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Abstract

A linear Cauchy problem with polynomial coefficients wich combines g—difference operators for ¢ > 1
and differential operators of irregular type is examined. A finite set of sectorial holomorphic solutions
w.r.t the complex time is constructed by means of classical Laplace transforms. These functions share
a common asymptotic expansion in the time variable which turns out to carry a double layers structure
which couples g—Gevrey and Gevrey bounds. In the last part of the work, the problem of confluence of
these solutions as ¢ — 1 is investigated.
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1 Introduction

In this paper, we aim attention at a linear Cauchy problem which pairs up two classes of operators
acting both on a complex time variable ¢, comprised by compositions of the basic g—difference
operator og; : t = qt for a fixed real number ¢ > 1 and powers of the elemental differential
operator t — tFT19, of irregular type where k > 1 is a given integer.

The shape of the problem under study is displayed as follows

(1) P(t*10)05u(t, 2) = P(t, 2,044, t*110;, 0. )ult, 2)
for given Cauchy data
(2) (DLu)(t,0) = (t) , 0<j<S—1

where S;k > 1 are integers and the piece P(T) from the leading term of (1) stands for a
polynomial in C[T]. The main body P(t,z, V1, V2, V3) of (1) together with the data (2) are
polynomial, with complex coefficients, in their arguments.

This work can be viewed as a continuation of the study [4] by A. Lastra and the author. In
the first part of [4] we focused on the next singularly perturbed initial value problem

(3) Q(az)u(ta 2 6) - RD(az)ede (tk+lat)dDu(ta 2 6) = 731 (Ea 2, tk+lata az)u(qéta 2, E) + f(ta 2 6)
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for vanishing initial data u(0, z,€) = 0. Here, the constants k,dp > 1 appearing in the leading
term of (3) are integers, ¢ > 1 and § > 0 are given real numbers, Q(X),Rp(X) represent complex
polynomials. The central block Pj (e, z, V1, V2) is polynomial in V;,V5, holomorphic w.r.t z on
some horizontal strip Hg = {z € C/|[Im(z)| < f} and analytic relatively to a complex parameter
€ near 0 in C; the forcing term f satisfies the same feature accordingly to z, e and represents
some constrained entire function w.r.t ¢t on C.

Under strong restrictions put on the shape of (3), we were able to construct a finite set
{up(t, 2, €) }o<p<c—1 of holomorphic solutions to (3) defined on products 7 x Hg x &,, where T
stands for a fixed bounded sector at 0 and where the set of finite sectors {&,}o<p<c—1 is chosen
as a so-called good covering in C*, see Definition 1 in this paper. These solutions are expressed
through a Laplace transform of order k£ in time ¢ and Fourier map in space z,

+oo mdu
up(t, z,€) = 1/2/ /prumeexp< (t)> udm

along halflines L., = [0, +oo)eﬁ% in well chosen directions 7, € R, where the Borel map w,
is exponentially flat w.r.t the phase m on R and with so-called g—exponential growth relatively
to u (similar to the bounds given in (126) of this paper).

Furthermore, informations concerning asymptotic expansions as ¢ — 0 could be extracted.
Indeed, all u, share a common formal power series 4(t,z,€) = >, <o hm(t,2)e™ as g—Gevrey
asymptotic expansion of some order 1/k, where & is related to k, § and coefficients of Py, meaning
that we can find constants A,, C}, > 0 with

7(N;L;)N ’ ’N+1

N
sup  |up(t,z,€) — thtzm|<C(A)NHq
teT,zeHg m—0

for all integers N > 0, all e € &, for 0 <p <¢—1.

Compared to (3), the linear operator P in (1) still depends on a given irregular t**19; but
we allow the appearance of time dependent coefficients and the presence of several g—difference
dilation operators ¢t — ¢'t for natural numbers [ > 1. As we will see, this level of generality
makes the geometry of the problem in the Borel plane much more thorny to handle as the one
in [4].

