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Abstract

We propose a geometric-topological framework in which fermion flavor mixing, confinement, CP
violation, and the existence of exactly three generations arise from the dynamics of an internal S°
fiber space over Lorentzian spacetime. A unit-norm vector field—the chronon—maps each spacetime
point to a phase angle on the Hopf fiber, encoding flavor identity. Fermions are modeled as solitons
of the chronon field, with flavor mixing determined by overlap amplitudes between fiber angles.
Minimizing a mass-weighted coherence functional reproduces the CKM and PMNS matrices. CP
violation emerges from local time-reversal asymmetry induced by chronon winding, offering a natural
origin for the Jarlskog invariant. Confinement follows from a topological selection rule forbidding
fractional winding, and the three fermion generations correspond to the only stable minima in the fiber
angle landscape. These results yield a unified geometric origin for flavor structure rooted in internal
time topology. While promising, the present framework remains phenomenological and lacks a full
dynamical field-theoretic formulation of the chronon on curved spacetime. Future work will aim to
construct a covariant action, derive the soliton sector from first principles, and identify experimental
signatures distinguishing this theory from standard gauge-based approaches.

Keywords: flavor mixing; CP violation; fermion generations; chronon field; Hopf fibration; internal
geometry; topological solitons; confinement; CKM matrix; PMNS matrix; S® fiber space

1. Introduction

The Standard Model successfully describes known particle interactions, yet it leaves key structural
questions unresolved. Chief among these is the flavor problem: why are there exactly three genera-
tions of fermions, with hierarchical masses and nontrivial mixing patterns? The CKM and PMNS
matrices capture observed flavor mixing, but their structure—and the generation count itself—remain
unexplained [11,25].

Conventional approaches invoke discrete flavor symmetries [3,16], grand unified theories
(GUTs) [14], or string-inspired textures [18], often introducing auxiliary fields or engineered symmetry-
breaking mechanisms. These models typically treat flavor mixing, mass hierarchies, and generation
replication as separate phenomena, lacking a unified geometric or dynamical origin.

In this work, we propose a unified framework in which these features emerge from internal
geometry. We associate to each spacetime point an internal S? fiber manifold, dynamically instantiated
by a unit-norm vector field—the chronon—whose Hopf fibration encodes local phase degrees of
freedom. Fermions correspond to topologically stabilized solitonic configurations of the chronon field,
with flavor identity determined by fiber phase angle.

Flavor mixing arises from overlap amplitudes between these internal phases. By minimizing a
coherence functional—optionally weighted by fermion masses—the model reproduces both CKM and
PMNS matrices. CP violation is incorporated as a geometric effect of local time-reversal asymmetry,
induced by chronon winding orientation, yielding a natural origin for complex mixing phases and the
Jarlskog invariant [10].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Confinement emerges topologically: only integer-winding configurations are allowed, excluding
isolated quark excitations and enforcing compositeness for color-neutral states. Strikingly, the model
predicts exactly three stable flavor sectors as the only minima of the fiber angle energy landscape,
offering a geometric explanation for generation count [1,29].

While the present work focuses on the kinematic and variational structure of the model, a full
dynamical formulation of the chronon field on curved spacetime remains an open challenge. The lack
of a covariant action and field equations limits the current framework to a phenomenological level.
Future work will aim to construct a complete field-theoretic description, derive the soliton sector from
first principles, and explore experimentally testable predictions beyond flavor observables.

The paper proceeds as follows: Section 2 introduces the chronon field and Hopf fibration. Sec-
tion 2.2 defines the fiber angle model. Section 6 presents numerical results for CKM and PMNS
matrices. Section 3 discusses confinement and generation structure. Section 5 incorporates CP viola-
tion geometrically. Section 7 compares with existing models, and Section 8 outlines future directions.

2. Theoretical Framework

We propose a geometric-topological model in which fermion flavor mixing, CP violation, and the
existence of three generations arise from internal phase dynamics on a compact fibered manifold S°.
At the heart of this construction is the chronon field, a unit-norm vector field that maps spacetime points
to the internal 3-sphere and encodes a dynamically selected phase angle along its Hopf fibration. This
structure leads naturally to a fiber-based coherence mechanism that determines flavor identity, flavor
mixing, and intergenerational stability.

