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Abstract: Background: Bayesian Network (BN) modeling is a prominent methodology in computational systems

biology. However, the incommensurability of datasets frequently encountered in life science domains gives

rise to contextual dependence and numerical irregularities in the behavior of model selection criteria (such as

MDL, Minimum Description Length) used in BN reconstruction. This renders model features, first and foremost

dependency strengths, incomparable and difficult to interpret. In this study, we derive and evaluate a model

selection principle that addresses these problems. Results: The objective of the study is attained by (i) approaching

model evaluation as a classification problem, (ii) estimating the effect that sampling error has on the satisfiability

of conditional independence criterion, as reflected by Mutual Information, and (iii) utilizing this error estimate

to penalize uncertainty with the novel Minimum Uncertainty (MU) model selection principle. We validate our

findings numerically and demonstrate the performance advantages of the MU criterion. Finally, we illustrate

the advantages of the new model evaluation framework on real data examples. Conclusions: The new BN

model selection principle successfully overcomes performance irregularities observed with MDL, offers a superior

average convergence rate in BN reconstruction, and improves the interpretability and universality of resulting

BNs, thus enabling direct inter-BN comparisons and evaluations.

Keywords: Bayesian networks; probabilistic networks; conditional independence; model selection criteria; mutual

information; sampling error; statistical uncertainty; MDL; BIC; AIC; BD; tRNA; APOE

1. Background

Probabilistic Bayesian Network (BN) modeling is a prominent tool in modern medical and life
sciences. Apart from the standard array of data-analytic uses that are common to all probabilistic
models, it has the advantage of capturing the complex structure of the web of relationships underlying
the biological reality. When used for extraction of meaning from data, BN modeling generates valid,
data-driven, evidence-based, and directly interpretable hypotheses, adding mechanistic value (for both
theoretical and applied research) to the more conventional numerical replication of phenomenology.

BN-based dependency modeling has firmly established itself in computational biology and gained
significant traction in secondary data analysis. Recent BN work runs the gamut of high-dimensional
data analysis applications from pathway analysis [1,2] to serology [3] to cell communications [4,5]
to connectomics [6] to genomics [7–11] to epigenomics [12,13] to transcriptomics [14]. Our prior
BN application work ranged from flow cytometry [15] to chromatin interactions [16] to molecular
evolution [17] to genetic epidemiology [18]; it is precisely this wide variety of biomedical domains
and datasets that stimulated the present study, aiming at standardizing the BN evaluation across the
different domains, datasets and modalities.

The specific problem that we address in this study arises in the context of analyzing BNs recon-
structed from incommensurate data sources. Even if such BNs share an identical set of variables,
comparing them is a non-trivial matter because certain structural features, although visually different,
may belong to classes of equivalence, while structural similarities may obscure subtle but important
differences. The task becomes even more complicated when assessing variable dependence strengths
and their interplay with the rest of the network. As the results of structure recovery, edge insertions
and edge strengths depend on a model score which quantifies a given model selection principle and
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typically offers only relative ordering of edges on an arbitrary scale. All of the technical details and
possible irregularities of the realization of the model score are thus injected into the reconstructed
model, which renders the interpretation of edges and their strengths difficult and non-portable in
biological and biomedical settings. In our experience, this significantly impedes BN modeling adoption
in the life sciences and in translational and clinical practice.

The outlined issue motivates designing a scoring criterion that could serve not only as an objective
function for structure recovery, but as a measure of dependency strength on an absolute scale, enabling
direct comparison of individual edges and structural features between networks, without parsing
massive conditional probability tables and factorizations in search of explanations for local network
behavior.

We will proceed by first considering possible modifications of a well-established Minimum
Description Length (MDL) criterion. Under certain conditions (large i.i.d. sample), it is also equivalent
to another well-established criterion, Bayesian Information Criterion (BIC), with MDL/BCI being a
de facto standard in the BN reconstruction context [19,20]. Although the end results may vary from
one criterion to another, the reasoning that follows is applicable to most model selection optimization
principles (AIC, Akaike Information Criterion; BD, Bayesian Dirichlet, etc.). Learning a BN structure
G∗ from the dataset D can be restated as

G∗ = arg max
G

MDLD(G) (1)

where the scoring criterion takes the following form [20]:

MDLD(G) = LLD(G)− 1
2

C(G) log(N) (2)

The first term LLD(G) is the log-likelihood of the structure G with respect to D, and 1
2 C(G) log(N)

represents the description length of G with C(G) (or complexity) usually taken to be proportional to the
number of free parameters necessary to represent the factorization of the joint probability of G. More
specifically, for a dataset with sample size N containing n of ri-variate random variables Xi whose
ancestor sets πi have qi unique instantiations wij, with the event {πi = wij} appearing in the dataset
Nij times, and the event {Xi = xik} ∩ {πi = wij} appearing in the dataset Nijk times, MDL scoring
functions can be stated as follows [20]:

MDLD(G) =
n

∑
i=1

qi

∑
j=1

ri

∑
k=1

Nijk log
Nijk

Nij
− 1

2

n

∑
i=1

ri(qi − 1) log(N) (3)

where the first term is the log-likelihood LLD(G) which corresponds to the description length of the
data given the model estimated from the dataset, and the second term is the description length of the
network. The log-likelihood term is also related to conditional entropy HD of individual nodes Xi of G
and their parent node sets πi:

LLD(G) = −N ∑
i

HD(Xi|πi) (4)

From this point on, we drop the subscript D and consider all relevant quantities as their numerical
estimates computed with respect to D.

