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Abstract

We present a general procedure to describe the dynamics of N degenerate quantized fields interacting
resonantly with a two–level atom, all coupled with the same strength, within the rotating–wave
approximation. Starting from the analysis of the two and three field cases, we generalize the method
by identifying dynamical invariants that lead to a factorized form of the time–evolution operator. A
unitary transformation reduces the problem to an effective Jaynes–Cummings Hamiltonian, where only
one field interacts with the atom and the remaining modes contribute as free fields. Assuming initially
coherent fields and an atomic superposition, we compute the atomic inversion and the mean photon
number, revealing vacuum Rabi oscillations with a frequency determined by an effective coupling
constant that exceeds the individual atom–field coupling, as well as the characteristic collapse-revival
behavior.

Keywords: multimode Jaynes–Cummings model; dynamical invariants; vacuum Rabi oscillations;
collapse and revival phenomena

1. Introduction
The interaction between atoms and quantized electromagnetic fields constitutes one of the funda-

mental pillars of quantum optics. The quantum Rabi model [1,2] describes the interaction between
a two–level atom and a single quantized cavity mode. In the weak–coupling and near–resonant
regime, the rotating–wave approximation allows one to neglect the counter–rotating terms, leading
to the Jaynes–Cummings model [3–5], the most fundamental exactly solvable model capturing the
essential physics of radiation–matter interaction, including spontaneous and stimulated emission, Rabi
oscillations, the collapse–revival phenomenon [6,7], and the generation of nonclassical states of light,
among others [8–11].

Over the years, these models have been generalized in several directions. For instance, the
interaction with multiple atoms [12,13], described by the Dicke model [14,15] and its rotating–wave
counterpart, the Tavis–Cummings model [16]. Other extensions consider atoms with N energy levels
interacting with the field [17–20], or systems in which both the quantized field and the atom are
influenced by an external classical field [20–22]. Generalized Jaynes–Cummings models have also
been proposed to include intensity-dependent couplings [23] or multiphoton interactions between the
field and the atom [24,25].

Additionally, several studies have examined the interaction of a single two–level atom with
multimode quantized fields [26,27], including analyses of systems involving two and three field
modes coupled to the atom [28–30]. It has been shown, for instance, that the interaction of a two–
level atom with two degenerate field modes can be mapped, through an appropriate symmetry
transformation, onto an effective single–mode Jaynes–Cummings model, which admits an exact
analytical solution [31,32]. Alternatively, the same system can be reduced to an effective one–quasi-
mode Jaynes–Cummings model [28,33].
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As part of the effort to explore multimode generalizations, in this work we describe a general
procedure to analyze the dynamics of N degenerate quantized fields interacting resonantly with a
two–level atom, all coupled with the same strength. In contrast to Ref. [34], where different coupling
strengths were considered, we focus on the case of identical atom—field couplings, which enables a
systematic generalization of the model. We first examine in detail the cases of two and three quantized
fields interacting with the atom, from which the structure of the general method naturally emerges.
We employ an operator approach based on the identification of dynamical invariants that provide
a systematic way to construct the factorized form of the time–evolution operator. By applying a
unitary transformation, we move to a reference frame in which only one field remains coupled to the
atom, while the others contribute solely through their free–field Hamiltonians; that is, the resulting
Hamiltonian corresponds to a Jaynes–Cummings model with an effective coupling constant larger
than the individual one, plus the free-field terms of the decoupled modes. We then compute the atomic
inversion and the time evolution of the mean photon number for one of the fields, assuming that the
fields are initially in coherent states and the atom is prepared in a superposition state. The results
exhibit vacuum Rabi oscillations with a frequency determined by the effective coupling constant, as
well as the characteristic collapse and revival phenomena.

2. A Two–Level Atom Interacting with N Quantized Fields
Let us consider a single two–level atom interacting with N quantized electromagnetic modes,

each confined in its own cavity and all sharing the same frequency. Every mode is coupled to the
atom with identical strength, so that each atom–field pair is governed by a Jaynes–Cummings–type
interaction within the rotating–wave approximation, as illustrated in Figure 1. The field modes do
not interact among themselves; their only coupling is mediated through the single atom. Under these
conditions, the dynamics of the atom–multimode field system is captured by the Hamiltonian [26]
(h̄ = 1)

Ĥ =
ω0

2
σ̂z + ωF

N

∑
k=1

â†
k âk + g

(
σ̂−

N

∑
k=1

â†
k + σ̂+

N

∑
k=1

âk

)
, (1)

where the k-th field mode, of frequency ωF, is described by the annihilation and creation operators âk

and â†
k . The operators σ̂z, σ̂+, and σ̂− denote the usual Pauli matrices acting on the atomic two–level

system, with ω0 the atomic transition frequency and g the atom–field coupling strength.

Figure 1. A two-level atom interacting with N quantized cavity field modes of equal frequency via identical
Jaynes–Cummings couplings. The modes are mutually uncoupled and interact only through the atom.

