combining with G to produce the units of force and power in the cosmological and Planck systems,
c does something else that is notable: it combines with ε0 to produce a surprise unit for ohmic resistance:
1/(ε0c) = Z0 = h/e2 (see § 2.1.1).
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4.2. The Varied Contributions of the Vacuum 477

The free space known as the vacuum is described by four interdependent constants 478

(ε0, µ0, c = 1/
√

ε0µ0, Z0 =
√

µ0/ε0). When the vacuum wishes to also promote geometry 479

in some parts of the natural world, then it introduces either /ε0 ≡ 4πε0 or /µ0 ≡ µ0/(4π) or 480

both, provided they are not introduced in a product (there is no geometry in /ε0/µ0 = 1/c2). 481

From the nongeometric vacuum quantities ε0 and µ0, only two additional purely 482

physical quantities can be constructed by G-Ms, the speed of light c and the impedance of 483

free space Z0 (§ 2.1.1). They both represent upper limits in nature, the only known upper 484

limits communicated by the vacuum to all scales and in all directions within the universe. 485

Their origin is the least (but nonzero) resistance that the vacuum mounts passively against 486

all motions in the material world (see also § 5 below). 487

Next, we wish to track down the geometry that is imposed selectively by the vacuum,
so we rewrite the fundamental G-Ms discussed in § 2.1.1 as follows:√

/ε −1
0 /µ−1

0 = c , (55)

and √√√√/ε −1
0

(
1

/µ−1
0

)
=

Z0

4π
. (56)

The G-M (55) is clearly geometry-free, whereas the G-M (56) attaches the 4π of 3-D space to 488

the geometry-free impedance of free space Z0.21 This is an important conclusion: when 489

/ε −1
0 or /µ−1

0 appear on their own in equations, or in any combination other than their 490

product (55), they do carry geometry with them. These composite vacuum constants show 491

us how free space manages to interfere in the construction and evolution of additional 492

(ready-to-interact with one other) physical entities, such as mass and electric charge, that 493

characterize the underlying force fields. 494

We emphasize here that mass and charge are not actually fundamental quantities, as is 495

widely believed; they can only be derived and clearly understood, if the contributions of the 496

vacuum and the unitless coupling constants are also taken into account. We demonstrate 497

this point here, with exact calculations: 498

(a) Consider first equation (13). Solving for the charge e, we obtain a scaled-down G-M
relation of the form

e = α 1/2
/h

√
h(2ε0c) = α 1/2

/h qp . (57)

So, Planck’s physical constant h and the vacuum’s combination of (2ε0c) determine e as a 499

geometry-free, G-M quantity. From this point of view, we can also see how dimensionless 500

constants resize properties of the material world: the G-M is scaled down by the geometry- 501

free factor of α 1/2
/h ' 1/

√
137 (see also § 3.2). 502

(b) Consider next equation (14). Solving for the mass me, we obtain a G-M relation of
the form

me =
(αG

2π

) 1/2
√(

h
G

)
c =

(αG
2π

) 1/2
Mp . (58)

In this case, me is determined by the G-M of the composite physical constant h/G and the 503

vacuum’s c. (G participates because this is a mass assignment.) The G-M is scaled down 504

by a factor of [αG/(2π)]1/2 = 1.670× 10−23 relative to Mp. Because of the inclusion of 2π, 505

this factor is geometry-free, and so is me. 506

21 However, we are not aware of a system in which the geometry-dependent term Z0/(4π) is introduced. The
impedance of EM modes in waveguides and in ideal dielectrics is a multiple of Z0 [32] that does not involve
the factor of 4π.
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By dividing equations (57) and (58), and neglecting for the moment the dimensionless,
geometry-free factor (4π/βG)

1/2 = 7.235× 1021, we obtain a geometry-independent G-M
for the electron’s charge-to-mass ratio, viz.

e
me

∝
√

ε0G . (59)

Thus, the ratio e/me is determined mainly by the G-M of the nongeometric constants ε0 507

and G (vacuum and gravity, respectively); and the neglected scale factor carries the relative 508

strength of the two unitless coupling constants (
√

4π/βG ∝
√

α/h /αG) with the geometry 509

taken out of the ratio βG. 510

4.3. Sparse Geometric Averaging in Nature 511

We think we understand why virtually all pairs of constants and units (U1, U2) com- 512

bine in G-Ms22 involving the direct form U1U2 or the inversion form U1U−1
2 (or U−1

1 U2). 513

Physically, two basic G-M quantities can be derived from each pair of units. Mathemati- 514

cally, these two operations result in mappings that are aways “smooth” since they involve 515

constants; thus, the units of a system of units form a Lie group [13], and the associated Lie 516

algebra can be carried out with ease. 517

One remaining question is why there are also square roots on top of these unit com- 518

binations, establishing thus G-Ms. We fall back to what is already known about G-Ms: 519

compared to the commonly used arithmetic means, G-Ms place significant more weight to 520

the smaller of the two values. Thus, the most obvious property of the geometric averages 521√
U1U±1