While MDL performs reasonably well as an objective function, its composition gets in the way of
interpreting the scores that it generates. First, the log-likelihood term is proportional to the sample size
N, as is apparent from equation 4, which means that for every new dataset this portion of the score is
bound to a different scale unless the sample size remains constant. Second, the network description
length term is itself on a different scale than the log-likelihood, meaning that the relative contribution
to the total score varies at a different rate between the two terms across different datasets. To illustrate
with a common data analysis scenario example: given a specific dataset, a network obtained via
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subsampling would be numerically not comparable with the network obtained using the entire data,
crippling the interpretation of the results.

The most obvious way to address this would be to do away with sample size dependence.
Conveniently, LL(G) can be easily rescaled to the sum of local conditional entropies. However, simply
rescaling MDL by 1/N leaves the network description length term proportional to log(N)/N, failing
to eliminate sample size dependence, or to explain the diminishing penalization of network complexity
at higher sample sizes

MDL(G)/N = −
n

∑
i=1

H(Xi|πi)−
1
2

C(G) log(N)/N (5)

Clearly, this "naive" approach defers rather than resolves the problem and certainly does not explain
why these seemingly incommensurate terms should appear together in the first place. After all, the
network description length term is neither proportional to the measure of entropy nor is it bound to
the same scale.

The basic analysis of the relative roles the constituent components of MDL play in model selection
reveals that the monotonic behavior of the log-likelihood or, equivalently, the conditional entropy
with the increasing number of conditioning variables is counterbalanced by a term that demands
higher network description efficiency for sparser data but can become close to irrelevant for larger
sample sizes. This confounding trade-off irregularity is an indication of a misalignment between the
competing objectives.

Moreover, maximizing log-likelihood (or minimizing conditional entropy), the consequence of
the problem formulation, should not be the principal objective, even if it partially coincides with the
goal of finding an optimal structure. This is apparent from the fact that the conditional entropy reaches
minimum when every sample gets its own class, or when the joint events of the ancestor variables are
fine-grained enough to homogenize the conditioned variable, since for any pair π and π′ of ancestor
sets, π ⊂ π′ implies H(X|π) ≥ H(X|π′). Hence, these optima clearly do not have to coincide with the
entropy of the true solution. Even more importantly, the true solution should correspond to the correct
conditional probability distribution, as opposed to the distribution with minimum entropy (maximum
likelihood), regardless of its description efficiency.

On the other hand, arguably the most important quality of MDL from the BN reconstruction per-
spective is that the conditional entropy minimization serves the purpose of finding locally dependent
variables via the structure improvement criterion of the form

∆H = H(X|π)− H(X|π, Y) (6)

which arises as the network search evaluates candidate structures against the current network con-
figuration. In essence, it is a conditional independence test, in the sense that ∆H = 0 whenever X is
independent of Y given its ancestor set π. It is worth noting that ∆H is also known as the Conditional
Mutual Information (CMI), another information-theoretic quantity that frequently arises in machine
learning [20].

The above suggests that there is no need to be concerned about the justification of conditional
entropy application and its value at the true solution to resolve the correct structure. It is sufficient
to consistently maximize local dependence, controlling overfitting by a stringent independence test
policy, and making sure that the apparent dependencies that fall bellow the threshold of statistical
certainty are classified as conditional independence. With all of this in mind, we will now re-derive
the score to make all the terms contextually congruent and free of any irregularities. We will formulate
the model selection criterion implicitly via evaluation of the structure modification from G to G′ as

∆S(G, G′) =
n

∑
i=1

H(Xi|πi)− H(Xi|π′i)− µ(Xi, π′i) (7)
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where the last term µ will perform the function of penalizing statistical uncertainty, reflecting the ac-
ceptable local independence policy. In the following sections, we will construct a suitable penalty term,
grounding our reasoning in numerical satisfiability considerations, and investigate its performance.

2. Methods: Numerical Satisfiability and Sampling Resolution in Independence Criteria

One of the difficulties in assessing independence lies in the fact that analytical criteria, such
as, for example, separability of the joint probability, i.e. P(X, Y) = P(X)P(Y), can only be satisfied
approximately in practice. Here we will be interested primarily in the degree to which finite sample
resolution affects the numerical satisfiability of the independence criterion expressed in terms of the
information-theoretic entropy, e.g. H(X)− H(X|Y) = 0.

For a finite sample of size N the maximum likelihood estimate of the probability of the small-
est observable event is 1/N. This estimate is also the smallest observable difference between the
probabilities of any two events. In other words, any two probability estimates must differ by at least
1/N to be considered distinct. Further, for any two probability distributions to be distinct they must
differ by at least 1/N over at least one event and its complement. Therefore, variation of conditional
entropy evaluated for any two such minimally distinct probability distributions constitutes the mini-
mum observable distinction in entropy. Conditional entropy variation that falls below this threshold
corresponds to variation in distribution indistinguishable in the data. Moreover, a finite sample is
subject to sampling error unless the sample coincides with the whole population. For categorical or
discretized data, in the simplest scenario, the sampling error can be attributed to the category variance
of the multinomial distribution, giving rise to the uncertainty in probability estimates. Conversely,
even when the probability estimates happen to coincide with the true distribution, it is generally
impossible to unconditionally recognize this scenario due to non-uniqueness of the distribution that
satisfies the observations. Non-uniqueness arises from the fact that all distributions in the immediate
neighborhood of the true distribution can generate the same observations with some probability, but,
more importantly, some members of this neighborhood are indistinguishable at the given sampling
resolution. It follows that the conditional independence criterion can never be satisfied with certainty,
for even under the ideal circumstances, there is an ambiguity in the exact distribution the criterion
evaluation actually corresponds to unless this distribution is known a priori. Finally, the sampling error
that arises in the estimation of conditional probability depends on the sample size of the conditioning
event which implies that the conditional independence criterion has to be evaluated over estimates
with varying degree of uncertainty. To address this uncertainty in the most direct way we consider a
distribution and its immediate neighborhood that corresponds to the small sample count variations in
categorical data. For the reasons outlined above, members of this neighborhood are indistinguishable
in the data, so an upper bound for the corresponding variation in conditional entropy can serve as a
data-centric numerical satisfiabiliy filter for the conditional independence criterion at a given sampling
resolution.