2.1. Invariant approach

In order to solve the dynamics of our system, we apply an invariant approach that allows us to
factorize the evolution operator. Therefore, we look for operators that satisfy [35]

dÎ
dt

=
∂ Î
∂t

− i
[
Î, Ĥ

]
= 0. (2)
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Since the rotating-wave approximation is assumed, as in the Jaynes–Cummings model, the total
number of excitations, denoted by Î1, is conserved

Î1 =
σ̂z

2
+

N

∑
k=1

â†
k âk. (3)

It is straightforward to show that another invariant is

Î2 =
N
2

σ̂z +
N

∑
k=1

â†
k

N

∑
l=1

âl , (4)

and it could be understood as representing the total number of excitations, but now considering a
collective field mode. It is important to emphasize that, for the operators given in Equations (3) and
(4) to be invariants, the fields must have the same frequency and identical coupling to the atom. We
define the operators

ÂN =
σ̂+ ∑N

k=1 âk√
Î2 +

N
2

, Â†
N =

σ̂− ∑N
k=1 â†

k√
Î2 +

N
2

, (5)

which satisfy the commutation relations

[ÂN , Â†
N ] = σ̂z, [ÂN , σ̂z] = −2ÂN , [Â†

N , σ̂z] = 2Â†
N , (6)

that is, they close an algebra under the commutation operation. In terms of these constants of motion
and operators, the Hamiltonian of the system (1) can be written as

Ĥ =
∆
2

σ̂z + ωF Î1 + g

√
Î2 +

N
2

(
Â†

N + ÂN

)
, (7)

where ∆ = ω0 − ωF is the atom-field detuning. For simplicity, we consider the on-resonance case, for
which the evolution operator corresponding to the Hamiltonian above can be written as

Û(t) = exp (−iωF Î1t) exp

(
−igt

√
Î2 +

N
2
(Â†

N + ÂN)

)
, (8)

where the factor e−iωF Î1t only contributes an overall phase. It is not difficult to show that

Û(t) = e−iωF Î1te
−i tan

(
gt
√

Î2+
N
2

)
Â†

N e
ln
[

cos
(

gt
√

Î2+
N
2

)]
σ̂z

e
−i tan

(
gt
√

Î2+
N
2

)
ÂN

, (9)

factorizes the exponential above, which can be done by applying the Wei–Norman theorem [36]. To
establish a general procedure for determining the atomic inversion and the mean photon number in
the case of a two-level atom interacting with N quantized field modes, we first analyze in detail the
particular cases of N = 2 and N = 3, which provide the foundation for extending the method to the
general case.

3. Two Quantized Fields Interacting with the Atom
First, we consider a two-level atom interacting with two quantized field modes. The corresponding

Hamiltonian in this case is given by [28,34]

Ĥ = ωF Î1 + g
√

Î2 + 1
(

Â2 + Â†
2

)
, (10)
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where the invariants given in Equations (3) and (4) are evaluated for N = 2. To obtain an evolution
operator applicable to an initial condition, we move to a different reference frame, where the system is
described by the state vector |φ(t)⟩, through the following transformation

|ψ(t)⟩ = D̂†
1−2(θ)|φ(t)⟩, (11)

where D̂1−2(θ) is a displacement-like operator defined as

D̂1−2(θ) = eθ(â1 â†
2−â†

1 â2) = etan (θ)â1 â†
2 eln (cos (θ))(â†

1 â1−â†
2 â2)e− tan (θ)â†

1 â2 , (12)

where θ is a real parameter, and the Wei–Norman theorem [36] has been employed to express the
operator in factored form. We find that the Schrödinger equation in the new frame can be written as

i
d|φ(t)⟩

dt
= D̂1−2(θ)ĤD̂†

1−2(θ)|φ(t)⟩ = ĤD|φ(t)⟩, (13)

and consequently, the evolution operator takes the form

UD(t) = D̂1−2(θ)Û(t)D̂†
1−2(θ), (14)

where Û(t) is given by Equation (9) with N = 2. On the other hand, the annihilation operators
corresponding to both fields transform as follows

D̂1−2(θ)â1D̂†
1−2(θ) = â1 cos(θ) + â2 sin(θ), (15)

D̂1−2(θ)â2D̂†
1−2(θ) = â2 cos(θ)− â1 sin(θ). (16)

Using the results from Equations (15) and (16), we find that the operators involved in the evolution
operator, Equation (9), transform as follows: the excitation number operator Î1 remains unchanged

Î1D = D̂1−2(θ) Î1D̂†
1−2(θ) = Î1, (17)

while the operators Î2, Â2, and Â†
2 transform as

Î2D =D̂1−2(θ) Î2D̂†
1−2(θ)

=σ̂z +
[

â†
1(cos (θ)− sin (θ)) + â†

2(cos (θ) + sin (θ))
]
[H.c.],

(18)

Â2D = D̂1−2(θ)Â2D̂†
1−2(θ) =

σ̂+(â1(cos(θ)− sin(θ)) + â2(cos(θ) + sin(θ)))√
Î2D + 1

, (19)

Â†
2D = D̂1−2(θ)Â†

2D̂†
1−2(θ) =

σ̂−
(
â†

1(cos(θ)− sin(θ)) + â†
2(cos(θ) + sin(θ))

)√
Î2D + 1

. (20)

Therefore, the Hamiltonian in the new frame can be written as

ĤD =ωF Î1 + g
√

Î2D + 1
(

Â2D + Â†
2D

)
=ωF Î1 + gσ̂+(â1(cos(θ)− sin(θ)) + â2(cos(θ) + sin(θ)))

+ gσ̂−
(

â†
1(cos(θ)− sin(θ)) + â†

2(cos(θ) + sin(θ))
)

.