2 is that they assist the smaller physical constants to leave their indelible marks in 522

their combinations with larger constants. In a sense, by not letting small constants become 523

negligible (or dominant) when they are combined with large constants,23 nature seems 524

to follow a principle of fairness or impartiality at all scales of the universe. The degree 525

of support for the small constants can be quite dramatic for much differing constants, as 526

equations (15) and (19) vividly demonstrate: the G-M
√
βG gains 21.31 orders of magnitude 527

relative to the ratio βG, and it connects the Planck scale with the atomic world. 528

Consider now the subatomic particles discussed in § 3.1. Nature did not make a 529

particle in each individual G-M slot. The mass ladder is mostly empty, and just a few 530

actual particles have materialized in the subatomic scales of the universe [33]. So, there are 531

additional selection criteria (scaling laws) on top of the G-Ms that regulate the creation of 532

particles. Besides the factors of 2 and
√

2 in the equations of § 3.1, we have seen that the 533

Higgs boson does not rely on pure G-Ms to reach down to lower masses; it uses, in addition, 534

two different scale factors, Koide’s K = 2/3 and
√
αh ' 1/30 (equation (41)), to bypass 535

many available particle slots (see also Table A1 below). In particular, the dramatic drop 536

from the Higgs mass to the mass of the bottom quark can only be described as a deflation 537

of particle mass that bypasses 10 G-M particle slots intervening between mZ0 and mb. 538

5. Lingering Issues, Future Prospects, and a Brief Summary 539

The UPS was summarized in equation (3). The system is not flawless yet, and several 540

issues must be investigated and resolved in the future (see, e.g., footnote 24 below). These 541

issues can be traced to Dirac’s introduction of /h = h/(2π) in place of Planck’s h. 542

It is certainly true that in quantum mechanics, Dirac’s composite constant h/(2π) 543

always appears in form, and this also prompted Schrödinger [11,18] to absorb the 2π into 544

a convenient new constant K. This tactic tells us that Schrödinger was not aware that he 545

22 Note that even actual planetary orbits [40] and also theoretical orbits in the virtual Hooke potential [41] show
G-M averaging in many of their properties [42,43]. The two types of elliptical orbits have fundamentally
different centers, but this is not enough to suppress or modify the ubiquitous geometric averaging that is so
obvious in the parameters of the two sets of ellipses.

23 Arithmetic averaging would favor the large constant, whereas harmonic averaging would turn the tables and
clearly favor the small constant. Compared to G-Ms, either one of these extreme averages treats “unfairly” one
or the other participant.
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was including geometry into his constant K. Dirac [7–9], on the other hand, believed that 546

/h = K is the true constant (not h), so we can guess that he sensed that the two constants are 547

fundamentally different in their makeup (see § 1.2 for more details). 548

Dirac’s reform has modified quite substantially the systems of units that have adopted 549

/h, but this modification came with a heavy price. Planck’s purely physical constant h 550

cannot be dropped so nimbly, because then, we introduce errors in the definitions of 551

the coupling constants. Dimensionless coupling constants should not include geometric 552

dependencies other than /ε0 or /µ0 (and these enter only via EM terms); geometry would give 553

the constants an additional unit of [rad] and it would alter their nature. On the dimensional 554

side of vacuum units, c and Z0 (§ 4.2) are also geometry-free constants for a good reason: 555

they represent upper limits set by the vacuum to be applicable in any direction of space 556

irrespective of the dimensionality of space. 557

We note another issue concerning /h: In the dimensional part of the UPS, the constant 558

/h is the only fundamental dimensional unit that introduces geometry in the physical units. 559

This is unusual and a singular property. Although we were inclined to adopt Planck’s h 560

in place of /h, we did not do so, because we do not know how to choose between the two 561

constants. It seems from the calculations above that the use of h in the definitions of scales 562

(Planck units, coupling constants) is mandatory, but then /h may be more appropriate to 563

be retained for particles and fields, as Dirac [7–9] also thought. Perhaps, both constants 564

should be retained in a modified UPS, along with αh and βG (see the UPS as described in 565

footnote 24). 566

Examining now the definitions of the dimensionless units that we summarized in 567

