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Abstract

In this paper, the Tricomi problem for a second-kind mixed-type equation with a lower-order term
is studied in an unbounded domain. The elliptic part of the domain is a vertical half-strip, while
the hyperbolic part is bounded by characteristics. Homogeneous Dirichlet conditions are imposed
on the walls of the half-strip, gluing conditions are given on the parabolic degeneracy line, and the
trace of the desired solution is prescribed on one of the characteristics. The uniqueness of the solution
is proved using the extremum principle and the Zaremba–Giraud principle. The existence of the
solution is established by the Green’s function method: in the elliptic part, the Green’s function of
the mixed problem is constructed in the form of a rapidly convergent series; in the hyperbolic part,
a generalized solution of the Cauchy problem of a special class is used. The functional relations on
the degeneracy line lead to a singular integral equation, which is regularized by the Carleman–Vekua
method into a Fredholm integral equation of the second kind with a weak singularity. Explicit formulas
for the trace of the solution and its normal derivative are obtained. For a specific set of parameters, a
numerical visualization of the solution is performed, the gluing conditions are verified, and a physical
interpretation of the obtained graphs is given in the context of transonic gas dynamics. The results can
be useful for mathematical modeling of flows in Laval nozzles and other problems of mechanics.

Keywords: Tricomi problem; second-kind mixed-type equation; vertical half-strip; Green’s function;
extremum principle; Fredholm integral equation; generalized solution of class R2; hypergeometric
function

MSC: 35M10; 35R11; 35R10; 33C10; 35A08

1. Introduction
A new stage in the development of the theory of boundary value problems for mixed-type

equations is marked by the works of M.A. Lavrentiev [1], L. Bers [2], F.I. Frankl [3], and Chen Gui-
Qiang G. [4], where the importance of the Tricomi problem and its generalizations is indicated in
connection with transonic gas dynamics, magnetohydrodynamic flows with transition through the
speed of sound and the Alfvén speed, the theory of infinitesimal bendings of surfaces, and many other
issues of mechanics.
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Most studies on mixed-type equations concern equations of the first kind with power degeneracy,
for which the tangent to the parabolic line does not coincide with the characteristic direction. For the
model equation of the first kind

sign y |y|muxx + uyy = 0, m > 0,

the Tricomi problem in a domain whose elliptic part is a vertical half-strip was studied for m = 1 in [5]
and for m > 0 in [6]. In [7] this problem was investigated for the generalized Tricomi equation

sign y |y|muxx + uyy − λ2|y|mu = 0, m > 0, λ ∈ R.

A physical justification of the Tricomi problem in domains where the elliptic part is a vertical half-strip
was given in [8,9]. L.V. Ovsyannikov [8] used the velocity hodograph plane in the framework of
transonic gas dynamics, where nonlinear equations become linear and near the speed of sound are
approximated by the Tricomi equation. The approximate solution he constructed describes a transonic
flow with a detached shock wave and a subsonic zone behind it in the form of a vertical half-strip; the
sonic line corresponds to the parabolic degeneracy line y = 0.

The Tricomi problem for the second-kind mixed-type equation

uxx + sign y |y|muyy = 0, 0 < m < 1,

in a bounded domain was first considered by I.L. Karol [10]. The elliptic part was bounded by the

normal curve y =
[ 2−m

4 x(1 − x)
] 1

2−m , the hyperbolic part by characteristics, and the degeneracy line
y = 0 itself is a characteristic. Following the idea of F.D. Tricomi, the N problem (Holmgren) in the
elliptic part and the Cauchy problem in the hyperbolic part were solved using the Green’s function
method, and then the solutions were glued together. The existence of the solution was reduced to an
integral equation for ν(x), solvable due to the uniqueness theorem. Subsequent works (e.g., [11]) also
considered bounded domains and used the representation of the N problem from [10]. It should be
noted that the study of the N problem has not lost its relevance over time. For example, the article [12]
examined the N problem for the Euler-Darboux equation with two degeneracy lines and its application
to the problem of filtering contaminants in inhomogeneous media.

