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Abstract: The Homotopy Analysis Method (HAM) is a useful method to derive analytical approximate

solutions of black holes in modified gravity theories. In this paper, we study the Einstein-Weyl gravity

coupled with Maxwell field, and obtain analytical approximation solutions for charged black holes

by using the HAM. It is found that the analytical approximate solutions are sufficiently accurate in

the entire spacetime outside the black hole’s event horizon, and also consistent with numerical ones

for charged black holes in the Einstein-Maxwell-Weyl gravity.

Keywords: Black holes; Homotopy Analysis Method; modified gravity; approximate solutions

1. Introduction

It is widely recognized that the theory of general relativity (GR) does not qualify as a

renormalizable quantum field theory within the framework of effective field theory. Therefore, to

achieve the ultimate goal of unifying GR with quantum theory, it is imperative to explore alternative

theories that go beyond GR. Among these theories, those featuring higher curvature corrections

are particularly significant, as they are predicted by the low-energy limit of string theory [1]. In

four-dimensional spacetime, the most comprehensive theory that includes second-order derivative

terms in the curvature can be expressed as follows[2,3]

I =
∫

d4x
√

−g
(

γR − αCµνρσCµνρσ + βR2
)

, (1)

where the parameters α, β, and γ are constants, and Cµνρσ is the Weyl tensor. In addition, black holes are

fundamental objects in theories of gravity and serve as powerful tools for studying the intricate global

aspects of the theory. Subsequently, Lü et al.[3,4] derived numerical solutions of non-Schwarzschild

black holes (NSBH) in the Einstein-Weyl gravity [Eq.(1)] by considering the disappearance of the Ricci

scalar for any static spherically symmetric black hole solution (R = 0). Actually, the no-go theorem also

implies that the Ricci scalar R must be zero for a black hole in the case of pure gravity or with a traceless

matter stress tensor. In Refs. [3,4], they further investigated some thermodynamic properties of NSBH

and discovered several remarkable features: 1) the NSBH can have positive and negative masses; 2) as

the coupling constant α approaches its extreme value, the black hole tends towards a massless state

while maintaining a nonzero radius. Recently, Held et al.[5] discussed the linear stability of these two

branches of black hole solutions. In addition, charged black holes in the Einstein-Weyl gravity coupled

with (nonlinear-) Maxwell field were constructed in Refs. [6,7] and our previous works [8,9], where

two sets of numerical solutions were obtained: the charged generalization of Schwarzschild solution

and charged generalization of non-Schwarzschild solution. The analysis of quasinormal modes of

the non-Schwarzschild and charged black holes was performed in the Einstein-Weyl gravity [10–12],

where the linear relation between quasinormal modes frequencies and the parameter was recovered.

Later, the black holes with massive scalar hair were obtained in Ref. [13], where it discussed the effects
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of the scalar field on the black hole structure. Recently, some novel solutions of black holes were also

studied in the Einstein-Weyl gravity [14,15], including the phase diagram of Einstein-Weyl gravity

[16].

However, the numerical solutions for non-Schwarzschild black holes have limitations in providing

a clear understanding of the dependence of the metric on physical parameters, as they are obtained at

fixed parameter values and displayed as curves in figures rather than explicit expressions. This makes

it difficult for researchers to use these solutions in their work without recalculating them. Fortunately,

there are general methods available for parametrizing black hole space-times, such as the Continued

Fractions Method (CFM) [17,18] and the Homotopy Analysis Method (HAM) [19,20]. In this paper,

we focus on the HAM. It is considered as a very useful method for obtaining analytical approximate

solutions for various nonlinear differential equations, including those arising in different areas of

science and engineering. Despite its widespread use in other fields, the HAM has been limited in

the fields of general relativity and gravitation. Recently, we constructed analytical approximation

solutions of scalarized AdS black holes in Einstein-scalar-Gauss-CBonnet gravity by using of HAM

[21]. Moreover, this HAM has been adopted to derive the analytical approximation solutions of

non-Schwarzschild black holes in the Einstein-Weyl gravity [22], analytic approximate solutions of

hairy black holes in Einstein-CWeyl-scalar gravity [23] as well as for the Regge-Wheeler equations

under metric perturbations on the Schwarzschild spacetime [24]. The above works inspire us to

continue exploring the application of homotopy analysis in modified gravity theory. In this work, we

wish to apply the HAM to obtain analytical approximation solutions of charged black holes in the

Einstein-Maxwell-Weyl gravity.

The plan of the paper is as follows. In Section 2 we review the Einstein-Weyl gravity coupled with

Maxwell field and present the numerical solutions for charged black hole in the Einstein-Maxwell-Weyl

gravity. Section 3 is devoted to deriving the analytical approximation solutions by using the HAM

method, where two solutions are accurate in the whole space outside the event horizon. The paper

ends with a discussion of the results obtained in Section 4.

2. The Einstein-Maxwell-Weyl gravity

The action of Einstein-Weyl gravity in the presence of Maxwell field is given by [6]

I =
∫

d4x
√

−g
(

γR − αCµνρσCµνρσ + βR2 − κFµνFµν
)

, (2)

where the parameters γ, α, β, and κ are coupling constants, Fµν = ∇µ Aν −∇ν Aµ is the electromagnetic

tensor and Cµνρσ is the Weyl tensor. Since resulting tensors in the equations of motion that comes

from the Weyl and Maxwell energy momentum tensors are traceless, a charged black hole solution

in this theory should not need of the contribution from βR2 term [6]. Taking β = 0 and γ = 1, the

corresponding field equations are obtained as

Rµν −
1

2
gµνR − 4αBµν − 2κTµν = 0, (3)

∇µFµν = 0, (4)

where the trace-free Bach tensor Bµν and energy-momentum tensor of electromagnetic field Tµν are

defined as

Bµν =

(

∇ρ∇σ +
1

2
Rρσ

)

Cµνρσ,

Tµν = FαµFα
ν −

1

4
gµνFαβFαβ. (5)
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Considering the static and spherical symmetry metric ansatz

ds2 = −h(r)dt2 +
1

f (r)
dr2 + r2(dθ2 + sin2 θdφ2), (6)

and substituting the metric ansatz into the field equations (3)(4), we can obtain three independent

equations.