§ 2.2 (equations (13) and (14)), we see that α/h is indeed geometry-free (/ε0/h = 2ε0h), 568

but αG is not (αG ∝ 1//h). We think this is an enormous oversight flying undercover at 569

least since Dirac [8] introduced his “large numbers hypothesis;” and it has prevented 570

physicists from defining an atomic mass scale in the modern Planck system, creating thus 571

an insurmountable obstacle to force unification. The state of confusion can best be seen 572

in the widespread misconception “that G carries units into the action of general relativity, 573

thus gravity is not like the other forces of nature,” taught to thousands upon thousands 574

of physics students for nearly a century. We now understand that gravity is just like the 575

other forces, and it enters the “ring” with one dimensionless (αG) and one dimensional (G) 576

constant, just as the EM forces do too. 577

Owing to the omnidirectional nature of the gravitational force, both of its constants 578

should be geometry-free. For this reason, we tried to bypass the problem with the def- 579

inition (14) of αG (it effectively carries a unit of [rad], thus it cannot be utilized) and to 580

define new consistent atomic units within the UPS. First, we created a dimensionless ratio 581

βG = αG/α/h of the coupling constants that describes their relative strength; the /h does not 582

partake in this ratio, and the only geometric influence left comes from the EM field. But 583

this does not affect the makeup of the relative strength βG, since βG is expressed as a ratio 584

of energies.24
585

Next, we created a dimensionless geometry-free combination of fundamental units to
attach to βG, viz.

βG = GM 2
A /(hc) =

(
MA/Mp

)2 ,

where Mp is the mass scale of the original [5] system of units. Finally, the new atomic mass
scale MA was derived from the known values of βG and Mp, viz.

MA = Mp
√

βG .

24 We also timidly attempted a preliminary calculation of the scaling between weak and strong interactions,
as a ratio of energies βW (equation (52). It seems that such energy ratios/comparisons are the way to
incorporate consistently the dimensionless constants into the UPS. We can then imagine a complete UPS :=
{c, Z0, G, h,αh,βG ,βW , . . . ; /ε0, /µ0, /h} that includes geometry-free and a set of geometry-dependent units,
along with relative β-ratios� 1 of unitless constants.
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The interpretation of this relation is straightforward: the ratio of the two widely different 586

mass scales MA/Mp = 4.9× 10−22 is precisely equal to the square root of the relative ratio 587

of the two coupling constants βG = αG/α/h = 2.4× 10−43. 588

In § 3, we tested the influence of this mass scale in the atomic and subatomic world, 589

and the results appear to be strong. The mass constant MA has no trouble meddling in G- 590

Ms (§ 3.1) along with particle (sub)atomic masses that have been measured by experiment 591

[19,27] (but see also footnote 7 for UPS′, an alternative system of units based on proton’s 592

parameters). In the process, we also clarified the confusion surrounding the so-called 593

Planck charge (§ 3.2), and we also derived a new length scale that had no trouble meshing 594

in G-M calculations with the already-known atomic radii (§ 3.3 and § 1.2). 595

In §§ 3.1 and 3.4, we calculated both mass scales and actual particle masses at practi- 596

cally all scales of the universe. The Higgs field uses a multitude of methods to distribute 597

masses to selected atomic particles. This diversity of methods is, in part, responsible for 598

hindering progress in the effort to unify the four fundamental forces of nature. The other 599

part concerns the role of the vacuum (§§ 2.1.1 and 4.2). The behavior of the vacuum is not at 600

all what our books describe [e.g., 26,29,33]. As far as we can see, the vacuum is not subject 601

to forcing of any kind, and it seems to be unresponsive to quantum fluctuations, which 602

occur exclusively in fields. By and large, the vacuum appears to be a passive independent 603

entity, with no physical properties of its own, that imposes implicitly certain rules (by 604

resisting the least) to the material world, that all inhabitants must necessarily observe and 605

obey (to within the bounds of the uncertainty principle of course; see also Appendix B.2). 606

Under these circumstances, there is no back reaction from the material world on to the 607

vacuum itself. In hindsight, this conclusion makes sense—how can anything tangible 608

manage to tangle up that which is the epitome of nothingness? 609

6. Highlights 610

6.1. Summary of Results 611

(1) Current systems of units are incomplete and incapable of describing all aspects of this 612

universe. They do not include some of the fundamental dimensional constants, the 613

dimensionless coupling constants, and all the restrictions installed by the vacuum 614

itself to the material world. 615

616

(2) Each force of nature must be represented in a system of units with a dimensional and 617

a dimensionless coupling constant. If Planck’s h is dropped, then the system cannot 618

measure quantities related to quantum phenomena. If Newton’s G is dropped, then 619

the system does not include gravity. 620

621

(3a) The fine-structure constant αh = (861.022576)−1, not multiplied by 2π, is the only 622

coupling constant that must be included in absolute terms. It has been measured by 623

experiment, and it provides the scale factor
√
αh ' 1/30 used by the Higgs boson to 624

deflate and assign mass to the bottom quark; and then, to reach down to all the other 625