This approach builds upon several strands of theoretical development: the use of topological
solitons to model particle states (as in Skyrme models [1,29]), geometric models of internal symmetries
in extra dimensions [5,24], and flavor structures derived from discrete group theory and orbifold
geometry [3,16]. Unlike these, our model requires no discrete symmetry group, flavon field, or higher-
dimensional embedding. Instead, it leverages the intrinsic topology of S* and its Hopf fibration to
encode both mixing and generation count in a single dynamical field-theoretic object.

2.1. Hopf Fibration and Internal Phase Structure

We associate to each spacetime point x# € M'3 an internal degree of freedom valued in the
3-sphere S3, described by a continuous unit-norm field:

x:MP — S8
The 3-sphere admits a nontrivial Hopf fibration,
§'— s 5 g7

which partitions S3 into a collection of linked circular fibers over a 2-sphere base. Each fiber represents
a closed loop S! parameterized by a local phase angle 6 € [0,27), which we interpret as an intrinsic
quantum label corresponding to fermion flavor.

This internal geometry differs from traditional compactifications in string theory or orbifold
models by its explicit topological linkage structure: the Hopf fibers are non-contractible and mutually
linked, giving rise to a natural notion of relative phase coherence. The phase angle 6(x) becomes a local
internal order parameter for flavor identity. Similar ideas have appeared in earlier geometrical models
of flavor [10,25], but the dynamical implementation through solitonic winding on S® distinguishes our
construction.
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2.2. Fiber Angles and Soliton Configurations

Fermions are modeled as topologically stabilized soliton-like configurations of the chronon field,
each associated with a fixed fiber phase angle. The projection onto the base S? via the Hopf map,

sley g8 Ty g2

allows one to define a unique fiber circle at each spacetime point. The local phase 6(x) =
nﬁl(nH (x(x))) labels a point along this fiber. Flavor states are thus characterized by their posi-
tion in fiber angle space, and transitions between them correspond to relative rotations.

We define a coherence energy functional:

exX 2
&) = Zwij (cos(@i —6;) —V; p) ,
L)

which is minimized over the space of fiber angle configurations. Here w;; represents phenomenological
weights (such as mass-suppressed factors), and V;-XP are the entries of the CKM or PMNS mixing
matrices. The cosine structure ensures rotational invariance and unitarity, and corresponds to the
lowest harmonic on S!, in line with coherent phase dynamics on compact spaces.

Such use of fiber angles echoes earlier phase-based models of mixing [11,14], but is here fully
grounded in the topology of the internal manifold. Unlike these earlier constructions, which often
relied on approximate textures or group-theoretic fits, our model extracts flavor observables from a
variational principle on a geometrically constrained space.

2.3. Emergent Flavor Mixing and Generations

A key outcome of this model is that the flavor mixing structure—and the existence of exactly
three generations—emerges dynamically from the topology of the internal space. The functional £[6]
admits three well-separated minima when defined over S! with the symmetries of the fiber linkage
structure. These minima correspond to the three generations of fermions.

This mechanism parallels earlier ideas from spontaneous generation replication [6,18], but does
not require extra dimensions or family symmetries. Instead, the generational structure arises from the
internal phase coherence dynamics of a single geometric field.

Our framework also parallels Skyrme-type models of baryons, where soliton number corresponds
to baryon number. Here, the winding number of the chronon field over the internal S*> may eventually
relate to generation index or other flavor quantum numbers, suggesting a deeper geometric origin for
flavor and CP structure.

3. Confinement and Topological Closure

A defining feature of strong interactions is confinement: isolated quarks are never observed,
and only color-neutral combinations such as mesons and baryons appear as asymptotic states. In the
standard approach, confinement arises from the nonperturbative infrared dynamics of QCD, modeled
via flux tubes, monopole condensation, and dual superconductivity [13,23,26]. Soliton-based models
such as the Skyrme model [1,29] also encode baryonic structure topologically, associating topological
charges with baryon number.

