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, N Abstract o
This paper investigates an inverse problem of option pricing in the

extended Black—Scholes model. We identify the model coefficients
from the measured data and attempt to find arbitrage opportunities in
financial markets using a Bayesian inference approach. The posterior
probability density function of the parameters is computed from the
measured data. The statistics of the unknown parameters are estimated
by Markov Chain Monte Carlo (MCMC), which explores the poste-
rior state space. The efficient sampling strategy of MCMC enables us
to solve inverse problems by the Bayesian inference technique. Our
numerical results indicate that the Bayesian inference approach can
simultaneously estimate the unknown drift and volatility coefficients
from the measured data.
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1 Introduction

Financial derivatives are contracts that derive their value from the underlying as-
set, such as stocks, bonds, commodities, and exchange rates. The behavior of the
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risk asset’s price is modeled by a diffusion process S; satisfying
dSt = /J(t, St>Stdt + U(t, St)Sth/t,

where W; denotes Brownian motion, and p and o are often called the volatility and
the drift(trend), respectively, of the risk asset’s price. When p and o are positive
constants, S; is called the Black—Scholes model.

As is well known, under the assumption that no—arbitrage property of a finan-
cial market, the option price u(t, S) is given by the following initial value problem

ou 1 5 op 07U ou B
E‘i‘ﬁg(t,S)Sa—Sz—’—TS%—TU—O, (t,S)E[O,T)X((lOO),
u(t, S)|i=r = max(0,5 — K), S € (0,00),

(1.1)
where the interest rate r is a nonnegative constant, and K is the strike price and T’
is the maturity of the underlying asset. The approach of the Black—Scholes model
provides a useful, simple method of pricing inclusive of financial derivatives, risk
premium, and default probability estimation. However, the theoretical prices of
options with different strike prices which are calculated by the Black—Scholes
equation differ from real market prices. In [6] and [18], taking this into account,
we have extended Black—Scholes equation as follows :

ou 1 5 op 07U ou B
E+§U(t,s> S w—Fu(t,S)S%—TU—O, (t,S)E[O,T)X(0,00),
u(t, S)|i=r = max(0,5 — K), S € (0,00).

(1.2)

In different real markets handling the same risk and asset, an arbitrage oppor-
tunity often appears in the error 1 — r. Practitioners may also request a conve-
nience yield ;o — r from commodity markets. Suppose that /V arbitrage markets

handle the same asset with price s;(i = 1,2,--- , N) at a given time t*, we try to
identify y(S;) — r from the measured call option prices u*(S;), at the same time
t*.

In this paper, our inverse problem seek the value of 1(S) — r from given
U(S, t)|t=t* :U*(S), S cw,

where w is the interval and u(t, S) satisfies (1.2).

Inverse option problems (IOP) in mathematical finance were pioneered by
Dupire [5]. Assuming no arbitrage, he derived the option premium U(7, K) as a
solution u(-, -; T, K) to the dual equation of (1.2) with respect to the strike price
K and maturity T as follows :

ou 1 0*U ou

v 2 2 12 _
o7~ 50 (T KK o+ rK o =0, (1.3)
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If the option price and its derivative can be determined for all possible 7" and K,
then the local volatility function o (7', K') can be directly derived from Eq.(1.3) as

a—U—H"Ka—U
2 _ OT oK
o(T,K) = —l 282U . (1.4)
2 OK?

Using this approach, we can deduce the local volatility function from the quoted
option prices in the financial market. However, this strategy is impractical because
we cannot get numerically stable data. In fact, since the data in financial markets
are usually scarce and noisy, we cannot guarantee that the right—hand side of (1.4)
remains constantly positive. Moreover the second derivatives of the option prices
for all possible 7" and K are difficult to obtain, and their inverse problems are
generally ill-posed. Using a linearization method, Bouchouev and Isakov [2],
Bouchouev et al. [3], and Ota and Kaji [19] considered the following form of the
time-independent local volatility function o(K) :

S0 (K) = S0k + F(K)

where f is a small perturbation of the constant oy. They transformed (IOP) to a
Fredholm-type integral equation for f(K’) and numerically determined the time—
independent local volatility function. On the other hand, Mitsuhiro and Ota [18],
Korolev et al. [12] and Doi and Ota [6] used the extended Black—Scholes equation
(1.2) and then reconstructed the trend function by linearization method. The above
studies provided point estimates of unknown parameters by exact determination
or least squares optimization, without rigorously examining and considering the
measurement errors in the inverse solutions. However, since most of the data in
real financial markets are contaminated by measurement errors, uncertainties are
ubiquitous. Further errors are introduced by linearizing the inverse problems or
the inverse methodology; for example, discretizing the integral equation obtained
by the linearization method.

