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Qudit Propagation Through Multimode Optical Fiber 

and the Geometry of the Quantum State 

Daniel A Nolan 

Corning Inc., Corning N.Y. 14831; nolanda@corning.com or danielnolan42@outlook.com 

Abstract 

We simulate the propagation of a W states through an optical fiber in the presence of mode coupling. 

We illustrate the propagating quantum state graphically on a group of higher order Poincaré spheres. 

The spheres show the propagation of the light in time and in distance as the transmission proceeds. 

Thus, the amplitudes and the relative phases of the modal propagation can be visualized throughout 

the transmission, which is novel and very useful to understand the propagation. At the fiber output 

we show how to recover the input quantum state using the simulated quantum state information 

displayed on the multiple spheres. The geometry of these states is an SU(N) quantum geometry. 

Applications include higher dimensional quantum communications, quantum cryptography, and 

quantum networks, and longer-term quantum optical computing. 

Keywords: qudit; quantum communications; multimode fiber; SU(N); higher dimensions 

 

1. Introduction 

Quantum communications and in particular quantum key distribution, QKD, research is of 

significant worldwide interest. This is occurring due to increased interest in modular quantum 

computing [1] and in secure communications based on quantum physics, [2–5]. Quantum technology 

is mostly based on the processing of qubits [6], the quantum state which has a probability amplitude 

in being in one of 2 positions, states. Qudits are quantum states that can be detected in one of N states. 

There are advantages to processing quantum information with qudits rather than qubits, but the 

added implementation complexity is often not understood. Research on this topic is now an 

important subject for quantum information technology. 

Within quantum communications, the transmission of quantum information using advanced 

states such as W states and GHZ states [7,8] is of importance and current interest. A key advantage 

is that one can send more quantum information per photon, and it enables more resilient quantum 

keys [9]. In this report we investigate theoretically and through modeling the possibility of 

transmitting W quantum states through multimode optical fiber. As an application, we consider 

transmitting a 4-mode spatial – polarization quantum state through fiber in the presence of mode 

coupling. This is like transmitting a polarization - based qubit through single mode fiber, under the 

presence of mode coupling, but is somewhat more complex. In the single mode case, one recovers 

the input polarizations states using polarization controllers. Now with the system linked stabilized, 

the qubit can be transmitted and measured. The polarization controllers need to be monitored and 

adjusted on the order of minutes. In the 4 mode, qudit case, a more complex quantum state results at 

the fiber output. Using the quantum field distribution, which we display on a group of Higher Order 

Quantum Spheres, one can coherently combine both the spatial modal and polarization fields to 

recover the input quantum state. 

The technology and the photonic components required for the implementation of higher 

dimensional quantum communications is currently being helped by advancements in spatial – mode 
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division multiplexing [10] for the purposes of increasing the capacity of classical optical 

communications by increasing the number of channels. The growth of classical communications 

continues to grow at an exceptional rate. And it is now being greatly enhanced by the 

communications demands resulting from the rapid hardware - commercial implementations of 

Artificial Intelligence, A I. 

Interest in commercial – classical communications using few mode fiber and mode division 

multiplexing is growing. Current commercial deployments incorporate MIMO [11,12] to deal with 

the mode coupling that occurs during signal propagation. These systems require significant power 

to implement the digital system processing and are not therefore suitable for quantum 

communications. Principal Mode transmission, however, can be used to overcome the deleterious 

effects of the mode coupling [13–16]. 

Apart from mode division multiplexing and principal mode transmission, higher dimensional 

quantum communications are of interest in that one can transmit more information per photon[9] 

and for some quantum networks [17]. So, it is the purpose of this communication to focus on the 

transmission of only a single photon through higher dimensional space, but without the increased 

complexity of mode division multiplexing. The coherent properties of the photon are important as 

one needs to recover the input photon state to retain the quantum information or if one wants to 

implement entanglement swapping. Entanglement swapping is of interest for long distance 

communication [18] and for quantum networks. For entanglement swapping, the photons 

undergoing the swapping need to be identical in polarization, spectrally, and in spatial mode. If they 

are not identical, modal transformations are required before the swapping. In the single mode case, 

polarization controllers are used to regain the initial polarization state. This is required due to the 

polarization coupling that occurs in the transmission. In the multimode – higher dimensional 

situation, we need a similar method to regain the initial quantum state, spatial – polarization mode. 

We investigate this by simulating the transmission of a single photon transmitting through a 4-

transmission medium. For example, a 2 polarization – 2 spatial mode such as an LP11 mode in an 

optical fiber. This numerical simulation is independent of the fiber index profile. The profile can be 

for example a step index or parabolic profile [19], we are only concerned with the coupling within a 

modal group, for example the LP11 mode. 