2h

r2 f
( f + 1 − r f ′)−

h′2

2h
+

(4 f + r f ′)h′

2r f
+ h′′ = 0,

f ′′ −
3h f ′2

2 f (2h − rh′)
+

2r f hh′ + r2 f h′2 + 4h2 f ( f − 1)

2r f h(2h − rh′)
f ′

−
f h′2(rh′ − 3h)

2h2(2h − rh′)
+

4h( f − 1)

r2(2h − rh′)
+

r3 f h′ + (r2 f − r2 + κQ2
0)h

αr2 f (2h − rh′)
= 0,

A′
t +

Q0

r2

√

h

f
= 0, (7)

where the prime (′) denotes differentiation with respect to r, and Q0 denotes electric charge. Now we

derive the numerical solutions of charged black holes. Here we suppose that the spacetime has only

one horizon to make easier the expansion of f (r), h(r) and At(r) around the event horizon r0

h (r) = h1 (r − r0) + h2 (r − r0)
2 + h3 (r − r0)

3 + ...,

f (r) = f1 (r − r0) + f2 (r − r0)
2 + f3 (r − r0)

3 + ...,

At (r) = At1 (r − r0) + At2 (r − r0)
2 + At3 (r − r0)

3 + ..., (8)

hi, fi and Ati are constant coefficients of the expansions. Note that we set h1 = f1 for the sake

of convenience in following calculations. Then, substituting the above equations (8) into the field

equations (7), arbitrary coefficients hj, f j and Ati with j ≥ 2 can be expressed in terms of f1, for example,

h2, f2, At2 and At1 are expressed as

h2 =
1 − 2 f1r0

r2
0

−
r2

0 − f1r3
0 − κQ2

0

8α f1r3
0

, (9)

f2 =
1 − 2 f1r0

r2
0

−
3
(

r2
0 − f1r3

0 − κQ2
0

)

8α f1r3
0

, (10)

At1 = −
Q0

r2
0

, At2 =
Q0

r3
0

+
Q0

(

r3
0 f1 + κQ2

0 − r2
0

)

8αr5
0 f 2

1

. (11)

On the other hand, at the radial infinity (r → ∞), the metric functions and vector potential can be

expanded in power series, this time in terms of 1/r. Demanding that the metric components reduces

to those of the asymptotically flat Minkowski spacetime

h(r) = 1 −
2M

r
+ ..., f (r) = 1 −

2M

r
+ ...,

At(r) = Φ −
Q0

r
+ .... (12)

Taking α = 1
2 and κ = 1, we assume the initial values of the parameters Q0 and f1 at a radius

ri = r0 +
1

1000 just outside the horizon r0, and then use numerical routines in Mathematica to integrate

the equations out to large radius, so that these interpolation functions of metric functions h(r) and f (r)

and vector potential At(r) satisfy the boundary condition (12). The corresponding numerical solutions

can be obtained in Figure 1, as shown in Ref.[6].
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Figure 1. Numerical solutions of charged black holes for h (r), f (r), and At (r) with different r0 and

Q0 values. Here h (r) has been rescaled to approach 3
4 to avoid overlap.

3. Analytically approximate solutions

In general, it is a difficult task to find exact solutions of nonlinear differential equations. In

Refs. [25], the HAM was developed to obtain analytical approximate solutions to nonlinear differential

equations. In this section, we will derive the analytical approximate solutions of metric functions and

the electric potential function by using the HAM.

Consider n-nonlinear differential equations system, where yi(t) is the solution of the nonlinear

operator Ni as a function of t

Ni[yi(t)] = 0, i = 1, 2, ..., n, (13)

with unknown function yi(t) and a variable t. Then, the zero-order deformation equation can be

written as

(1 − q)L[φi(t; q)− yi0(t)] = qhi Hi(t)Ni[φi(t; q)]. (14)

The HAM constructs a topological homotopy for linear auxiliary operator L and nonlinear operator

Ni. Introducing an embedding parameter q ∈ [0, 1], when q continuously changes from 0 to 1, the

solution of the entire equation will also continuously change from the solution yi0(t) of our selected

linear auxiliary operator L to the solution yi(t) of the nonlinear equation Ni. In order to control the

convergence of the solution, an auxiliary function Hi(t) and a convergence control parameter hi are

also introduced into the homotopy equation (14). By selecting appropriate auxiliary function Hi(t)

and convergence control parameter hi, the solution can converge more rapidly.

To decompose the nonlinear problem into a series of linear subproblems, now make Taylor

expansions of φi(t; q) with respect to q around q = 0

φi(t; q) = yi0(t) +
∞

∑
m=1

yim(t)q
m. (15)

Where the coefficient yim(t) of the m-th order of q is

yim(t) =
1

m!

∂mφi(t; q)

∂qm
. (16)

When q = 1, it is the expansion of the solution of the nonlinear equation (13)

yi(t) = φi(t; 1) = yi0(t) +
∞

∑
m=1

yim(t). (17)

By solving yim(t), the expansions of the solutions of the nonlinear equations can be found. To

achieve it, the operation for the zero order deformation equation (14) will be as follows: First, substitute
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the expansion (15) into (14). Second, take the m-th derivative of q on (14) both sides. Third, after

calculating the derivatives, set q = 0. The so-called higher order deformation equation (mth-order

deformation equation) is obtained, which is summarized as

L[yim(t)− χmyim−1(t)] = hi Hi(t)Rim(yim−1). (18)

Where the term Rim on the right-hand side with respect to the nonlinear operator is

Rim(yim−1) =
1

(m − 1)!

∂m−1Ni[∑
∞
m=0 yim(t)q

m]

∂qm−1
|q=0, (19)

The highest term on the right-hand side of equation (19) can only reach up to the yim−1 term. It is

found that yim(t) is related to yim−1, and it is possible to find yim(t) of arbitrary order based on this

relation. The value of constant χm is

χm =

{

0 : m ≤ 1,

1 : m > 1.
(20)

In the calculation, we take a finite order to ensure that the error is small enough, a finite M-order

approximation

yM
i (t) = yi0(t) +

M

∑
m=1

yim(t), (21)

the yM
i (t) are the M-th order approximate solution of the original equation (13).

The selection of linear auxiliary operator L, initial guess yi0(t), auxiliary function Hi(t), and

convergence control parameter hi has great freedom, making homotopy analysis method highly

adaptable to different nonlinear problems. However, precisely because there is a great deal of

freedom in selecting these quantities, how to choose these quantities more appropriately still requires

a theoretical basis, and related work can be found in [26][27].

