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Abstract

We investigate a two-component Bose-Einstein condensate as a platform for quantum metrology and
characterize the dynamical evolution of the quantum state using two complementary metrics: the
quantum Fisher information and the normalized Shannon entropy. With time-dependent control,
metrological resources can be prepared and stabilized over a finite time window. These schemes
provide a comprehensive assessment of the quantum dynamics in terms of phase sensitivity and
the concentration of the state distribution, thereby offering a theoretical basis for designing robust
quantum metrology protocols.

Keywords: quantum metrology; Bose-Einstein condensates; collective spin; Dicke basis; quantum
Fisher information; Shannon entropy

1. Introduction

High-precision parameter estimation is critical for both theoretical and experimental studies. The
quantum parameter estimation theory indicates that the precision can be substantially increased via
utilizing quantum resources such as quantum entanglement and squeezing [1-8]. The demands for
creating and manipulating these resources highlight systems such as the Bose-Einstein condensates
(BEC) [9-14], which we focus on in this manuscript. Under the two-mode approximation, a two-
component BEC can be mapped to a collective spin model [15]. For fixed total particle number N,
the collective-spin description is confined to the totally symmetric subspace with j = N /2 [16]. Its
dynamic is jointly governed by the collision-induced one-axis-twisting (OAT) [5,17,18] term f2 and
the Josephson-type linear coupling [19-21] J; generated by radio frequency or microwave driving.
Previous studies have shown that, for suitable coupling strengths and evolution times, this dynamics
can markedly improve quantum sensitivity [22-25].

The quantum Fisher information (QFI) serves as a primary precision measure in the quantum
parameter estimation framework. It upper bounds the achievable estimation precision through the
quantum Cramér-Rao inequality [1,2]. In addition, the probability distribution of a many-body state
in the Dicke basis [26] is crucial for understanding its dynamical features, and the Shannon entropy
[27] provides a compact scalar measure of how concentrated this distribution is. In the present context,
analyzing these two metrics in parallel enables a direct and quantitative characterization of the high
phase sensitivity and the localization of the evolving state in the Dicke basis. Although these metrics
have been widely used in studies of quantum metrology [7,10,28,29], a systematic examination of their
respective roles within the same framework remains relatively underexplored.

Motivated by the above considerations, we introduce a scheme for manipulating the two metro-
logical resources within the framework of a two-component BEC system. We begin by investigating the
temporal structures of these two metrics under the free evolution, which is generated by a combination
of a constant transverse field and spin-squeezing interaction. Building on the analysis, we introduce a
control protocol in which the transverse field is switched off either at the QFI peak or at the entropy
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minimum. Numerical results demonstrate a universal effect: applying the control at the optimal
time can generate stable plateaus in the target quantity. This provides a theoretical framework for
generating and preserving metrological resources, which is advantageous for realizing a time-robust
quantum metrology scheme in the two-component condensates.

This manuscript is arranged as follows. In Sec. 2, we detail the two-mode BEC system. Sec. 3
introduces the normalized QFI, whose dynamics and control scheme are given in Sec. 4. Sec. 5
introduces the normalized Shannon entropy, whose dynamics and control scheme are given in Sec. 6.
Finally, we conclude in Sec. 7.

2. Model

We consider a weakly interacting two-component Bose-Einstein condensate tightly confined in an
external trapping potential. The condensates are composed of N Bosons with two internal hyperfine
states |a) and |b), which are coherently coupled via a radio frequency or microwave field. Under the
two-mode approximation, the effective collective-spin Hamiltonian takes the form [18]

A(t) = 2«2+ Q1) s, (1)

where [, = 1(a*h + b%a), J. = 1(b*h — a%a), together with f, = % (a*h — b*4) denote the collective-
spin operators in the Schwinger representation, with the total spin length j = N /2. Accordingly, the
following analysis is carried out within this totally symmetric subspace. Here, 4 (a%) and b (b%) are the
mode annihilation (creation) operators for atoms in the internal states |a) and |b), respectively.

Specifically, the first OAT term 2« f2 in H(t) originates from two-body s-wave collisional interac-
tions. The coefficient can be acquired under: i) the single spatial mode approximation ¥, (r) =~ ¢(r)d,
[30-32] valid in strong confinement and low temperature, and ii) conservation of the total particle
number N = fi, + fi;,. The remaining nonlinear coefficient reads x & (i + k4, — 2Kgp) [33,34]. Here,
K denotes the spin-dependent interaction strength, which can be tuned via the Feshbach resonance
[35].

The second Josephson-type term Q(t)]y in H(t) originates in the coherent coupling between the
two internal states, which is induced by a radio frequency or microwave field that is near-resonant
with the transition |a) <+ |b). The atom—field interaction contributes this term under the rotating-wave
approximation and the single spatial-mode approximation. The coefficient Q)(t) illustrates the effective
Rabi frequency, which can be time-modulated via the field amplitude and pulse shape.