(21)

By choosing an appropriate value of θ, we can eliminate the operators associated with one of the fields.
Specifically, setting θ = −π

4 eliminates field 2, whereas θ = π
4 eliminates field 1. For θ = −π

4 , the
Hamiltonian becomes

ĤD = ωF Î1 +
√

2g
(

σ̂+ â1 + σ̂− â†
1

)
, (22)
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which can be identified as the Jaynes–Cummings Hamiltonian with an effective coupling constant
g̃ =

√
2g, larger than the individual atom–field coupling, plus the free Hamiltonian of a quantized field.

A similar transformation procedure was reported in Ref. [34], where the interaction of a two-level atom
with two field modes of different coupling strengths was considered. In contrast, in the present work
the couplings are assumed to be identical, a condition required for the invariants previously defined to
remain constant in time. Since the Jaynes–Cummings model is well known [3–5], its corresponding
evolution operator can be readily written. The evolution of the state in this new frame is given by

|φ(t)⟩ = ÛD(t)|φ(0)⟩ = e−iĤDt|φ(0)⟩, (23)

where

ÛD(t) =e−iωF Î1te−i tan
(

gt
√

Î2D+1
)

Â†
2D eln

[
cos
(

gt
√

Î2D+1
)]

σ̂z e−i tan
(

gt
√

Î2D+1
)

Â2D

=e−iωF Î1t

 cos
(

g̃t
√

n̂1 + 1
)

−i
sin(g̃t

√
n̂1+1)√

n̂1+1 â1

−iâ†
1

sin(g̃t
√

n̂1+1)√
n̂1+1 cos

(
g̃t
√

n̂1
)
.

(24)

with n̂1 = â†
1 â1. To obtain this matrix expression, the exponential operators were expanded in a power

series, expressing the Pauli operators in their matrix form in the atomic basis, and after performing the
corresponding simplifications, the final result was obtained. Transforming back to the original frame,
the evolution of the system is given by

|ψ(t)⟩ = D̂†
1−2(θ)ÛD(t)D̂1−2(θ)|ψ(0)⟩, (25)

with θ = −π
4 .

3.1. Atomic Inversion and Average Photon Number

The system is assumed to be initially prepared in the state

|ψ(0)⟩ = C[c1|α1⟩|α2⟩|e⟩+ c2|β1⟩|β2⟩|g⟩] = C

[
c1|α1⟩|α2⟩
c2|β1⟩|β2⟩

]
, (26)

where C = 1√
|c1|2+|c2|2

is the normalization constant, c1 and c2 are complex coefficients, and |αi⟩ and

|βi⟩ denote coherent states of the fields entangled with the atomic excited state |e⟩ and the ground
state |g⟩, respectively. The index i = 1, 2 labels the two fields under consideration.

A quantity of particular interest in the study of atom–field interactions is the atomic inversion,
which characterizes the population difference between the excited and ground states of the atom. It
reflects the exchange of energy between the atom and the quantized fields and is obtained from the
expectation value of the operator σ̂z, namely

⟨ψ(t)|σ̂z|ψ(t)⟩ = ⟨ψ(0)|D̂†
1−2(θ)Û

†
D(t)σ̂zÛD(t)D̂1−2(θ)|ψ(0)⟩. (27)

To evaluate this quantity, we first apply the operator D̂1−2(θ) to the initial state, obtaining

D̂1−2(θ)|ψ(0)⟩ = C

[
c1|α′⟩|α′′⟩
c2|β′⟩|β′′⟩

]
= C

c1e−
|α′ |2

2 ∑∞
k=0

α′k√
k!
|k⟩|α′′⟩

c2e−
|β′ |2

2 ∑∞
l=0

β′l√
l!
|l⟩|β′′⟩

, (28)

where |α′⟩, |α′′⟩, |β′⟩ and |β′′⟩ are coherent states with

α′ = α1 cos (θ)− α2 sin (θ), α′′ = α1 sin (θ) + α2 cos (θ),

β′ = β1 cos (θ)− β2 sin (θ), β′′ = β1 sin (θ) + β2 cos (θ),
(29)
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and |k⟩, |l⟩ are Fock states. By applying the evolution operator ÛD(t) we obtain

ÛD(t)D̂1−2(θ)|ψ(0)⟩ = Ce−iωF Î1t

×

 c1e−
|α′ |2

2 ∑∞
k=0

α′k√
k!

cos(g̃t
√

k + 1)|k⟩|α′′⟩ − ic2e−
|β′ |2

2 ∑∞
l=0

β′l√
l!