lower-mass particles (Table A1 below). On the other hand, the Higgs boson creates 626

the masses of the Z0 and W± bosons and the other quarks by G-M averaging and by 627

using Koide’s scale of 2/3 in various incarnations. 628

(3b) All other unitless constants must be included in relative terms because only ratios of 629

these coupling constants have physical meaning—they provide relative strengths, just 630

as the dimensional quantities and the units also do. 631

(3c) The modern definitions of the unitless coupling constants are incorrect because /h 632

was used instead of Planck’s physical constant h. Dirac’s /h is a composite constant 633

that also carries planar 2-D geometry and a unit of [rad]−1; the 2π radians in /h have 634

inadvertently reversed the influence of geometry on to the coupling constants. 635

636

(4) The vacuum is a passive entity and not subject to forcing of any kind by the material 637

world. By providing the least (but nonzero) resistance to all motions that occur in its 638
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domain, the vacuum installs upper limits to the material world (c and Z0 in nearly 639

perfect dielectrics), which must then be included in systems of units as well. These two 640

geometry-free constants also bring 4πε0 and µ0/(4π) with them, in which the influ- 641

ence of 3-D geometry is apparent. (Here, the vacuum’s ε0 and µ0 are both lower limits.) 642

643

(5) The “dark energy” that permeates the universe and that drives its accelerated expan- 644

sion is not produced by quantum gravity. The vacuum that we described possesses 645

no physical property that could possibly oscillate, and it cannot produce a discrep- 646

ancy of 120 orders of magnitude in energy density. Furthermore, in recent work, 647

we showed that the spatial variation of Newton’s G, coupled to mass surface den- 648

sity, can apparently create positive dark pressure whose magnitude is comparable 649

to the observed value and whose gradient accelerates the expansion of the universe [1]. 650

651

(6) The rate of change of the moment of inertia is the universal unit of all action integrals, 652

so it appears that inertia and the weak equivalence principle have been built into all 653

scales of the universe, large and small, gravitating or not. 654

655

(7a) There exists a new atomic mass scale MA = 15.0 MeV/c2 that we found by deflating 656

the original Planck mass Mp by
√
βG = 4.900× 10−22, where βG is the relative ratio 657

of the coupling constants of gravity and fine structure. Of course, in our expanding 658

universe, the event took place in reverse (MA/
√
βG → Mp). This inflation of scale 659

accounted for 21.31 orders of magnitude in mass, and explains how the Planck scale 660

is connected to the atomic world. (At the same time, the atomic scale of length was 661

deflated by precisely the same amount to produce the tiny Planck length.) 662

(7b) No (sub)atomic particle is found to occupy a scale value, and the measured masses in 663

the atomic world are connected mostly by G-M averaging. By using G-M averaging, 664

nature (a) remains impartial to designating any one of the particles as being more sig- 665

nificant than the other particles; and (b) assigns more weight to the smaller participant 666

in the G-M, thereby assisting smaller forces to leave their marks on the universe. 667

(7c) We can relate characteristic atomic constants (charge e, mass me, G-M √memp, Comp- 668

ton radius rc) to scale values (qp, Mp, MA, LA, respectively), but this is not how these 669

physical entities were created; they were created by the Higgs scalings (1/30 and 2/3) 670

and by G-M averaging of other nearby physical entities. 671

672

(8) Leptons, quarks, and bosons get their masses from the Higgs field. The boson-quark 673

mass ladder is shown in Table A1 below. How the Higgs field acquires its mass mH 674

and its vacuum expectation value v remains a mystery; the only hint in the known 675

masses [27] is that mH ' v/2 (to within a deviation of 1.7%). 676

677

(9) Koide’s lepton constant K = 2/3 is one of the scaling constants used by the Higgs 678

field. We derived it from first principles in Appendix A, and it is also applicable to the 679

high-mass quark triplet c-b-t. We also derived two additional Koide-type constants, 680

J = 4/7 (from the low-mass quark triplet u-d-s) and B = 0.336 (from the Higgs bosons 681

W±-Z0-H). Constant B is barely 0.8% larger than the absolute minimum value of 1/3 682

that occurs for three equal masses. 683

684

(10) In Appendix B, we pointed out four instances of a universal law that has the general
form