In the case where the elliptic part is a vertical half-strip, the shift problem on a characteristic of
one family was studied in [13], where the N problem was solved by the Green’s function method. A
nonlocal problem for the generalized Tricomi equation with a spectral parameter in an unbounded
domain, the elliptic part of which is the upper half-plane, is considered in the article [14]. If the elliptic
part is a horizontal half-strip, a nonlocal problem of Bitsadze–Samarskii type was investigated in our
recent work [15]. For a mixed-type equation of the first kind with a singular coefficient, a nonlocal
problem in an unbounded domain was studied in [16]. For the Tricomi problem for a second-kind
mixed-type equation in an unbounded domain whose elliptic part is the first quadrant of the plane,
see [17].

Interest in the Dirichlet problem for mixed-type equations increased after the works of F.I. Frankl,
in which it was shown that many problems of transonic gas dynamics reduce precisely to the Dirichlet
problem. The N problem models the determination of a gravitational or electromagnetic field in a
domain where the potential is given on part of the boundary and its normal derivative on another part,
and it guarantees well-posedness under more complex conditions than the classical Cauchy problem.

In this paper, for the first time, for a second-kind mixed-type equation with a lower term α|y|m−1uy

in an unbounded domain whose elliptic part is a vertical half-strip, the N problem is solved by the
Green’s function method, explicit formulas for the trace τ(x) and the normal derivative ν(x) are
obtained, and their numerical construction and visualization are performed. Verification of the gluing
conditions confirms the correctness of the analytical calculations, and the physical interpretation of the
graphs shows agreement with the qualitative picture of transonic flow in Laval nozzles.
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The article is organized as follows. Section 2 recalls necessary facts from the theory of Rie-
mann–Liouville fractional integro-differentiation and the main properties of the operators used. Sec-
tion 3 states the problem T∞: the mixed domain, the class of generalized solutions R2 in the hyperbolic
part, and the main functional relations on the degeneracy line. Section 4 is devoted to proving the
uniqueness of the solution using the extremum principle and the Zaremba–Giraud principle. Section 5
presents the proof of existence: the Green’s function method constructs a representation of the solution
in the elliptic half-strip, a singular integral equation for the normal derivative is derived, its Carle-
man–Vekua regularization reduces it to a Fredholm integral equation of the second kind; then explicit
formulas for τ(x) and ν(x) are given. Section 6 contains a concrete example with m = 1, α = 0.25 and
ψ(x) = x6/5(1/2 − x)6/5, as well as a visualization of the solution, consistency checks, and physical
interpretation. Section 7 formulates the main conclusions of the work.

2. Preliminaries
In this section, we recall the definitions of Riemann–Liouville fractional integrals and derivatives,

as well as their main properties that will be used in the paper (for more details, see [18–20]).
Let the function f (x) be defined on the interval [0, 1] and α > 0. The left-sided and right-sided

fractional integrals of order α are defined respectively by

Iα
0+ f (x) =

1
Γ(α)

∫ x

0
(x − t)α−1 f (t) dt, Iα

1− f (x) =
1

Γ(α)

∫ 1

x
(t − x)α−1 f (t) dt.

The Riemann–Liouville fractional derivatives of order α > 0 are introduced by integer-order
differentiation of the fractional integral. If n = [α] + 1, then

Dα
0+ f (x) =

dn

dxn In−α
0+ f (x), Dα

1− f (x) = (−1)n dn

dxn In−α
1− f (x).

For α = 0, we set I0
0+ f = f , D0

0+ f = f . For negative order, the fractional derivative coincides with
the integral: D−α

0+ = Iα
0+ (α > 0), and similarly for the right endpoint.

In this paper, we use the compact notation Da
0x and Da

x1 introduced in formulas (2) and (3) below.
Essentially, for a < 0 they coincide with the fractional integrals I−a

0+ and I−a
1− , and for a > 0 with the

derivatives Da
0+ and (−1)aDa

1− (the exact sign convention is achieved by the definitions (2), (3)).
We list some properties of fractional operators that will be needed later.

(i) Semigroup property. For any α > 0, β > 0 and a sufficiently smooth function f ,

Iα
0+ Iβ

0+ f = Iα+β
0+ f , Iα

1− Iβ
1− f = Iα+β

1− f .