In section 2, Modal propagation in Optical Fiber, we write the mode coupling propagation 

equations for a photon transmitting through a 4 mode (2 spatial modes times 2 polarization modes) 

channel within a fiber. Such modes occur within an LPνµ mode of a multimode fiber [19]. In order to 

track and display the propagation, we propose using a group of Poincaré spheres. [20] We track the 

propagation along an input sphere and then coupling to other spheres (adjacent modes) as the 

propagation progresses. 

In section 3, Mode Coupling, Mode Coherence and Field Recombination at the Fiber Output, 

discuss how to use the calculated or experimentally determined quantum filed information to 

coherently combine the polarized – modal information to recover the input state. Once this is 

established, a specific W quantum state can be transmitted and measured at the output. This is 

necessary because any mode coupling distorts the coherency of the quantum state.  

In Section 4, Multiple – Higher Order Poincare Spheres and the Geometry of the Quantum State, 

we discuss the relationship of the higher order Poincare sphere to the geometry of the quantum state 

and the implications of the SU(N) geometry. 

In section 5, Discussion, Multiple Photons.  

In Section 6, Outlook, we discuss the current research status as it relates to the implementation 

of higher dimensional quantum communications. 

2. Modal Propagation in Optical Fiber 

Propagation of light in optical fiber is well described by the scaler wave equation [19] when the 

index difference between core and clad is, on the order of a few percent. The axial solution is an 
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exponential propagating wave, and the radial and azimuthal components are solutions to the scalar 

wave equation. 

𝐹𝜈µ(𝑟) + 𝐹(𝑟)𝜈µ′
𝜈(𝑟)

𝑟
+ (𝑛2 𝑘2 −

𝜈2

 
𝑟2

   −  𝛽2    ) 𝐹𝜈µ(𝑟) (1) 

The scalar wave equation can be solved using an Eigen solution method [21]. Here a set of basis 

functions are used to obtain the wave functions which are a superpositions of these basis functions. 

Typically, Laguerre Gauss functions are used as the basis functions and the solutions are 

characterized as LP, linearly polarized modes. These solutions are functions of a radial function (µ ) 

and an azimuthal function (ν). For ν not equal to 0, they are also characterized as orbital angular 

momentum modes. For circular cores, the LPνµ modes are separable in their radial, azimuthal and 

axial components and can be written as: 

𝜓(𝜈µ) = 𝐴µ𝜈𝐹µ𝜈(𝑟) exp(±𝜈𝜃) exp(𝑖 𝛽𝑧) (2) 

Spatial – higher dimensional quantum communications [9,22] intends to use these spatial 

distributions as channels for communication with distance and choosing ν = +- 1 and a polarization 

linear state as +- . So, we have 4 possibilities and a W quantum state can be written as [7] 

 [𝑊 =  |1000 > +|0100 > +0010 > +|0001 >] . 25.5 (3) 

In theory, one can use any LPνµ mode to transmit a W(4) state, but LP(ν=+-1, n =1,2,3) are most 

easily isolated in a fiber (19). 

Mode coupling within these LP modes is common and expected due to stresses and strains on 

the fiber due to the deployment process. As an example, the mode coupling equation describing this 

coupling are described by Matera and Someda for example. [23]. They describe the polarization mode 

coupling in optical fiber using mode coupling equations. Consider mow the propagation of the 4 

modes within an the LPνµ mode described above. Like Matera and Someda the mode coupling 

equations are: 

𝑑𝜓𝑖

𝑑𝑧
= −𝑖𝛽𝜓𝑖 − 𝐾𝑗𝑖 𝜓𝑖 + 𝐾𝑖𝑗 𝜓𝑗 (4a) 

𝑘𝑖𝑗 = 𝑗 𝑆 (4b) 

In equation 4 a, βis the propagation constant of the LP mode, the k are the mode coupling   

coefficients. In eq 4b, S is a stress optic coefficient [24]. These mode coupling coefficients represent the 

effects of fiber twisting, bending and core deformation for example and these effects are well 

described by Ulrich and Simon [25]. In this simulation, we use their coupling coefficients for the 

situation of twists.  

𝑘 = 𝑗 𝑛2 𝑝44 𝜏/2                                                         (5) 

Here τ is the twist rate per unit length, n is the core index, and p44 is one of the photo  elastic 

coefficients and is related to p11 (.116 in silica) and p12 (-.26 in silica) as  

𝑝44 = (𝑝11 − 𝑝12 )/2                                                  (6) 

Here, we use a twist rate of 2 twists per meter. It is important to note that these coupling  

parameters drift in time on the order of minutes depending on the fiber deployment and        

environment. Therefore, they can be considered constant for transmissions of hundreds                 

of kilometer and the systems transmission matrix can be fixed. But the detection system needs to be 

capable of adjusting with this drift and a new transmission matrix exists            and is defined 

on this order in time. This is the situation in todays QKD systems as the                            

the polarization controllers in the single mode case are adjusted on this time scale.     