Our framework proposes a complementary geometric mechanism for confinement, rooted in
the topology of the internal S*> manifold on which the chronon field takes values. These topological
solitons arise dynamically as energetically stable configurations, characterized by winding numbers
along the Hopf fibers. Crucially, configurations with fractional winding fail to extend smoothly over
the manifold and are thus topologically forbidden, offering a natural exclusion of free quarks.
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3.1. Fractional Winding and Soliton Quantization

Within this model, quarks correspond to localized chronon field excitations whose internal phase
evolution traces paths on the Hopf fiber:

sl ey g3 Ty g2,

We postulate that such excitations carry fractional winding numbers w € Q, for example w =
% for quarks, similar in spirit to models in which fractional topological charge underlies quark
compositeness [7,17].

However, the Hopf fibration topology prohibits globally smooth field configurations with frac-
tional winding: incomplete loops on S! cannot define consistent maps into S3. These singularities
violate the single-valuedness of the induced phase and the continuity of the chronon field. As a result,
fractional winding solitons—interpreted as isolated quarks—are excluded by topological selection
rules.

3.2. Mesons, Baryons, and Topological Composites

The only physically admissible states are those whose total internal winding is an integer. These
composite soliton configurations include:

*  Mesons: Comprised of quark-antiquark pairs with opposite fractional windings (+%, - %), sum-
ming to zero and yielding a trivial Hopf invariant.

*  Baryons: Composed of three quarks, each with % winding, summing to unity. This completes a
full fiber traversal and realizes a topologically nontrivial, but consistent, configuration.

¢  Leptons: Modeled as chronon solitons with integer winding from the outset, explaining their
unconfined nature and stability as elementary particles.

These states are topologically stable: transitions to non-integer winding sectors are forbidden,
preventing decay into non-composite configurations and enforcing confinement without invoking
gauge dynamics. This echoes the confinement mechanism in certain compactified gauge theories and
topological quantum field models [28,35].

3.3. Comparison with Conventional Confinement Mechanisms

Unlike QCD-based explanations reliant on asymptotic freedom and IR confinement, our model
derives confinement from a topological selection rule. This places it in conceptual proximity to soliton
models, but grounded in the fiber geometry of S3. The critical topological structure is the Hopf map,

S — S?,

with the associated homotopy group 713(S?) = Z, classifying topologically distinct field configura-
tions [22]. Given a field x : M'? — S3, the composition 7ty o x maps spacetime into S?, and the Hopf
invariant classifies the linking of preimages in this map.

Only configurations with integer Hopf numbers are physically meaningful, enforcing that observ-
able particles correspond to globally closed fiber trajectories. This constraint integrates seamlessly with
the fiber angle model of flavor and supports a unified geometric interpretation of both confinement
and generation structure within the chronon field theory.

4. Topological Prediction of Fermion Generation Count

A long-standing open question in the Standard Model is the origin of exactly three fermion
generations. While the theory permits any number, only three are observed. Conventional approaches
typically impose this triplication through discrete symmetry groups such as A4, Sz, or T [3,16,19], or
appeal to anomaly cancellation in specific GUT embeddings [12,33]. However, such methods treat the
number of generations as externally imposed or coincidental.
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In contrast, our framework derives the number of generations dynamically and geometrically
from the internal topology of the fiber space associated with the chronon field. This approach treats
generation count as a consequence of energetic and topological structure, rather than a discrete
symmetry input.

4.1. Energy Landscape on Fiber Angle Space

Each fermion generation is associated with a phase angle 6; € S', defined by the chronon field via
its Hopf fiber structure:
Sty $3 My 52,

Flavor mixing emerges from interactions between these internal phases, encoded in a coherence energy
functional. For three fermion species, the effective functional is:

5[91, 92, 93] = ZCOSZ(QZ' — 9]),

i<j

motivated by physical overlap amplitudes and supported by harmonic analysis on S! [7,22].
Minimization of £ favors configurations that maximize angular separation—thus minimizing
internal phase overlap. The unique global minimum corresponds to angles spaced 120° apart:
27 %
61=0, bh=—, O=—.
3
This configuration achieves maximal internal coherence separation and yields orthogonality in the
cosine-based overlap metric, explaining the observed generation structure.

