Pre prints.org

Article Not peer-reviewed version

Existence and Uniqueness of Fixed
Point Results in Non-solid C*-algebra-
Valued Bipolar b-Metric Spaces

Annel Thembinkosi Bokodisa * and Maggie Aphane *

Posted Date: 3 February 2025
doi: 10.20944/preprints202502.0067v1

Keywords: C*-algebra valued bipolar b-metric space; fixed points; Ulam-Hyers stability

Preprints.org is a free multidisciplinary platform providing preprint service

that is dedicated to making early versions of research outputs permanently

available and citable. Preprints posted at Preprints.org appear in Web of
(=] Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/4205073
https://sciprofiles.com/profile/1309177

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 February 2025 d0i:10.20944/preprints202502.0067.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article

Existence and Uniqueness of Fixed Point Results in
Non-Solid C*- Algebra-Valued Bipolar b—Metric
Spaces

A.T. Bokodisa * and M. Aphane *

Department of Mathematics and Applied Mathematics
* Correspondence: annel.bokodisa@smu.ac.za (A.T.B.); maggie.aphane@smu.ac.za (M.A.)

Abstract: In this monograph, motivated by the work of Aphane, Gaba, and Xu, we explore fixed
point theory within the framework of C*-algebra-valued bipolar b-metric spaces, characterized by a
non-solid positive cone. We define and analyze (Fy — Gy )-contractions, utilizing positive monotone
functions to extend classical contraction principles. Key contributions include the existence and
uniqueness of fixed points for mappings satisfying generalized contraction conditions. The interplay
between the non-solidness of the cone, the C*-algebra structure, and the completeness of the space
is central to our results. We apply our results to find uniqueness of solutions to Fredholm integral
equations and differential equations, and we extend the Ulam-Hyers stability problem to non-solid
cones. This work advances the theory of metric spaces over Banach algebras, providing foundational
insights with applications in operator theory and quantum mechanics.
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1. Introduction

The notion of distance, as a natural extension of one of the oldest and natural quantitative concepts,
can be thought of as the length of a gap. Metric spaces are regarded as the one of the most significant
mathematical frameworks for the study of distance, in that they are intuitive and simple structures
that allow us to consider distances between points of a set. These were formalized in 1906 by Fréchet
[1]. And in 1922, Banach [2] gave a constructive method to obtain a fixed point for a self-map in metric
spaces.

In 1990, Murphy [3] pioneered the novel C*— algebra and operator theory (see [4,22] and references
therein). In 2014, in the spades of novel generalizations, Ma [6] obtained C*-algebra-valued metric
spaces and later proved fixed point results in the setting of b—metric spaces. The Banach contraction
principle has seen further generalizations in the settings of cone metric spaces. One can see Perov [28]
and Zabrejko [27] for foundational works, and the reintroduction by Huang and Zhang [29] as the
so-called cone metric spaces. In this context, the cone’s solidness is a desirable property for the
establishment of fixed point theorems. In 2023, Xu, Cheng, and Han [22] introduced a novel approach
to fixed point theory by establishing common fixed point results in cone b-metric spaces over Banach
algebras, without requiring the solidness of the underlying cone, only maintaining normality of the
cone. Their work focused on contractions with vector-valued coefficients and introduced a kind of new
convergence of sequences, termed it wrin-convergence, that is, ‘with respect to the norm’ convergence.

In some cases distances arise between elements of two different sets, rather than between points
of a unique set. Such type of distances are abundant in mathematics and applied sciences. And so in
2016, Mutlu and Giirdal [20] formalized these distances under the name bipolar metric spaces and later
[25] defined &« — ¢ contractive mappings and multivalued mappings, respectively, and established
fixed point theorems in the context of bipolar metric spaces. In 2021, Gaba, Aphane, and Ayidi [12]
introduced (« — BK)-contractractions in Bipolar metric spaces and recovered well-known classical
results.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Motivated by the above results, we give fixed point results for C*— algebra-valued bipolar b-metric
spaces without requiring the solidity of the underlying cone under (« — BK)-type contractions.

2. Preliminaries

The following basic concepts from literature in C*— algebra are necessary for proving results.

A complex algebra #, together with a conjugate linear involution map p — p*, is called a *-
algebra if (pq)* = q*p* and (p*)* = p for all p,q € H. Moreover, the pair (H, x) is called a unital
*-algebra if H contains an identity element 14;.

By a Banach *-algebra, we mean a complete normed unital x-algebra (7, *) such that the norm
on H is submultiplicative and satisfies ||p*|| = ||p|| for all p € H. Further, if for all p € H, we have
lp*pll = |lpl|? in a Banach x-algebra (H,*), then  is known as a C*-algebra.

A positive element of H is an element pv such that p = p* and its spectrum satisfies o(p) C R,
where

o(p) = {A € C: Aly — pis non-invertible}.

The set of all positive elements will be denoted by H . Such elements allow us to define a partial
ordering >~ on the elements of H. That is,

grp <= q—peH,.

If p € H is positive, then we write p = 04, where 0y is the zero element of H. Each positive

1/2 5

element p of a C*-algebra H has a unique positive square root denoted by p'/~ in H. From now on, by

‘H we mean a unital C*-algebra with identity element 14,. Further,
Hi={peH:p=0n}, and (p'p)'?=p.