Light propagating and coupling between two polarizations in time can be displayed on a 

Poincaré sphere (20). Born and Wolf show how to use the amplitudes and phase of the two 

components can be used to plot the light’s position on the sphere as the propagation continues 
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 𝑆1 = |𝐸1|2 − |𝐸2|2 (7a) 

𝑆2 =  𝐸1 𝐸2 ∗  + 𝐸2 𝐸1  ∗ (7b) 

𝑆3 = j(𝐸1 𝐸2 ∗  − 𝐸2 𝐸1 ∗)  (7c) 

3. Mode Coupling, Mode Coherence and Field Recombination at Fiber Output 

With 4 modes, there are 6 combinations of the fields of i and j. So, we can plot 6 spheres 

simultaneously as light propagates and then couples among the 4 modes. So, for the 4 modes, we can 

take 2 modes at a time and plot a sphere for each. So the spheres will be of: (E1,E2; E1,E3; E1,E4); and 

(E2,E3,E2,E4) and (E3,E4). If we input light into |1>|1> the propagation combines mode |1,1> with 

|1,-1>. This is the combination of OAM1 and polarization +1 combining with OAM1 with and 

polarization -1. The light propagates and couples with the parameters of equation 4 under the 

coupling equations above with a cross coupling birefringence (beat length) of 1 meter between the 2 

OAM modes of the same polarizations and a beat length of one-half meter between an OAM mode 

of two different polarizations. The beat lengths of the 2 polarizations in commercial optical fibers 

vary considerably on the order of 1 to more than 10 meters. In this simulation we choose these meter 

lengths as mentioned above, but the results of the simulations scale with the transmission length vs. 

the beat lengths.  

In this case as the light couples from the input OAM mode of a specific polarization to the other 

polarization, spheres, the radius of the sphere is unity, but then as it begins to couple to the other 

possibilities, the radius of the initial sphere shrinks, and other spheres begin to appear and grow in 

radius. We plot below the 6 spheres as the light propagates up to 100 meters. We use Python 3 d 

graphics to plot the spheres, Figure 1A–C. At the output of the fiber, the light from each sphere can 

be coherently combined to a position on a defined sphere. With applications in mind, we discuss 

below how to combine these fields at the fiber output, enabling one to transfer a W state. In these 

figures, the black curves outline the surface of the sphere, and the green curve shows the trajectories 

of the light for the modes mentioned. The blue dot shows the position at which the light is input, 

always onto mode 1. 

A 

 

M1, M2 
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M1, M3 

 
M1, M4 

B 
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M2, M4 

 
M2, M4 
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M3, M4 

Figure 1. A. HOM for modes 1 & 2, 1&3 and 1 &4. Light is input onto mode 1 and the sphere position is indicated 

in blue. The coupling proceeds according to the green trajectory and the sphere is outlined in green. B. HOM for 

modes 2 & 3, and 2 & 4 Light is input onto mode 1, position indicated in blue on the sphere. The trajectory 

proceeds according to the green line and the surface of the sphere is indicated in black. C. HOM for modes 3 & 

4 Light is input onto mode 1, position indicated in blue on the sphere. The trajectory proceeds according to the 

green line and the surface of the sphere is indicated in black. 

Consider the first 3 spheres above marked, M1, M2: M1, M3; and M1, M4. These spheres display 

the phase difference between the two fields Mi and Mj, as well as their amplitudes. Using the spheres 

in Figure 1A, one can relate the modal fields in M2, M3, and M4 to those of M1. So, M1 can be chosen 

as the reference to which the other fields relate. By rotating the spatial fields at the output to align 

and or the polarizations to align, one can coherently combine the fields by shifting one field with 

respect to the other by the phase difference. The phase difference is proportional to S3. The phase at 

the polar Z axis maximum is π/2. Experimentally, these phase differences can be implemented with 

for example a Cailabs – C multiple beam phase controller. The polarizations can be rotated with a 

half wave plate and the fields can be rotated with flat optics for example [26] 

4. Multiple – Higher Order Poincare Spheres and the Geometry of the Quantum 

State 

The W state of equation 3 can be used to transfer a qudit with more information per photon than 

that of a qubit. As mentioned, we can do this using an LPνµ mode in an optical fiber [21–24]. Due to 

mode coupling during propagation, the photon in an initial OAM state and polarization state can 

have a probability amplitude of being in the other OAM mode and or the other polarization as was 

shown in the Figure 1. A sphere represents the relative amplitude and phase of 2 electric fields. In the 

typical Poincaré sphere, this is the relation of 2 polarization, but also in a higher order Poincare 

sphere, characterizing orbital angular momentum modes [27]. In our case we have spheres combining 

2 fields of a propagating OAM mode, which can have field combinations of a spatial field with a 

polarization and another spatial field with a different polarization. 