(a surface density) ∝ (a kinetic scalar quantity)4 ,

in which the power of 4 is the sum of the 3 spatial degrees of freedom and 1 additional 685

degree of freedom for the scale of the underlying scalar quantity. The three types 686

of surface density involved describe force F, power P, and moment of inertia I, all 687

divided by surface area A. Pressure F/A appears in the Higgs field and the Casimir 688

effect; intensity P/A appears in the Stefan-Boltzmann law; and mass I/A appears 689
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in the Tully-Fisher/Faber-Jackson relation in spiral/elliptical galaxies. It certainly 690

appears that the dynamics of the present universe is driven by the surface densities of 691

various fundamental quantities (see also Appendix B.2). 692

6.2. Critical Questions and Answers 693

(Q1) How does Planck mass relate to the atomic world? 694

—The atomic mass scale MA = 15 MeV/c2 inflates to the Planck mass: 695

MA/
√
βG → Mp, where

√
βG = 4.900× 10−22. 696

697

(Q2) What is the physical meaning of number 137? 698

—Number 137 = 861/(2π), where the 2π is a geometric term carrying the unit of 699

[rad]; so, 137 is not unitless. The actual unitless constant is 861, and the scale factor 700√
861 ' 30 is used by the Higgs boson to assign masses to much lighter particles, 701

starting with the bottom quark and moving on down the mass ladder (Table A1). 702

703

(Q3) What is the physical meaning of Koide’s constant? 704

—Koide’s K = 2/3 is another scale factor used by the Higgs boson to assign masses to 705

lighter vector bosons (the particles W±and Z0). Koide’s formula holds exactly for the 706

leptons e-µ-τ and for the high-mass quarks c-b-t. 707

708

(Q4) How does the top quark get its mass? 709

—The top quark mass is the geometric mean of the Higgs mass and the Higgs field 710

vacuum expectation value v = 246.22 GeV/c2, so that mt =
√

mHv. 711

712

(Q5) How do Higgs vector bosons get their masses? 713

—By two different mechanisms: In the ordered high-mass triplet, Z0-H-t, the Higgs 714

mass is the geometric mean of the Z0 mass and the top quark mass, so mZ0 = m 2
H /mt. 715

In contrast, W± gets its mass by Koide scaling: W± = KmH. 716

717

(Q6) How does the bottom quark get its mass? 718

—By a third mechanism: The Higgs mass is scaled down by the factor of 30 derived in 719

(Q2) above, so that mb = mH/30. 720

721

(Q7) Is /h, rather than h, the true universal constant? 722

—They both are, but Planck’s h is a pure physical constant, whereas Dirac’s /h = h/(2π) 723

is composite and includes also the geometric term 2π that carries the unit of [rad]. 724

Because of this geometric content, an error was committed in the post-Planckian era 725

when /h was adopted for the modern definitions of the fine-structure constant and the 726

gravitational coupling constant. 727

728

(Q8) Is dark energy a quantum phenomenon? 729

—No, it is not. The vacuum possesses no physical or tangible property, it only provides 730

the least (albeit nonzero) resistance to all motions of its inhabitants, thereby indirectly 731

installing upper limits to the flow speeds of matter/energy and electric currents 732

(speed c and impedance Z0, respectively). According to this interpretation, and in 733

agreement with recent observations and current cosmological models of accelerated 734

universal expansion, we have obtained a reasonable estimate of the dark energy 735

density (U0 = 1.35 GeV m−3 corresponding to ρ0 = 2.40× 10−27 kg m−3) created in 736

empty space by the spatial variation of Newton’s G [1]. 737
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The following abbreviations are used in this manuscript: 745

746

G-M Geometric-Mean
MOND Modified Newtonian Dynamics
UPS Upgraded Planck System

747

Appendix A. The Physical Meaning of Koide’s Lepton Constant 748

Koide’s constant of 2/3 involves the three lepton masses and it is a puzzle in particle 749

physics [15]. This constant is not a mere numerical coincidence, it is a fundamental scale 750

that the Higgs boson uses to create the W± bosons, and then it is propagated to lower 751

masses according to the relations given in § 3.1. 752

Koide’s constant is defined for the three leptons e-µ-τ as

(me + mµ + mτ)/
(√

me +
√

mµ +
√

mτ

)2 ≡ 2/3 . (A1)

Mathematically, this relation is equivalent to an equation involving arithmetic means and
G-Ms of paired quantities, viz.

f ≡ (me + mµ + mτ)/
(√

memµ +
√

memτ +
√

mµmτ

)
= 4 , (A2)

where the numerator should be viewed as the triple sum of arithmetic means of paired
quantities, viz.

me + mµ + mτ =
1
2
(me + mµ) +

1
2
(me + mτ) +

1
2
(mµ + mτ) .