Suppose that p is a member of (d− 1)-dimensional simplex S and h ∈ S is a small perturbation
such that ∑d

k=1 hk = 0, so that p+ h is again a member of the same simplex. Since entropy is an analytic
function over the interior of S, it can be expressed by its Taylor series in a neighborhood of p:

H(p + h) = H(p) +∇H(p) · h +
1
2

hT · D2H(p) · h + R(p, h) (8)

where R(p, h) is the sum of the higher order terms. Let r = 1/N be the smallest observable variation in
event probability as estimated from data. Then the smallest observable perturbation h to any simplex
member must have hn = r as its n-th component and hm = −r as its m-th component, with all other
components being identically zero, e.g. h = (0, . . . , 0, r, 0, . . . , 0,−r, 0, . . . , 0). This h corresponds to the
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perturbation of the category counts where one category gains and another looses a sample. Evaluating
the second term of the expansion for this h gives

∇H(p) · h = −∑
k

hk(log(pk) + 1) = −r(log(pn)− log(pm)) = −r log(pn/pm) (9)

because ∑k hk = 0. Suppose the nontrivial components of p lie between r and 1 − r, i.e. at the
prescribed resolution every nonzero category contains at least one sample. Since the extreme values of
log(pn/pm) are achieved whith either pn = r and pm = 1− r, or the other way around, the following
inequality holds

−r log((1− r)/r) ≤ ∇H(p) · h ≤ −r log(r/(1− r)) (10)

In the same spirit, the third term of the expansion evaluates to

1
2

hT · D2H(p) · h = −1
2 ∑

k

h2
k

pk
= − r2

2
(1/pn + 1/pm) (11)

and for the same reason as above the following holds

− r2

2
(1/r + 1/r) ≤ 1

2
hT · D2H(p) · h ≤ − r2

2
(1/(1− r) + 1/(1− r)) (12)

Higher order terms Rk of the expansion, that comprise the residual R(p, h) = ∑k Rk(p, h), present the
following pattern

R1(p, h) =
1
3! ∑

∂3H(p)
∂pi∂pj∂pk

hihjhk = −
1
3! ∑

−h3
i

p2
i

=
1
3!

r3(1/p2
n − 1/p2

m) (13)

R2(p, h) =
1
4! ∑

∂4H(p)
∂pi∂pj∂pk∂pl

hihjhkhl = −
1
4! ∑

2h4
i

p3
i

= −2r4

4!
(1/p3

n + 1/p3
m) (14)

R3(p, h) = − 1
5! ∑

−2 · 3 · h5
i

p4
i

=
3!r5

5!
(1/p4

n − 1/p4
m) (15)

R4(p, h) = − 1
6! ∑

3! · 4 · h6
i

p5
i

= −4!r6

6!
(1/p5

n + 1/p5
m) (16)

Since the even terms are strictly negative and the odd terms can be split into positive and negative
parts, the residual R can be bounded above by

R+ =
∞

∑
k=1

(2k− 1)! · r2k+1

(2k + 1)! · r2k = r
∞

∑
k=1

1
(2k)(2k + 1)

≤ r ∑
k

1
(2k)2 = r

π2

24
(17)

and bounded below by

R− =
∞

∑
k=1

−2 · k! · rk+2

(k + 2)! · rk+1 − R+ = −2r
∞

∑
k=1

1
(k + 1)(k + 2)

− R+

= −2r/2− R+ ≥ −r− r
π2

24

(18)

The conditional independence criterion can be expressed as follows:

∆H = H(X)− H(X|Y) = H(X)−∑
k

P(Y = yk)H(X|Y = yk) (19)
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In the near-conditional-independence scenario H(X|Y = yk) lies in the immediate neighborhood of
H(X) and can be approximated by the series expansion as above, leading to the expression

∆H = H(X)−∑
k

P(Y = yk)×

×
(

H(X) +∇H(X) · hk +
1
2

hT
k · D

2H(X) · hk + R(P(X), hk)

)
(20)

where the perturbation hk = (0, . . . , 0, rk, 0, . . . , 0,−rk, 0, . . . , 0) is now defined in terms of the smallest
event variation rk = 1/Nk that corresponds to the observations conditioned on the event (Y = yk)

with the sample count Nk. Subsequent simplification leaves the expression containing only the terms
proportional to hk:

∆H = −∑
k

P(Y = yk)

(
∇H(X) · hk +

1
2

hT
k · D

2H(X) · hk + R(P(X), hk)

)
(21)

Substituting the appropriate bounds for the individual terms of the expansion one can now obtain the
bounds for the effect that the sampling error has on the independence criterion in the near-conditional-
independence scenario:

∆H ≤ −∑
k
(−rk log((1− rk)/rk)− rk − rk(1 + π2/24))P(Y = yk)

= ∑
k
(log(Nk − 1) + 2 + π2/24)/N (22)

and

∆H ≥ −∑
k
(−rk log(rk/(1− rk))− r2

k/(1− rk) + rkπ2/24)P(Y = yk)

= ∑
k
(− log(Nk − 1) + 1/(Nk − 1)− 1)/N (23)

where rk = 1/Nk and P(Y = yk) = Nk/N are the maximum likelihood estimates. We will not concern
ourselves with obtaining tighter or more general bounds for now, although this approach clearly
makes it possible.