3. Quantum Fisher Information

The QFI quantifies the sensitivity of a parameterized quantum state |¢f4) to an unknown parameter
¢. It lower bounds the variance of a unbiased estimator ¢es; via the quantum Cramér-Rao inequality,

which states [1,2]
1

2
A > VEy ()
Here, v is the repetition, Fg is the QFI, which will be detailed below. This indicates that the QFI
quantifies the ultimate precision achievable in a parameter estimation scheme, thus serving as a
primary measure in quantum metrology.

In the scenario considered in this manuscript, we set the system to remain in a pure state |(t))
throughout the evolution. The parameter ¢ is introduced via an unitary encoding process |{y) =
e~9C|p(t)), which is generated by an operator G. For such a process, the QFI is simply four times the
generator’s variance [36],

(%

), (3)

where AG?(t) denotes the variance of G in the state |¢()), with {-) = (g(t)| - |¢(t)).

Folly(1)), G] = 4G (1) = 4((G?)s —
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In this manuscript, we focus on the QFI associated with state |i(¢)) under spin rotations about an
arbitrary direction n = (ny, 1y, nZ)T within the collective-spin representation. Here, the generator Gis
denoted as f, = Zi:x,y,x n;f;, and its variance can be formalized as the quadratic form

A]A,%(t) = nTF(t) n, 4)

where I'(t) is a three-dimensional covariance matrix defined as I';j(t) = S i+ J i TV — (i) (]})t with
i,j € {x,y,z}. We further denote the maximum variance among all directions n with AmaxA J2(t),
which corresponds to the largest eigenvalue of I'(t). The maximal QFI acquired for states at time ¢ then
reads F§™(t) = 4 AmaxAJ3(t). For convenience, we introduce the normalized QFI (nQFI)

. B4 .
FQ = QT = N AmaxALzl(t) 5)
for the collective-spin system with particle number N = 2j. We will take it as the main metric to

quantify the metrological capability at different stages of the evolution.

4. Quantum Dynamics of Quantum Fisher Information

In this section, we focus on the dynamics generated by the effective Hamiltonian F(t) given by
Eq. (1) and investigate its effect on the QFIL.
We begin by preparing the condensates into the spin coherent state pointing in (6, ¢p) direction,
ie., ) )
|9(0)) = (80, po)scs = e~ P0ze My j, ), 6)

where |j, j) is the eigen-state of f, with maximal eigenvalue with j = N /2 . Furthermore, we choose
(60, o) = (71/2,0) in the following discussions, so that all of the atom spins point along the x direction
initially. Then, we subject this state to a two-stage dynamical evolution as detailed below.

400 ' ' r r
300 } ;
< 200} "
w’
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0 'l 'l 'l 'l
000 002 004 006 008 0.10
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Figure 1. Free evolution of F(t) under a constant transverse field. The total particle number is N = 1000. The
results correspond to the coupling ratio Qg /x = 3.

Firstly, we focus on the Hamiltonian Eq. (1) with a constant transverse field Q(f) = Qg, where
the states evolves as

(1)) =~y (0)), 7)
with

Hy(t) = 2x/7 + OrJx 8)
in this evolution. Here, the nonlinear term 2«2 produces a shearing of the collective-spin distribution,
whereas the linear coupling Qg J induces coherent mixing between the two internal components 4
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and b. These contributions jointly drive the system away from the coherent state toward a non-classical
many-body state with enhanced metrological sensitivity.

As illustrated in Fig. 1, under the free evolution (Eq. (7)), the nQFI F(t) along the optimal
direction typically displays a primary-peak-and-oscillation pattern, where the first local maximum
is attained at t = tr. Atearly times (t < tr), Fo(t) increases in an approximately monotonic manner,
rising within a short time from the standard-quantum-limit level of a coherent state to values well
above unity. This enhancement can be attributed to the shearing action of OAT dynamics on the
Bloch sphere: quantum fluctuations are squeezed along an optimal direction and stretched along
the orthogonal direction, thereby increasing the variance along the optimal generator direction and,
consequently, the QFI. This early-time behavior is consistent with established results on spin squeezing
and the generation of non-classical correlations in OAT models, indicating that the Hamiltonian Eq. (1)
can yield substantial metrological gain under the free evolution.