Definition 1. [17] A subset H . of H is called a cone if:
(1) M is non-empty, closed, and {0y, 1} C H+,
(2) ax+Pye Hi Vo, Ry, and x,y € H,
(3) x-x=x>cHy,
4 x+(—x) =0y

For a given cone H.y C H, we can define a partial ordering < with respect to H by x = y if and only
ify—x € Hy. Wedenote x < yif x < yand x # y, while x < y will stand for y — x € int(H.), where
int(H ) denotes the interior of H.

The cone H y is called normal if there is a number M > 0 such that for all x,y € H, 0y = x = y implies
llx|| < M||y||. The least positive number satisfying the above is called the normal constant of H.

Definition 2. [3] Let ‘H be a unital C*-algebra, and let H 1 denote the positive cone of H, consisting of all

positive elements a € H such that a = x*x for some x € H. Amap F : Hy — H is called a positive function

if it satisfies the following properties:

1. Forallze€ Hy, F(z) € Hy.

2. Forall z1,zp € Hy, ifz1 < zp, then F(z1) =< F(zy), where < denotes the partial order induced by the
positive cone.

3. F(0y) = Oy, where Oy is the zero element of H ..

Example 1. Let H be the positive cone of a unital C*-algebra H. Define the functions Fy;, Gy : Hy — Hy
as follows:
Fy(z) =22, Gyulz) =z+2%, VzeH,.

For both functions, condition (1) and (2) follow directly from the definition. For condition 3, when z = Oy,
we have Gy;(0) = Fy(0) = Oy, when z # 0y, the inequality Fy (z) < Gy holds because Gy, dominates Fy
forany z € H and z # Oy.
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Definition 3. [6] Consider a unital C*— algebra H with a unital Iy, a set © # @, and Iy < b€ Hy. A
distance function ¢ : ® x ® — H_ with the following

1.  ¢(o,v) =0y ifandonlyif o = v, forall (o,v) € ® x P;

2. ¢(o,v)=9@(v,0)forallo,v e O;

3. ¢(o,v) 2b(e(o,h)+@(hv)),forall o,v,h € P.

Then (@, H, ¢) is known as C*— algebra valued b—metric space.

Definition 4 ([20]). Let ® and ¥ be two non-empty subsets of a set V, and let ¢ : & x ¥ — Ry be a function
such that:

1.  ¢(o,v) =0ifand onlyifo = v;
2. g(o,v)=9¢,0) foralloc,v e PNY;
3. ¢(o,v) <g@lo,v1)+¢(o,v1) + @(oy,v), forallo,00 € ®andv,v, € Y.

Then, the triplet (®,¥, H, ¢) is called a bipolar metric space.
In 2022, Mani, Gnanaprakasam, Haq, Baloch, and jarad [31], gave the following:

Definition 5. [31] Consider a unital C*— algebra H with a unital Iy, two sets ®,¥Y # @, and I < b € H.
A distance function ¢ : ® x ¥ — H with the following

1.  ¢(o,v) =0y ifand only ifoc = v, forall (o,v) € ® x ¥;

2. ¢(o,v)=e¢,0), foralloc,v e PNY;

3. o(o,v) 2o(o,v) + @(oo,v1) + (0, v2), for all (o1,v1), (02,12) € D x Y.

is called C*— algebra bipolar metric and (®,Y, H, ¢) is called C*— algebra valued bipolar metric space.

Definition 6 ([32]). Let (®,¥, ¢) be a bipolar metric space. A function ¢ : ® x ¥ — H . is called a bipolar
b-metric if there exists a constant b > 1 such that:
1. ¢(o,v) =0ifand only if o = v;
2. ¢(o,v)=9¢,0), forallo,v e PNY;
3. @(o1,v2) < ble(or,v1) + (o2, 11) + @(02,10)], forall oy, 05 € @ and vy, v, € Y.
Then (®,Y, H, ) is called a bipolar b-metric space.

Remark 1. The space is said to be joint if ® N'Y # @ otherwise disjoint.

Example 2. [32] Consider ® = (—00,0],¥ = [0,00),H = Ma(R)and ¢ : ®x¥Y — Has ¢(o,v) =
diag{cy(|c —v|)?,co(|c — v|)P} where p > 1 and c1,¢c; > 0.
It can be easily verified that conditions 1 and 2 of definition 1.4 holds.

Using |01 — va|p < 22P(|oy — 11 |P + |02 — v1|P + |02 — 1»|P), one can prove that:
@01, v2) < blg(o1,v1) + @02, v1) + @(02,12)],

where b = 2%P1.
Thus, (®,¥,H, ¢) is a complete C*-algebra valued bipolar b-metric space.
If we take vi = —%, 1, =0,v1 =0,and v, = %, then:

p(01,v2) = @(o1,11) + @(01,11) + @(02,v2),
forall (o1,v1), (02,12) € ® x Y. So, it is not a C*-algebra valued bipolar metric space.

Definition 7. Let (1, Y1, H, ¢1) and (P2, Y2, H, ¢2) be C*-algebra valued bipolar b-metric spaces, where
@1 and ¢y are C*-algebra valued metrics on (®1 x ¥1) and (P x ¥y), respectively.
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(1) A function T : &1 UYy — Py U Y, is called a contravariant map from (O1,¥1) to (Py, ¥2), and
denoted by f : (®1,¥1) = (D, ¥2), if :

T(D1) C ¥y and T(¥;) C ®s.