Noting that, in general, ∆H ≥ 0, and that the obtained above lower bound is negative, i.e.

∑
k
(− log(Nk − 1) + 1/(Nk − 1)− 1)/N ≤ 0 (24)

we can safely exclude the lower bound from consideration for now.
For the upper bound, we note that it is satisfiable only when Nk ≥ 2. This makes sense, because

Nk < 2 is the sampling resolution territory. However, for practical purposes we may actually prefer
an upper bound that affords computation without additional constraints on Nk other than that of
positivity, thereby arriving at the final result in the form

∆H ≤∑
k
(log(Nk) + 2 + π2/24)/N (25)
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Identical reasoning applies in a situation with several conditioning variables:

H(X|Y)− H(X|Y, Z) =

= ∑
i,j

(
P(Y = yi)H(X|Y = yi)− P(Y = yi, Z = zj)H(X|Y = yi, Z = zj)

)
= −∑

i,j
P(Y = yi, Z = zj)×

×
(
∇H(X|Y = yi) · hij +

1
2

hT
ij · D2H(X|Y = yi) · hij + R(P(X|Y = yi), hij)

)
≤∑

ij
(log(Nij) + 2 + π2/24)/N

(26)

where the sample count Nij corresponds to the joint event with probability

P(Y = yi, Z = zj) = Nij/N. (27)

With these bounds the condition for insertion of an edge Xi ← Xj can be stated as the requirement that
∆S(Xi, Xj) > 0, where

∆S(Xi, Xj) = H(Xi|πi)− H(Xi|πi ∩ Xj)− µ(πi ∩ Xj) (28)

with the term penalizing uncertainty given by

µ(πi ∩ Xj) = ∑
k
(log(Nk) + 2 + π2/24)/N (29)

and Nk being the sample count associated with the k-th state of πi ∩ Xj. Similarly, the condition for
deletion of an edge Xi ← Xj requires that ∆S(Xi, Xj) ≤ 0.

Further, since the whole conditioning variable set can naturally be considered a single conditioning
variable the same bound applies to H(X)− H(X|Y, Z), i.e. expanding H(X|Y, Z) around H(X) yields

H(X)− H(X|Y, Z) = H(X)−∑
i,j

P(Y = yi, Z = zj)H(X|Y = yi, Z = zj)

= −∑
i,j

P(Y = yi, Z = zj)

(
∇H(X) · hij +

1
2

hT
ij · D2H(X) · hij + R(P(X), hij)

)
≤ µ(Y ∩ Z) (30)

Hence, evaluation strategy can be expanded to arbitrary ancestor configurations πi of Xi via

∆S(Xi, πi) = H(Xi)− H(Xi|πi)− µ(πi) (31)

which compares the mutual information of the configuration with its uncertainty. The optimal ancestor
set π∗i is subject to

π∗i = arg max
πi

∆S(Xi, πi) (32)

which is equivalent to
π∗i = arg min

πi
H(Xi|πi) + µ(πi) (33)
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Thus, if the scoring criterion for a network G is taken to be

S(G) =
n

∑
i=1

H(Xi|πi) + µ(πi) (34)

with the objective given by
G∗ = arg min

G
S(G) (35)

then for any two networks from the same equivalence class the structure with the smallest overall
uncertainty would have the score advantage. Since, all else being equal, such a formulation would
prioritize dependencies with the least uncertainty, the guiding model selection principle can be
denominated as the principle of Minimum Uncertainty (MU). The partial ordering over the set of
networks that actually coincides with the local edge insertion and removal criteria described above
requires additional constraints and can be realized via a relation given by

∆S(G, G′) =
n

∑
i=1

∆S(Xi, πi, π′i) (36)

where

∆S(Xi, πi, π′i) =


H(Xi|πi)− H(Xi|π′i)− µ(π′i), if πi ⊂ π′i
H(Xi|πi)− H(Xi|π′i) + µ(πi), if π′i ⊂ πi

H(Xi|πi)− H(Xi|π′i) + µ(πi)− µ(π′i), otherwise

(37)

Note that even though we have retained N in the penalty term this no longer presents an issue
because now this term is commensurable with entropy and is nothing more than the amount of
uncertainty or error acceptable in the evaluation of the independence criterion that arises due to
sampling error; no additional interpretation should be ascribed to it.

Under MU, the appearance, fixation, and strength of dependencies in the network can be inter-
preted in the more practical terms of representational accuracy and precision, instead of relying on the
purely abstract criteria such as maximum likelihood, maximum posterior probability, or maximum
parsimony.

3. Results
3.1. Numerical Verification and the Sensitivity Profile

In this section, we will use pairs of multivariate independent variables, obtained from a multino-
mial distribution with a uniform Dirichlet prior, to investigate and verify numerically the behavior of
the uncertainty penalty term obtained in the previous section. The uniform prior is chosen in order to
include the greatest variety of the simplex members in the procedure, so that the criterion is tested
across the widest range of parameters.

An example of the data obtained from a sequence of 105 8-variate categorical pairs of independent
variables with sample size N = 103 is shown in Table 1. For brevity, we only include the results
for 5 pairs (this is sufficiently representative given that the statistical behavior across all pairwise
comparisons is summarized in Table 2 below). The negative sign retained in the table arises due to the
effect the penalty terms play in the evaluation of both

∆MDL = ∆H − ∆c and ∆S = ∆H − µ (38)

where ∆c and µ represent the MDL complexity penalty and the uncertainty penalty (obtained in this
work), respectively. More importantly, the negative sign is an indicator that the update should be
rejected due to near-independence in the case of ∆S, and due to high storage requirements in the case of
∆MDL. As we will see further, the update rejection, equivalent to the detection of near-independence
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within the framework developed in this study, is not guaranteed for all independent variables, at least
for the MDL score (see Table 4).