At later times (t > tf), the amplitude distribution of |(t)) in the , eigenbasis becomes progres-
sively over-sheared, which results in strongly nonuniform relative phases among different magnetic-
sublevel components and gives rise to intricate interference patterns on the Bloch sphere. Although the
state remains highly nonclassical, the phase-sensitive optimal direction in the three-dimensional spin
space varies rapidly with time, and the maximal variance extracted from the covariance matrix does
not remain close to its early-time peak value. As a result, Fo(t) exhibits a pronounced collapse after
the primary peak, followed by secondary peaks and oscillations. Such a peak—collapse—partial-revival
temporal profile is a typical manifestation of quasi-periodic many-body quantum interference in
finite-dimensional systems. In the specific case of (g /x = 3, the interplay between nonlinear twisting
and transverse coupling results in the characteristic quasi-periodic behavior observed in Fig. 1.

Building on the above free evolution, we propose a time-control protocol to reduce sensitivity to
the precise evolution time and to sustain a high, approximately constant QFI over a finite time window.
Specifically, we rapidly switched off the transverse field at the time ¢y when Fq(t) first attains a local
maximum under free evolution, so that the Hamiltonian reads

. 2kJ2 + Qrfy, 0<t<tr
=92 ©
2¢J?, tp < t.

In the interval 0 < t < tr, the interplay between the nonlinear term 2«f? and the transverse
coupling Qg Jy generates strong non-classical correlations and increases Fq(t) to values far above
unity near the primary peak as demonstrated by Fig. 2. Around fr, we find that the optimal generator
direction extracted from the covariance matrix typically lies close to the z axis. This can be understood
from the fact that the twisting term reduces the minimum fluctuation, generating a squeezed state,
while the transverse coupling rotates the state such that the direction of minimum fluctuation aligns
near the z axis. After the switch-off of () at ¢ = tr, the further mixing and interference induced by fx is
absent, leaving the state predominantly accumulated phases in the J, eigen-basis. Correspondingly,
the QFI does not exhibit a pronounced collapse but instead forms a relatively flat plateau close to the
peak value.

To further demonstrate the robustness of the protocol, we apply this free-evolution-switch-off
scheme to various coupling ratios Qg /%, yielding the results shown in Fig. 2. Asillustrated, the dashed
curves correspond to free evolution generated by H, characterized by a rapid rise to the primary peak
followed by collapse and oscillations, whereas the solid curves show the evolution after switching off
the transverse coupling at the corresponding time tr. For t > tr, the solid curves no longer display a
pronounced collapse and revival; instead, they exhibit a plateau of appreciable duration near the peak
height with only weak residual variations. This latching behavior substantially extends the usable time
window associated with high QFI. Moreover, upon optimizing the coupling ratio, the post-switch-off
plateau height exhibits Heisenberg scaling, namely F(t) ~ N /2, or equivalently Fa™(t) ~ N 2/2.
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Figure 2. Latching behavior of the quantum Fisher information. The total particle number is N = 1000. The four
panels correspond to (a) Qr/x =1, (b) Qr/x =2, (c) Qr/x = 3, and (d) Qr/« = 4. The dashed curves show the
free-evolution Fgy(t). The solid curves show the evolution after switching off the transverse coupling at tF.

5. Normalized Shannon Entropy

Entropy-based measures provide a concise way to characterize how broadly the evolving many-
body state is distributed in a chosen basis. For two-mode pure states, a widely used quantitative
measure is the entanglement entropy [37], i.e., the von Neumann entropy of the reduced density matrix
obtained by tracing out a subsystem. For the two-component BEC described above, it is natural to
make the bi-partition between the two internal states (modes), namely a|b. Specifically, we expand the
pure state |i(t)) in the Dicke basis of the collective spin as

i
Y. em(®)]jm) =

m=—j

j
Y cm(t)|j+m)alj —m)y, (10)

m=—j

p(t) =

where the last equality is acquired by mapping |j,m) to the two-mode Fock state |n,)4|np);, via
ng = j+m,n, =j—m,and j = N/2. Here, c¢,,(t) = (j, m|yp(t)) is the corresponding amplitude.
Accordingly, the distribution {p;,;(t) } describes how the evolving state is redistributed over the Dicke-
basis components within this totally symmetric subspace.

By tracing out mode b, we acquire the reduced density matrix p,(t) of mode a. Due to the
conservation of total particle number N, its off-diagonal terms vanish, leading to a diagonal form
density matrix, with

]
pa(t) = Trp[[p(1))(w(D)I] = 32 pm(D)[j + m)aalj+ml, (11)

m=—j

where py,(t) = |cm(t)|? denotes the probability distribution. Consequently, the von Neumann entropy
of this reduced density matrix reads

j
SWN(t) = =Tilpa(t)log pa(t)] = — 3 pm(t)logpm(t), (12)

m=—j

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.2482.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 31 March 2026 d0i:10.20944/preprints202603.2482.v1