Next, we will use the HAM to obtain analytically approximation solutions of charged black

holes in the Einstein-Maxwell-Weyl gravity. In order to do it, we choose a coordinate transformation

z = 1 − r0
r , such that the region of r → ∞ becomes a finite value z = 1. Then, the field equations under

this coordinate transformation become

h′′(z)−
h′(z)2

2h(z)
+

f ′(z)h′(z)

2 f (z)
+

2h(z) [−(z − 1) f ′(z) + f (z)− 1]

(z − 1)2 f (z)
= 0, (22)

f (z) f ′′(z)
[

2α(z − 1)5h(z)2h′(z) + 4α(z − 1)4h(z)3
]

+ f ′(z)
{

f (z)
[

α(z − 1)5h(z)h′(z)2 + 2α(z − 1)4h(z)2h′(z) + 12α(z − 1)3h(z)3
]

−4α(z − 1)3h(z)3
}

− 3α(z − 1)4h(z)3 f ′(z)2 + f (z)
[

−2r0
2(z − 1)h(z)2h′(z)

+2r0
2h(z)3 + 8α(z − 1)2h(z)3

]

+ f (z)2
[

−α(z − 1)5h′(z)3 − 3α(z − 1)4h(z)h′(z)2

−8α(z − 1)2h(z)3
]

+ 2κQ0
2(z − 1)2h(z)3 − 2r0

2h(z)3 = 0, (23)

Q0

√

h(z)
f (z)

r0
+ At

′(z) = 0, (24)

where the prime (′) denotes the differentiation of the function with respect to z, and r0 the event

horizon of black hole. Notice that Maxwell equation (24) is a linear one, and (22) (23) are second-order
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derivative equations with respect to h(z) and f (z). Therefore, we derive h(z) and f (z) by applying the

HAM to the two nonlinear equations (22) and (23), after then solve equation (24) for At(z).

In the homotopy equation, the auxiliary function can be coded into the initial guess solution, i.e.,

the Hi(z) on the right side of the zero-order deformation Eq. (14) can be moved to the left side [26], so

without loss of generality we take the auxiliary function Hi(z) = 1, i = 1, 2. The initial guess is

h0(z) = f0(z) = z (1 − a (1 − z)) , Vt0(z) = 1 − z. (25)

And corresponding linear auxiliary linear operators (whose construction method is shown in [26][27])

Li [φi(z; q)] =
z2

2

∂2φi(z; q)

∂z2
− z

∂φi(z; q)

∂z2
+ φi(z; q), i = 1, 2. (26)

L3 [φ3(z; q)] =
∂φ3(z; q)

∂z
. (27)

The following boundary conditions are used in the process of solving the nonlinear equations

using the homotopy analysis method,

h(0) = 0 = f (0), h(1) = 1 = f (1), Vt(1) = 0. (28)

The chosen of the initial guess solutions (25) is required to satisfy the boundary conditions (28).

The nonlinear equations (13) Ni is provided by Eqs. (22) and (23), and M-order analytical

approximate solution (21) is obtained by solving yim(z) from the higher order deformation equation

(18). Here, we do the second-order approximation M = 2, and the result is related to the parameter

a of the initial guessed solution and the convergence control parameters h1,h2 and h3. We fix

the convergence control parameters such that h1 = h2 = h3 = −1 and obtain the second order

approximation to the solution with respect to z and a, which are shown in the Appendix.

In order to select the appropriate parameter a, we substitute Eqs. (A1)(A2) into the left side of the

nonlinear equations (22) (23), and obtain

∆eq1 = |N1[h(z, a), f (z, a)]|, (29)

∆eq2 = |N2[h(z, a), f (z, a)]|, (30)

∆eq3 = |N3[h(z, a), f (z, a), At(z, a)]|, (31)

which represented as the deviations between the analytical approximate solutions and the exact

solutions.

If the above three equations are as close to zero as possible in z ∈ [0, 1], then that means the

approximate solutions are as close as possible to the analytical solutions. We can also use the averaged

square residual error [20] to represent the total deviation between the approximate solutions and the

exact solutions,

E(a) =
1

S + 1

S

∑
k=0

{

(N1[h(zk, a), f (zk, a)])2 + (N2[h(zk, a), f (zk, a)])2

+(N3[h(zk, a), f (zk, a), At(zk, a)])2
}

, (32)

with

zk = k∆z = k
1

S
, k = 0, 1, 2, ..., S. (33)
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We choose S = 40 and use the averaged square residual error (32) as a function with the

undetermined parameter a as a variable to draw images of ln [E(a)] to check the relationship between

the averaged square residual error and a.

In Figure 2, it shows the relationships between E(a) and a when Q0 = 2, r0 = 1, and Q0 = 4
3 ,

r0 = 1
2 . The optimal value of a∗ in the initial guess can be obtained from the averaged square residual

error, which makes the solution converge more effectively. a∗ is at a point such that the averaged

square residual error is minimized, and the optimal value of a∗ is mathematically represented as

a∗ = min{E(a)}. (34)

Both curves have a minimum point, which means that at these points, the square residual is the smallest.

In the above two figures, these points correspond to a∗ = 0.27478 and a∗ = 0.17611. Substituting Q0, r0

and the corresponding a into Eqs. (A1), (A2) and (A3)), after reverting back to the radial coordinate r,

the analytical approximate solutions of Einstein-Maxwell-Weyl gravity can be obtained for the different

configurations of Q0 and r0. The comparison between the analytical approximation solutions obtained

by HAM and numerical solutions is plotted in Figure 3.

-2 -1 1 2 3
a

-5

5

10

15

-2 -1 1 2 3
a

-5

5

10

15

(a) (b)

Figure 2. Choose h1 = h2 = −1, and plot the logarithm of the square residual ln [E(a)] as a function

of a. (a) When r0 = 2, Q0 = 1, the curve of the logarithm of the square residuals, (b)corresponds to

r0 = 4
3 , Q0 = 0.5.