Table 1. The data generated for 105 pairs of 8-variate independent variables with N=1000. Five
representative pairs are shown. The 1st column is the conditional entropy deviation ∆H = H(X)−
H(X|Y); 2nd column is the corresponding uncertainty penalty, obtained in this work; 3rd column is
the MDL complexity; 4th column is the update of the uncertainty penalized score; 5th column is the
update of MDL.

∆H −µ −∆c ∆S ∆MDL
0.02403642 0.05743832 0.16924000 -0.03340190 -0.14520358
0.01683616 0.05483424 0.16924000 -0.03799808 -0.15240385
0.03657420 0.05738811 0.16924000 -0.02081391 -0.13266580
0.02864827 0.05710318 0.16924000 -0.02845492 -0.14059174
0.02562050 0.05696398 0.16924000 -0.03134347 -0.14361950

Table 2 summarizes the statistical behavior across the same sequence of 105 pairs. Note that the
∆c is constant, while ∆S reacts to the local properties of every pair of variables under consideration,
and is a tighter bound for the deviation from independence, given by ∆H.

Table 2. Statistical summary for 105 independent variable pairs with 8 categories and N=1000.

∆H −µ −∆c ∆S ∆MDL
mean 0.02480604 0.05363642 0.16924000 -0.02883038 -0.14443397

median 0.02450248 0.05409550 0.16924000 -0.02908602 -0.14473752
σ 0.00503776 0.00237667 0.00000000 0.00520181 0.00503776

max 0.04983589 0.05785563 0.16924000 -0.00333894 -0.11940411

Table 3 summarizes the results of 105 pairwise comparisons of 4-variate independent variables
and N = 1000. Note that the lower category count resulted in a decrease in the deviation from perfect
independence, and that this effect is also accounted by the drop in both penalty terms, although at
vastly different rates.

Table 3. Statistical summary for 105 independent variable pairs with 4 categories and N=1000.

∆H −µ −∆c ∆S ∆MDL
mean 0.00457969 0.02989537 0.03108490 -0.02531568 -0.02650521

median 0.00425591 0.03029054 0.03108490 -0.02564577 -0.02682899
σ 0.00214034 0.00153177 0.00000000 0.00258117 0.00214034

max 0.01933179 0.03173017 0.03108490 -0.01002770 -0.01175311

Table 4, on the other hand, indicates a failure of MDL to properly detect near-independent pair, as
can be seen in the last row of the ∆MDL column. Here, the pairwise comparisons are carried out for
2-variate independent pairs with sample size N = 1000, and MDL misclassifies 920 independent pairs
out of 105, approximately 1%.

Table 4. Statistical summary for 105 independent variable pairs with 2 categories and N = 1000.

∆H −µ −∆c ∆S ∆MDL
mean 0.00050636 0.01663084 0.00345388 -0.01612448 -0.00294752

median 0.00023039 0.01696400 0.00345388 -0.01647059 -0.00322349
σ 0.00071399 0.00087238 0.00000000 0.00112515 0.00071399

max 0.00953119 0.01725168 0.00345388 -0.00693925 0.00607731

Note that the failure of ∆MDL to identify independent variables is not mitigated by an order
of magnitude increase in the sample size, i.e. N = 10000, as can be observed in Table 5. But the
total number of misclassifications of independent pairs falls to 227, which is approximately 0.23%.
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These results are consistent with the well-known observation that the MDL complexity term tends to
under-penalize low category count variable pairs, causing at times severe overfitting in the context of
BN recovery from data. Observed sample size dependence in MDL’s ability to classify independent
variables correctly, however, fails to explain why ∆c needs to be sensitive to sample size, given
the relatively well-behaved, well-represented profile of conditional and joint events of the scenario
presented here. Clearly, this undesirable under-penalizing property of MDL complexity term cannot
be easily dismissed as the shortcoming of the data (see Figure 1), particularly given the fact that ∆c
depends only on N and reflects nothing else about the variable pairs in question.

Table 5. Statistical summary for 105 independent variable pairs with 2 categories and N = 10000.

∆H −µ −∆c ∆S ∆MDL
mean 0.00004980 0.00212434 0.00046052 -0.00207455 -0.00041072

median 0.00002275 0.00215681 0.00046052 -0.00210780 -0.00043777
σ 0.00007025 0.00008392 0.00000000 0.00010969 0.00007025

max 0.00092597 0.00218569 0.00046052 -0.00113677 0.00046545

To investigate this misclassification further we consider batches of 10000 randomly generated
pairs of binary variables for a range of sample sizes. For every batch, we extract the pair that gives
the maximum value of ∆H and evaluate the corresponding values of ∆c and µ. These values are then
plotted against the increasing sample size in Figure 1. The MDL penalty term ∆c clearly fails to bound
the deviation from independence ∆H across the whole range of sample sizes.

Figure 1. The behavior of the deviation from independence ∆H, the MDL penalty term ∆c, and the
MU penalty µ for random binary independent variable pairs across varying sample size.

In Figure 2, the range of sample sizes is extended to 50000 with a coarser increment to show that
the misclassification rate of ∆c sees general improvement as N increases, although at N = 46000 the
MDL penalty term once again fails to identify an independent pair. As expected, µ has no trouble
in this range of parameters, and its stricter penalization profile is justified by the general volatility
exhibited by ∆H.
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Figure 2. The behavior of ∆H, ∆c, and µ for random binary independent variable pairs across the
extended sample size range.