(ii) Relation with the derivative. If α > 0, then Dα
0+ Iα

0+ f = f . If f possesses a summable fractional
derivative Dα

0+ f , then

Iα
0+Dα

0+ f (x) = f (x)−
n

∑
k=1

ckxα−k,

where n = [α] + 1 and ck are constants (an analog of Taylor’s formula for fractional derivatives).
Similar representations hold for the right endpoint.

(iii) Action on power functions. For β > 0 and α ∈ R such that β − α /∈ {0,−1,−2, . . . },

Dα
0+xβ−1 =

Γ(β)

Γ(β − α)
xβ−α−1, Dα

1−(1 − x)β−1 =
Γ(β)

Γ(β − α)
(1 − x)β−α−1.
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(iv) Composition of oppositely directed operators. The operators Da
0x and Da

x1 inherit properties
(i)–(iii) taking into account the sign indicated in definitions (2), (3). In particular, for β > 0 and
0 < α < β,

Dα−β
0x

[
xβ−1] = Γ(β)

Γ(β − α)
xβ−α−1,

which will be used in the regularization of the singular integral equation.

3. Problem Statement
Consider the equation

uxx + sign y |y|muyy + α|y|m−1uy = 0, 1 ≤ m < 2, m − 1 < α < 1, (1)

in the unbounded mixed domain Ω = Ω1 ∪ l0 ∪ Ω2, where

Ω1 = {(x, y) : 0 < x < 1, 0 < y < +∞}, l0 = {(x, y) : 0 < x < 1, y = 0},

and Ω2 is the domain in the half-plane y < 0 bounded by the segment AB of the Ox axis and by the
two characteristics

AC : x − 2
2 − m

(−y)(2−m)/2 = 0, BC : x +
2

2 − m
(−y)(2−m)/2 = 1

of equation (1) emanating from the point C
( 1

2 ,−
( 2−m

4
) 2

2−m
)
. We introduce the notation

l1 = {(x, y) : x = 0, 0 ≤ y < +∞}, l2 = {(x, y) : x = 1, 0 ≤ y < +∞}.

Da
0x f (x) =


1

Γ(−a)

∫ x

0
(x − t)−(a+1) f (t) dt, a < 0,

dn+1

dxn+1 Da−(n+1)
0x f (x), a > 0,

(2)

Da
x1 f (x) =


1

Γ(−a)

∫ 1

x
(t − x)−(a+1) f (t) dt, a < 0,

− dn+1

dxn+1 Da−(n+1)
x1 f (x), a > 0,

(3)

where a is any real number and n is the integer part of a ≥ n.
In the half-plane y < 0, equation (1) takes the form

uxx − (−y)muyy + α(−y)m−1uy = 0. (4)

In the characteristic coordinates

ξ = x − 2
2 − m

(−y)(2−m)/2, η = x +
2

2 − m
(−y)(2−m)/2, (5)

equation (4) transforms into the Euler–Darboux equation

∂2u
∂ξ∂η

− β

η − ξ

(
∂u
∂η

− ∂u
∂ξ

)
= 0, (6)

with
β =

2α − m
2(2 − m)

, −1
2
< β < 0, m − 1 < α <

m
2

. (7)
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It is known that the solution of the Cauchy problem for equation (6) with initial conditions

lim
y→0

u(x, y) = τ(x), 0 ≤ x ≤ 1,

lim
y→−0

(−y)αuy(x, y) =
[

2 − m
4

]2β

lim
η−ξ→0

(η − ξ)2β(uξ − uη) = ν(x), 0 < x < 1, (8)

has the form (see [5]):

u(ξ, η) = k1

∫ 1

0
τ
(
ξ + (η − ξ)t

)
tβ(1 − t)βdt

+
k1(η − ξ)

2(1 + 2β)

∫ 1

0
τ′(ξ + (η − ξ)t

)
tβ(1 − t)β(2t − 1)dt

− k2(η − ξ)1−2β
∫ 1

0
ν
(
ξ + (η − ξ)t

)
t−β(1 − t)−βdt,

(9)

where

k1 =
Γ(2 + 2β)

Γ2(1 + β)
, k2 =

[
2 − m

4

]1−2β Γ(2 − 2β)

(1 − α)Γ2(1 − β)
.