sin(g̃t
√

l)|l − 1⟩|β′′⟩

−ic1e−
|α′ |2

2 ∑∞
k=0

α′k√
k!

sin(g̃t
√

k + 1)|k + 1⟩|α′′⟩+ c2e−
|β′ |2

2 ∑∞
l=0

β′l√
l!

cos(g̃t
√

l)|l⟩|β′′⟩

.
(30)

Finally, by applying the operator σ̂z to the result in Equation (30) and performing the necessary
calculations, we obtain

⟨ψ(t)|σ̂z|ψ(t)⟩ =

C2

[
|c1|2e−|α′ |2

∞

∑
k=0

|α′|2k

k!
cos (2g̃t

√
k + 1)− |c2|2e−|β′ |2

∞

∑
k=0

|β′|2k

k!
cos (2g̃t

√
k)

+2e−
|α′ |2+|β′ |2

2 e−
|α′′ |2+|β′′ |2

2 Re

{
ic1c∗2eα′′β′′∗

∞

∑
k=0

(α′β′∗)k

k!
β′∗

√
k + 1

sin (2g̃t
√

k + 1)

}]
.

(31)

It is worth emphasizing that, for a single field interacting with a two-level atom, the Rabi frequency
depends on the atom–field coupling constant [5,37]. When two fields are present, this frequency
increases and depends on the effective coupling g̃ =

√
2g, reflecting the collective enhancement of

the interaction strength. In Figure 2, the time evolution of the atomic inversion is shown for the case
c1 = c2 = 1√

2
and coupling constant g = 0.1, with the fields initially prepared in coherent states.

The solid colored lines represent the analytical results obtained from Equation (31), while the dashed
curves correspond to the numerical solutions of the Schrödinger equation for the Hamiltonian in
Equation (10). In the case α1 = α2 = β1 = β2 = 0, where both fields are initially prepared in the
vacuum state, Rabi oscillations appear, revealing the periodic exchange of excitations between the
atom and the quantized fields. In contrast, for α1 = 0, α2 = 1, β1 = 0, β2 = 1, and for α1 = 1, α2 = 0,
β1 = 1, β2 = 0, the dynamics become more elaborate; however, as expected, both initial conditions
lead to the same dynamical behavior. Finally, for α1 = α2 = 2 and β1 = β2 = 0, the atomic inversion
exhibits the well-known collapse and revival phenomenon, arising from the quantized nature of the
two field modes and their collective coupling to the atom.

0 50 100 150 200 250
t

−1.00

−0.75

−0.50

−0.25

0.00

〈σ̂
z
(t

)〉

α1 = 0, α2 = 0, β1 = 0, β2 = 0 Numerical

0 50 100 150 200 250
t

−0.6

−0.4

−0.2

0.0

〈σ̂
z
(t

)〉

α1 = 0, α2 = 1, β1 = 0, β2 = 1 Numerical

0 50 100 150 200 250
t

−0.6

−0.4

−0.2

0.0

〈σ̂
z
(t

)〉

α1 = 1, α2 = 0, β1 = 1, β2 = 0 Numerical

0 50 100 150 200 250
t

−1.00

−0.75

−0.50

−0.25

0.00

〈σ̂
z
(t

)〉

α1 = 2, α2 = 2, β1 = 0, β2 = 0 Numerical

Figure 2. Time evolution of the atomic inversion for various amplitudes of the initial coherent field states. The
parameters used are c1 = c2 = 1√

2
and g = 0.1. Solid colored lines denote the analytical results, and dashed

curves correspond to the numerical simulations.
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Following the same procedure, we compute the time evolution of the average photon number in
field 1, which is given by

⟨ψ(t)|â†
1 â1|ψ(t)⟩ = ⟨ψ(0)|D̂†

1−2(θ)Û
†
D(t)D̂1−2(θ)â†

1 â1D̂†
1−2(θ)ÛD(t)D̂1−2(θ)|ψ(0)⟩, (32)

where the photon number operator â†
1 â1 corresponding to field 1 transforms under the action of

D̂1−2(θ) as

D̂1−2(θ)â†
1 â1D̂†

1−2(θ) = â†
1 â1 cos2(θ) + â†

2 â2 sin2(θ) + (â†
1 â2 + â1 â†

2) cos(θ) sin(θ). (33)

Thus, the average photon number in field 1 is given by

⟨ψ(t)|â†
1 â1|ψ(t)⟩ =

C2

[
|c1|2

(
|α′|2 cos2 (θ) + |α′′|2 sin2 (θ)

)
+ |c1|2e−|α′ |2

∞

∑
k=0

|α′|2k

k!

[
sin2 (g̃t

√
k + 1) cos2 (θ)

+ sin (2θ)
(

cos (g̃t
√

k + 1) cos (g̃t
√

k + 2)

+

√
k + 2√
k + 1

sin (g̃t
√

k + 1) sin (g̃t
√

k + 2)

)
Re{α′∗α′′}

]

+|c2|2
(
|β′|2 cos2 (θ) + |β′′|2 sin2 (θ)

)
+ |c2|2e−|β′ |2

∞

∑
k=0

|β′|2k

k!