4.2. Topological Quantization of Soliton Sectors

These discrete configurations gain further justification from the topological structure of the
chronon field. Each fermion flavor arises from a soliton-like excitation x : M — S3, whose internal
phase is projected via the Hopf map. The composed map 7ty o x belongs to the homotopy class:

[y o x] € m3(S?) = Z,

whose integer invariant (the Hopf number) classifies the soliton sector [32,34]. The three angle
configurations correspond to distinct, dynamically stable topological classes separated by energetic
and topological barriers. Transitions between these sectors are suppressed by continuity constraints on
the field configuration space.

This mechanism aligns with known topological soliton models in nonlinear sigma models and
Skyrme-type constructions [21], but here, the generation structure arises directly from fiber geometry
without reliance on flavor symmetries or field multiplicity.

4.3. Absence of Higher-Order Minima

We numerically extended the analysis to higher cardinalities of fiber angle configurations. For
four or more points on S!, evenly spaced configurations are no longer globally orthogonal under the

cosz(g) =0 < cos’ (2;[),

demonstrating that four-point configurations incur higher coherence energy. Such states are unstable or

cosine metric. For example,

energetically degenerate with subsets of the three-point solution, and hence dynamically suppressed.

Thus, the fiber angle coherence energy admits precisely three globally stable, non-degenerate
minima—corresponding to three generations. This result offers a geometric-topological derivation
of fermion triplication, which has remained unexplained in both flavor symmetry models and GUT
constructions.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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5. Geometric Origin of CP Violation in the Chronon Framework

In the Standard Model, CP violation enters via an explicitly introduced complex phase in the
CKM matrix [20], with no geometric or dynamical justification. In our chronon-based framework,
by contrast, CP violation emerges naturally as a geometric consequence of internal time asymmetry
encoded in the topology of the chronon field y : M3 — S3.

5.1. Chronon Time Winding and Complex Overlaps

Each fermion generation is modeled as a topologically stabilized soliton with internal fiber phase
0; € S!, derived from the Hopf fibration of S>. These solitons may exhibit orientation-dependent
winding—associated with local time-reversal symmetry breaking—thereby inducing complex overlap
amplitudes. We extend the real-valued mixing element to:

VZ] = cos(0; — 9]) +iasin(0; — 9]),

where & € Ris a dimensionless asymmetry parameter reflecting local T-violation in the fiber orientation.
This parameter encodes the degree of chronon chirality—akin to complex Berry phase contributions [8,
36]—and automatically yields CP violation by CPT invariance.

Unlike the ad hoc phase in the Kobayashi-Maskawa construction, the imaginary component here
arises from the soliton’s handedness and the orientation of internal time. This idea parallels earlier
geometric phase theories of CP violation [31,34], but here it is grounded in the intrinsic topology of the
chronon field’s configuration space.

5.2. Numerical Prediction of CP Phases

By introducing a single asymmetry parameter a per sector (quark or lepton), and reoptimizing
fiber angle configurations under the complexified overlap function, we obtain:

e CKM sector: arg V:l‘l}"dd = —173.3°, with Jarlskog invariant JS§M = —1.86 x 107, using a, =
0.0100.

¢ PMNS sector: arg ll;’gOdel = 68.3°, with Jarlskog invariant IEII\J/INS = 8.23 x 1072, using ay =
0.2566.

These results are consistent with the observed suppression of CP violation in the quark sector and
the relatively large phase in the lepton sector suggested by neutrino oscillation data [9].

5.3. Remarks

Crucially, the inclusion of « affects only the imaginary component of the mixing matrix. The real
part—and thus the generation count and leading-order mixing angles—remains fixed by the coherence
energy minimization over real fiber angles. This separation ensures that CP violation appears as a
second-order perturbation on top of an otherwise real-valued geometric structure.

Our model thus provides a unified explanation: flavor mixing and generation structure from
internal fiber geometry, and CP violation from the local handedness of internal time. This enriches
prior topological approaches [7,21] and suggests new avenues for deriving geometric constraints on
flavor-sector observables.