Returning to the original variables x, y, we obtain

u(x, y) = k1

∫ 1

0
τ

(
x +

2
2 − m

(−y)
2−m

2 (2t − 1)
)

tβ(1 − t)βdt+

+
2k1

(1 + 2β)(2 − m)
(−y)

2−m
2

∫ 1

0
τ′
(

x +
2

2 − m
(−y)

2−m
2 (2t − 1)

)
tβ(1 − t)β(2t − 1)dt− (10)

−
[

2 − m
4

]2β−1
k2(−y)1−α

∫ 1

0
ν

(
x +

2
2 − m

(−y)
2−m

2 (2t − 1)
)

t−β(1 − t)−βdt.

For any τ(x) ∈ C3[0, 1] and ν(x) ∈ C2[0, 1], the expression (10) is a twice continuously differen-
tiable solution of the Cauchy problem for equation (4) with initial data (8) in the domain Ω2.

An expression of the form (9) or (10) will be called a generalized solution of equation (4) in Ω2 if
τ(x) and ν(x) are continuous for 0 < x < 1.

In Ω2, we consider the following class R2 of generalized solutions of the Cauchy problem intro-
duced in [5].

Definition 1. A generalized solution (9) or (10) of equation (4) belongs to the class R2 if ν(x) is continuous
and integrable for 0 < x < 1, and τ(x) is a fractional integral of order −(2β − 1) of some function T(x)
continuous and integrable on (0, 1), i.e.,

τ(x) = τ(0) +
∫ x

0
T(t)(x − t)−2βdt. (11)

Without loss of generality, we assume τ(0) = 0; from (11) it follows that τ(x) ∈ [0, 1] and τ′(x)
exists on (0, 1). The following lemmas hold [5].

Lemma 1. A generalized solution u(x, y) ∈ R2 is continuous in the closed domain Ω2.

Lemma 2. If a generalized solution u(x, y) ∈ R2, then the derivatives ux and uy are continuous in Ω2 and

lim
y→−0

(−y)αuy(x, y) = ν(x), 0 < x < 1.

Making the substitution ζ = ξ + (η − ξ)t in formula (9), we represent u(ξ, η) in the form:

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 3 June 2026 doi:10.20944/preprints202606.0174.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202606.0174.v1
http://creativecommons.org/licenses/by/4.0/


6 of 13

u(ξ, η) = k1(η − ξ)−1−2β

η∫
ξ

τ(ζ)(η − ζ)β(ζ − ξ)βdζ−

− k1(η − ξ)−1−2β

2(1 + β)

η∫
ξ

τ′(ζ)
[
(η − ζ)1+β(ζ − ξ)β − (η − ζ)β(ζ − ξ)1+β

]
dζ− (12)

−k2

η∫
ξ

ν(ζ)(η − ζ)−β(ζ − ξ)−βdζ.

Now, substituting (11) into formula (12), after some transformations we obtain:

u(ξ, η) =

ξ∫
0

T(t)(η − t)−β(ξ − t)−βdt+ (13)

+
1

2 cos πβ

η∫
ξ

T(t)(η − t)−β(t − ξ)−βdt − k2

η∫
ξ

ν(t)(η − t)−β(t − ξ)−βdt

From (13), the main functional relation between τ(x) and ν(x) obtained from the hyperbolic
region Ω2 of equation (1) is obtained in the following form [5]:

τ(x) = k3

∫ x

0
ν(t)(x − t)−2βdt + F1(x), 0 ≤ x ≤ 1, (14)

where

F1(x) =
Γ(β)

Γ(2β)
D2β−1

0x
[
xβD1−β

0x ψ(x)
]
, k3 = 2 cos πβ k2,

and ψ(x) is a given function with ψ(0) = 0, ψ(x) ∈ C1[0, 1] ∩ C2(0, 1).