[
− sin2 (g̃t

√
k) cos2 (θ)

+ sin (2θ)

(
cos (g̃t

√
k) cos (g̃t

√
k + 1) +

√
k√

k + 1
sin (g̃t

√
k) sin (g̃t

√
k + 1)

)
Re{β′∗β′′}

]

−e−
|α′ |2+|β′ |2

2 e−
|α′′ |2+|β′′ |2

2 Re

{
ic1c∗2eα′′β′′∗

∞

∑
k=0

(α′β′∗)k

k!

[
β′∗

√
k + 1

sin(2g̃t
√

k + 1) cos2 (θ)

+ sin (2θ)
[

β′′∗
(√

k + 1 cos (g̃t
√

k) sin (g̃t
√

k + 1)−
√

k cos (g̃t
√

k + 1) sin (g̃t
√

k)
)

+α′′β′∗2
(

1√
k + 1

cos (g̃t
√

k + 2) sin (g̃t
√

k + 1)

− 1√
k + 2

cos (g̃t
√

k + 1) sin (g̃t
√

k + 2)
)]]}]

.

(34)

In Figure 3, we show the time evolution of the mean photon number in field 1 for the same parameters
as in Figure 2. The solid lines correspond to the analytical results from Equation (34), while the
dashed curves represent the numerical solutions of the Schrödinger equation. For vacuum initial states
(α1 = α2 = β1 = β2 = 0), Rabi–type oscillations appear, reflecting the exchange of excitations between
the atom and the fields. For larger coherent amplitudes, the dynamics become more intricate and
exhibit oscillations characteristic of collapse and revival phenomena, in agreement with the behavior
of the atomic inversion.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 1 December 2025 doi:10.20944/preprints202511.2272.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202511.2272.v1
http://creativecommons.org/licenses/by/4.0/


8 of 15

0 50 100 150 200 250
t

0.0

0.1

0.2
〈â
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Figure 3. Time evolution of the mean photon number in field 1 for various amplitudes of the initial coherent field
states. The parameters used are c1 = c2 = 1√

2
and g = 0.1. Solid colored lines denote the analytical results, while

dashed curves correspond to the numerical simulations.

4. Three Quantized Fields Interacting with the Atom
We now consider the case of three quantized fields interacting with a two–level atom. The

Hamiltonian describing this system is given by

Ĥ = ωF Î1 + g
√

Î2 + 1
(

Â3 + Â†
3

)
. (35)

where the invariants given in Equations (3) and (4) are evaluated for N = 3. Similarly to the N = 2 case,
we apply a unitary transformation to move to a new reference frame where all field operators, except
those associated with field 1, are eliminated. In this transformed frame, the Schrödinger equation can
be solved more straightforwardly. The transformation is defined as

D̂1−3(θ) = eθ(â1 B̂†
2−3−â†

1 B̂2−3), (36)

where
B̂2−3 =

â2 + â3√
2

. (37)

Under this transformation, the operators â1, â2, and â3 transform according to

D̂1−3(θ)â1D̂†
1−3(θ) = â1 cos (θ) +

â2 + â3√
2

sin(θ), (38)

D̂1−3(θ)â2D̂†
1−3(θ) = â2 −

â1√
2

sin (θ) +
â2 + â3

2
(cos (θ)− 1), (39)

D̂1−3(θ)â3D̂†
1−3(θ) = â3 −

â1√
2

sin (θ) +
â2 + â3

2
(cos (θ)− 1). (40)

From these results, it follows that the invariants transform in the following way

Î1D = D̂1−3(θ) Î1D̂†
1−3(θ) = Î1, (41)

Î2D =D̂1−3(θ) Î2D̂†
1−3(θ)

=
3
2

σ̂z +
[

â†
1(cos (θ)−

√
2 sin (θ)) + B̂†

2−3(sin (θ) +
√

2 cos (θ))
]
[H.c.],

(42)
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and the operator Â3 is transformed as

Â3D = D̂1−3(θ)Â3D̂†
1−3(θ) =

σ̂+
(

â1(cos (θ)−
√

2 sin (θ)) + B̂2−3(sin (θ) +
√

2 cos (θ))
)

√
Î2D + 3

2

. (43)

Finally, the Hamiltonian in the transformed frame takes the form

ĤD = ωF Î1 + gσ+
[

â1

(
cos(θ)−

√
2 sin(θ)

)
+ B̂2−3

(
sin(θ) +

√
2 cos(θ)

)]
+ gσ−

[
â†

1

(
cos(θ)−

√
2 sin(θ)

)
+ B̂†

2−3

(
sin(θ) +

√
2 cos(θ)

)]
. (44)

By setting θ = arctan(−
√

2), the interaction terms involving fields 2 and 3 vanish, and the Hamiltonian
reduces to

ĤD = ωF Î1 + g
(

cos(θ)−
√

2 sin(θ)
)

σ+ â1 + g
(

cos(θ)−
√

2 sin(θ)
)

σ− â†
1. (45)

Through this transformation, we obtain an effective Jaynes–Cummings Hamiltonian for a single field,
characterized by an effective coupling constant g̃ =

(
cos θ −

√
2 sin θ

)
g ≈ 1.732g, together with the

free-field Hamiltonian of the remaining quantized modes (2 and 3). Since the evolution operator ÛD(t)
associated with this Hamiltonian is already known, the evolution of the system in the original frame
can be expressed as

|ψ(t)⟩ = D̂†
1−3(θ)ÛD(t)D̂1−3(θ)|ψ(0)⟩, (46)

with θ = arctan(−
√

2) .