In this paper, we reconstruct the parameters not by linearizing the inverse prob-
lems but by applying Bayesian inference to our inverse problem. Bayesian infer-
ence approach solves an inverse problem by formulating a complete probabilistic
description of the unknowns and uncertainties from the given measured data (see
[11]). Incorporating the likelihood function with a prior distribution, the Bayesian
inference method provides the posterior probability density function (PPDF). Ow-
ing to the recent developments in Bayesian inference work, including Bayesian
inference approach by efficient sampling methods such as Markov Chain Monte
Carlo (MCMC), we can apply the Bayesian inference technique to inverse prob-
lems in remote sensing [8], seismic inversion [16], heat conduction problems [21],
[22] and various other real-world problems.


https://doi.org/10.20944/preprints201907.0356.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 31 July 2019 d0i:10.20944/preprints201907.0356.v1

4 Y. Ota

Dupire’s method [5] requires the solution at all points or the second order
gradient of the solution. On the other hand, MCMC method can avoid having
this. Rather than applying a Dupire-type formula or the linearization method,
we attempt a parameter reconstruction by a statistical method that simultaneously
estimates the unknown trend and volatility coefficients from the measured data. In
other words, we seek arbitrage opportunities by simultaneously estimating the gap
in the given interest rate and the volatility. If our results reveal the existence of an
arbitrage, then a profitable trading strategy in real financial markets is expected.

This paper is divided into five parts. Our inverse problem is mathematically
formulated in Section 2. Section 3 outlines the general Bayesian framework for
solving inverse problems and discusses the numerical exploration of the posterior
state space by the MCMC method. In Section 4, we discretize our inverse problem
and reconstruct the parameters by a numerical algorithm. We then discuss various
aspects of our results through numerical examples. Concluding remarks are given
in Section 5.

2 Inverse option problems

This section formulates an inverse problem which is defined in Introduction. In
the following problem, the local volatility o(¢,.S) is a positive constant og > 0
and the trend p(¢, S) is a time—independent function in (1.2) under the suitable
condition:

u(t, S)|i=r = max{S — K, 0}, (2.1)

where K is the stock price at the maturity date 7". Upon the following change of
variables and substitutions,

y:log%, T=T—1t, 2.2)

then, the equation and initial condition of (1.2) in terms of

w(y) = p(De?), U(r,y) =u(T —1,Ke")/D (2.3)
becomes
U 1 ,0°U (1, ou )
5 =3 g~ (3% —nw) G, —rU (h) e ) xR, s
U<T7 y>|7':0 = max{ey - 17 0}7 Y < Ra
U(t,y) = U"(y), y€ewCR,

where 7 =T — t* > 0, t* is the current time and w is an interval of R. Equation
(2.4) has unique solution U in a suitable functional space (see Friedman, [7]). In
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our IOP, Egs. (2.4) and (2.5) seek the values of u(y) = r + f(y) and og from the
given U*(y), where f is a small perturbation of the interest rate r.

However, due to the nonlinearity of this inverse problem, the uniqueness and
existence of its solution are hard to prove. The present paper attempts to recon-
struct the parameters by a statistical method simultaneously estimates p(y) =
r+ f(y) and o, from the measured data U*(y). In other words, we seek arbitrage
opportunities by simultaneously estimating the gap from the given interest rate
and the volatility.

Let us define m—dimensional vectors Y, F'(f) and ¢ as follows :

Yy = Uly;) =U(",y;;0)(1 +¢5)
{F(@)}; = Ul y;:0)
{ehi = &

where y;(j = 1,---,m) are the measurement points at 7, U(7*,y;,;0) solves
the Cauchy problem (2.4) for the unknown parameters ¢ and ¢; is the uncertainty
(noise) in the market, assumed as white Gaussian noise. We then seek the param-
eters 6, which assumedly represent the true value of 6, such that

Y ~ F(f) +¢. (2.5)

3 Bayesian inference approach to the IOP

Recently, the Bayesian inference approach has been greatly extended through the
development of analytical techniques such as MCMC (see [11]).

The Bayesian inference approach considers the parameters not as single val-
ued, but as a probability distribution. The above—mentioned PPDF defines the
parameter probability distribution estimated from the measured data. Mathe-
matically, the PPDF is expressed as f(#|Y") and is the product of the likelihood
function f(Y'|0) and the prior density function f(6). The underlying concept of
Bayesian inference is Bayes’ theorem, which relates the parameters 6 and the ob-
served data Y as follows:

f(Y10)1(0)
fy

Equation (3.1) states that given some observations Y, the posterior probability of a
hypothesis is proportional to the product of its likelihood and its prior probability.