Problem 1 (Problem T∞). Find a function u(x, y) with the following properties:

1) u(x, y) ∈ C(Ω) where Ω = Ω2 ∪ Ω1 ∪ l1 ∪ l2;
2) u(x, y) ∈ C2(Ω1) and satisfies equation (1) in Ω1;
3) u(x, y) is a generalized solution of class R2 in Ω2;
4) The partial derivative uy(x, y) satisfies the gluing condition

lim
y→+0

(−y)αuy(x, y) = − lim
y→−0

yαuy(x, y) = ν(x), 0 < x < 1,

which arises in solving the direct problem of Laval nozzle theory, and uy(x, 0) may have a singularity of
order less than one at the ends of the interval (0, 1);

5) u(x, y) satisfies the boundary conditions

u(0, y) = 0, u(1, y) = 0, 0 ≤ y < +∞, (15)

lim
y→+∞

u(x, y) = 0 uniformly in x ∈ [0, 1], (16)

u(x, y)
∣∣

AC = ψ(x), 0 ≤ x ≤ 1
2

. (17)

4. Uniqueness of the Solution
Theorem 1. Problem T∞ has at most one solution.
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Proof. Let u(x, y) be a solution of the homogeneous problem T∞ (ψ(x) ≡ 0). Then relation (14)
becomes

τ(x) = k3

∫ x

0
ν(t)(x − t)−2βdt. (18)

Using (11) we obtain

ν(x) =
sin πβ

π

[
x2β−1τ(x) + (1 − 2β)

∫ x

0

τ(x)− τ(t)
(x − t)2−2β

dt
]

. (19)

First, we prove that u(x, y) ≡ 0 in Ω ∪ l1 ∪ l2 ∪ AB. Assume the contrary. Then there exists a
domain Ω1ρ = {(x, y) : 0 < x < 1, 0 < y < ρ} in which u(x, y) ̸≡ 0. Consequently,

sup
Ω1ρ

|u(x, y)| > 0

and this value is attained at some point (x0, y0) ∈ Ω1ρ.
Denote ∂Ω1ρ = AB ∪ BD ∪ DP ∪ PA, where

AB = {(x, y) : 0 < x < 1, y = 0}, BD = {(x, y) : x = 1, 0 < y < ρ},

DP = {(x, y) : 0 < x < 1, y = ρ}, PA = {(x, y) : x = 0, 0 < y < ρ}.

By the extremum principle for elliptic equations [21], we have (x0, y0) /∈ Ω1ρ. In view of condition
(15), (x0, y0) /∈ BD ∪ PA. Hence (x0, y0) ∈ AB ∪ DP.

Suppose (x0, y0) ∈ AB, i.e.,

sup
Ω1ρ

|u(x, y)| = sup
AB

|u(x, y)| = |u(x0, 0)| > 0, 0 < x0 < 1.

If u(x0, 0) > 0 (respectively < 0), i.e., (x0, 0) is a point of positive maximum (negative minimum) of
u(x, y), then from (19) it follows that ν(x0) > 0 (< 0). On the other hand, by the Zaremba–Giraud
principle [21], ν(x0) < 0 (> 0). This contradiction shows that (x0, y0) /∈ AB. Therefore, (x0, y0) ∈ DP,
i.e.,

sup
Ω1ρ

|u(x, y)| = sup
0≤x≤1

|u(x, ρ)| > 0.

Take an arbitrary number ρ1 > ρ. By the same argument, we obtain

sup
Ω1ρ1

|u(x, y)| = sup
0≤x≤1

|u(x, ρ1)| > 0.

Since Ω1ρ ⊂ Ω1ρ1 , we have
sup

0≤x≤1
|u(x, ρ1)| ≥ sup

0≤x≤1
|u(x, ρ)| > 0,

which implies limy→+∞ u(x, y) ̸≡ 0, contradicting condition (16).
Hence u(x, y) ≡ 0 for (x, y) ∈ Ω1 ∪ l1 ∪ l2 ∪ AB. Since u(x, 0) = τ(x) ≡ 0, it follows from (18) that

ν(x) ≡ 0. Then, by formula (12), u(x, y) ≡ 0 in Ω2. Consequently, u(x, y) ≡ 0 in Ω ∪ l1 ∪ l2 ∪ AC ∪ BC,
which proves the theorem.