(2)  Moreover, if g1 and ¢, are C*-algebra valued bipolar b-metrics on (1 x ¥1) and (P x ¥y), respectively,
then the notation:
T: (@1, ¥1, 1) R(DP2, ¥2, 92)

denotes a contravariant map between C*-algebra valued bipolar b-metric spaces, where the distances ¢q

and @y respect the C*-algebra structure.

Definition 8. [31] Let (91, Y1, H, ¢1) and (P2, ¥, H, ¢2) be two C*-algebra valued bipolar metric spaces,
(1) T is called left continuous at a point oy € @1 if, for every € > 0, there exists a & > 0 such that:

|@2(Too, Tv)|| < € whenever | ¢@1(0o,v)| <6, ve Y.
(2) T is called right continuous at a point vy € I1; if, for every € > 0, there exists a 5 > 0 such that:
loo(To, Tvp)|| < € whenever ||o1(o,vp)|| <8, o€ Py.

(3) T is called continuous if it is left continuous at every oy € ®1 and right continuous at every vg € I1;.
(4) A map T is called a continuous contravariant map if it satisfies the same continuity conditions as a
covariant map, with:
T(Cpl) - "Pz and T(‘I’rl) - CDQ.

Definition 9. Let F : A, — A be a positive function on the positive cone A, of a C*-algebra A. Then F
satisfies the combined condition:

F(a+b) =F(a)+F(b), forallabe Ay withab = ba,
and
F(Aa) = AF(a), forallA>0anda e A.

Equivalently, for a,b € Ay with ab = ba, and A,y > 0,
F(Aa + ub) = AF(a) + uF(b).

This linear combination ensures that F is additive and homogeneous on commuting elements in the positive
cone.

Definition 10. Let F : Ay — A be a positive function on the positive cone Ay of a C*-algebra A. Then F
satisfies the linearity condition:
F(Aa+ ub) = AF(a) + uF(b),

foralla,b € AL such that ab = ba (commutative elements), and for all A, u > 0.

In this paper, motivated by the above results, we prove fixed point theorems on C* —algebra-valued
metric spaces in the following settings:

*  (C1) The underlying cone is non-solid. Unlike many prior results that assume solidness of the
cone, this work addresses cases where the cone lacks interior points. Non-solid cones can lead
to situations where convergence results fail, as observed in certain applications in quantum
mechanics.
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*  (C2) The contractions considered are (Fy — Gy )-contractions, extending the applicability of
contraction mappings in this context.

*  (C3) Applications to the Ulam-Hyers Stability problem are provided, illustrating the utility of the
theoretical results in practical and analytical settings.

3. Main Results

Definition 11. Let (®,Y, H, ¢) be a C*-algebra-valued bipolar b-metric space in a non-solid cone H C H.
Let Fy;, Gy : Hy — M, where Fy = Gy forall z € H, and Fy(z) = Gy (z) if and only if z = Oy, then:
1. Elements of ® are left elements, of Y are right elements, and of ® U'Y are central elements.

2. Aleft sequence {0, } C ® converges tov € ¥ if and only if :

||FH(P(Un,V)|| — 0y asn — oo.
3. Aright sequence {v,} C¥ converges to o € ® if and only if:
|Fy@(vn,0)|| — 0y asn — oo.

4. A bisequence is a pair of sequences ({0}, {vn}) on ® x ¥.

5. Abisequence ({0}, {vn}) is convergent if both {0y, } and {v,} converge to a common point z € P NY.
This is called biconvergence.

6.  Abisequence ({0}, {vn}) is a Cauchy bisequence if and only if:

||F7{(P((7n,1/m)|| — 0y asn,m — oo.
7. Thespace (®,Y,H, @) is wrtn-complete if every Cauchy bisequence is convergent.

Remark 2. Here, wrtn means ’ with respect to the norm of H.” Convergence is defined with respect to the norm
inherent in H.

Proposition 1. In a C*—algebra valued bipolar b-metric space, every convergent bisequence is a Cauchy
bisequence.

Proof. Let ({0}, {vs}) be a biconvergent bisequence in a C*-algebra valued bipolar b-metric space
(®,¥, H, ¢), which converges to some z € P N'Y, then:

@(on, vm) = b(ﬁ"(‘7m7~'> +¢(z,2) + (l’(Z/Vm))-
By normality condition, we have:
l@(on, vm) [l 2 bM(ll@(0n,2) + ¢(2,2) + ¢(z,vm) ) < bM([l@(on, 2)[| + |9 (2, 2) [ + |9 (2, vin)I])
Since {0} — z € ¥ and {vy} — z € P, then
l@(on, z)|| = 0y, and | @(vm,z)|| = 0y, as n,m— .

Additionally, ||¢(z,z)|| = 0y. Thus ||¢(oy, vm)|| — 0 as n,m — oo. Hence, ({0}, {vn}) is a
Cauchy bisequence. O

Proposition 2. In C*—algebra valued bipolar b-metric space, every convergent Cauchy bisequence is biconver-
gent.


https://doi.org/10.20944/preprints202502.0067.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 February 2025 d0i:10.20944/preprints202502.0067.v1

6 of 15

Proof. Let (®,¥,H, ¢) be a C*—algebra valued bipolar b-metric space, and ({0, }, {vs}) be a conver-
gent Cauchy bisequence, such that 0, - v € ¥ and v, = 0 € P, then

p(o,v) 2 b(g(o,vn) + @(Vn, 0u) + @(on,v)).
By normality condition, we have:
I(@(e, )]l < bM([l@(e, va) + @(va, o) + @(0n,v)) | < EM([l@ (0, va) | + [l @ (v, o) [| + (0w, ) I