10 20 30 40 50 60
r

0.2

0.4

0.6

0.8

r0=2 Q0=1

h(r)

f (r)

At(r)

10 20 30 40 50 60
r

0.2

0.4

0.6

0.8

r0=
4

3
Q0=

1

2

h(r)

f (r)

At(r)

(a) (b)

Figure 3. Comparison between analytical approximate solutions and numerical solutions for h(r), f (r),

and At(r) with r0 = 2, 4/3, and Q0 = 1, 1/2. The solid line represents the analytical approximate

solutions, and the dashed line represents the numerical solutions.

It is interesting to check the accuracy of the analytical approximate solutions. We plot these curves

describing the deviations (Eqs.(29) and (30)) of the analytical approximate solutions from the exact

solutions, as shown in Figure 4.
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Figure 4. Absolute errors for analytic approximate solutions from two field equations with different

values of r0 and Q0 . Represented as the deviations of the analytical approximate solutions from the

exact solutions.

In order to compare with the numerical solutions, we will calculate the absolute errors between

the analytical approximate and numerical solutions in Figure 5.

∆h(r) = |hnum(r)− hana(r)]|, ∆ f (r) = | f num(r)− f ana(r)]|,

∆At(r) = |Anum
t (r)− Aana

t (r)]|. (35)

and the relative errors in Figure 6

δh(r) =
|hnum(r)− hana(r)]|

hnum(r)
× 100%, δ f (r) =

| f num(r)− f ana(r)]|

f num(r)
× 100%,

At(r) =
|Anum

t (r)− Aana
t (r)]|

Anum
t (r)

× 100%. (36)
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Δf (r)

ΔAt(r)
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ΔAt(r)
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r

0.005

0.010

0.015

0.020

0.025

Figure 5. The difference ∆h(r) (in red solid) and ∆ f (r) (in blue dashed) between the analytic

approximation solutions and numerical solutions.
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Figure 6. The relative difference δh(r) (in red solid) and δ f (r) (in blue dahsed) between the analytic

approximation and numerical solutions.
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4. Conclusions and Discussions

In this paper, we discuss the charged black holes in Einstein-Weyl gravity in the presence of

Maxwell field. By using Homotopy Analysis Method, we obtain analytical approximation to charged

black hole solutions of Einstein-Maxwell-Weyl gravity, which has been also derived numerically by

Lin et al.[6]. The region and rate of convergence of the series solution for the HAM does not depend

on the choice of the initial guess function, auxiliary linear operator, and an auxiliary function, but it

can be effectively controlled by using a convergence control parameter. Since the approximation is

significantly accurate in the entire space-time outside the event horizon, it can be used for studying the

properties of this particular black hole and the various phenomena. The present work is considered

as an important work because we confirm that numerical solutions are consistent with an analytical

approximate solution for the charged black holes.
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Appendix A

In this appendix, we present the second order approximation (M = 2 in (21)) to the solutions

h(z, a) =

( − 5.0016a7 × 10−8 − 1.9055a6r2
0 × 10−7 + 3.4844a6 × 10−7 + 1.9055a5Q2

0 × 10−7

+1.0617a5r2
0 × 10−6 − 1.0215a5 × 10−6 − 1.0617a4Q2

0 × 10−6 − 2.3902a4r2
0 × 10−6

+1.6145a4 × 10−6 + 2.3902a3Q2
0 × 10−6 + 2.7207a3r2

0 × 10−6 − 1.4519a3 × 10−6

−2.7207a2Q2
0 × 10−6 − 1.5665a2r2

0 × 10−6 + 7.0473a2 × 10−7 + 1.5665aQ2
0 × 10−6

+3.6508ar2
0 × 10−7 − 1.0000a − 3.6508Q2

0 × 10−7 + 1.0000 ) z

+ ( − 0.35716a7 − 1.9967a6r2
0 + 2.0715a6 + 1.9967a5Q2

0 + 9.6132a5r2
0 − 4.7274a5

−9.6132a4Q2
0 − 17.812a4r2

0 + 5.1012a4 + 17.812a3Q2
0 + 15.291a3r2

0 − 2.1738a3

−15.291a2Q2
0 − 5.4495a2r2

0 − 0.29896a2 + 5.4495aQ2
0 + 0.33333ar2

0 + 1.3888a

−0.33333Q2
0 ) z2

+ ( 4.0000a6r2
0 + 0.87273a6 − 4.a5Q2

0 − 16.571a5r2
0 − 5.1394a5 + 16.571a4Q2

0

+24.571a4r2
0 + 12.267a4 − 24.571a3Q2

0 − 13.6a3r2
0 − 14.857a3 + 13.6a2Q2

0 − 0.4a2r2
0

+9.1429a2 + 0.4aQ2
0 + 2.0000ar2

0 − 2.2857a − 2.0000Q2
0 ) z3

+ ( 2.8121a7 − 3.4286a6r2
0 − 17.196a6 + 3.4286a5Q2

0 + 8.0952a5r2
0 + 43.849a5

−8.0952a4Q2
0 + 1.6381a4r2

0 − 59.632a4 − 1.6381a3Q2
0 − 19.a3r2

0 + 45.524a3 + 19.a2Q2
0

+17.733a2r2
0 − 18.413a2 − 17.733aQ2

0 − 5.0000ar2
0 + 3.0476a + 5.0000Q2

0 ) z4

+ ( − 8.0485a7 + 1.1429a6r2
0 + 39.397a6 − 1.1429a5Q2

0 + 6.1905a5r2
0 − 76.237a5

−6.1905a4Q2
0 − 29.467a4r2

0 + 71.937a4 + 29.467a3Q2
0 + 39.8a3r2

0 − 31.619a3 − 39.8a2Q2
0

−21.667a2r2
0 + 3.6825a2 + 21.667aQ2

0 + 4.ar2
0 + 0.88889a − 4.Q2

0 ) z5

+ ( 12.000a7 + 2.4000a6r2
0 − 41.067a6 − 2.4000a5Q2

0 − 19.467a5r2
0 + 37.867a5

+19.467a4Q2
0 + 42.400a4r2

0 + 19.200a4 − 42.400a3Q2
0 − 37.600a3r2

0 − 54.133a3

+37.600a2Q2
0 + 13.867a2r2

0 + 32.533a2 − 13.867aQ2
0 − 1.6000ar2

0 − 6.4000a

+1.6000Q2
0 ) z6

+ ( − 7.2533a7 − 4.8000a6r2
0 − 7.9644a6 + 4.8000a5Q2

0 + 22.222a5r2
0 + 102.12a5

−22.222a4Q2
0 − 33.387a4r2

0 − 193.92a4 + 33.387a3Q2
0 + 20.480a3r2

0 + 157.51a3
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−20.480a2Q2
0 − 4.7822a2r2