5. Existence of the Solution
We now proceed to prove the existence of a solution of problem T∞. In the half-plane y > 0,

equation (1) takes the form
uxx + ymuyy + αym−1uy = 0. (20)
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Solving the N∞ problem by the Green’s function method in the domain Ω1, we obtain

u(x, y) = −
∫ 1

0
ν(t)

[
zm−αG(t, z; x, y)

]
z=0dt, (21)

where G(t, z; x, y) is the Green’s function of the N∞ problem, given by

G(t, z; x, y) =
+∞

∑
n=−∞

[
q1(t + 2n, z; x, y)− q1(−t + 2n, z; x, y)

]
,

with

q1(t, z; x, y) = k4zα−mr−2β
1 F

(
β, β, 2β;

16(zy)(2−m)/2

(2 − m)2r2
1

)
being a fundamental solution of equation (20). Here F(a, b, c; z) is the Gauss hypergeometric function
[22],

k4 =
1

4π

(
4

2 − m

)2β Γ2(β)

Γ(2β)
, r2

1 = (t − x)2 +
4

(2 − m)2

(
z(2−m)/2 + y(2−m)/2)2.

The Green’s function of the N∞ problem for equation (1) is constructed by the reflection method
[23,24], using the mean value theorem and estimates for the hypergeometric function:

F(a, b, c; x) =


M1, c − a − b > 0, 0 ≤ x ≤ 1,

M1(1 − x)c−a−b, c − a − b < 0, 0 < x < 1,

M1[1 + ln(1 − x)], c − a − b = 0, 0 < x < 1,

where M1 > 0 is a constant. One can prove that

|G(t, z; x, y)| ≤ M2

n2−2β
, |Gx(t, z; x, y)| ≤ M3

n3−2β
, |Gxx(t, z; x, y)| ≤ M4

n4−2β
,

|Gy(t, z; x, y)| ≤ M5

n3−2β
, |Gyy(t, z; x, y)| ≤ M6

n4−2β
,

with n ∈ N and Mi > 0 constants. By the Weierstrass test, these series converge absolutely and
uniformly in the half-strip 0 < x < 1, y > 0.

As y → 0, from (21) we obtain the functional relation between τ(x) and ν(x) on AB coming from
Ω1:

τ(x) = −k4

∫ 1

0
ν(t)H(x, t)dt, 0 ≤ x ≤ 1, (22)

where
H(x, t) =

[
|x − t|−2β − (x + t)−2β

]
+

+
+∞

∑
n=1

[
(2n − x + t)−2β − (2n − x − t)−2β + (2n + x − t)−2β − (2n + x + t)−2β

]
.

Eliminating τ(x) from (14) and (22), we obtain a singular integral equation for the unknown
function ν(x), equivalent (in terms of solvability) to problem T∞:

ν(x)− k5

∫ 1

0
ν(t)K(x, t)dt = F2(x), 0 < x < 1, (23)

where

k5 =
cos(πβ)

π − π sin(πβ)
,

K(x, t) =
( x

t

)2β
{

1
t − x

+
1

t + x
+

}
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+
∞

∑
n=1

[(
x

2n − t

)2β( 1
2n − t + x

+
1

2n − t − x

)
+

(
x

2n + t

)2β( 1
2n + t − x

+
1

2n + t + x

)]
,

F2(x) =
k5

βk4

[
ψ′(0)x2β + xβ

∫ x

0
ψ′′(t)(x − t)βdt

]
.

The conditions imposed on ψ(x) imply F2(x) ∈ C(0,1+2β)(0, 1] and F2(x) = O(x2β). Applying
the Carleman–Vekua regularization method [5,25,26], we obtain a Fredholm integral equation of the
second kind with a weak singularity for ν(x), to which Fredholm theory applies. Its solvability follows
from the uniqueness of the solution of the Tricomi problem, and the solution has the form

ν(x) =
xβ

β Γ(2β)
ψ′(x). (24)

Now, from (14) we find

τ(x) =
1

Γ(2β)
D2β−1

0x

[
xβ

(
k3Γ(1 − 2β)

β
ψ′(x) + Γ(β)D1−β

0x ψ(x)
)]

. (25)

Substituting (24) and (25) into formulas (13) and (21) for the domains Ω2 and Ω1, respectively, we
obtain the solution u(x, y) of the Tricomi problem belonging to class R2.