In the first main result of the work, see Theorem 1, under the set of technical requirements
(7) to (16) imposed on the problem (1), (2), we build up a family of bounded holomorphic
solutions to (1), (2) on domains 7, x D, where D stands for some small disc centered at 0 in C
and {7, }o<p<c—1 is a well chosen good covering in C*, see Definition 1. As in [4], we can write
the solutions as a Laplace transform of order k in time ¢,

du
u

up(t,z) =k wp(u, 2) exp ( — (%)k>

Lo,

along halflines L., = [0, +00)eV 1% in suitable directions v, € R where the Borel map w,(u, z)
is holomorphic w.r.t z on D and suffers the g—exponential growth rate (126) relatively to u on
an unbounded sector U,.

Similarly to [4], we can analyze the asymptotic expansions of these solutions as t — 0 on
Tp. However, for our problem (1), (2), we are now able to exhibit a fine structure of mixed
type asymptotics, see Definition 3, where a ¢—Gevrey leading part and a subdominant tail of
Gevrey order 1/k shows up. Namely, in the second main statement of the paper, see Theorem
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2, we prove the existence of a formal series i(t,2z) = >_,~qun(2)t" where up(z) are bounded
holomorphic maps on D, for which two constants C, M > 0 can be singled out with

- n N1 G2 N A1 v
(4) sup |up(t, z) — Zun(z)t | <CM7 g 2 F(T)M

zeD n—0

for all t € T, all integers N > 0.

As in our former work [4], the above asymptotic features originate from underlying geometric
properties of the Borel map wp(u,z). Indeed, the location of the singularities of the maps
u +— wp(u, m, €) and bounds on annuli played a primordial role in the asymptotics of the solutions
€ = up(t, z,€) to (3). The presence of a single g—difference operator in (3), t — ¢°t allows a
sharp location of the singularities of the Borel map u — wy,(u,m,€) and gives rise to a splitting
of wy, as an infinite sum

wp(u, m, €) = Zwm(u, m,€)
=0
where each u — w, j(u, m, €) is defined on unbounded sectors with at most g—exponential growth
in v and possess a decay w.r.t j and 0 < h < j with size

(5) Ahpig=Ah

on sectorial square frames P} that are similar to our sectorial annuli A, described in (129)
of this work, see Proposition 6 in [4].

Such a precise singularities tracking is not valid any more in our enhanced context. However,
a similar decomposition, see (125), can be reached for the Borel map wy(u, z). It turns out that
the bounds we obtain for u — w,(u, 2) on the intermediate domains \A,, ;, are of the same nature
as the one above (5), but are far more delicate to obtain. The difficulty arises from the presence
of non local integral operators stemming from the polynomial reliance in time of P and the
shuffling action of concomittant g—difference operators on the domains spanned by the Borel
variable u, see Proposition 4 which needs more than fourteen pages of proof stuffed with five
technical lemmas.

Notice that it is not the first occurrence of such a double scale structure (4) in the asymptotic
of solutions. Indeed, a similar coupled asymptotic structure has already been observed by A.
Lastra, J. Sanz and the author in a 2012 year paper [6] for linear Cauchy problems with so-called
g—irregular singularity in time ¢ (related to the g—difference operator tog; of irregular type)
and Fuchsian singularity in space z, shaped as

(tog)"™ (Zazylan(t’ z) = B(z,togt, 0415, 0:) X (2, 2)
for suitably chosen analytic Cauchy data
(01X)(t,0) = @;(t) , 0<j<S—1

and properly selected complex numbers ¢ with |¢| > 1 where r1,79,S > 1 are integers and B
stands for a polynomial.