0 − 58.382a2 + 4.7822aQ2
0 + 0.26667ar2

0 + 7.8933a

−0.26667Q2
0 ) z7

+ ( − 9.1429a7 + 4.5714a6r2
0 + 96.a6 − 4.5714a5Q2

0 − 14.984a5r2
0 − 264.71a5

+14.984a4Q2
0 + 15.771a4r2

0 + 319.49a4 − 15.771a3Q2
0 − 6.1714a3r2

0 − 188.06a3

+6.1714a2Q2
0 + 0.69841a2r2

0 + 51.352a2 − 0.69841aQ2
0 − 4.9270a ) z8

+ ( 28.800a7 − 2.6939a6r2
0 − 163.73a6 + 2.6939a5Q2

0 + 6.2313a5r2
0 + 324.76a5

−6.2313a4Q2
0 − 4.2041a4r2

0 − 297.71a4 + 4.2041a3Q2
0 + 0.80000a3r2

0 + 132.30a3

−0.80000a2Q2
0 − 26.030a2 + 1.6163a ) z9

+ ( − 38.267a7 + 1.a6r2
0 + 163.85a6 − 1.0000a5Q2

0 − 1.4868a5r2
0 − 252.04a5

+1.4868a4Q2
0 + 0.48889a4r2

0 + 176.51a4 − 0.48889a3Q2
0 − 56.958a3 + 7.2931a2

−0.22222a ) z10

+ ( 32.711a7 − 0.21587a6r2
0 − 109.79a6 + 0.21587a5Q2

0 + 0.15661a5r2
0 + 129.86a5

−0.15661a4Q2
0 − 66.334a4 + 13.977a3 − 0.88042a2 ) z11

+ ( − 19.375a7 + 0.020779a6r2
0 + 50.185a6 − 0.020779a5Q2

0 − 43.412a5 + 14.509a4

−1.5065a3 ) z12

+
(

7.978a7 − 15.136a6 + 8.5772a5 − 1.4141a4
)

z13

+
(

−2.1949a7 + 2.7297a6 − 0.76353a5
)

z14

+
(

0.36444a7 − 0.22378a6
)

z15 − 0.027706a7z16

+ ( − 0.29091a7 − 1.1429a6r2
0 + 2.0040a6 + 1.1429a5Q2

0 + 6.2857a5r2
0 − 5.8020a5

−6.2857a4Q2
0 − 13.943a4r2

0 + 9.0413a4 + 13.943a3Q2
0 + 15.600a3r2

0 − 8.0000a3

−15.600a2Q2
0 − 8.8000a2r2

0 + 3.8095a2 + 8.8000aQ2
0 + 2.0000ar2

0 − 0.76190a

−2.0000Q2
0 ) z2ln(z) (A1)

f (z, a) =

( 4.8641a9 × 10−10 + 1.5668a8r2
0 × 10−9 − 4.5398a8 × 10−9 − 1.4843a7Q2

0 × 10−9

+2.5118a7r4
0 × 10−10 − 1.2607a7r2

0 × 10−8 + 1.8682a7 × 10−8 − 2.5118a6Q2
0r2

0 × 10−10

+1.1835a6Q2
0 × 10−8 − 2.0029a6r4

0 × 10−9 + 4.3944a6r2
0 × 10−8 − 4.4306a6 × 10−8

+2.0029a5Q2
0r2

0 × 10−9 − 4.0785a5Q2
0 × 10−8 + 6.8294a5r4

0 × 10−9 − 8.6171a5r2
0 × 10−8

+6.3371a5 × 10−8 − 6.8294a4Q2
0r2

0 × 10−9 + 7.8822a4Q2
0 × 10−8 − 1.2796a4r4

0 × 10−8

+9.1447a4r2
0 × 10−8 − 4.9879a4 × 10−8 + 1.2796a3Q2

0r2
0 × 10−8 − 8.0927a3Q2

0 × 10−8

+1.3948a3r4
0 × 10−8 − 3.4982a3r2

0 × 10−8 + 1.2514a3 × 10−8 − 1.3948a2Q2
0r2

0 × 10−8

+2.5691a2Q2
0 × 10−8 − 8.4286a2r4

0 × 10−9 − 1.6983a2r2
0 × 10−8 + 8.9983a2 × 10−9

+8.4286aQ2
0r2

0 × 10−9 + 2.1687aQ2
0 × 10−8 + 2.2222ar4

0 × 10−9 + 1.4349ar2
0 × 10−8

−1.0000a − 2.2222Q2
0r2

0 × 10−9 − 1.5407Q2
0 × 10−8 + 1.0000 ) z

+ ( − 0.048641a9 − 0.15668a8r2
0 + 0.45398a8 + 0.14843a7Q2

0 − 0.025118a7r4
0

+1.2607a7r2
0 − 1.8682a7 + 0.025118a6Q2

0r2
0 − 1.1835a6Q2

0 + 0.20029a6r4
0 − 4.3944a6r2

0

+4.4306a6 − 0.20029a5Q2
0r2

0 + 4.0785a5Q2
0 − 0.68294a5r4

0 + 8.6171a5r2
0 − 6.3371a5

+0.68294a4Q2
0r02 − 7.8822a4Q2

0 + 1.2796a4r4
0 − 9.1447a4r2

0 + 4.9879a4 − 1.2796a3Q2
0r2

0

+8.0927a3Q2
0 − 1.3948a3r4

0 + 3.4982a3r2
0 − 1.2514a3 + 1.3948a2Q2

0r2
0 − 2.5691a2Q2

0
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+0.84286a2r4
0 + 1.6983a2r2