4.1. Atomic Inversion and Average Number of Photons

We assume that the system is initially prepared in the state

|ψ(0)⟩ = C[c1|α1⟩|α2⟩|α3⟩|e⟩+ c2|β1⟩|β2⟩|β3⟩|g⟩] = C

[
c1|α1⟩|α2⟩|α3⟩
c2|β1⟩|β2⟩|β2⟩

]
. (47)

To determine the system’s evolution, we first apply the operator D̂1−3(θ) to the initial state. Before
doing so, however, it is convenient to express this operator in factored form. This procedure follows
directly by analogy with the N = 2 case, Equation (12), since the operators involved satisfy the same
commutation relations. In particular, because B̂2−3 obeys the relation

[
B̂2−3, B̂†

2−3
]
= 1, the same

method can be applied here, yielding

D̂1−3(θ) = eθ(â1 B̂†
2−3−â†

1 B̂2−3) = etan (θ)â1 B̂†
2−3 eln (cos (θ))(â†

1 â1−B̂†
2−3 B̂2−3)e− tan (θ)â†

1 B̂2−3 , (48)

where
eln (cos (θ))(â†

1 â1−B̂†
2−3 B̂2−3) = eln (cos (θ))(â†

1 â1− 1
2 (â†

2 â2+â†
3 â3))e−

ln (cos (θ))
2 (â2 â†

3+â†
2 â3). (49)

The last exponential in this expression can be factorized analogously to Equation (48), since the
involved operators form a closed algebra under the commutator. Hence, the Wei–Norman theorem[36]
can be applied, yielding

eχ(â2 â†
3+â†

2 â3) = eFâ2 â†
3 eG(â†

2 â2−â†
3 â3)eFâ†

2 â3 , (50)

where χ = − ln (cos (θ))
2 , and

F = tanh(χ), G = − ln (1 − tanh(χ))− χ. (51)
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Once the operator D̂1−3(θ) has been factorized, and after performing the necessary algebraic manipu-
lations while taking into account that

D̂1−3(θ)â†
1 â1D̂†

1−3(θ) =

(
â†

1 cos (θ) +
â†

2 + â†
3√

2
sin(θ)

)(
â1 cos (θ) +

â2 + â3√
2

sin(θ)
)

, (52)

we obtain the atomic inversion

⟨ψ(t)|σ̂z|ψ(t)⟩ = ⟨ψ(0)|D̂†
1−3(θ)Û

†
D(t)σ̂zÛD(t)D̂1−3(θ)|ψ(0)⟩

=C2

[
| f1|2e−|α′ |2

∞

∑
k=0

|α′|2k

k!
cos (2g̃t

√
k + 1)− | f2|2e−|β′ |2

∞

∑
k=0

|β′|2k

k!
cos (2g̃t

√
k)

+2e−
1
2 (|α

′ |2+|α′′ |2+|α′′′ |2+|β′ |2+|β′′ |2+|β′′ |2)

×Re

{
i f1 f ∗2 eα′′β′′∗+α′′′β′′′∗

∞

∑
k=0

(α′β′∗)k

k!
β′∗

√
k + 1

sin (2g̃t
√

k + 1)

}]
,

(53)

and the average number of photons

⟨ψ(t)|â†
1 â1|ψ(t)⟩ = C2

[
| f1|2

(
|α′|2 cos2 (θ) +

1
2
|α′′ + α′′′|2 sin2 (θ)

)
+| f1|2e−|α′ |2

∞

∑
k=0

|α′|2k

k!

[
sin2 (g̃t

√
k + 1) cos2 (θ) +

1√
2

sin (2θ)Re{α′∗(α′′ + α′′′)}

×
(

cos (g̃t
√

k + 1) cos (g̃t
√

k + 2) +
√

k + 2√
k + 1

sin (g̃t
√

k + 1) sin (g̃t
√

k + 2)

)]

+| f2|2
(
|β′|2 cos2 (θ) +

1
2
|β′′ + β′′′|2 sin2 (θ)

)
+| f2|2e−|β′ |2

∞

∑
k=0

|β′|2k

k!

[
− sin2 (g̃t

√
k) cos2 (θ) +

1√
2

sin (2θ)Re{β′∗(β′′ + β′′′)}

×
(

cos (g̃t
√

k) cos (g̃t
√

k + 1) +

√
k√

k + 1
sin (g̃t

√
k) sin (g̃t

√
k + 1)

)]
−e−

1
2 (|α

′ |2+|α′′ |2+|α′′′ |2+|β′ |2+|β′′ |2+|β′′ |2)

×Re

{
i f1 f ∗2 eα′′β′′∗ eα′′′β′′′∗

∞

∑
k=0

(α′β′∗)k

k!