Later on, in 2018, this type of combined asymptotic appeared in a study by H. Yamazawa,
see [10], of linear g—difference differential equations of the form

L(t, 044, 0z)u(t,z) = f(t,x)

for given holomorphic forcing term f(¢,x) near the origin and L being a polynomial. The
holomorphic solution u(t, x) he constructed possess a formal power series (t,x) = 1, ug(2)tF
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as asymptotic expansion of mixed order (1;(g,1)) w.r.t ¢ but with « tending to 0 in a related
manner with ¢ (linked to so-called inner expansions in the framework of boundary-layer theory).
More recently, in 2020, mixed type asymptotics arose in

— the work [7] by the author on singularly perturbed initial value problem that couples
g—difference operators of irregular type toy; and Fuchsian operators t9; acting both on a
complex time variable t € C,

— the joint work of A. Lastra and the author [5] addressing a singularly perturbed initial

value problem in two complex variables 1, to with g—irregular singularity in ¢; related
d/k:
g;t1
associated to the differential operator of irregular type t§2+16t2.

to g—difference operators of irregular type tcllo* and with irregular singularity in t¢o

Besides the asymptotic properties concern, a second aspect of the built up solutions wuy(t, z) of
(1), (2) is investigated in the last section of the paper and deals with the problem of so-called
confluence as the parameter ¢ > 1 tends to 1.

In the third main result of the work, see Theorem 3, we show that for any given bounded
sector 7 from the good covering {7,}o<p<c—1 in C*, the corresponding solution u.q(t, z) (where
the dependence on the parameter ¢ is now highlighted by an index ;¢) to (1), (2) on T x D
merges uniformly on 7 x D, as ¢ € (1, o] tends to 1 for some fixed g9 > 1, to a holomorphic
function w;(¢,2) on 7 x D. This function w. (¢, z) solves a limit Cauchy problem displayed in
(153), (154) which is merely obtained by setting ¢ = 1 in the initial problem (1), (2). The map
w1 (t, z) can itself be expressed through a Laplace transform of order k,

ua(t, z) = k:/L w.1 (u, z) exp ( _ (E)k)@

t U
.

along halflines L, = [0, 4+00)e¥~1" € U U {0}, where the Borel map w,;(u, z) is holomorphic
w.r.t z on D and is compelled to g—exponential growth rate (164) on the unbounded sector
U. The proof again leans on sharp bounds estimates at the level of the Borel maps w.q(u, 2)
related to u.,4(t, 2z) and w.1(u, z), see Proposition 10. A technical auxiliary result on bounds for
the difference of analytic solutions to the problem solved by w.; under the action of g—difference
operators is required to complete the proof, see Proposition 9.

In the framework of linear g—difference equations, we ought to mention three major recent
works studying confluence problems.

The first work is a paper [9] by J. Sauloy which deals with so-called Fuchsian systems of
q—difference equations

(6) Y (2,q) = B(2)Y (2,9)

for square matrices B(z) of dimension m > 1 with polynomial coefficients, where 6,Y (2,q) =
(Y(qz,q)—Y (2,q9))/(¢—1). Meromorphic fundamental solutions to (6) are built up that converge
uniformly on compact sets to actual holomorphic solutions of the limit Fuchsian system

20,Y (z) = B(2)Y (2)

locally near z = 0, as |¢| > 1 tends to 1.
The second work is a paper [1] by L. Di Vizio and C. Zhang which focuses on a g—analog of
the Euler differential equation
20y +y==x
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with so-called irregular singularity at « = 0, where the Fuchsian operator x0, is replaced by the
g—difference operator d, in the two different situations ¢ < 1 and ¢ > 1 as ¢ tends to 1.

The third work is a paper [2] by T. Dreyfus which concerns the confluence of well chosen
meromorphic solutions to general linear g—difference equations with polynomial coefficients

Z bj(2)8h(z,q) =0

J=0

as ¢ > 1 tends to 1.

These two last results bank on so-called g—Laplace representations of the analytic solutions
to the g—difference equations where the classical exponential kernel is suitably replaced by a
g—exponential function eq(x) or by the Theta function ©4(x).