6 0f 9

where log = log, denotes the logarithm here and throughout. S,y is equivalent to Shannon entropy
acquired by counting the probability distribution of Dicke basis in states |(¢)). Under the present
conditions, this Shannon-form expression is also identical to the mode entanglement entropy Sg(t).
We mention that, for a discrete distribution of dimension 2j + 1, the entropy Syn has a dimension-
dependent maximum
mex — log (2] +1), (13)

which is attains when py, (t) is uniform, i.e., {p; = 1/(2j +1)}. Therefore, to remove the dependence
of Syn on this dimension, we introduce the normalized Shannon entropy (nSE), with

j
Y pm(t)logpm(t)
S_(t) _ SVN(t) _ _m:7] (14)

Soax o log(2j+1)

It takes values in [0, 1], with smaller S(t) quantifying narrower distributions { p,, }. Specifically, S(¢) ~ 1
indicates a state approximately uniformly distributed over the Dicke basis, while S(f) — 0 indicates a
distribution highly concentrated on a few m components.

It should be emphasized that the equivalence between Eq. (12) and the mode entanglement
entropy Sg(t) holds specifically under the conditions assumed here: two modes, fixed total particle
number, pure states, and the mode bi-partition a|b. It is not valid in general cases. However, S(t) is
still a valid measure of the dispersion of the probability distribution in the chosen basis.

6. Quantum Dynamics of Normalized Shannon Entropy

In this section, we consider the dynamics of normalized Shannon entropy S(t), which serves as a
basis-resolved scalar indicator of how concentrated the many-body state is in the Dicke basis.

Firstly, we consider the free evolution with a constant transverse field Q(t) = Qg (as depicted
by Hamiltonian H;). As illustrated in Fig. 3, 5(t) begins at a relatively high level during the initial
stage, reflecting a broad distribution of {p,, } over the {|j, m)} basis. Under the combined action of
OAT and transverse coupling in Hj, the probability distribution narrows, and S(t) decreases rapidly
toward its first local minimum that emerges at t = ts. At later times, 5(t) increases again and exhibits
a quasi-periodic oscillatory behavior, consistent with the emergence of many-body interference in the
finite-dimensional spin space.

Similar to the dynamics of QFI, switching off the transverse field in the vicinity of the first local
minimum of S(t) will also convert the transient low-entropy interval into a low-entropy plateau.
Specifically, we consider dynamics generated by the Hamiltonian

262+ Qrfe, 0<t<t
_ K{z RJx <t<tg (15)
2xf?, ts < t.

A

At

~—

Here, we set Q(t) = 0 for t > tg, i.e., after S(t) reaches its first local minimum under the free evolution
generated by H. Fig. 3 presents the effect for different coupling ratios Qg /. It demonstrates that, for
t > tg, S(t) remains low and constant, forming a plateau of appreciable duration.
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Figure 3. Latching behavior of the normalized Shannon entropy. The total particle number is N = 1000. The
four panels correspond to (a) Qr/x =1, (b) Qr/x =2, (c) Qr/x = 3, and (d) Qr/x = 4. The dashed curves
show the free-evolution 5(t). The solid curves show its evolution after switching off the transverse coupling at ¢s.

7. Conclusions and Discussions

We have investigated a scheme of generation and stabilization of two quantum-metrological
resources: the nQFI Fy(t) serves as the primary precision measure, and the nSE 5(t) quantifies the
degree of concentration of states in the Dicke basis within the fixed-N symmetric collective-spin
description. The scheme has been demonstrated by an exemplified two-component BEC system,
whose dynamics are governed by the OAT interaction and a controllable transverse coupling, as
illustrated by the Hamiltonian Eq. (1).

In the free evolution with a constant transverse field, Fo(t) and S(t) display distinct yet correlated
temporal structures under the combined action of 2 and Jx. In particular, Fo(t) shows a primary peak
followed by collapse and quasi-periodic oscillations, whereas S(#) exhibits a rapid decrease toward an
early-time minimum and then an oscillatory increase. These behaviors also connect the achievable
phase sensitivity to the degree of concentration of the state in the Dicke basis.

Based on these observations, we have proposed a free-evolution-switch-off protocol in which
the transverse coupling is subsequently switched off at a characteristic time. Two natural choices
arise from the free-evolution dynamics, namely, switching off at the first local maximum of Fq ()
at tr or at the first local minimum of S(t) at 5. The numerical results show that switching off the
transverse coupling can convert the transient high-sensitivity or low-entropy intervals into plateaus of
appreciable duration in the target metric. This demonstrated that the protocol can robustly stabilize the
desired quantum resource—whether it be phase sensitivity or state concentration—thereby extending
the usable time window.

In this way, this free-evolution—switch-off protocol can reduce the reliance on the precise control
of evolution time and provides a simple and experimentally accessible control rule within the present
protocol. This scheme offers a systematic basis for designing time-robust metrological protocols in
two-component condensates and for exploring extensions to more general control settings.
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