Equation (A2) reveals a special relationship between the three arithmetic means in
the numerator and the three G-Ms in the denominator: the ratio of their averages must
be equal to 4; then, equation (A1) is an identity, as Koide [15] discovered. This special
relationship is recovered from the equations of § 3.1. We carried out several reductions25

by evaluating lower masses starting from the Higgs mass and the masses of mW± , mZ0 , and
mt. The endpoint is a pair of inversion G-M relations between lepton masses, viz.√

mµ/me = 22K , (A3)

and √
mτ/me = 40K−1 . (A4)

Their product is independent of K, and its value (880) carries an error of 4% as compared to 753

the experimental value of 848. The coefficients in these ratios were rounded off to obtain a 754

2% accuracy in each individual ratio (not rounded, the coefficient in equation (A4) has a 755

deviation of 5%, sufficiently large to produce a higher K-value of 0.70). 756

Substituting the above ratios into equation (A2), we find a fourth-order polynomial
equation of the form

484K4 − 88K3 − 3519K2 − 160K + 1600 = 0 , (A5)

25 From (35) and (36), we get mb = 30ms/K (#1). From (32), (38)-(40), and (36), we get mb = 30K−3/4mµ (#2).
From (#1) and (#2), we get ms = K1/4mµ (#3). From (27), (#3), and (#2), we get mµ = 30K−5/4mu (#4). From
(26), (#3), (#4), and (30), we get equation (A4). Finally, from (34), (36), and (A4), we get equation (A3). Equations
(28), (31), (33), and (37) were not used.
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The solutions of the fourth-order equation can be obtained analytically, and they are all
real. The two positive roots are

K1 = 0.66641 and K2 = 2.7283 . (A6)

Root K1 is Koide’s constant; it determines the lepton mass ratios, and they, in turn, satisfy 757

equation (A1) to within an error of 0.04% (Koide’s K = 2/3 is an extremely robust physical 758

constant, as experimenters have discovered). 759

Root K2 is rejected based on the experimental results. Substituting K2 into the equations 760

of the lepton mass ratios reverses the two values, and results in mµ > mτ. This solution is 761

obviously incompatible with the measured masses of these two particles [27]. 762

Despite the rejection, K2 is of some theoretical interest: the ratio K2/K1 = 4, the same
4 that appears in equation (A2). Then, we find that the f = 4 factor in equation (A2) is the
raw physical constant, and Koide’s K is derived from it:

K =
f

f + 2
=

2
3

. (A7)

This relation is derived by substituting equation (A2) into equation (A1). 763

Appendix A.1. Physical Interpretation 764

The physical interpretation of nature’s choice of f = 4 is deduced from equation (A2),
rewritten in the accessible form

1
3
(me + mµ + mτ) =

4
3
(√

memµ +
√

memτ +
√

mµmτ

)
. (A8)

The factor of 1/3 indicates that the left-hand side is the arithmetic mean of the lepton
masses. The factor of 4/3 on the right-hand side (also the G-M

√
K1K2 to within 1%) is CF,

the quadratic Casimir charge of the SU(3) fundamental representation [29]. It seems then
that the assignment of masses to the leptons is constrained also by the delivery of charge,
and this is why

f = 3CF , (A9)

appears in the right-hand side of equation (A2). This last equation is a special case of the
general formula ([29], section 4.5) of quantum chromodynamics, viz.

NA
2

= NCF , (A10)

as applied to SU(3), where N = 3 dimensions, the indices 1, 2, · · · , NA label the NA × NA
color generators in the “octet” quark-antiquark state, NA = N2 − 1 = 8, and f = NA/2;
thus, we find that f = 4 and CF = 4/3 in SU(3). Finally, Koide’s constant turns out to
depend only on the SU(3) octet number NA, viz.

K =
NA

NA + 4
. (A11)

Appendix A.2. Additional Koide-type Constants 765

The G-M relations of § 3.1 can help us make physical sense of various other triple 766

combinations of masses involving quarks or bosons that have been previously derived by 767

numerology. Here, we summarize the calculations for three triplets that naturally come to 768

mind, the quarks c-b-t and u-d-s, and the bosons W±-Z0-H: 769

770

High-mass quarks c-b-t.—Based on experimental masses, equation (A1) with c-b-t val- 771

ues in place of e-µ-τ values produces a constant of 0.669 on the right-hand side, only 0.35% 772

higher than K = 2/3. This is a solid physical result. From the equations of § 3.1, we find 773
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Table A1. Boson-Quark mass ladder in terms of the Higgs mass mH. Two scales are used, Koide’s
K = 2/3 and the 1/30 deflation of mH down to the bottom quark mass mb.