To continue, we return to our previous setup generating 105 independent pairs and consider the
scenario with 4-variate variables and N = 10000. Table 6 reveals the behavior consistent with the
expectations, where both updates identify near-independent pairs equally well. In this range of data
parameters the terms are very close in their magnitude, so it is not surprising that the behavior is
almost identical.

Table 6. Statistical summary for 105 independent 4-variate pairs with N = 10000.

∆H −µ −∆c ∆S ∆MDL
mean 0.00045291 0.00391531 0.00414465 -0.00346240 -0.00369174

median 0.00042035 0.00395117 0.00414465 -0.00349716 -0.00372430
σ 0.00021309 0.00014345 0.00000000 0.00025671 0.00021309

max 0.00198022 0.00409401 0.00414465 -0.00179072 -0.00216443

In Table 7 (8-variate pairs, N = 10000), the MDL penalty term is on average several times
greater than µ. Both scores, however, perform equally well in this range of parameters, identifying all
independent pairs correctly.

Table 7. Statistical summary for 105 independent 8-variate pairs with N = 10000.

∆H −µ −∆c ∆S ∆MDL
mean 0.00247550 0.00722180 0.02256533 -0.00474630 -0.02008983

median 0.00244186 0.00725890 0.02256533 -0.00478098 -0.02012347
σ 0.00049640 0.00021950 0.00000000 0.00054044 0.00049640

max 0.00532519 0.00762947 0.02256533 -0.00136958 -0.01724014

Table 8 reveals a misclassification on the part of ∆S, as can be seen in the last row of the ∆S column.
Further investigation reveals approximately 2.6% of misclassified pairs and sample size dependence of
the misclassification rate which is completely resolved by increasing the sample size by one order of
magnitude (Table 9). This observation is fully consistent with the general understanding of the effect
that limited sample size may have on conditional or joint events.

Table 8. Statistical summary for 105 pairs of 16-variate independent variables with N = 104.

∆H −µ −∆c ∆S ∆MDL
mean 0.01140676 0.01327543 0.10361633 -0.00186866 -0.09220957

median 0.01137637 0.01331589 0.10361633 -0.00189549 -0.09223996
σ 0.00109037 0.00032421 0.00000000 0.00110517 0.00109037

max 0.01673620 0.01408294 0.10361633 0.00326571 -0.08688013
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Table 9. Statistical summary for 105 pairs of 16-variate independent variables with N = 105.

∆H −µ −∆c ∆S ∆MDL
mean 0.00112990 0.00174350 0.01295204 -0.00061361 -0.01182214

median 0.00112681 0.00174529 0.01295204 -0.00061679 -0.01182523
σ 0.00010648 0.00001485 0.00000000 0.00010760 0.00010648

max 0.00166940 0.00177954 0.01295204 -0.00006718 -0.01128264

In the scenario presented here, a 16-variate random variable can be expected to have unconditional
events of the size P(X = xi) ≈ 0.0625. Therefore, any joint event will necessarily be smaller, in the
order of the square of the unconditional events due to independence, i.e.

P(X = xi, Y = yj) = P(X = xi)P(Y = yj) ≈ 0.00390625 (39)

This corresponds to only roughly 40 samples per joint event in the case of N = 104, on average. Clearly,
for such small probabilities the sample size should be larger to be adequately representative, otherwise
the unaccounted-for effects of sampling error may dominate the landscape.

It is not surprising that MDL falters in these circumstances, given how much it over-penalizes
∆H. This comes at the cost of specificity, i.e. MDL would clearly fail to classify dependent pairs as such
for all values of ∆H that would fall between, say, the values max ∆H and ∆c presented in the table.

Table 9 reveals the ability of ∆S to recover its sensitivity under the condition of sufficient sample
size. This is to be expected, since for N = 105 a joint event will correspond to roughly 400 samples, on
average. Note that while the MDL complexity term continues to over-penalize ∆H significantly even
when provided data of ample size, the sensitivity of µ attains a new degree of refinement.

Figure 3 recapitulates the misclassification analysis (that was performed for the binary variables
above) for the batches of 10000 random 16-variate independent variable pairs for every value of N. The
figure shows consistently improving classification precision of µ, with a somewhat elevated sensitivity
profile for smaller sample sizes, as expected due to the unaccounted-for effect of sampling error. On
the other hand, the excessive over-penalization imposed by ∆c, clearly visible in this figure, is difficult
to justify, given the abundant sample size and very consistent behavior on the part of ∆H.

Figure 3. The behavior of ∆H, ∆c, and µ for random 16-variate independent variable pairs across
varying sample sizes.

These results demonstrate that not only does the uncertainty penalty term µ have an edge in
interpretability, but that it is also far more balanced and consistent in its sensitivity profile, a matter of
direct relevance to practical performance in model selection.