The confluence in the context of g—difference-differential equations has been much less ex-
amined and is a promising direction of active study in which our present contribution falls.
With this respect, the novel and striking work [8] by D. Pravica, N. Randriampiry and M. Spurr
should be mentioned in this new trend of research. They consider many examples of advanced
higher order differential equations (one of those is given by f”(t) = ¢*f(qt) for ¢ > 1 and t > 0)
and they analyze the convergence of particular solutions to the limit ODE on the real axis as
q— 1.

Our paper is arranged as follows.

In Section 2, we present the main linear Cauchy problem (17), (18) under study and we
explain the leading strategy of its resolution. Namely, we search for solutions u(t, z) in the form
of a Laplace transform of some Borel map w(u,z). A related Cauchy problem (25), (26) for
w(u, z) is derived.

In section 3, it is shown that the coefficients wy,(u), n > 0, of the formal Taylor expansion
of w(u, z) at z = 0 are holomorphic on some sequence of discs whose radii tend geometrically to
0. Sharp decay estimates are given w.r.t n > 0.

In Section 4, the Borel map w(wu, z) is shown to be holomorphic on domains U x D for well
chosen unbounded sectors U and small disc D centered at 0 with at most g—exponential growth
w.r.t u.

In Section 5, bounds for the coefficients wy, (u), n > 0, are provided on intermediate domains
comprised by unions of sectorial annuli. This is the most technical section of the work.

In Section 6, we state the first main result of the work, Theorem 1. A finite set of genuine
solutions {u,(t, z) }o<p<c—1 to (17), (18) is exhibited with sharp error bounds for the difference
of consecutive maps u,+1 — up.

In Section 7, the second main statement of the work is outlined, Theorem 2. Asymptotic
expansions of so-called mixed type w.r.t the time ¢t as t — 0 are provided for the solutions
up(t, z) built up in Theorem 1.

In Section 8, the last main issue of the paper is disclosed in Theorem 3. The solutions u,(t, z)
of (17), (18) are shown to merge uniformly in (¢,z) on 7, X D to the holomorphic solution of a
limit Cauchy problem (153), (154) as ¢ — 1, ¢ > 1.
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2 Statement of the main problem

2.1 Layout of the main Cauchy problem

Let k,S > 1 be integers and ¢ > 1 be a real number. We set P(7) € C[r] a polynomial with
complex coefficients such that

(7) P(0) #0
Let A be a finite subset of N*. For all [ € A, we fix a polynomial with complex coefficients
(8) alz) =Y anz"

hGIL

for a subset I; of the positive natural numbers N\ {0}. Besides, for all 0 < j < S —1, we denote
©;(t) polynomials with complex coefficients written in the form

(9) pi(t) =Y pial(h/k)t"

hEJj

where J; is a finite subset of N\ {0} and I'(x) represents the classical Gamma function.

For reasons that will appear throughout the paper, we impose the next list of constraints on
the finite set A.
1) For all [ = (lo, l1,12,13) € A, we ask that

(10) lo<S , §>1y+13
2) One can single out a positive real number A > 0 such that the next couple of inequalities

2(lg — h)A + g+ ki1 —25A >0
(1) {( (la —h) o+ kb

—h +19)*A — S(ly + kly) + S?A < 0

is valid whenever h € [j for all [ = (ly, 11, 12,13) € A.
3) One can choose a real number k; > 0 such that the degree deg(P) of P is subjected to the
next lower bounds

(12) kdeg(P) > kly + lo + 2k1131og(q)

whenever [ = (I, l1,12,13) € A.
4) The positive real number A > 0 built in 2) above satisfies also the constraint

(13) —2Als+1lg+ ki >0

provided that [ = (l(), 1,15, l3) e A
5) The positive real number A > 0 singled out in 2) overhead fulfills furthermore the next system
of inequalities

" 2la —g)A+1g+ kI —2A(S—-1) >0
(14) —(—g+1L)*A—(S—D(lg+ k) +(S-1)2A <0

whenever g € I; for all L = (lo, l1,12,13) € A.
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6) The number A > 0 distinguished in 2) above is subjected to the next system of inequalities