The present paper assumes that the random errors in Egs. (2.5) are white Gaus-
sian noise with a known standard deviation .. The likelihood function f(Y|0) is
then given as

FO)Y) = (3.1)

Y = @Y~ FO)), 52

F(Y10) = exp {— )

d0i:10.20944/preprints201907.0356.v1
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The prior density function is simply assumed as f(0) = Uj_g, g, Where 0, is a
sufficiently large positive constant. The PPDF of the parameters ¢ can be written
as follows:

(Y - F(0))" (Y — F(9))

Y — . .

F6) scexp { = 63)

Here, the standard derivation Y. is known and can be regarded as a regularization
parameter.

3.1 MCMC methods

In Bayesian inference, the complicated and intractable probabilistic models can be
estimated by numerical sampling methods such as MCMC, which has been widely
applied in recent years. The details of MCMC methods are given in Robert and
Casella [20].

Monte Carlo simulation generates pseudo-random numbers for exploring pos-
terior distributions. In the MCMC algorithm, the pseudo—random number is a
Markov chain. The MCMC algorithm exploits the property of a Markov chain to
generate pseudo-random numbers from a posterior distribution, even for a com-
plicated model. It first constructs an ergodic Markov chain with a stationary distri-
bution equaling the target distribution. By iterating the Markov chain transitions
from suitable initial value, it eventually obtains the target distribution.

This paper employs a typical MCMC algorithm called the Metropolis—Hastings
(M-H) algorithm (see Metropolis et al. [17]; Hastings [9]). The M—H (Algorithm
1) given below builds its Markov chain by accepting or rejecting samples ex-
tracted from a proposed distribution. This algorithm is generally used in Bayesian
inference and is a powerful tool for solving inverse problems (cf. [11]).

Algorithm 1 Metropolis-Hastings MCMC
1: Generate 0’ ~ q(:|0;) = N(6k,0?) (the normal distribution) with a given
stander derivation o > 0 for given 6.
2: Calculate the choice a(#',0;) = min {1, f(0'|Y")/f(0x|Y)}.
3: Update 6y, as 0,1 = 0’ with probability «(¢’, ;) but otherwise set 0y, 1 = 6y.

By running the M-H algorithm, we can sample the distribution f(0|Y"), and
usually the mean value of 6, after a given burn-in time £*. Unlike common

d0i:10.20944/preprints201907.0356.v1

Newton-type iterative regularization methods (for example, the Levenberg—Marquardt

algorithm), the MCMC algorithm does not highly depend on the initial guess and
always reaches the global minimum after a sufficiently long sampling time.
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4 Numerical examples

In this section, we generate numerically an exact artificial data set F'(f) and let
(4.2) be the numerical data, where random error £ contains both the random mea-
surement error and the numerical error.

In the rest of this paper, we assume the trend p(y) has the form :

w(y) =1+ my, (4.1)

where 1; is the unknown constant. We also assume the measurement data Y has
the form :
Y =F(0) +e, (4.2)

where random error € contains both the random measurement error and the nu-
merical error. By reconstructing the parameters by the M—H method, we simulta-
neously estimate 11 and o from the measured data Y in Eqgs.(4.2).

4.1 Direct problems

In this section, we assume 7 = 0 and solve the direct problem for (2.4) by the
numerical Crank—Nicholson scheme :

a;jUis1j41 + (L +0) Uis1j + Uit ;1
= _ajUi,jJrl + (1 — b) UZ"]' — CjUi’jfl, (43)

where U, ; = U(t;,y;), and

a AT { + A < L + )}
= — o ——0 ; ,
j 4(Ay)2 0 Yy 5 0T H1Y;

o= ~giagr 2 (gt |
= ———5 00— ——0 i .
g 4(Ay)2 0 Yy 20 H1Y;

Here, we took a uniform grid

w = {(ﬂ';%‘) 1T € (O,T*), yj c [15 = (—15, 15),
i=1,2,--,M,j=1,2,---,200}

with artificial zero Dirichlet boundary conditions at y = —15 and 15, and A7 =

Tig1 — 7 = 0.001, Ay = i1 — y; = 155
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The direct problem (2.4) can be given in the matrix form :

w11 = A7'Buy,, 4.4)

where u; = (Ui,27 Ui,37 s 7Uz',199)T, €198 = (0, 0,---,0, 1)T and

1+b0  as 0 0 e 0
cs 140 aj 0 e 0
0 ciog 1+0b aigs
0 s 0 C199 1+ b
1—b —ay; 0 0o - 0
—C3 1-0 —as 0 e 0
B — 0 Cy ]_— b —‘CL4 e 0
0 —C198 1-— E —CL19§
0 v 0 —C199 1-b

where b = b+ Arr.