This superior regularity of the MU criterion readily translates into better reconstruction conver-
gence rates. To substantiate this point we consider a 6400 sample dataset generated by an artificial
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8-node network with 3-variate nodes and repeatedly reconstruct the structure of the generating model
from it. The number of iterations necessary for our stochastic hill-climbing search algorithm to con-
verge to the correct BN structure is recorded. A total of 1024 runs of the reconstruction procedure is
repeated for both the MU and the MDL principles respectively, producing two separate distributions
of 1024 samples each. Figure 4 depicts the corresponding 8-bin histograms, truncated to 100 iterations
for the sake of presentation. Additional statistical details for the complete results are provided in
Table 10. Note that an 8-node network has 212133402500 Markov equivalence classes [21] - more than
enough for a naive procedure to get lost in the search space. The choice of a small 8-node network here
is motivated only by ability to collect enough statistics for the model selection criteria in a reasonable
amount of time; the convergence experiments for larger networks would add little practical value to
this study, since our primary objective is only to show the concrete improvements in the approach
to model selection. The BN recovery process itself is not limited by the network size, but testing its
performance on a wider selection of larger models is computationally challenging and will be a subject
of a separate dedicated study, as one of our future research directions.
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Figure 4. 8-bin histograms of the number of iterations to convergence for MDL (left) and MU (right)
criteria.

Table 10. Statistical summary of the number of iterations needed by a stochastic hill-climbing search to
recover the correct BN structure.

Mean σ Median Min Max
MU iterations 13.29 14.02 8 2 154

MDL iterations 39.85 33.35 30 2 292

As can be seen in Figure 4, the MU principle outperforms the MDL principle in the average rate
of convergence, with roughly 97% (996/1024) of runs reaching the target structue within 50 iterations,
as opposed to only about 72% (736/1024) for MDL.

The convergence advantage of MU over MDL might become even more pronounced under a
wider range of statistical parameters which tends to disfavor MDL.

3.2. Application to the Structural Biology of tRNA Molecules: Sample Size Invariance Study

In a prior study [17], we used BN modeling (with conventional scoring criteria) to study and
dissect the structure of intra-tRNA-molecule residue/position relationships across the three domains
of life, with an eye toward identifying informative positions and sections of the tRNA molecule in
different tRNA subclasses. In this study, we have recapitulated this analysis with the current version
of our BN modeling software BNOmics [18] using the "standard" MDL, and evaluated the resulting
BN across different sample sizes using the standard MDL and the novel criterion, MU. The tRNA
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sequences and alignment were assembled as in [17] with slight modifications, amounting to 9378 tRNA
sequences.

Figure 5 depicts the BN obtained from the full (9378 tRNAs) sample with the MDL criterion. The
tRNA residues in the network were colored according to the tRNA molecule structural domains —
red (acceptor stem), green (D-arm), blue (anticodon 131 arm) and yellow (T-arm). The tRNA residue
positions, shown inside the network node labels, followed the universally accepted tRNA position
numbering standard [22]. Figure ?? depicts the same structure but scored, also with MDL, against a
random subsample of 4689 tRNAs (50 percent of the full sample). Figure ?? depicts the same structure
scored with the MU criterion against the full (9378 tRNAs) sample. Finally, Figure ?? depicts the same
structure scored with the MU criterion against a random subsample of 4689 tRNAs (50 percent of the
full sample). It is clear that edge strengths obtained with the MDL scoring criterion strongly depend
on sample size (Figure 5 vs Figure ??), just as expected. In contrast, the edge strengths obtained with
the MU score are practically independent of sample size (Figure ?? vs Figure ??).
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Figure 5. BN obtained from the full sample (9378 tRNAs) with the MDL criterion. Nodes in the network
correspond to the tRNA positions, and edges — to the dependencies between the tRNA positions. The
“boldness” of the edge is proportional to the dependency strength, also indicated by the number shown
next to the edge. See text for further details.

A "naive" alternative, described above in the introduction, would be to rescale MDL scores by
1/N, thereby eliminating sample size dependence in the likelihood term (converting it to conditional
entropy). However, this transformation fails to eliminate sample size dependence from the complexity
term, demanding a separate interpretation for its contribution. The results of the "naive" rescaling
can be observed in Figure ?? and Figure ?? which exhibit significant instability in the strengths of
many weaker edges across the two sample sizes. For reference, Figures ?? and ?? show the scores as
calculated by ∆H alone, i.e. with the penalty term omitted, where we can see a much more predictable
and relatively stable behavior across the two considered sample sizes. Notably, a more stable score
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behavior is demonstrated in Figures ?? and ??, suggesting that the MU penalty derived in this study is
in congruence with ∆H.

Note that the effect of the penalty term on the score can be one of the primary deciding factors in
network configuration preference, and play the role of a termination criterion for seeking dependencies.
Since MDL penalizes the arity of ancestor variable bundles, i.e. complexity, one has to account for
description efficiency when interrogating MDL score fluctuations. On the contrary, the MU score
derived in this study seamlessly integrates its penalty term as an acceptable evaluation uncertainty.
This allows the interpretation of score fluctuations directly in terms of satisfiability of the independence
criterion.

3.3. Application to Variations in Apolipoprotein E Gene and Plasma Lipid and Apolipoprotein E Levels: Sample
Stratification Study

In this application, real data is used to illustrate the behavior og the MU criterion with respect
to data stratification. This data can be found in the BNOmics project’s source code repository, and
originates from the prior genetic epidemiology study of variations in the apolipoprotein E (APOE)
gene and plasma lipid and APOE levels. The datasets contains 30 variables, 20 of which are SNPs
(single nucleotide polymorphisms) in the APOE gene (shown as the numbered nodes in the networks).
The remaining 10 variables comprise lipid and lipoprotein measurements (CHOL, HDL, TRIG, APO_E,
APO_A, APO_B) combined with basic epidemiological variables (AGE, GENDER, WEIGHT, HEIGHT)
([18] and references therein). The data was stratified into African American (AA, 702 donors from
Jackson, Mississippi) and European American (EA, 854 non-Hispanic white donors from Rochester,
Minnesota) datasets.