(15) 20 —1—g)A+1lp+kl1 —2A(S—-1) >0
—(—g+1la— 1)2A —(S—=1)(lp+ Kly) + (S — I)QA <0
whenever g € I; for all | = (lo,l1,12,13) € A with [y > 1.
7) The number A > 0 appearing in the constraints 2), 4), 5) and 6) satisfies the inequality

(16) A>1/2

We consider the next linear Cauchy problem with polynomial coefficients in time,

(17) P(tk+1at)6§u(t, Z) _ Z CL(z)tlo <(tk+13t)llalfU) (ql3t,z)
1=(lo,l1,l2,l3)eA

for given Cauchy data
(18) (DLu)(t,0) = pj(t) , 0<j<S—1.

We now disclose our main strategy that will lead later on to the construction of suitable
sets of solutions to our problem. We seek for solutions to (17), (18) in the form of a Laplace
transform of order k, namely

(19) u(t,z) = k/L w(u, z) exp(—(u/t)F)du/u

v

along a halfline L, = [0, +00)eV 17, where the so-called Borel map w(u, z) is holomorphic with
respect to u on some unbounded sector Sqs = {u € C*/|d — arg(u)| < 6} for well chosen
directions d € R and opening § > 0 and analytic w.r.t z on some small disc D, centered at 0
with radius r > 0. For the Laplace transform to be well defined, we make the assumption that
w(u, z) has a most exponential growth of order k w.r.t v on Sy s, uniformly in z on D,, meaning
the existence of two constants C, K > 0 with

sup [w(u, 2)| < Clul exp(K|ul*)

z€D,
for all v € Sgs5. Once we assume that such solutions exists, we will derive some functional
equations that the Borel map w(u, z) will be asked to solve at a formal level only. Such equations
will be described in the next subsection. In later sections of the work (see Sections 3, 4 and
5) we will rigorously solve these functional equations in different kind of function spaces that
will lead to actual analytic solutions of the form (19) to (17), (18) and for which asymptotic
expansions as ¢ tends to the origin can be extracted (see Section 7).

2.2 Related Cauchy problems and sequences of functions

In order to exhibit a g-difference-integro-differential equation satisfied by w(u, z), we need to
remind the next proposition that was already stated in our previous study [4].

Proposition 1 Let (E,||.||g) be a complex Banach space. Let k > 1 be an integer and let
w : Sq5 — E be a holomorphic function on the open unbounded sector Sgs = {u € C* :
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|d — arg(u)| < 0}, continuous on Sqs5U{0}. Assume the existence of two constants C > 0 and
K > 0 such that

(20) lw(w)le < Clule""
for all w € Sq5. Then, the Laplace transform of order k of w in the direction d is defined by

3 (w(u)(t) = k / w(u)e= /0

Ly u

e du
R

along a half-line L., = R e C Sa,s U {0}, where v depends on t and is chosen in such a way
that cos(k(y — arg(t))) > &1 > 0, for some fized 61. The function LE(w(u))(t) is well defined,
holomorphic and bounded in any sector

(21) Spomie ={t€C [t < RY* | |d—arg(t)| < 0/2},

where T <0 <7 +20 and 0 < R<01/K.

A) The action of the Laplace transform on entire functions is described as follows: If w is an
entire function on C, with growth estimates (20) and with Taylor expansion w(u) =Y <, byu”,
then L3 (w(u))(t) defines an analytic function near the origin w.r.t t with convergent Taylor
expansion )~ I'(F)bnt".

B) The actions of the irregular operator t**19; and the monomial t™ on the Laplace transform
are expressed through the next formulas

(22) £ (kuPw(w)(@) = 10, (L w()®) L)) = £ (1w @ w(w) ) (@),

for every nonnegative integer m, and for all't € S, g pi/e with 0 < R < 61/K. Here, u™ % w(u)
stands for the convolution product

uF /“k L m_1 1k dS
- /22
u’ — )k w(s .