6. Example of Solution of Problem T∞

Consider the following specific values of the parameters in problem T∞:

m = 1, α =
1
4

, ψ(x) = x
6
5

(1
2
− x
) 6

5
, 0 ≤ x ≤ 1

2
,

and ψ(x) = 0 for x > 1
2 . The conditions 1 ≤ m < 2, m − 1 < α < 1 are satisfied; α < m/2 guarantees

β ∈ (−1/2, 0) (see (7)). The function ψ belongs to C1[0, 1
2 ] ∩ C2(0, 1

2 ) and satisfies ψ(0) = ψ( 1
2 ) = 0.

It is prescribed on the characteristic AC (0 ≤ x ≤ 1
2 ); on the characteristic BC, the condition u = 0 is

automatically satisfied due to u(1, y) = 0 and the structure of the general solution.

6.1. Parameter β and Key Constants

From (7):

β =
2α − m

2(2 − m)
= −1

4
, 2β = −1

2
.

Values of gamma functions:

Γ(2β) = Γ(−1/2) = −2
√

π, Γ(1 − 2β) = Γ(3/2) =
√

π

2
,

Γ(β) = Γ(−1/4), Γ(1 − β) = Γ(5/4) =
1
4

Γ(1/4).

Auxiliary constants from (9), (14):

k2 =

(
2 − m

4

)1−2β Γ(2 − 2β)

(1 − α)Γ2(1 − β)
=

2
√

π

Γ2(1/4)
,

k3 = 2 cos(πβ)k2 =
√

2k2 =
2
√

2π

Γ2(1/4)
.

The fundamental constant k4 (see Section 5) is

k4 =
1

4π
42β Γ2(β)

Γ(2β)
= −Γ2(−1/4)

16 π3/2 .
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6.2. Normal Derivative ν(x) on the Degeneracy Line

By formula (24):

ν(x) =
2√
π

x−1/4 ψ′(x).

For ψ(x) = x6/5(1/2 − x)6/5,

ψ′(x) =
6
5

x1/5
(1

2
− x
)1/5(1

2
− 2x

)
,

hence

ν(x) =
12

5
√

π
x−1/20

(1
2
− x
)1/5(1

2
− 2x

)
.

The function ν(x) is continuous on (0, 1] and has an integrable singularity of order x−1/20 at zero; it is
bounded as x → 1. Thus ν(x) belongs to class R2.

6.3. Trace τ(x) on the Degeneracy Line

According to (25) and the computations of fractional derivatives and integrals, the trace τ(x) is
expressed in terms of hypergeometric functions. Substituting the found ν(x) into (14) or (22) leads to a
closed analytic representation, which is not written explicitly here for brevity. Numerical calculations
show that τ(0) = τ(1) = 0, the function is continuous on [0, 1] and has a maximum near x ≈ 0.3. The
analytic properties of τ(x) are fully consistent with the conditions of problem T∞.

6.4. Solution in the Hyperbolic Domain Ω2

Passing to the characteristic coordinates

ξ = x − 2
√
−y, η = x + 2

√
−y, ∆ = η − ξ = 4

√
−y, y < 0,

and using the generalized solution (10) with m = 1, β = −1/4, 1 + 2β = 1/2, we have

u(ξ, η) = k1

∫ 1

0
τ
(
(1 − t)ξ + tη

)
t−1/4(1 − t)−1/4dt

+ k1(η − ξ)
∫ 1

0
τ′((1 − t)ξ + tη

)
t−1/4(1 − t)−1/4(2t − 1)dt

− k2

2
√

π
(η − ξ)3/2

∫ 1

0
ν
(
(1 − t)ξ + tη

)
t1/4(1 − t)1/4dt,

(26)

where k1 =

√
π

2 Γ2(3/4)
. The integrals involving τ and ν are computed using quadrature formulas that

account for the weight singularities. As y → 0−, the initial conditions

u(x, 0−) = τ(x), lim
y→0−

(−y)1/4 ∂u
∂y

= ν(x)

hold, ensuring the correctness of the construction.