4.2 Inverse problem solution by MCMC

Table 1 shows the true values and parameter settings in Algorithm 1.

Table 1: Parameter setting in Algorithm 1.

True value 41 1 0o 1
Others de 1073 o9 (0.01,0.01)

In the following examples, the relative noise in all the observations Y is as-
sumed as 5% and the prior distribution f(6) of unknowns is (u1,0¢) = 1. That is,
we can say fprior(6) = Lymin max) (f11) 1 [gmin smax) (00) and the intervals [p™, ui™]
and [0, o0'@X] are large enough so that all (y;, 00)’s appearing in the Markov

chain fall into these intervals. Here, we set the the indicator function as

1 a€ A,

1M®2{0a¢A
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General uniform distributions can be used for f(¢) if we use the prior-reversible
proposal that satisfies f(6)q(0'|0) = f(6')q(0]¢') (see for example [10]). On the
other hand, if we choose f(6) as a Gaussian distribution, this will turn out to be
the Tikhonov regularization term in the cost function.

For comparison, we particularly consider the Levenberg-Marquardt algorithm
[13, 15]. That is, the recovery of § = (j1,0¢)" is computed by the iteration given
by

Opsr = Ok + [F'(0)TF' (0:) + M| 7 F'(0)7 (U = F(6:)),  (4.5)

where F”(a) is the Jacobian matrix and the parameter \ is nonnegative. This al-
gorithm can be implemented by an inner embedded program Isqcurvefit in MAT-
LAB ®2018a.

Example 1:

The MCMC sampled (p1, 0¢) is shown in Figures 1 and 2, respectively. The
recovered result is given in Table 2 showing a good recovery. For comparison, the
converged recovery of (i1, 0g, ) obtained by the Levenberg—Marquardt algorithm
is also provided in Table 2.

1.2 T T

0 —MCMC 1
——true value of p;
mean value of y; after burn-in time k* = 5000

-0.2 I T
0 5000 10000 15000

MCMC

Figure 1: MCMC sampling of the parameter ;.
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1.2 T T

0.8 -

§0.6 i
04 B
02 ——MCMC 7

——true value of oq
mean value of oy after burn-in time £* = 5000
0 T T
0 5000 10000 15000

MCMC

Figure 2: MCMC sampling of the parameters o

Table 2: Recovery results of (y1, 0p).
[ m [ o
Initial guess 0.1 0.1
Mean value after burn-in time £* = 5000 1.0008 1.0002
Result of Levenberg—Marquardt algorithm 1.0020 1.0001
True value 1 1

Example 2:

In this example, the initial guess of (17, 00) was set to a value far from the
true value (1, 1). The evolutions of the MCMC sampled y; and o are shown in
Figure 3 and 4, respectively, and the recovered result is shown in Table 3. Again,
the recovery of (u1,0¢) is good. The divergent recovery of (11, 00) obtained by
the Levenberg—Marquardt algorithm is also shown in Table 3.
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35

T

T
—MCMC
——true value of
mean value of y; after burn-in k* = 5000

2.5 1

0.5 L L
0 5000 10000 15000

MCMC

Figure 3: MCMC sampling of the parameter /1.

T

T
—MCMC
——true value of oq
mean value of o after burn-in time £* = 5000

25 1

an

1.5+ 1

0.5 L L
0 5000 10000 15000

MCMC

Figure 4: MCMC sampling of the parameter oy

Table 3: Recovery results of (y1, o).
| m | o
Initial guess 3 3
Mean value after burn-in time £* = 5000 1.0341 0.9976
Result of Levenberg—Marquardt algorithm 4.2334 1.0579
True value 1 1
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From the MCMC samples in Figures 1 — 4 and the recoveries obtained by
the Levenberg—Marquardt algorithm (especially in Table 3), we observe that i is
more sensitive to noise than oy and hence it is less easily recovered.

5 Conclusion

This paper verified the effectively of the Bayesian inference approach to IOP. The
posterior distributions of the unknown trend and volatility coefficients were re-
covered from the measured data by modeling the measurement errors as Gaussian
random variables. The posterior state space was explored by the M—H method.
As confirmed in the numerical results, the Bayesian inference approach simulta-
neously estimated the unknown trend and volatility coefficients from the measured
data.

The method presented here can be extended in several ways. Our immediate
future work will statistically apply the Tikhonov regularization method to IOP.
As the hierarchical Bayesian method is analogous to the Tikhonov regularization
method, it enables the automatic selection of the regularization parameter. Next,
we will develop mathematical theories (for instance, the uniqueness, stability, and
existence) of IOP and extend our approach to two—dimensional cases. Finally, the
model should be tested in a trading strategy using real market data.
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