0 − 0.89983a2 − 0.84286aQ2
0r2

0 − 2.1687aQ2
0 − 0.22222ar4

0

−1.4349ar2
0 + 1.5443a + 0.22222Q2

0r2
0 + 1.5407Q2

0 ) z2

+ ( 0.36364a9 + 1.4286a8r2
0 − 3.2323a8 − 1.4286a7Q2

0 − 1.1429a7r4
0 × 10−8 − 10.714a7r2

0

+12.626a7 + 1.1429a6Q2
0r2

0 × 10−8 + 10.714a6Q2
0 + 7.4286a6r4

0 × 10−8 + 34.571a6r2
0

−28.312a6 − 7.4286a5Q2
0r2

0 × 10−8 − 34.571a5Q2
0 − 2.0229a5r4

0 × 10−7 − 62.214a5r2
0

+39.856a5 + 2.0229a4Q2
0r2

0 × 10−7 + 62.214a4Q2
0 + 2.9543a4r4

0 × 10−7 + 63.429a4r2
0

−36.063a4 − 2.9543a3Q2
0r2

0 × 10−7 − 63.429a3Q2
0 − 2.4400a3r4

0 × 10−7 − 32.000a3r2
0

+20.476a3 + 2.44a2Q2
0r2

0 × 10−7 + 32.000a2Q2
0 + 1.08a2r4

0 × 10−7 + 4.0000a2r2
0

−6.6667a2 − 1.0800aQ2
0r2

0 × 10−7 − 4.0000aQ2
0 − 2.ar4

0 × 10−8 + 1.5000ar2
0 + 0.95238a

+2.0000Q2
0r2

0 × 10−8 − 1.5Q2
0 ) z3

+ ( − 1.2121a9 − 9.3316a8r2
0 + 10.265a8 + 9.4286a7Q2

0 + 0.38095a7r4
0 + 65.616a7r2

0

−38.071a7 − 0.38095a6Q2
0r2

0 − 66.381a6Q2
0 − 2.4762a6r4

0 − 197.64a6r2
0 + 80.712a6

+2.4762a5Q2
0r2

0 + 200.24a5Q2
0 + 6.7429a5r4

0 + 330.37a5r2
0 − 112.21a5 − 6.7429a4Q2

0r2
0

−335.31a4Q2
0 − 9.8476a4r4

0 − 324.05a4r2
0 + 111.72a4 + 9.8476a3Q2

0r2
0 + 329.73a3Q2

0

+8.1333a3r4
0 + 182.03a3r2

0 − 79.587a3 − 8.1333a2Q2
0r2

0 − 185.97a2Q2
0 − 3.6000a2r4

0

−53.576a2r2
0 + 35.556a2 + 3.6000aQ2

0r2
0 + 55.100aQ2

0 + 0.66667ar4
0 + 6.5794ar2

0

−7.1746a − 0.66667Q2
0r2

0 − 6.8333Q2
0 ) z4

+ ( − 2.9576a9 + 44.758a8r2
0 + 23.393a8 − 44.952a7Q2

0 − 1.4286a7r4
0 − 294.74a7r2

0

−81.144a7 + 1.4286a6Q2
0r2

0 + 296.07a6Q2
0 + 8.1905a6r4

0 + 827.88a6r2
0 + 161.50a6

−8.1905a5Q2
0r2

0 − 831.75a5Q2
0 − 19.295a5r4

0 − 1284.5a5r2
0 − 180.82a5 + 19.295a4Q2

0r2
0

+1290.5a4Q2
0 + 23.733a4r4

0 + 1180.6a4r2
0 + 88.761a4 − 23.733a3Q2

0r2
0 − 1186.0a3Q2

0

−15.867a3r4
0 − 640.64a3r2

0 + 12.413a3 + 15.867a2Q2
0r2

0 + 643.18a2Q2
0 + 5.3333a2r4

0

+191.11a2r2
0 − 28.540a2 − 5.3333aQ2

0r2
0 − 191.62aQ2

0 − 0.66667ar4
0 − 24.500ar2

0

+7.3968a + 0.66667Q2
0r2

0 + 24.500Q2
0 ) z5

+ ( 58.415a9 − 156.30a8r2
0 − 440.66a8 + 155.94a7Q2

0 + 2.9524a7r4
0 + 956.77a7r2

0

+1449.9a7 − 2.9524a6Q2
0r2

0 − 954.10a6Q2
0 − 14.800a6r4

0 − 2484.0a6r2
0 − 2717.4a6

+14.800a5Q2
0r2

0 + 2475.4a5Q2
0 + 29.794a5r4

0 + 3538.2a5r2
0 + 3127.7a5 − 29.794a4Q2

0r2
0

−3522.9a4Q2
0 − 30.293a4r4

0 − 2974.2a4r2
0 − 2227.7a4 + 30.293a3Q2

0r2
0 + 2957.8a3Q2

0

+15.880a3r4
0 + 1471.0a3r2

0 + 951.16a3 − 15.880a2Q2
0r2

0 − 1460.6a2Q2
0 − 3.8000a2r4

0

−395.48a2r2
0 − 224.97a2 + 3.8000aQ2

0r2
0 + 391.82aQ2

0 + 0.26667ar4
0 + 44.300ar2

0

+23.600a − 0.26667Q2
0r2

0 − 43.767Q2
0 ) z6

+z7 ( − 354.20a9 + 406.23a8r2
0 + 2516.8a8 − 403.46a7Q2

0 − 4.1270a7r4
0 − 2291.0a7r2

0

−7767.7a7 + 4.1270a6Q2
0r2

0 + 2273.6a6Q2
0 + 17.841a6r4

0 + 5438.9a6r2
0 + 13588.a6

−17.841a5Q2
0r2

0 − 5392.8a5Q2
0 − 30.124a5r4

0 − 7019.9a5r2
0 − 14661.a5 + 30.124a4Q2

0r2
0

+6953.3a4Q2
0 + 24.640a4r4

0 + 5292.1a4r2
0 + 9950.6a4 − 24.640a3Q2

0r2
0 − 5235.7a3Q2

0

−9.6889a3r4
0 − 2314.9a3r2

0 − 4150.9a3 + 9.6889a2Q2
0r2

0 + 2287.3a2Q2
0 + 1.5111a2r4

0

+538.78a2r2
0 + 978.49a2 − 1.5111aQ2

0r2
0 − 531.67aQ2

0 − 0.044444ar4
0 − 50.656ar2

0

−100.52a + 0.044444Q2
0r2

0 + 49.944Q2
0 ) z7

+ ( 1365.4a9 − 804.85a8r2
0 − 9084.6a8 + 797.15a7Q2

0 + 4.1814a7r4
0 + 4141.0a7r2

0

+26127.a7 − 4.1814a6Q2
0r2

0 − 4098.1a6Q2
0 − 15.276a6r4

0 − 8883.6a6r2
0 − 42352.a6

+15.276a5Q2
0r2

0 + 8784.0a5Q2
0 + 21.035a5r4

0 + 10239.a5r2
0 + 42179.a5 − 21.035a4Q2

0r2
0
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−10115.a4Q2
0 − 13.270a4r4