[
β′∗

√
k + 1

sin(2g̃t
√

k + 1) cos2 (θ)

+
sin (2θ)√

2

[
(β′′∗ + β′′′∗)

(√
k + 1 cos (g̃t

√
k) sin (g̃t

√
k + 1)−

√
k cos (g̃t

√
k + 1) sin (g̃t

√
k)
)

+(α′′ + α′′′)β′∗2
(

1√
k + 1

cos (g̃t
√

k + 2) sin (g̃t
√

k + 1)

− 1√
k + 2

cos (g̃t
√

k + 1) sin (g̃t
√

k + 2)
)]]}]

,

(54)

where
f1 = c1e−

1
2 (|α1|2+|α2|2+|α3|2)e

1
2 (|α

′ |2+|α′′ |2+|α′′′ |2), (55)

f2 = c2e−
1
2 (|β1|2+|β2|2+|β3|2)e

1
2 (|β

′ |2+|β′′ |2+|β′′′ |2), (56)
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γ′ =(γ1 + γ2 + γ3)e−2χ,

γ′′ =(Fγ3 + γ2)eχ+G − γ′,

γ′′′ =F(Fγ3 + γ2)eχ+G − γ′ + γ3eχ−G,

(57)

with γ = α, β. As observed, when three quantized fields interact with the atom, the Rabi frequency
depends on the effective coupling constant g̃, which is larger than the individual atom–field coupling
and also greater than that obtained in the two–field case. This enhancement results from the collective
action of multiple fields coupling to the same atomic transition. Hence, increasing the number of
fields is expected to further enhance the effective coupling and the corresponding oscillation frequency,
leading to faster Rabi oscillations. In Figures 4 and 5, we present the temporal evolution of the atomic
inversion and the average photon number, respectively. The amplitudes of fields 1 and 2 are chosen
to be the same as in the N = 2 case, while field 3 is initially prepared in the vacuum state. This
configuration enables a direct comparison of the system’s dynamics for N = 2 and N = 3, allowing us
to identify the specific influence of the additional quantized mode on the atom–field interaction.
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Figure 4. Time evolution of the atomic inversion for the case of three quantized fields interacting with a two-level
atom, for various amplitudes of the initial coherent field states. The parameters used are c1 = c2 = 1√

2
and g = 0.1.

Solid colored lines denote the analytical results, and dashed curves correspond to the numerical simulations.

As we can see, the dynamics of the atomic inversion resemble those observed in the case where
two fields interact with the atom. We observe Rabi oscillations with a higher frequency, as well as
collapses and revivals that occur more rapidly than in the case N = 2. This behavior indicates that
the presence of a third field, even when initially in the vacuum state, modifies the effective coupling
between the atom and the radiation modes, leading to a faster exchange of energy between the atomic
and field subsystems. In the framework of the Jaynes–Cummings model, it is well known that the
revival time of the atomic inversion [6], τrev, depends inversely on the atom–field coupling constant
and on the square root of the average photon number. Specifically, it is given by

τrev =
2π

g
|α|, (58)

where g denotes the atom–field coupling constant. This relation, valid in the regime of large coherent-
state amplitudes and for long evolution times, shows that an increase in the coupling strength leads to
a shorter revival time—consistent with the faster revivals observed when three fields interact with the
atom. On the other hand, for the average photon number we observe a similar dynamics to that found
in the case N = 2. The main difference is that, in the subplot where the collapse and revival phenomena

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 1 December 2025 doi:10.20944/preprints202511.2272.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202511.2272.v1
http://creativecommons.org/licenses/by/4.0/


12 of 15

were clearly observed for the N = 2 case, such behavior becomes much less pronounced when the
third field is included. Although a gradual decrease in the oscillations can still be seen—reminiscent of
the collapse dynamics—the subsequent rephasing that characterizes the revivals is no longer clearly
distinguishable. This suggests that the presence of a third field, even when initially in the vacuum
state, alters the redistribution of excitations among the modes, thereby modifying the conditions under
which rephasing can occur.
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Figure 5. Time evolution of the average photon number in field 1 for the case of three quantized fields interacting
with a two-level atom, for various amplitudes of the initial coherent field states. The parameters used are
c1 = c2 = 1√

2
and g = 0.1. Solid colored lines denote the analytical results, and dashed curves correspond to the

numerical simulations.