6. Numerical Results from Fiber Angle Geometry

In this section, we present numerical results from the fiber angle model introduced earlier, derived
by minimizing a coherence functional over internal phase configurations on the Hopf fibers. We first
compute the CKM and PMNS matrices in the CP-symmetric baseline scenario and then extend the
model to include CP violation as a geometric perturbation via local fiber winding asymmetry.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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6.1. Optimization Strategy

The core object is the fiber overlap matrix
Vij = cos((-)l-(l) - 9}2)),

i(l), 9](2) € S! are associated with up-type and down-type fermions (or neutrinos and
charged leptons in the lepton sector), extracted from the Hopf projection of the chronon field. The full

configuration is parameterized by a six-dimensional angle vector:

where the angles 0

o= (o, o), o) 012 02) o)),

We minimize a coherence energy functional of the form:
1 2 2
L= Zwij (cos(61( ) 9]( )) - V;Xp> ,
2
where w;; are phenomenological weights. For the CKM matrix, we apply a mass-weighted suppression:

1
A /mimj'

using MS-bar quark masses renormalized at 2 GeV. In the PMNS sector, where mass hierarchies are
less well constrained, we use uniform weights.

wl-]- =

Optimization is performed via the BFGS algorithm, initialized from random configurations to
ensure convergence stability.

6.2. CKM Matrix: Baseline and CP-Extended Models

In the CP-symmetric baseline, we obtain the predicted CKM matrix:

0971 0226 —0.013
vEsdel = 10.240 0968 0.880 |,
0.014 0999 0.965

which captures the expected diagonal dominance and inter-generational hierarchy. The corresponding
experimental values (PDG 2022) are:

097401 0.22650 0.00361
|Vedml = 10.22636  0.97320  0.0411
0.00854 0.0403 0.999146

The CP-symmetric model yields:

model __ o model __
dcem =07, Jekm =0

With the inclusion of a fiber-winding asymmetry parameter a; = 0.0100, the model naturally
generates CP violation:

Senrended = —1733°,  Jegaended = —1.86 x 1076,
Optimized fiber angles:

6") = (8.85°,71.3°,84.3°), 69 = (—4.9°,85.8°,99.6°).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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6.3. PMINS Matrix: Baseline and CP-Extended Models

For the lepton sector, the mass-independent minimization yields:

0710 0.521 0.257
vimodel — 10.370 0.581 0.788 ],
0355 0.568 0.778

which agrees qualitatively with the large mixing structure observed in neutrino data. The correspond-
ing experimental matrix (NuFIT 5.2, 2022) is:

0.821 0.550 0.150
[Vorins| = (0432 0582 0.693 .
0.376 0.597 0.707

The baseline model again yields:

model o
opmns = 07

When extended by a modest asymmetry oy = 0.2566, the model produces:
Sonmaended — 68.3°,  Jhymgended = 823 x 1072,

consistent with large leptonic CP violation.
Optimized fiber angles:

6(") = (—10.1°,103.0°,103.9°), 6¥) = (34.7°,48.5°,65.0°).

6.4. Summary of Numerical Findings

The fiber angle model—grounded solely in internal geometry on S3>—reproduces key features
of both CKM and PMNS matrices using minimal assumptions. Mixing angles arise naturally from
phase overlaps on Hopf fibers, while CP violation is introduced as a geometric perturbation via local
winding asymmetry. These results underscore the model’s explanatory reach and set the stage for a
fully dynamical chronon-based field theory.

7. Discussion

This work presents a unified, topologically grounded framework for addressing longstanding
puzzles in the Standard Model—namely, flavor mixing, confinement, CP violation, and the triplication
of fermion generations. Without invoking discrete flavor symmetries [3,16], GUT textures [12], or
string-theoretic constructions [15], our model derives these phenomena from the geometry of an
internal S® manifold, instantiated dynamically by the chronon field.

The chronon field is a unit-norm vector field that maps spacetime into S3, with internal phase
degrees of freedom defined by the Hopf fibration. Fermion identity is encoded in fiber phase angles,
while flavor mixing arises from soliton-mediated overlap amplitudes. Confinement, CP violation, and
the number of generations all emerge from the same geometric-topological mechanism, eliminating
the need for independent inputs or fine-tuning.

7.1. Comparison with Conventional Models

Traditional approaches typically rely on flavor symmetry groups such as Ay, Sz, or T' [2,19],
introducing flavon fields and symmetry-breaking alignments to account for mixing matrices. While
such models reproduce observed data, they often treat mixing, mass hierarchy, and generation count
as distinct, unrelated features. Our framework, by contrast, derives all three from a single coherence
energy functional defined over fiber angles on S' C S3. This places the observed flavor structure on a

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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purely geometric foundation, echoing earlier soliton-based models such as the Skyrme approach to
baryons [21] and geometric phase models of CP violation [34].