0 − 6790.0a4r2
0 − 26353.a4 + 13.270a3Q2

0r2
0 + 6702.7a3Q2

0

+3.6381a3r4
0 + 2560.2a3r2

0 + 10068.a3 − 3.6381a2Q2
0r2

0 − 2525.8a2Q2
0 − 0.31111a2r4

0

−499.14a2r2
0 − 2146.0a2 + 0.31111aQ2

0r2
0 + 492.44aQ2

0 + 37.719ar2
0 + 194.34a

−37.262Q2
0 ) z8

+ ( − 3822.0a9 + 1237.5a8r2
0 + 23671.a8 − 1223.6a7Q2

0 − 3.1429a7r4
0 − 5744.4a7r2

0

−63010.a7 + 3.1429a6Q2
0r2

0 + 5675.9a6Q2
0 + 9.4286a6r4

0 + 10984.a6r2
0 + 93901.a6

−9.4286a5Q2
0r2

0 − 10846.a5Q2
0 − 10.152a5r4

0 − 11112.a5r2
0 − 85367.a5 + 10.152a4Q2

0r2
0

+10966.a4Q2
0 + 4.6143a4r4

0 + 6337.8a4r2
0 + 48275.a4 − 4.6143a3Q2

0r2
0 − 6252.5a3Q2

0

−0.77143a3r4
0 − 1998.2a3r2

0 − 16498.a3 + 0.77143a2Q2
0r2

0 + 1971.7a2Q2
0 + 0.023810a2r4

0

+312.59a2r2
0 + 3092.0a2 − 0.023810aQ2

0r2
0 − 308.86aQ2

0 − 17.748ar2
0 − 240.48a

+17.595Q2
0 ) z9

+ ( 8204.8a9 − 1492.3a8r2
0 − 46995a8 + 1474.2a7Q2

0 + 1.7460a7r4
0 + 6168.0a7r2

0

+1.1491 × 105a7 − 1.7460a6Q2
0r2

0 − 6089.5a6Q2
0 − 4.1270a6r4

0 − 10340a6r2
0

−1.5604 × 105a6 + 4.1270a5Q2
0r2

0 + 10204a5Q2
0 + 3.2529a5r4

0 + 8984.9a5r2
0

+1.28030 × 105a5 − 3.2529a4Q2
0r2

0 − 8864.3a4Q2
0 − 0.94233a4r4

0 − 4280.1a4r2
0

−64571.a4 + 0.94233a3Q2
0r2

0 + 4223.6a3Q2
0 + 0.070370a3r4

0 + 1081.9a3r2
0 + 19373a3

−0.070370a2Q2
0r2

0 − 1068.7a2Q2
0 − 127.15a2r2

0 − 3121.3a2 + 125.92aQ2
0 + 4.8175ar2

0

+202.87a − 4.7963Q2
0 ) z10

+ ( − 13899a9 + 1416.7a8r2
0 + 73086a8 − 1398.9a7Q2

0 − 0.69841a7r4
0 − 5129.8a7r2

0

−162730.a7 + 0.69841a6Q2
0r2

0 + 5062.9a6Q2
0 + 1.2190a6r4

0 + 7381.1a6r2
0 + 1.9925 × 105a6

−1.2190a5Q2
0r2

0 − 7283.0a5Q2
0 − 0.62434a5r4

0 − 5352.9a5r2
0 − 1.4563 × 105a5

+0.62434a4Q2
0r2

0 + 5282.3a4Q2
0 + 0.085926a4r4

0 + 2043.1a4r2
0 + 64416.a4

−0.085926a3Q2
0r2

0 − 2017.7a3Q2
0 − 387.91a3r2

0 − 16607.a3 + 383.77a2Q2
0 + 30.433a2r2

0

+2235.4a2 − 30.219aQ2
0 − 0.57778ar2

0 − 116.58a + 0.57778Q2
0 ) z11

+ ( 18879a9 − 1055.7a8r2
0 − 90360a8 + 1042.2a7Q2

0 + 0.19048a7r4
0 + 3279.5a7r2

0

+1.8132 × 105a7 − 0.19048a6Q2
0r2

0 − 3236.6a6Q2
0 − 0.21818a6r4

0 − 3936.3a6r2
0

−1.9764 × 105a6 + 0.21818a5Q2
0r2

0 + 3884.7a5Q2
0 + 0.054372a5r4

0 + 2286.2a5r2
0

+1.2661 × 105a5 − 0.054372a4Q2
0r2

0 − 2257.3a4Q2
0 − 655.25a4r2

0 − 48095.a4

+647.74a3Q2
0 + 83.035a3r2

0 + 10354.a3 − 82.291a2Q2
0 − 3.2623a2r2

0 − 1117.5a2

+3.2485aQ2
0 + 43.820a ) z12

+ ( − 20736a9 + 611.21a8r2
0 + 89411a8 − 603.37a7Q2

0 − 0.031746a7r4
0 − 1583.3a7r2

0

−1.5966 × 105a7 + 0.031746a6Q2
0r2

0 + 1562.8a6Q2
0 + 0.017893a6r4

0 + 1521.5a6r2
0

+1.5247 × 105a6 − 0.017893a5Q2
0r2

0 − 1502.1a5Q2
0 − 663.35a5r2

0 − 83841a5

+655.40a4Q2
0 + 126.87a4r2

0 + 26581.a4 − 125.56a3Q2
0 − 8.0476a3r2

0 − 4585.8a3

+7.9899a2Q2
0 + 371.95a2 − 9.7449a ) z13

+ ( 18464a9 − 269.56a8r2
0 − 70830a8 + 266.13a7Q2

0 + 0.0024420a7r4
0 + 558.93a7r2

0

+1.1078 × 105a7 − 0.0024420a6Q2
0r2

0 − 551.83a6Q2
0 − 403.08a6r2

0 − 90774a6

+398.13a5Q2
0 + 117.24a5r2

0 + 41646a5 − 115.93a4Q2
0 − 11.221a4r2

0 − 10577a4

+11.118a3Q2
0 + 1370.6a3 − 74.237a2 + 0.97436a ) z14

+ ( − 13299a9 + 87.562a8r2
0 + 44672a8 − 86.463a7Q2

0 − 136.23a7r2
0 − 59935a7

+134.55a6Q2
0 + 65.531a6r2

0 + 40964a6 − 64.760a5Q2
0 − 9.5359a5r2

0 − 15051a5
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+9.4365a4Q2
0 + 2870.1a4 − 248.28a3 + 6.7336a2 ) z15