5. Generalization to N Fields
Following the same reasoning employed in the cases N = 2 and N = 3, we now outline the

procedure used to generalize these specific scenarios to the case of N quantized fields interacting with
a two–level atom. To this end, we apply the corresponding generalized transformation

D̂1−N(θ) = eθ(â1 B̂†
2−N−â†

1 B̂2−N), (59)

where

B̂2−N =
∑N

k=2 âk√
N − 1

. (60)

The reason for defining D̂1−N(θ) in this manner is that the operator B̂2−N satisfies the commutation
relation

[
B̂2−N , B̂†

2−N
]
= 1, which allows us to write

D̂1−N(θ) = eθ(â1 B̂†
2−N−â†

1 B̂2−N) = etan (θ)â1 B̂†
2−N eln (cos (θ))(â†

1 â1−B̂†
2−N B̂2−N)e− tan (θ)â†

1 B̂2−N , (61)

and, together with the fact that the operators resulting from B̂†
2−N B̂2−N are products of the form

âj â†
k , where each âk satisfies the same commutation relations, they therefore close an algebra under

the commutation operation. This property allows us to decouple the exponential by means of the
Wei–Norman theorem[36] and, consequently, to factorize the operator D̂1−N(θ) so that it can be
consistently applied to the initial condition of the system.
Under this transformation, the relevant operators transform as follows

D̂1−N(θ)â1D̂†
1−N(θ) = â1 cos(θ) + B̂2−N sin(θ), (62)
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D̂1−N(θ)âiD̂†
1−N(θ) = âi −

â1√
N − 1

sin(θ) +
B̂2−N√
N − 1

(cos(θ)− 1), (63)

where i = 2, 3, ..., N. From these results, it follows that the invariants transform as

Î1D = D̂1−N(θ) Î1D̂†
1−N(θ) = Î1, (64)

Î2D = D̂1−N(θ) Î2D̂†
1−N(θ)

=
N
2

σz +
[

â†
1

(
cos(θ)−

√
N − 1 sin(θ)

)
+ B̂†

2−N

(
sin(θ) +

√
N − 1 cos(θ)

)]
[H.c.],

(65)

and the operator ÂN transforms as

ÂND = D̂1−N(θ)ÂN D̂†
1−N(θ)

=
σ+
[
â1
(
cos(θ)−

√
N − 1 sin(θ)

)
+ B̂2−N

(
sin(θ) +

√
N − 1 cos(θ)

)]√
Î2D + N

2

. (66)

Therefore, the Hamiltonian of the system in the new reference frame is given by

ĤD = ωF Î1 + gσ+
[

â1

(
cos(θ)−

√
N − 1 sin(θ)

)
+ B̂2−N

(
sin(θ) +

√
N − 1 cos(θ)

)]
+ gσ−

[
â†

1

(
cos(θ)−

√
N − 1 sin(θ)

)
+ B̂†

2−N

(
sin(θ) +

√
N − 1 cos(θ)

)]
. (67)

If we set
θ = tan−1(−

√
N − 1) (68)

all fields except field 1 are eliminated, and in this way we obtain the Hamiltonian

ĤD = ωF Î1 + g
(

cos(θ)−
√

N − 1 sin(θ)
)

σ+ â1 + g
(

cos(θ)−
√

N − 1 sin(θ)
)

σ− â†
1 (69)

which corresponds to a Jaynes–Cummings Hamiltonian with an effective coupling constant g̃ =

g
(
cos θ −

√
N − 1 sin θ

)
, plus the free Hamiltonian of the remaining N − 1 fields. Since the evolution

operator associated with this Hamiltonian is already known, the atomic inversion and the mean
photon number can be readily obtained by applying the corresponding operators when the initial
state is composed of coherent field states. The main challenge arises from the fact that, as N increases,
the number of algebraic manipulations required grows significantly. Moreover, as the number of
interacting field modes N increases, the parameter θ tends toward −π

2 , leading to an effective coupling
constant g̃ → g

√
N − 1. This suggests that the atom–field interaction strength, and consequently

the Rabi frequency, increase with N, reflecting a collective enhancement effect resulting from the
simultaneous coupling of multiple quantized fields to the atom.

6. Conclusions
We have presented a general and unified procedure to describe the dynamics of N degenerate

quantized fields resonantly interacting with a single two–level atom within the rotating–wave approx-
imation. By identifying an appropriate set of dynamical invariants, the full evolution operator can
be systematically factorized, allowing the multimode Hamiltonian to be mapped; through a suitable
unitary transformation, onto an effective Jaynes–Cummings form. A central outcome of this construc-
tion is the emergence of an effective coupling constant g̃ that increases monotonically with the number of
interacting fields. This scaling encapsulates a genuine collective enhancement: as additional degenerate
modes participate coherently in the interaction, the atom experiences a progressively stronger effective
coupling, reflected in an amplified Rabi frequency and a more pronounced dynamical response.
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The explicit implementations for the cases of two and three quantized fields illustrate the structure
and transparency of the general method. These examples reveal how the invariants, unitary reduction,
and effective Hamiltonian emerge in a natural and hierarchical fashion, providing a clear pathway for
extending the analysis to an arbitrary number N of degenerate modes. For initially coherent field states
and an atom prepared in a superposition of its internal levels, we computed the atomic inversion and
mean photon number, observing vacuum Rabi oscillations as well as the characteristic collapse–revival
phenomenon. Overall, the procedure developed here not only generalizes the Jaynes–Cummings
model to a multimode scenario while preserving its essential physical content, but also demonstrates
how the collective increase in the effective coupling strength enriches the dynamical behavior. This
framework provides a robust foundation for exploring more elaborate multimode quantum-optical
configurations and for analyzing cooperative atom–field effects in increasingly complex quantum
architectures.
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