7.2. Core Contributions
This chronon-based framework yields a unified account of flavor structure, grounded in internal

topology:

e  Mixing from geometry: CKM and PMNS matrices emerge from fiber angle overlaps, with mixing
strength tied to cosine-based coherence on S!, not discrete symmetry breaking.

e  CPviolation from internal time: The local orientation of chronon solitons spontaneously breaks
time-reversal symmetry, yielding geometric CP-violating phases.

¢  Three generations from topology: The energy functional on the fiber angle space admits exactly
three minima, providing a dynamical origin for generation count.

e  Confinement from topological quantization: Only integer-winding configurations on S> are
globally smooth, excluding isolated quark-like excitations by construction.

* No tuning required: Mixing hierarchies are determined through variational minimization of
overlap energies, without input of small parameters or external alignments.

These results collectively suggest that internal geometry, rather than abstract symmetry groups,
may serve as the deeper organizing principle of flavor physics.

7.3. Open Questions and Future Work
Several important directions remain:

*  Beyond first-order CP violation: Richer phase structures may emerge from internal holonomy,
torsion, or complexified fiber bundles [36].

*  Mass generation mechanism: Masses enter the coherence energy as phenomenological weights.
Future work may derive them from soliton tension, curvature, or coupling to internal scalars [27].

e  Dynamical theory formulation: A Lagrangian for the chronon field on M'3 x S* would enable
full field-theoretic treatment and allow quantization.

e GUT embedding: Mapping fiber phase degrees of freedom into cosets or moduli of SU(5),
SO(10), or Eg could tie this model to established gauge unification schemes [30].

*  Neutrino mass scale and ordering: While mixing angles are well reproduced, the absolute scale
and ordering remain undetermined. Extensions involving renormalization group running or
radiative corrections may refine predictions [4].

Together, these future directions suggest that the chronon field may serve not only as a geometric
model of flavor but also as a possible bridge between internal quantum structure and the causal
geometry of spacetime itself.

8. Outlook and Future Work

This work has proposed a geometric-topological framework in which fermion generations, flavor
mixing, CP violation, and confinement emerge from stabilized phase configurations on a Hopf-fibered
internal S3. The chronon field—a unit-norm vector field defined over spacetime—dynamically selects
fiber angles that encode flavor identity, enforce topological selection rules, and embed causal structure
into internal geometry.

Our results suggest that several seemingly independent features of the Standard Model—including
the CKM and PMNS matrices, quark confinement, and generation replication—may share a common
geometric origin in internal time topology. While the present formulation remains phenomenological,
lacking a full dynamical action for the chronon field, it establishes a minimal and coherent scaffold for
further development. Several critical directions for theoretical and phenomenological advancement
include:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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e  Chronon-induced CP violation: Time-reversal asymmetry in chronon winding configurations
naturally generates complex mixing phases. Extensions involving geometric torsion, internal
holonomy, or complexified Hopf bundles on S® may yield a dynamical origin for the full structure
of CP violation and potentially link it to baryogenesis [34,36].

*  Soliton energetics and mass hierarchy: In the current model, fermion masses enter externally via
weighting in the coherence functional. Future work may derive these hierarchies from intrinsic
geometric properties—such as internal curvature, topological charges, or the tension spectrum of
chronon solitons [21,27].

¢ Toward a dynamical field theory: A key open challenge is the construction of a covariant
Lagrangian for the chronon field on M3 x S3. Generalized sigma models, higher-derivative
Skyrme-type terms, or connections to nonlinear gauge structures may furnish the necessary
dynamics and stability criteria for solitonic solutions.

¢  Unification with GUT structures: The internal fiber geometry may correspond to coset moduli
spaces within unified groups such as SU(5), SO(10), or Eg, offering a geometric origin for
hypercharge, flavor quantum numbers, and generation multiplicity [30].