Since ({0}, {vx}) is a convergent Cauchy bisequence, we have || ¢(vy,0,)|| =0 asn — oo, and
{on} — vand {v,} — 0, we also have:

|(¢(o,vn)]| = 0 and ||(@(on,v)|| -0 asn — oo.
Thus ||¢(c,v)|| — 0as n — oo. This implies ¢(c,v) = 0. Hence,c =v. O

Definition 12. Let (®, Y, H, ¢) be C*-algebra valued bipolar b-metric space and T : (®,¥, Ho)X(D, ¥, Ho)
be a contravariant map such that there exists constants aq, &y, ag > 0, with aq + ay + a3 < 1. Then T is called
(F3, — Gy)- contraction if there exits two positive functions Fy, Gy : H4 — H such that

Fy(¢(To, Tv)) = Gy (a19(0,v) + a29(0, To) + azg(Tv,v)),
whenever (0,v) € ® x ¥ and ¢(To, Tv) > 0.

Theorem 1. Let (®,Y, H, ¢) be a wrin-complete C*-algebra-valued bipolar b-metric space, where:

(i) @:(®PxY)— Hy is the C*-algebra-valued bipolar b-metric,
(i) H is the positive cone of a unital C*-algebra H,
(iii) the cone H is non-solid (i.e., it has an empty interior, Int(H ) = D).

Suppose a mapping T : ®UY — ® U Y satisfies the following conditions:

(1) There exist constants w1, a, a3 > 0 such that:
a1 Foapy+az <1
(2)  There exist positive functions Fy, Gy : Hy — H such that:
Fy(z) 2 Gy(z), VzeHi\{0x},

and:
F3(0%) = Gy (0%) = Oy.

(3) Forallo,v e ®UY, the contraction condition holds:
B (9(Tv, T0)) < Gy (w1 p(0,v) + 129(0, T0) + a39(Tv, v)).
Then, the mapping T has a unique fixed point z € ® N'Y such that:
Tz =z.
Proof. Define 0,,.1 = Tv, and v,, = Toy,. Then

@(0n,vn) = @(Tvy—1, Ton).
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Applying the contraction, we get:

Fy (QD(Tanl/ Tan)) = Gy (0614’(011, Vp—1) +a2¢(0n, Toy) + a3@(Tv,—1, Vrhl))
= Gy (019(0n, Vn—1) + 229 (0n, V) + a39(0n, Vy—1))
= Gy (a1 + a3) (00, Vy—1) + 029(0, V) ).

Therefore,
Fy (9(0n,vn)) = Gy (a1 + 22) 9(0n, Va—1) + 229(0, 1)), 1)

for all integers n > 1. Therefore, we consider:
4)(0—11/ anl) = 47(0—7171/ Vn—Z)-
Applying the contraction again, we get:

By (@(Tvn—2, Tou_1)) = Gy (@19(0—1,Vn—2) + 229(0y—1, Toy_1) + a3¢(TVy_2, Vy_2))
= Gy (1 9(0n—1,Vn—2) + 029(0y—1,Vu—1) + a39(0y—1,Vn—2))
= GH((M +3) (01, Vn—2) + l’éz(P(O’n—l,Vn—l))-

Therefore, by monotonicity of Fy; and Gy, we have:
?(Un/ Vn—l) = Fﬁl <G’H ((“1 + 0‘3)?(‘%—11 anz) + “2(/7((7n—1r Vn—l)) ) . )
Substituting (2) into (1), we get

Fy(@(on,vn)) = Gy ((“1 + a3)Fy, ' (Go (w1 + 23) @(0—1, Vn—2) + 229(0—1,Vn-1))) + 06290((Tn,vn)>-

3)
Similarly, by expanding the recursive terms ¢(0y,_1, v,—2) and ¢ (0,1, v,—1), we get:
¢(0p—1,Vp—2) =< Fﬁl (G (a1 + a3)@(0n—2,Vn—3) + 229(0y—2,Vn—2))), 4)
and
¢(0p—1,Vp-1) =2 Fﬁl (G (a1 + a3)@(0n—2,Vn—3) + 029(0y—1,Vn—2)))- 5)
Substituting (4) and (5) into (3), we get:
Fy(¢(ou,va)) = Gy ((«xl +a3)°Fy (G (a1 + 3) (002, Vi —3) + 029(0—2,Vn2)))
+ (@ + 0c3)oc2F7__[1 (G (@(on—1,v1-1))) + acch((fn,vn)) ) (6)
Clearly, for k > 0, the general pattern emerges as:
- k
(0, vn) 2 (a1 + a3) 029 (03 —k, Vi—i)- @)
k=0
As (a7 + ap) < 1, it follows that:
- k
@(on,vn) 2 a2 Y (a1 +a3) (00, 10), (8)

k=0
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and as n — oo the geometric series converges:
> 1
k
0 taz) = —r——. 9
]&](1 3) 1—(lX1+063) ()
Thus ( )
X2 @00, V0
< = 10
PO, vn) = 7 (w1 + a3) (10)
By setting
L 29 w0)
1— (a1 +as3)
we see that A < 1. Therefore, for all positive integers m,n € N,
1. if m > n, from the recursive definitions:
Opt1 = Tvy, vy =Top
we have
Fy (q’(o'nr Vm)) = Gy (“1 ?(Unr mel) + 06247(0'71, Vm) + “349(0—1171/ Vm)) (11)
and
Fp(@(0n, vm—1)) = Ga (a19(0n, Vin—2) + 629(0n, Vi—1) + a39(0y—1, V1)) (12)