Particle Mass Relation Deviation∗ (%)
BOSONS

Z0 mZ0 = K3/4 mH +1.3
W± mW± = KmH +3.9
QUARKS

top mt = K−3/4 mH −1.6
bottom mb = mH/30 −0.12
charm mc = 2

√
K/303 mH −2.0

strange ms =
(
K/302)mH −0.67

down md = 2
(

K7/4/303
)
mH −2.3

up mu =
(
K2/303)mH −4.6

∗ Deviation = [(right-to-left side) −1]×100% .

that mt = 30mbK−3/4, mc = 2mb
√

K/30, and a corresponding constant of 0.668 with a 774

deviation of 0.20% from K = 2/3. 775

776

Low-mass quarks u-d-s.—Koide’s K is not produced by the masses of the u-d-s triplet.
Based on their experimental masses, equation (A1) with u-d-s in place of e-µ-τ produces the
constant J = 0.567 on the right-hand side, probably a value of no interest to numerology. We,
on the other hand, have derived this constant analytically by utilizing the G-M relations of
§ 3.1 and by expressing the u-d-s quark masses in terms of the Higgs scales mb/mH = 1/30
(deflation) and K = 2/3 (Koide), used in assignments of masses lower than mH. It turns
out that the entire boson-quark mass ladder has to be calculated in the process. The results
of our calculations are listed in Table A1. Using the values obtained for the u-d-s masses at
the bottom of the mass ladder, we find that

(mu + md + ms)/(
√

mu +
√

md +
√

ms)
2
= 0.570 , (A12)

a constant that deviates only by 0.53% from the experimental value of J = 0.567. In this 777

case, we find that 0.570→ 4/7, f = 2CF = NA/N = 8/3, and J = NA/(NA + 2N) = 4/7 778

in SU(3) (in place of equations (A9)-(A11)). 779

780

Higgs bosons W±-Z0-H.—Based on experimental masses, equation (A1) with W±-Z0-H
masses in place of e-µ-τ masses produces a constant of B = 0.336 on the right-hand side,
only 0.80% higher than the lowest attainable value of 1/3 obtained for three equal masses.
From equations (39) and (40), we find that mZ0 = K3/4mH and mW± = KmH (see also
Table A1), and then, equation (A1) for the W±-Z0-H triplet is transformed to

1 + K3/4 + K = 0.336
(

1 + K3/8 + K1/2
)2

, (A13)

with an accepted root at K1 = 0.662 (deviation 0.70% from K = 2/3) and a rejected root 781

at K2 = 1.541. We conclude that K1 is Koide’s constant, in which case, f = 1.012 on 782

the right-hand side of equation (A2) and B = f /( f + 2) (let B → K in equation (A7)). 783

The quark-antiquark color octet number NA and the quadratic Casimir charge CF are not 784

involved in these calculations (equations (A9)-(A11) are not applicable to bosons). 785

Appendix B. A Universal Natural Law Discovered in Widely Distant Scales 786

The work that we presented in this paper was triggered by the realization that the 787

unit of force F0 = c4/G is precisely the same in the cosmological and the Planck systems 788

of units. Furthermore, this unit takes the form of the [speed]4 Tully-Fisher/Faber-Jackson 789
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relation [16,17] discovered in galaxies (§ 4.1). This is astonishing, given the tremendous 790

difference in scales between the two systems of units. 791

The implication is that such a fundamental relation ought to exist also in the Planck 792

scale, and presumably in the microcosmic scales as well. Indeed, they do exist, and the 793

first such relation dates back to Stefan [38], who discovered the famous [temperature]4
794

dependence of an emitting blackbody’s intensity or power surface density with units 795

[power][area]−1. We searched and found that such a universal law has been discovered 796

in all of the above scales, but a connection has not been previously made because the 797

corresponding subfields of physics are presently disjoint. 798

The universal law involves the surface densities of various fundamental quantities. 799

(Such surface-density dynamical variables have become of primary importance in the work 800

presented in our recent paper [1].) These surface densities are all related to the fourth power 801

of kinetic terms which are limited by the various small resistances imposed by the vacuum. 802

Specifically: 803

(1) In quantum gravity, the energy-density shift of the Higgs field UH resulting from
spontaneous symmetry breaking (that prevents ultraviolet divergence) is UH ∝ v4,
where v is the Higgs vacuum expectation value [26]. This relation is equivalent to

σF ∝ v4 , (A14)

where the “force surface density” σF ≡ F/A (where F is force, A is area, and 804

UH = F/A has dimensions of [pressure]). 805

806

(2) In the macroscopic realization of the Casimir effect, the same force per unit area is
proportional to the fourth power of the reciprocal of distance D between parallel plates
[44,45], viz.