*  Phenomenological signatures and constraints: The model predicts interrelated patterns in flavor
mixing angles and CP phases, and may imply testable deviations from unitarity, rare decay rates,
or new coherence effects in neutrino oscillations. Future experiments—such as DUNE, Hyper-
Kamiokande, and precision flavor observables—could place empirical bounds on angle-based
dynamics [4].

In summary, the fiber angle model offers a conceptually unified and topologically constrained
approach to flavor physics, embedding Standard Model structures into a smooth internal geometry
without invoking discrete symmetries or auxiliary fields. Although the theory is currently incomplete in
its dynamical formulation, it opens promising new avenues toward a deeper geometric understanding
of flavor, CP violation, and confinement. Ongoing theoretical elaboration and empirical testing will be
essential in determining whether this internal topological paradigm can serve as a viable extension of
the Standard Model.

Appendix: Numerical Implementation Details

This appendix provides numerical and algorithmic details underlying the results presented in
Section 6. It focuses on optimization techniques and the incorporation of CP-violating terms, without
repeating the previously reported results.

A.1 Optimization Method
To recover the CKM and PMNS matrices from fiber angle overlaps, we numerically minimized a
real-valued loss function:

arge 2
£= Dy (cos(0]" o)~ V)

where 91.(1) and 9](2) are fiber phase angles assigned to two fermion sectors (e.g., up-type and down-type),

and Vl-;-arget represents the target CKM or PMNS matrix elements.
The angle configuration is represented as a six-dimensional parameter vector:

o= (6!V,6lV,6) 012 6 6.

Minimization was performed using the BFGS quasi-Newton algorithm, with multiple random initial-
izations to ensure convergence. For the CKM sector, we included mass-weighted penalties to reflect

hierarchical suppression:
1
W =
g mm; ’
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using MS-bar quark masses evaluated at 2 GeV (PDG 2022). For PMNS, uniform weights were used
due to the uncertain neutrino mass scale.

A.2 CKM Sector Implementation

For the CKM matrix, optimization was performed under the mass-weighted loss function de-
scribed above. Input quark masses were taken at the 2 GeV scale. The recovered fiber angles were
converted from radians to degrees for interpretability and later used to reconstruct the model CKM
matrix. Convergence was verified by consistency across multiple initialization seeds and by checking
the gradient norm near the minimum.

A.3 PMNS Sector Implementation

For the PMINS matrix, the same procedure was applied without mass weighting. Given the
unknown absolute neutrino masses, all angle contributions were treated equally. Optimization again
used BFGS with multiple restarts, and solutions were validated for stability under small perturbations.

A.4 Incorporating CP Violation via Asymmetric Fiber Overlaps

To incorporate CP violation, we generalize the fiber overlap model by introducing a complex-
valued extension to the real overlap function. This modification reflects the geometric effect of local
time-reversal symmetry breaking in the chronon field:

Vij = cos(0; — 6;) + iasin(6; — 0;),

where & € Ris a dimensionless asymmetry parameter capturing the magnitude of internal CP-violating
effects. The parameter a can vary by fermion sector (e.g., #; for quarks, a, for leptons) and encodes the
handedness of the solitonic winding configuration.

In this framework, CP-violating phases arise from the imaginary part of the overlap matrix, while
the real part continues to determine the moduli of CKM and PMNS elements. Accordingly, the loss
function is modified to:

Lcp = Zwi]‘@%[Vij] - ‘G?Xp)z,
ij

ensuring that the fitting procedure targets only the experimentally accessible real components. The
imaginary contributions, governed by &, induce complex phases consistent with observed CP violation.

The optimization procedure remains otherwise unchanged: angles are initialized and updated
using the BFGS algorithm, and sector-specific & values are held fixed during minimization. Once
convergence is reached, the resulting imaginary parts yield physically meaningful CP phases and
a nonzero Jarlskog invariant. Importantly, this extension preserves the geometric and variational
integrity of the model, treating CP violation as a secondary effect induced by internal time orientation
rather than by inserting explicit complex phases into the mixing matrices.

A.5 Code Availability

The full Python implementation, including optimization routines, fiber angle visualization scripts,
and configuration files for both CKM and PMNS computations, is available upon request. Public
release via GitHub or Zenodo is planned upon publication to facilitate reproducibility and further
investigation by the community.
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