6.5. Solution in the Elliptic Half-Strip Ω1

In the elliptic part y > 0, the equation becomes

uxx + yuyy +
1
4

uy = 0.
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The fundamental solution q1 for m = 1, β = −1/4 is

q1(t, z; x, y) = k4z−3/4r1/2
1 F

(
−1

4
,−1

4
;−1

2
;

16
√

zy
r2

1

)
, r2

1 = (t − x)2 + 4(
√

z +
√

y)2,

and the hypergeometric function can be expressed in elementary form:

F
(
−1

4
,−1

4
;−1

2
; w
)
=

1
2

[
(1 +

√
w)1/2 + (1 −

√
w)1/2

]
, 0 ≤ w < 1.

The Green’s function of the N∞ problem is given by the series

G(t, z; x, y) =
∞

∑
n=−∞

[
q1(t + 2n, z; x, y)− q1(−t + 2n, z; x, y)

]
.

Computing the limit as z → 0 required for (21), we obtain

lim
z→0

z3/4G(t, z; x, y) = k4

∞

∑
n=−∞

[(
(t + 2n − x)2 + 4y

)1/4 −
(
(−t + 2n − x)2 + 4y

)1/4
]
.

Substituting ν(t) from Section 6.2 into (21) gives the solution in Ω1 (y > 0):

u(x, y) = −k4

∫ 1

0
ν(t)

∞

∑
n=−∞

[(
(t + 2n − x)2 + 4y

)1/4 −
(
(−t + 2n − x)2 + 4y

)1/4
]
dt (27)

The series converges absolutely and uniformly for y > 0 (as O(|n|−5/2)). For x = 0 and x = 1, the
terms with t and −t cancel mutually, ensuring condition (15). As y → 0+, the expression tends to τ(x),
guaranteeing a continuous gluing with the hyperbolic part.

6.6. Visualization and Interpretation of the Solution

Figure 1 shows the numerical solution u(x, y) of problem T∞ for the above parameters.

Figure 1. Surface and contour plot of the solution.

The calculation was performed on a 300 × 300 grid in the elliptic domain with singularity ex-
traction; in the hyperbolic domain, Gauss–Jacobi quadratures [27,28] were used. The graphs were
produced in Python [29,30].

The solution surface is smooth; in the hyperbolic region (y < 0) the boundary condition u = ψ on
the characteristic AC and u = 0 on BC are satisfied. In the elliptic part (y > 0), the solution is positive
in the central zone and decays monotonically to zero as y → ∞ and on the vertical walls. Qualitatively,
the picture corresponds to the perturbation potential in the subsonic region of a Laval nozzle with a
continuous transition through the sonic line y = 0.
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Thus, the constructed solution fully satisfies all conditions of problem T∞ and clearly demonstrates
the effectiveness of the proposed method.

7. Conclusion
In this paper, the Tricomi problem T∞ for a second-kind mixed-type equation with a lower-order

term in an unbounded domain whose elliptic part is a vertical half-strip and hyperbolic part is bounded
by characteristics was investigated. The main results are as follows.

1) A uniqueness theorem for the solution of problem T∞ was proved using the extremum principle
for elliptic equations and the Zaremba–Giraud principle.

2) Using the Green’s function method, an explicit representation of the solution in the elliptic
half-strip was obtained in the form of a rapidly convergent series, while in the hyperbolic region
a generalized solution of class R2 was employed. The matching of these representations on the
degeneracy line led to a singular integral equation, which was regularized by the Carleman–Vekua
method and reduced to a Fredholm integral equation of the second kind with a weak singularity. The
solvability of the latter follows from the proven uniqueness.

3) Explicit analytic formulas for the normal derivative ν(x) and the trace τ(x) on the degeneracy
line were derived, expressed in terms of hypergeometric functions.

4) For the specific parameter values m = 1, α = 0.25 and the boundary function ψ(x) =

x6/5(1/2 − x)6/5, numerical calculations were performed and a three-dimensional surface and contour
plot of the solution were constructed.

5) A physical interpretation of the graphs was given in the context of transonic gas dynamics. It
was shown that the solution is continuous and smoothly crosses the sonic line, corresponding to the
picture of shockless transonic flow in Laval nozzles.

The obtained results can be applied to the mathematical modeling of transonic flows, and the
proposed method for constructing Green’s functions for degenerate elliptic equations in a half-strip
and regularizing singular integral equations is of independent theoretical interest.
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