+ ( 7690.1a9 − 19.760a8r2
0 − 22155a8 + 19.517a7Q2

0 + 20.504a7r2
0 + 24789a7

−20.257a6Q2
0 − 4.9334a6r2

0 − 13565a6 + 4.8782a5Q2
0 + 3741.2a5 − 476.11a4

+20.616a3 ) z16

+ ( − 3521.3a9 + 2.7683a8r2
0 + 8458.8a8 − 2.7349a7Q2

0 − 1.4367a7r2
0 − 7576.1a7

+1.4200a6Q2
0 + 3111.5a6 − 572.55a5 + 36.464a4 ) z17

+ ( 1248.7a9 − 0.18141a8r2
0 − 2400.8a8 + 0.17927a7Q2

0 + 1613.6a7 − 442.06a6

+40.700a5 ) z18

+(29.323a6 − 213.95a7 + 477.27a8 − 330.83a9)z19

+(13.304a7 − 59.332a8 + 61.668a9)z20 + (3.4727a8 − 7.2164a9)z21 + 0.39896a9z22 (A2)

At(z, a) =

Q0

a7r0
( 0.0028860a − 0.0049062a2 − 0.0022126a3 − 0.0013949a4 − 0.0010101a5

−0.00078884a6 + 1.0755a7 − 0.17674a8 + 0.17043a9 − 0.077666a10 + 0.013884a11

−0.0028860az + 0.0034632a2z + 0.0034632a3z + 0.0034632a4z + 0.0034632a5z

+0.0034632a6z − 1.0727a7z + 0.11775a8z − 0.072727a9z + 0.016162a10z

+7.2727−10a11z + 0.0014430a2z2 − 0.00028860a3z2 − 0.0020202a4z2 − 0.0037518a5z2

−0.0054834a6z2 − 0.0072150a7z2 + 0.12439a8z2 − 0.22020a9z2 + 0.14949a10z2

−0.036364a11z2 − 0.00096200a3z3 − 0.00076960a4z3 + 0.00057720a5z3 + 0.0030784a6z3

+0.0067340a7z3 + 0.011544a8z3 − 0.071380a9z3 + 0.075421a10z3 − 0.024242a11z3

+0.00072150a4z4 + 0.0012987a5z4 + 0.00086580a6z4 − 0.0014430a7z4 − 0.33983a8z4

+0.98485a9z4 − 0.96162a10z4 + 0.31515a11z4 − 0.00057720a5z5 − 0.0016162a6z5

−0.0023088a7z5 + 0.53218a8z5 − 1.8626a9z5 + 2.1495a10z5 − 0.81455a11z5

+0.00048100a6z6 + 0.0018278a7z6 − 0.39625a8z6 + 1.8269a9z6 − 2.6209a10z6

+1.1879a11z6 − 0.00041229a7z7 + 0.15040a8z7 − 1.0338a9z7 + 1.9717a10z7

−1.1152a11z7 − 0.023449a8z8 + 0.32114a9z8 − 0.91717a10z8 + 0.69091a11z8

−0.042649a9z9 + 0.24332a10z9 − 0.27475a11z9 − 0.028283a10z10 + 0.063838a11z10

−0.0066116a11z11 + 0.0028860 log(a(z − 1.0000) + 1.0000)

−0.0063492a log(a(z − 1.0000) + 1.0000) + 0.076190a6 log(a(z − 1.0000) + 1.0000)

−0.19048a7 log(a(z − 1.0000) + 1.0000) + 0.19048a8 log(a(z − 1.0000) + 1.0000)

−0.088889a9 log(a(z − 1.0000) + 1.0000) + 0.016162a10 log(a(z − 1.0000) + 1.0000)

+0.0 × 10−93a11 log(a(z − 1.0000) + 1.0000) + Q2
0 ( a3 ( − 0.019048

−0.0095a(1.00 − 1.00z)2 + a2(0.185z − 0.185)3 + 0.019048z + a3 ( − 0.0047619z4

+0.019048z3 − 0.028571z2 − 0.14762z + 0.16190 ) + a4 ( − 0.029524z5 + 0.14762z4

−0.29524z3 + 0.29524z2 + 0.15238z − 0.27048 ) + a5 ( − 0.025397z6 + 0.15238z5

−0.38095z4 + 0.50794z3 − 0.38095z2 − 0.047619z + 0.17460 ) + a6 ( − 0.040816

−2.8571 × 10−9 − 0.0068027z7 + 0.047619z6 − 0.14286z5 + 0.23810z4 − 0.23810z3

+0.14286z2 ) ) + ( − 0.047619a8 + 0.20000a7 − 0.30000a6 + 0.16667a5 − 0.019048a2

+0.0 × 10−93a9 ) log(a(z − 1.0000) + 1.0000) ) + ( a4 ( 0.019048 + a2(0.185 − 0.185z)3

+a(0.098 − 0.098z)2 − 0.019048z + a3 ( 0.0047619z4 − 0.019048z3 + 0.028571z2
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+0.14762z − 0.16190 ) + a4 ( 0.029524z5 − 0.14762z4 + 0.29524z3 − 0.29524z2

−0.15238z + 0.27048 ) + a5 ( 0.025397z6 − 0.15238z5 + 0.38095z4 − 0.50794z3

+0.38095z2 + 0.047619z − 0.17460 ) + a6 ( 0.040816 + 2.8571 × 10−9z − 0.14286z2

+0.23810z3 − 0.23810z4 + 0.14286z5 − 0.047619z6 + 0.0068027z7 ) ) + ( 0.019048a3

−0.16667a6 + 0.30000a7 − 0.20000a8 + 0.047619a9

+0.0 × 10−93a10 ) log(a(z − 1.0000) + 1.0000) ) r2
0 ) (A3)
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