σF ∝ (1/D)4 . (A15)

The units agree in the last two relations, since v above has dimensions of [distance]−1
807

[26]. 808

809

(3) In atomic physics, the celebrated Stefan-Boltzmann law [38,39] takes the equivalent
form

σP ∝ Θ4 , (A16)

where the “power surface density” (intensity) σP ≡ P/A, P is power, and Θ is mean 810

temperature. 811

812

(4) In astrophysics, galaxies obey the relation M ∝ V4, where M is mass and V is rotational
speed or stellar velocity dispersion in spiral [16,46–48] and elliptical [17,49,50] galaxies,
respectively. This relation is equivalent to

σI ∝ V4 , (A17)

where the “moment-of-inertia surface density” σI ≡ I/A (where I is moment of inertia 813

and I/A has dimensions of [mass]). 814

Appendix B.1. Dimensional Analysis of Surface Densities 815

Dimensional analysis can help us understand the meaning of these surface densities,
but not by reducing their definitions to the fundamental units of the UPS. We have to search
a little harder to find any common properties between these quantities. We begin with
the power surface density (wave intensity) σP that assumes the simplest form among the
surface densities:

σP =
F2

(I/T)
. (A18)
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In EM interactions, the rate of change of moment of inertia can be replaced by

I/T = q2Z0 , (A19)

where q is charge and Z0 =
√

µ0/ε0 is vacuum impedance; we find that

σP = Z−1
0 E

2 , (A20)

where the electric field is given by E = F/q. 816

For gravitational power, the force in equation (A18) is also modified by the vacuum,
but only by coupling to Newton’s G. Rewriting equation (A18) in terms of the gravitational
field (acceleration) a, we find that

σP =
( c

G

)
a2 . (A21)

Force is F = P/c in terms of power P, and the force surface density σF takes the
corresponding forms

σF =
σP
c

= ε0E2 = G−1a2 , (A22)

where the vacuum’s c drops out from gravity’s σF. This is a fundamental difference as 817

compared to the EM field’s σF, in which the vacuum (the ε0 here) is permanently attached. 818

Finally, as was probably expected, the moment-of-inertia surface density σI = M does
not quite conform to the above picture. We find that

σI =
F2

(I/T4)
=

J 2

(I/T2)
, (A23)

where J is impulse and I/T2 is energy. Mass is already built with inertia, and it is not
surprising that it does not scale as (I/T)−1, as the other densities do. To find out how this
force squared and impulse squared are regulated, we rewrite the terms in the denominators.
It turns out that

I/T3 = P , (A24)

so that equation (A23) then takes the form

σI =
F2

(P/T)
=
J 2

PT
, (A25)

where the integrated quantity PT represents energy E. Thus, F2 is regulated by the rate of 819

change of power P/T, and J 2 is regulated by energy PT, both of which are restricted by 820

the speed of light. 821

Appendix B.2. Physical Properties of Surface Densities 822

We conclude with a summary of properties of the above three surface densities: 823

(a) The densities σP and σF (wave intensity and pressure, respectively) are both modified 824

by the rate of change of inertia (I/T) at all scales (equations (A18) and (A22)). 825

(b) Density σI (i.e., mass) is not modified by inertia, it is inertia; instead, we can say that 826

mass is force squared F2 regulated by the rate of change of power (P/T), or impulse 827

squared J 2 regulated by energy E (equation (A25)), where E should be viewed here 828

as the rate of change of the action integral, i.e., (S/T). 829

(c) Vacuum constants are explicitly present in σP (equations (A20) and (A21), where σP is 830

written in terms of the force fields squared E2 and a2, respectively). 831

(d) The vacuum remains present in the σF of the EM field, but it drops out from the σF of 832

the gravitational field (both behaviors are shown in equation (A22)). 833
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(e) The force surface density σF (equation (A22)) represents the conventional energy 834

density of the force fields, whereas σP (equation (A18)) shows that inertia is present 835

during the action of all forces. 836

(f) Both sides of equation (A19) have dimensions of Planck’s constant h, thus I/T ∼ 837

q2Z0 = [action]. Higher powers of T in I/Tn (n = 2, 3) are also physically quite 838

important: I/T2 = [energy] and I/T3 = [power]. Equation (A24) for I/T3 then 839

implies that power stems from the third time derivative of the moment of inertia, 840

a property that is fundamental for the emission of gravitational waves. The same 841

relation, applied to EM waves, produces the ohmic power with dimensions of [electric 842

current]2 [ohmic resistance]. 843

(g) Equations (A14)-(A17) all have the characteristic form

[a surface density] ∝ [a kinetic scalar quantity]4 ,

in which the power of 4 represents N + 1 degrees of freedom, with N = 3 for the 844

spatial dimensions, plus 1 degree of freedom for the scale of the underlying scalar 845

quantity. 846

(h) The intensity σP and the pressure σF are proportional to kinetic terms that express
[specific energy]4. The Tully-Fisher/Faber-Jackson relation M ∼ V4 ∼ [specific energy]2

[16,17] then indicates that, in units where c = G = 1 ([26], p. xix), it is the square of
the mass

M2 = (σI)
2 ∼ [specific energy]4 ,

that falls in the same category. Thus, we believe that the M2 term here is meant to 847

signify that the inertial and the gravitational mass are included on an equal footing 848

(just as in equation (12) discussed in § 2.1.3). 849
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