Substituting (12) into (11 we get:

Fy(@(on,vm)) = Gy (0611‘"7;1 (G (19(0n, vim—2) + 029 (0n, Viy—1) + a39(0—1,Viu—1)))

+ “2¢(UHIVW) + WS(P(O'nflr Vm))

m—n )
=Y (a1 +a3)ax9(0p, vp),
=0

Therefore

m—n )
Fy(¢(on,vm)) =Y (a1 + a3) aa (00, 10) (13)
j=0
After k recursive substitutions:

m—n )
@(n,vm) XY (a1 + a3) a9 (0p, vp).
j=0

For (a1 + a3) < 1, the geometric series converges:

i(“l +“3)j = ;
=0 1-—- (Dél + D(3>
Thus, as m — oo, we have
w29 (00, vp)
< =00
q’(o'nrl/m) - 1- (061 +063)
2. Ifm<mn,
F’H((P(Unzvm)) = G’H (Uél(P(Un,Vm—l) + “Z(P(Unzvm) + 063([)(0'”_1,1/,,1)), (14)
and

FH((P(‘Tn—lem)) = Gy (‘Xl(P(‘Tn—lzvm—l) + 0‘247((771—1/1/111) + 0‘34’((77172/1/111))- (15)
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Substituting (15) into (14) we get:
Fr(9(0, Vi) = Gt (41900, Vs 1) + 420(0, i) (16)
+ a3F (G (1 9(0—1,Vim—1) + 020(00—1, Vi) + “34)(‘71172/1/111)))) :
After k recursive expansions:
@(n, Vi) Z ay + a3) ao (00, vp), (17)
For (a1 + a3) < 1, the geometric series converges:
- 1
a1 +a —_—
];0( 1 3) 1_(‘Xl+“3>
Thus, as n — oo:
%29 (00, Vo)
O, Vi) S —1~—— 2, 18
oL m)_l—(ﬂélJr“a) 1%

Since A < 1, this means that ¢ (03, V) can be made arbitrarily small by larger values of m and
n, and hence ({U'n 1, {vm}) is a Cauchy bisequence with respect to H. Since (®,¥, H, ¢) is complete,
({on},{vm}) converges, and as a convergent Cauchy bisequence, in particular it biconverges, it follows
that 0, — zand v;;, — z, wherez € ® NY. Since T is continuous, To;, — Tz. Therefore, Tz = z. Hence
z is fixed point of T. If u € ¥ is any other fixed point of T, then

0 = ¢(z,u) = ¢(Tz, Tu)
and

Fy(9(Tz, Tu)) < Gy (a19(u,z) + axp(u, Tu) + a3¢9(Tz,z))
= a1Gy(9(u,2)).

This implies Fy (¢(z,u)) < a1Gy (¢(u,z)), which is not true by monotonicity of F and Gy,
unless ¢(z,u) = ¢(u,z) = 0. Hence, z = u. Similar arguments hold if u € ®. [

4. Consequences

Corollary 1 ((«, BK)-Type-Contractions). Let (®, ¥, H, ¢) be a wrtn-complete C*-algebra-valued bipolar
b-metric space, and let T : (D,¥, 9)X(P, ¥, @) be a contravariant map satisfying the contraction condition:

Fy(@(Tv, To)) = Gy (arg(o,v) + aag(o, To) + aze(Tv,v)),

where Fy, Gy : Hy — Hy. By setting Fy(z) = z and Gy(z) = waqz1 + azp + azzz, where
z = (z1,20,23) and &« = (aq,ap,a3) are tuplets of elements in Hy satisfying ay + ap + az <
1 (with respect to the ordering in H. ), the contraction becomes:

¢(Tv, To) 2 a1¢9(0,v) + axp(o, To) + aze(Tv,v),
forallo,v € ®UY. Then function T : (®,¥, ¢) — (®,¥, ¢) has a unique fixed point.

Corollary 2 (Vector-Valued Contractions). Let (®,¥,H, ¢) be a wrtn-complete C*-algebra-valued bipolar
b-metric space, and let T : (P,¥, 9)X(P, Y, ¢) be a contravariant map. Suppose T satisfies the contraction
condition:

Fu(o(Tv, To)) < Gy (k- ¢(v,0)),
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where Fy, Gy + Hy — Hy are positive functions of a unital C*-algebra H, k € H is a vector-valued

contraction coefficient satisfying r(k) < 1, where r(k) is the spectral radius of k. By setting Fy (z) = z and
Gy (z) = k - z, the contraction condition simplifies to:

¢(Tv,To) < k- ¢(v,0),

forallv,oc € ®UY. Then T has a unique fixed point.

Corollary 3 (Kannan-Type Contractions). Let (®,¥,H, ¢) be a wrtn-complete C*-algebra-valued bipolar

b-metric space, and let T : (®,'¥, p) — (P,Y, @) be a contravariant map. Suppose T satisfies the contraction
condition:

F(¢(Tv, To)) = Gy (a- (@(Tv,v) + ¢(To,0))),
where Fy, Gy : H+ — H are positive functions of a unital C*-algebra H, and o € Hy, r(a) < 3

27
v,0 € ®UVY. By setting Fy (z) = z and Gy(z) = « - z, the contraction condition becomes:

@(Tv,To) < a- (¢(Tv,v) + ¢(Tc,0)),
forallv,c € ®UY. Then T has a unique fixed point.