C) The action of the dilation ¢® commutes with the Laplace transform, for any integer 6 > 1,
namely

(23) Li(w(u))(’t) = Lii(w(q’u))(t)

holds for allt € S, , i for 0 < Ry < 61/(Kq*).
Rt

Owing to the point A) from the above proposition, we first observe that the Cauchy data (18)
given as polynomials through (9) can be expressed as Laplace transforms of order k,

(24) pi(0) = [ Py(u)expl—(u/t))du/u
v
of polynomials given by Pj(u) = Zher pj7huh, for0<j;j<8§-1.
According to the above identities (22) and (23), we check that the integral expression (19)
solves the Cauchy problem (17), (18) if the Borel map w(u, z) satisfies the next related Cauchy
problem

®) Oulun = Y Ik ) )
l=(l0,l1,l2713)€¢4;10=0
n Z CL(Z) Uk /Uk(uk _8)%—1(k(q1351/k)k)l1(8l2w)(ql381/k z)ds/s
P(kF) T0o/) Jy : /

1=(lo,l1,l2,l3)€A5l0>1
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for given Cauchy data

(26) (Ow)(u,0) = Pi(u) , 0<j<S-1

In the next step, we seek solutions to the latter problem (25), (26) in the form of a formal
series in z,

(27) w(u,z) = an(u)zn/n!

n>0

By direct computation, using the expansion (8) with the convention that we set ¢, ;, = 0 provided
that h ¢ J; for h > 1, we get the next recursion relation for the sequence of expressions wy(u),
n >0,

(28) W 45(u) _ Z Z Wno+lg (ql3u) (k(qlgu)k)ll

q
n' 1,1 n2| P(l{;uk)
1=(lo,l1,l2,l3)EA;lp=0 n1+n2=n

k

ut “ o _ w,, s g1/kY g
* Z Z Cl:nlp)/g (uF —s)% 1(k(ql331/k)k)l12+lz’(q>s

k Lo |
1=(lo,l1,l2,l3)€Aslo>1 M1 tn2=n (ku )F( ]? n2t
for the given initial functions
(29) wj(u) =Pj(u) , 0<j<S—1.

By using the parametrization s = u*s; for 0 < s; < 1 in the above integrals appearing in (28),
we get the next useful representation for the above recursion relation which the whole estimates
in the forthcoming sections will lean on,

(30) Wyts(u) 3 3 Wy 415 (¢ 0) (k(gBu)*)h

nl b ! P(ku*)
LZ(lo,ll,lg,lg)GA;lQZO ni+n2=n
lo+kly 1 ls,, /K
u o_q W us ds
+ Z Z CL"IP kuR\T lo (kqlak)ll/ (1 - Sl)l8 1Sll1 n2+l2§1q| ' )51
I=(lo,l1,l2,l3)€A;lp>1 n1+n2=n (ku®) (f) 0 z !

for the given initial functions
(31) wj(u) =Pj(u) , 0<j<S—1.

3 Sequences of holomorphic functions on sequences of discs

In this section, we describe a sequence of disc Dp, centered at 0, whose radius R,, tends to 0
as n tends to infinity and a sequence of holomorphic maps u — wy,(u) on Dg, which fulfill the
recursion (30), (31) and suffer appropriate bounds estimates.

We denote (j, 1 < j < kdeg(P), the complex roots of the polynomial u +— P(ku¥), where
deg(P) stands for the degree of the polynomial P introduced at the onset of Section 2. The
condition (7) imposed on P grants the existence of a radius Ry > 0 for which

(32) Cj ¢ DRO , 1< < kdeg(P)
holds where Dp, denotes the disc centered at 0 with radius Ry. We introduce the sequence of
radii

Ry

Our main task on this section will be to prove the next proposition.
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Proposition 2 Under the constraints (10) and (11), one can single out a unique sequence of
functions wy(u), n > 0, where each map wy(u) is bounded holomorphic on the disc Dg, , that
fulfills the recursion (30) for given initial data (31). Furthermore, one can choose two constants
C1,Cs > 0 such that the next bounds hold

n !