The photon output therefore has a probability amplitude of being in each of the 4 positions with 

a specific value. Again, in our situation the 4 positions are composed of 2 polarizations and 2 spatial 
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modes. In single mode optical fiber, the quantum state can be graphically displayed on the Poincare 

sphere. In higher dimensional quantum communications, the quantum states need to be displayed 

on a higher dimensional sphere, something we can’t do in a 3-dimensional world. So, we propose to 

use a group of spheres to display the quantum information. The Poincare sphere is used to display 

fiber polarization - propagation information in single mode fiber and this is an SU(2) quantum 

geometry. Any 2-dimensional quantum state can be displayed on this sphere. Also, any quantum 

state in this situation can be mathematically described as a specific sum of the Pauli matrices, which 

represents the quantum geometry of these states. Likewise, the geometry of an N dimensional 

quantum state is an SU(N) geometry [16]. Also, any state in an SU(N) geometry can be mathematically 

represented as a specific sum of the generalized Gell Mann N2 -1 generators quantified with the 

generalized Gell Mann matrices. Interestingly using these generators, principal states can be 

determined enabling the possibility of spatial division multiplexing in the presence of mode coupling 

[16,28,29]. This is also the case with single mode fiber where one can polarization multiplex without 

cross talk using principal states based on polarization and determined using the Pauli spin matrices. 

These principal states are launched using a combination of polarization modes mathematically 

described with the Pauli spin matrices [30]. In the case of multimode fiber, mathematically the 

generalized Gell Mann matrices are used to generate the launch conditions. Again, this is because 

any quantum state in an N dimensional geometry can be described mathematically using the 

generalized Gell Mann matrices and then cross talk free states are the principal states, solved with an 

eigen value matrix. The Gell Mann matrices are important as they relate to determining principal 

modes, because all states in these systems can be described using these matrices. This is why the 

principal states can be determining using them. 

Most often however, in today’s commercial quantum communication QKD systems, 

multiplexing is not utilized, and principal states are not required. However, because polarization 

mode coupling occurs during transmission, polarization controllers are required to coherently 

combine the transmitted state to the intended polarization state output. 

5. Discussion: Multiple Photons 

Regarding further the geometry of the quantum state, we can also plot two photons on the 

spheres. Figure 2 below shows the trajectories of two photons on a sphere. One photon is launched 

onto mode 1, while a second photon is launched onto mode 2. The trajectories of photon 1, launched 

onto the the fiber oscillates more between modes 1 and mode 2 than does photon 2. This is because 

photon 2 couples mode easily to mode 3 than photon 1. And this results because the difference in 

propagation constants between modes 1 and 3 is larger than this difference between modes 2 and 3. 

The differences between propagation constants significantly the amount of coupling [24]. The 

propagation constants for these simulations are chosen as:  

                                       𝛽 = 2 𝑝𝑖 𝑛 /𝜆                          8a 

𝑛1 = 1,5 + .0000015; 

      𝑛2 − 1.5 + .00000075; 

      𝑛3 =  1,5 − .0000007; 

         𝑛4 =   1.5 − .0000015                                                  8b  
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Figure 2. two photons launched. 

6. Outlook 

Quantum communications is in an early state of implementation. Applications are mostly in 

cryptography; quantum key distribution using single mode optical fiber and point to point systems. 

Higher dimensional quantum communications is in the earlier research stage. Advantages include 

the possibility of quantum communicating with more information per photon. Also, higher 

dimensional quantum communications offer the possibility of using these dimensions to enable new 

possibilities in network routing [17,31]. Also, new enhanced encryption methods and materials are 

evolving that can be applicable here [32]. This is expected to be a very fruitful area of research and 

eventually lead to commercial implementation. In network routing, the routing is based on 

multiparticle entanglement. Multiple particle entanglement can be based on wavelength, polarization 

and spatial mode. Longer term, one could expect all three of these possibilities. Regarding scalability, 

the LP modes can be used to isolate uncoupled groups and the modes in a selected LP mode can be 

used for the transmission. For example, we can consider the LP modes in a ring core fiber [33]. The 

LP01 and LP02 modes can be used separately to transmit 2 polarization modes. The LP11, LP21, LP31, 

LP12, and LP31 modes each can be used to transmit 4 mode quantum states. Quantum memories will 

also play a role as the memory will be used to store the photons for entanglement swapping. The 

number of wavelengths available in a quantum network, will most likely be less than those in a 

classical network, due to the more complex requirements of these memories. Thus, the need for 

additional entanglement parameters such as space and polarization. It is also possible to include time 

as an entanglement parameter, but using time in this way will slow done the network. The hardware 

components OAM transmission and now even for OAM entanglement swapping [34] continue to 

undergo worldwide research. In fact, some of these components have been commercially available 

for more than 10 years [10], albeit at a low level.  
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