5. Examples

Example 3. Let & = (—00,0], ¥ = [0,00), and H = M;(C), the space of 2 x 2 complex matrices, with

Hy ={A € H:A= A*, A > 0}. Define the bipolar b-metric map ¢ : ® x ¥ — Hy by ¢(o,v) =
_ 2
[3|00 4 4 0 |2] and the mapping T : ®UY — ®UY by T(0) = —5. Forany o,v € ®UY, the
oc—v

contraction condition is given by:

[ (@ (To, Tv))|| < [|Gx(a19p(0,v) + a29(0, To) + azp(Tv, v))|.

One can easily verify that (®,Y, H, ¢) is wrtn-complete C*-algebra valued bipolar metric space, where
Fy(A) = A%, Gy(A)=A, and &+ ay+az < 1. More so, we have:

o _v|2
¢(To, Tv) = 37 — 7l 0 ]

0 alg -5

_ %|a—v|2 0 ,
= 4
0 @\a,v|

Applying the contractraction gives:

(3o —v?)? 0
_ 2 _
Fy(@(To, Tv)) = ¢(To, Tv)" = [ 0 <%|a—v|2>2 .

For the right-hand side of the contraction we have:

Bap|o —v|? 0
M@(o,v) = 0 day|o —v)? |’
3ay|c — Tol|? 0
,To) = .
129(0,10) [ 0 day|o — To|?

3a3|Tv — v|? 0
a39(Tv,v) = l 0 dos|Tv — v |

do0i:10.20944/preprints202502.0067.v1
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Summing these terms gives:
A 3(a1|o —v|? + aslo — To|> + az|Tv — v|?) 0
B 0 4(ar|o —v|* 4+ ag|o — To|? + a3|Tv —v|?) |
where A = a1¢(0,v) + ax9(0, To) + azp(Tv,v). Applying Gy yields:
Guy(A) = 3(ar]o —v|*> + azlo — To|? + a3|Tv — v|?) 0
A 0 4(aro —v|> + aglo — To|? + a3|Tv — v|?)

= A.

We observe that each term in Fy(¢(Te, Tv)) involves |o — v|* grows quadratically, while the right-hand
side involves a linear combination |o,v|*, |c — To|*, and |Tv — v|?, and since a1 + ap + a3 < 1, and T is
continuous, the contraction is satisfied for all o,v € ® UY. So, all the assumptions of Theorem 4.4 have
occurred. Hence, T has a unique fixed point. The fixed point equation follows as:

—;:z = z=0.

Thus, z = 0 is the unique fixed point. However, as if T were not contravariant, Theorem 4.4 cannot be
applied.

6. Applications
6.1. Ulam-Hyers Stability Problem for Non-Solid Cones

Let (®,Y, H, ¢) be a wrtn-complete C*-algebra-valued bipolar b-metric space, where H is a
non-solid cone of the C*-algebra H. A mapping T : P UY — ® U Y is said to satisfy the Ulam-Hyers
stability if for any € > 0 and any e-solution oy € ® U Y satisfying:

[Fng(Tao, 00)[| < e, (19)
there exist a unique c* € ® N'Y such that

To* =0*, and (20)

| F3(¢(00,0"))|| < Me, forsome M > 0. (21)

Any point 0y € ® U'Y, which is a solution of equation (19), is called an e-solution of the mapping
T.

Theorem 2. Let (®,Y,H, ¢) be a wrtn-complete C*-algebra-valued bipolar b-metric space, where H is a
non-solid cone of the C*-algebra H and T : @ UY — & U Y be a contravariant mapping satisfying definition
(12), then the fixed point equation (20) of T is Ulam-Hyers stable.

Proof. Suppose 0y € ® U Y is an e-solution, that is:

[ Fa (@(Too,00))[| <€,

and define the sequence {0}, } such that 0;,.1 = Toy, for n > 0.
By the contraction condition (12), we have:

Fy(¢(0ns+1,00)) = Gy (“14’(‘% Op—1) + €290, 0y11) + a3@(0y41, Un))-
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Expanding recursively for k-steps, we obtain:

k-1

F(9( i) = GH< «xicp(m,ao)).

j=0
Since a1 + ay 4+ a3 < 1, the geometric series converges:

1
1*&1'

J
wy =

M

0

]

Thus:

1—061

Fy(¢(0pik,0m)) = Gy (M)

and the corresponding norm satisfies:
|Fx(@(0nik,0n))|| — 0 asn — oo.

Since {0y, } is a Cauchy sequence, and (®, ¥, H, ¢) is wrtn-complete, the sequence {0, } converges
to a unique fixed point c* € ® N'Y. By continuity of T, this limit satisfies:

To* =o*.