For this study the two datasets were combined to create the unstratified superset. Non-SNP
variables were discretized into a coarse 3-bin maximum-entropy representation. The same BN algo-
rithm was applied to the unstratified dataset, and two "universal graph" network structures - one
corresponding to the MDL, the other corresponding to the MU criteria - were reconstructed. The
resulting structures were subsequently reevaluated, or "re-scored", against the random 50% subsample
datasets and the original stratified AA and EA datasets.

Figures 6-9 illustrate the differences in the behavior of the MDL and the MU selection principles
over resulting BN structures with highlighted (blue edges and shaded nodes in the networks) Markov
blankets of the APO_E (plasma APOE level) variable (shown as the red node in the networks). The
typical overfitting attributable to the MDL penalty term at this discretization level manifests itself
in relative insensitivity to the loss of power. There is a striking contrast between Figure 6, where
reevaluation of BN over the 50% subsample of the data leads to the loss of only 6 edges (marked
with dotted lines), and Figure 8, with 13 weak edges deemed insignificant when the subsample is
reevaluated with MU criterion. In general, MU-based analysis leads to much more circumscribed APOE
Markov blankets. Furthermore, just as with the previous application example (tRNA structure), while
edge strengths cannot be compared across the MDL-derived networks, they are directly comparable
across the MU networks, thus making comparing and contrasting similar but different BNs much
easier. In this application example, by re-scoring the universal graph (Figure 8a) against the stratified
EA and AA datasets (Figures 9a and b, respectively) we are able to directly compare EA and AA
networks, concluding that SNP 3937 - APOE relationship goes away in the AA subset.
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Figure 6. MDL-based reconstruction of the APOE network. See text for variable descriptions. Shaded
nodes and blue edges define the Markov blanket of the target APOE variable. Otherwise, edge color
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Figure 7. MDL-based reconstruction of the APOE network, stratified by race. See Figure 6 for further
details.
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Figure 8. MU-based reconstruction of the APOE network. See Figure 6 for further details.
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Figure 9. MU-based reconstruction of the APOE network, stratified by race. See Figure 6 for further
details.
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Importantly, because re-scoring is computationally trivial (compared to the BN structure recovery),
the strategy of constructing the universal graph and then re-scoring it against the stratified subsets can
be easily adapted to the time-series data, where the subsets represent sliding window snapshots, or
time-slices, along the temporal axis. This approach enables tracing dynamic changes in the BN (with
edge strengths increasing or decreasing with time) and therefore presents an extremely computationally
efficient approximation to the "true" dynamic Bayesian network (DBN) modeling.

In summary, the MU principle overcomes the limitations of the MDL principle in that it (i)
naturally handles data of varying sample size, (ii) seamlessly integrates an adaptive penalty term
commensurate with ∆H into edge scores, thereby simplifying interpretation, (iii) implicitly penalizes
model complexity with higher regularity, and (iv) enables direct comparison between similar but
different BNs.

4. Discussion and Conclusions

Numerical verification of the effect that the resolution limit has on independence assessment
has shown that the uncertainty-driven reasoning, as outlined in this study, is a valid and effective
framework for managing near-independence scenarios, directly applicable in the context of data-driven
recovery of BNs. The preliminary tests of the MU principle in BN recovery display all the desired
characteristics, i.e. computational performance comparable to the MDL-driven method, but with
consistently higher regularity across varying scales and scenarios, and better average convergence rates.
Importantly, the edge strengths, obtained via the application of MU criterion, are directly interpretable
in a way independent from the data source, allowing for direct comparison of the recovered BNs not
only in robustness/stability studies, but also under scenarios where different data spans diverse sets
of variables. That having been said, the consistently superior behavior of MU in situations where
MDL typically tends to overfit or underfit suggests that with this relatively simple approach we can
successfully address several problems intrinsic to the model selection criteria in general that go well
beyond the interpretability of the score.

We intend to further this work in the direction of developing a comprehensive power-analytic
methodology framework, with the aim to modify the scoring criterion to consistently work on an
absolute scale, reflecting classification rates. This will aid with quantifying proximity/similarity of
similar but different networks. This study’s focus on the statistical behavior of the scoring criteria
was in large part motivated by the need to overcome the computational limitations associated with
the relative nature of information-theoretic quantities in the assessment of variable dependencies in
BNs. However, this statistical focus will also help with the broader integration and acceptance of
BN modeling in the biomedical data analysis practice, where the interplay between the sample size
considerations and the effect size is often the dominant driving factor behind both the study design
and the evaluation of its results.

A number of our ongoing multidisciplinary secondary biomedical data analysis studies, in-
cluding (i) comparative BN analyses of multidimensional fluorescence-activated cell sorting (FACS)
and other immuno-oncology datasets [15], (ii) -omics of Alzheimer’s disease, (iii) BN modeling of
G-protein/GPCR molecular dynamics simulation data, and (iv) BN-centered construction of gene
regulatory networks from the scRNA-seq data, stimulated a significant portion of the work detailed in
this communication. Indeed, rigorous dissection of the underlying BN fundamentals and mechanics
is essential for robust construction, interpretation, and comparison of BNs in any biomedical data
analysis setting. In the future, we intend to use the novel MU criterion to increase the rigor of our
ongoing and prospective applied BN work, across many biomedical domains.

In summary, our experience in working with multimodal high-dimensional biomedical data
led us to the conclusion that every BN analysis should, ideally, allow direct comparative, possibly
cross-study, interrogation of structural and quantitative features of the reconstructed models. The
technical advancement detailed in this study has the potential to alleviate many difficulties typically
encountered when trying to gain biological and mechanistic insights from a series of BN models
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generated at the secondary data analysis / network modeling stage of a typical data-driven research
project.

Code availability
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