Finally, using the contraction condition and the e-solution property, we have:
15 (9(c0, DIl < [ F(9(Tev, 00))l| - ) 7.
=0
Simplifying this yields the Ulam-Hyers stability inequality:

€

IFaple0, e DI < -

This concludes the proof. [

Theorem 3. Let (9, Y, H, ¢) be a C*-algebra-valued bipolar b-metric space, where H 4 is a non-solid cone in
the C*-algebra H. Consider the Fredholm integral operator:

T(x)(t) =q(t) +A s G(t,s,x(s))ds, (22)

where T : ®UY — ®UY, and assume the following:

1. Thekernel G : (H1 U Ha) X (H1 U Ha) X Hy — H satisfies:

(a) G(t,s,x(s)) € Hy forallt,s € H1 UHyand x(s) € H,
(b) |G (t,s,0(s)) — G(t,s,0(5))|| < 310t 8)|lo(s) — o (s)|, where & : (H1 UHa) x (Hq U
Hy) — H is continuous.

2. The function 0 satisfies:

sup 16(t,s)| ds < 1.
teH UM, Y HaUH:

3. qe L®(Hy, Hy)NL®(Ha, Hy ), with:

lg()| <M, Vte HUH,.
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4. The operator T satisfies:
[Fr(@(Tx, Ty)) || < a1[| G (o (x, ),
where Fy(x) = x2, Gy (x) = x,and 0 < aq < 1.

Then integral equation has a unique solution in L*(Hq, H+) N L (Hy, Hy).

Proof. Let ® = L®(H;) and ¥ = L*(H,) be two normed linear spaces of essentially bounded
measurable functions, where H1, Hy C [a,b] are disjoint Lebesgue measurable subsets such that
#(Hy UHy) < 0o, H = L?(H1 UHy, H) be the space of square-integrable functions with values in
the positive cone # . of the C*-algebra . Define the bipolar b-metric map ¢ : & x ¥ — L(H) as:

p(o,v) = sup |o(t) —v(t)|xn,
teH UH,

whereo € ®,v € ¥, and || - ||y is the norm in H. Then (®,¥, H, ¢) is a complete C*-algebra-valued
bipolar b-metric space. Define T : ® UY — ® UY by (22) above. Then, let x = ¢ € ®. By definition,
this implies o : H1 — H. Therefore,

TOM=q0) +A | | Glhs,o()ds teHo

Since o(s) € P, the kernel G(t,5,0(s)) alternates the domain of evaluation from 7, into H,,
ensuring T(0)(t) € ¥, forallt € Hy. Thus T(x) € ® when x € ®.

Let x = v € Y. By definition, this implies v : Hy — H . Therefore,

Tw)(t) =q(t)+A s G(t,s,v(s))ds, te€ Hy.

Since v(s) € ¥, the kernel G(f,s,v(s)) alternates the domain of evaluation from H, into H1,
ensuring: T(v)(t) € ®, forallt € Hy. Therefore, T is contravariant.
Forany o € L®(H4),v € L*(H;y),

¢(Tv,Te) = sup ||T(v)(t) — T(e)(t)]

teH1UH,
— sup /\/ G(t,s,u(s)) — G(t,s,0(s))) ds
teH UM, H1UH, ( ) 2
1
< sup /\'*/ 10, 8)[[[[v(s) — o (s) % ds
teH1UH, 2 JHyUH,

< %(p(v,a),

therefore, ¢(Tv, To') < 4¢(v,0) and ||Fy¢(Tv, To)|| < 4| ¢(Gyv, )|, where 0 < A < 2. Since § < 1,
the mapping T is a contravariant contraction. Now, all the conditions of Theorem 3.4 are satisfied.
Hence, the integral equation has a unique solution. [J

7. Conclusions

In this paper, we established the existence and uniqueness of fixed point results under the
C*—algebra- valued bipolar b-metric spaces, where the underlying cone is non-solid. To achieve this,
we used (Fy; — Gy )-contractions, which are positive and monotone functions. The obtained results
were used to extend the Ulam - Hyers’ stability problem and Fredholm integral equations. Some
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examples were given to demonstrate our research results. It will be an open problem to generalize our
outcomes to other types of new contractive conditions in this context.

Author Contributions: Investigation: A.T; methodology: A.T. and M.; supervision: M.; writing original draft: A.T.;
Writing review and editing: A.T. and M.. All have read and agreed to the published version of the manuscript.

Funding: This study is supported via funding from Sefako Makgatho Health Sciences University.
Data Availability Statement: Not applicable.

Acknowledgments: 1.) Authors are thankful to their anonymous reviewers and 2) the support from Sefako
Makgatho Health Sciences University.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. M. M. Fréchet, Sur quelques points du calcul functional, Rendiconti del Circolo Matematico di Palermo, 22, 1-72,
1906.

2. S.Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations intégrales, Fund.

Math., 3 (1922), 133-181.

G. J. Murphy, C*-Algebras and Operator Theory, Academic Press, Waltham, MA, USA, 1990.

R. G. Douglas, Banach Algebra Techniques in Operator Theory, Springer, Berlin/Heidelberg, Germany, 1998.

Q. H. Xu, T. Bieke, and Q. Chen, Introduction to Operator Theory, Springer, Berlin/Heidelberg, Germany, 1998.

M. Kumar, P. Kumar, A. Mutlu, R. Ramaswamy, A. Abdelnaby, S. Radenovi¢, Ulam-Hyers Stability and

Well-Posedness of Fixed Point Problems in C*-Algebra Valued Bipolar b-Metric Spaces. Mathematics, 11(10),

2323, 2023.

7.  Z.Maand L. Jiang, C*-algebra-valued b-metric spaces and related fixed point theorems, Fixed Point Theory
Appl., 2015, Article ID 222.

8.  A.Mutlu and U. Giirdal, Bipolar metric spaces and some fixed point theorems, J. Nonlinear Sci. Appl., 9
(2016), 5362-5373.

9. A.Mutly, U. Giirdal, and K. Ozkan, Fixed point theorems for multivalued mappings on bipolar metric
spaces, Fixed Point Theory, 21 (2020), 271-280.

10. Z.Ma, L. Jiang, and H. Sun, C*-algebra-valued metric spaces and related fixed point theorems, Fixed Point
Theory Appl., 2014, Article ID 206.

11. S. Omran and I. Masmali, On the (« — ¢) contractive mappings in C*-algebra-valued metric spaces and
fixed point theorems, J. Math., 6 (2021), 7865976.

12. U. Gaba, M. Aphane, H. Aydi, (¢, BK)-contractions in bipolar metric spaces. Journal of Mathematics, 2021.

SANES LI N

13. Y. U. Gaba, M. Aphane, and V. Sihag, On two Banach-type fixed points in bipolar metric spaces, Abstract and
Applied Analysis, 2021, Article ID 4846877.

14. U. Gurdal, Cift Kutuplu Metrik Uzaylar ve Sabit Nokta Teoremleri, Doctoral Dissertation, Manisa Celal Bayar
University, 2018.

15.  U.Giirdal, A. Mutlu, and K. Ozkan, Fixed point results for ai-contractive mappings in bipolar metric spaces,
J. Inequalities & Special Functions, 11 (1), 64-75.

16. G.N. V. Kishore, R. P. Agarwal, B. Srinivasa Rao, and R. V. N. Srinivasa Rao, Caristi-type cyclic contrac-
tion and common fixed point theorems in bipolar metric spaces with applications, Fixed Point Theory and
Applications, 2018, Article ID 1.

17.  J. Ferndndez, N. Malviya, A. Savi¢, M. Paunovi¢, and Z. D. Mitrovi¢, The extended cone b-metric-like spaces
over Banach algebra and some applications, Mathematics, 10 (1) (2022), 149.

18.  G. N. V. Kishore and S. Srinivas, Fixed point theory in bipolar metric spaces: Applications to nonlinear
equations, J. Nonlinear Sci. Appl., 13 (3), 567-579.

19. G. N. V. Kishore, R. Srinivasa Rao, and B. Srinivasa Rao, Recent developments in bipolar metric spaces,
Mathematics and Applications, 15 (2), 2022.

20. S.Sedghi, M. Simkha, M., U. Giirdal, U., A. Mutlu, Fixed Point Theorems for Contravariant Maps in Bipolar
b-Metric Spaces with Integration Application. Proceedings of International Mathematical Sciences, 6(1),
29-43, 2016.

21. A. Mutlu, Fixed point theorems in bipolar metric spaces, Nonlinear Studies, 23 (3), 2016.


https://doi.org/10.20944/preprints202502.0067.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 February 2025 d0i:10.20944/preprints202502.0067.v1

15 of 15

22. S.Xu, S. Cheng, Y. Han, Non-solid cone b-metric spaces over Banach algebras and fixed point results of
contractions with vector-valued coefficients. Open Mathematics, 21(1), 20220569, 2023.

23. U. Giirdal, R. Yapali, and A. Mutlu, Generalized Kuratowski closure operators in the bipolar metric setting,
Proc. Int. Math. Sci., 6 (1), 1-17, 2024.

24. J. K. Kim and M. Kumar, §-type contraction and Jaggi-type hybrid contraction in bipolar metric spaces,
Nonlinear Funct. Anal. Appl., 28 (3), 703-717.

25. U.T. Giirdal, A. Mutlu, K. Ozkan, Fixed point results for a — ¢)-contractive mappings in bipolar metric
spaces. J. Inequal. Spec. Funct, 11(1), 64-75, 2020.

26. B. Alamri, Fixed point results in F-bipolar metric spaces with applications, Mathematics, 11 (10), 2399-2412.

27. P. Zabrejko, K-metric and K-normed linear spaces: survey, Collect. Math. 48 , no. 4-6, 825-859, 1997.

28. A.I Perov, The Cauchy problem for systems of ordinary differential equations, Priblizhen. Metody Reshen.
Difer. Uravn., 2 (1964), 115-134 (in Russian).

29. L.Huang and X. Zhang, Cone metric spaces and fixed point theorems of contractive mappings, . Math. Anal.
Appl., 332 (2007), 1468-1476.

30. S.Rezapour and R. Hamlbarani, Some notes on the paper “Cone metric spaces and fixed point theorems of
contractive mappings”, J. Math. Anal. Appl., 345 (2008), 719-724.

31. G.Mani, A.J. Gnanaprakasam, A. U. Hagq, I. A. Baloch, and F. Jarad, Coupled fixed point theorems on
C*-algebra-valued bipolar metric spaces, AIMS Math., 7 (2022), 7552-7568.

32. M. Kumar, P. Kumar, A. Mutlu, R. Ramaswamy, O. A. A. Abdelnaby, and S. Radenovi¢, Ulam-Hyers stability
and well-posedness of fixed point problems in C*-algebra-valued bipolar b-metric spaces, Mathematics, 11
(2023), 2323.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and /or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.


https://doi.org/10.20944/preprints202502.0067.v1

	Introduction
	Preliminaries
	Main Results
	Consequences
	Examples
	Applications
	Ulam-Hyers Stability Problem for Non-Solid Cones

	Conclusions
	References