(34) sup anA

< C1(Co)

for all n > 0, where A > 0 is introduced in (11).

Proof We will proceed by induction. We name D),, the property (34) for a fixed given n > 0. We
first observe that the property D, holds obviously for 0 <n < S — 1 for well chosen C1,Cy > 0
and A > 0 satisfying (11) since in that case it is imposed that w,(u) = P,(u) are polynomials
with P,(0) = 0.

Let n > 0, we assume that D, holds for all p < n + S for some given C7,Cy > 0 and A >0
subjected to (11). Our goal throughout the rest of the proof is to show that D, ;¢ holds. The
induction principle will then imply that the property D, holds for all p > 0.

Lemma 1 Let u € Dy, . Under the assumption (10), the next inclusions

1/k

(35) ¢“u € Dp , ql3us1 € Dg

no+lg no+lg

hold for all 0 < s1 < 1, provided that no < n forl = (lp,11,12,13) € A.

Proof Indeed, let us handle with first inclusion of (35). Since S > ls + I3 from (10) and ¢ > 1,

we observe that
1 1

< .
qn-i-S — qn2+12 +lI3

Therefore u € Dg, . . implies |u| < Ro/q"2 2+ which means that ¢%u € Dg

n+S no+lg *
For the second inclusion, since 0 < s; < 1, we check that |ql3us}/ k| < |g®Bu|. Therefore the

second inclusion follows from the first one. O

From our hypothesis of induction that D,,,;, holds for no < n and 0 <l < S and according to
Lemma 1 above, we deduce the next two inequalities

’wnz-i-lz (qlg u) ‘

‘wTLQ-HQ (y)’ +l (ng + lz)!
(36) sup < sup 2Tl < O (Oy)ret S
weDp, o ldul veDR, . lyl g(n2+12)?A
and
I3, J1/k n
(37) sup [Wny415(q 17:1 )| < sup w < 01(02)n2+l2 %'
u€DR, o ‘qlsusl | YeDR,, 11, |y q\"2 T2

On the other hand, due to the hypothesis (7), a constant Apj, > 0 can be singled out with
(38) P(ku®) > Apy

for all u € Dg, and in particular for u € Dg, s C Dg,. We deduce the next two bounds

(k(g"su)h)h
P(kuk)

l klq
K e, Ro
(7’L+S)k‘l1

(39) sup

ueDp

~ Apy q

n+S
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for all [ = (lo,ll,ZQ,lg) € A with [p =0 and

ulotkl
P(kuk)

1 R60+kl1

(40) P = App g It R

u€EDR

n+S

provided that [ = (lo,l1,l2,13) € A with [y > 1.
Owing to the recursion (30) with (31) and gathering the above estimates (36), (37), (39) and
(40), we get a first bound for wy4g(u)/u on the disc Dpg, , g,

(41)
[t ()] 5 3 ! (n2+ Bt 1
{Wn45(UW)| | 3 na+l2
uels;;p 4] < n: et a7 C1(C2) ng!  g(nati=)?A
n+S 1=(lo,l1,l2,l3)€A;l0=0 ni+nz=n
! ki Isk\! lo-+kl
y kh qlgkh R} 1 N ol | (kq sk ROO 1
(n+S)kl Z : Z Gl lo (n+5)(lo+ki1)
APk q L (o l)eAly>1  mtma=n L(}) Arkg o

1
l 1, (n2 +12)! 1 o oy 1
xq*Ch (02)NQ+ ’ na! q(n2+l2)2A 0 (=50 1811 -4 ds1

51
The next lemma will be useful.
Lemma 2 We have
I5)!
(42) izt o o)
712!

for all integers n >0, no <n andly < S.
Proof The above inequality results from the next observation

n! (ng+12)! Hif:l(ng + k)

(n+S)!  ng! Iy (n+k) ~

provided that ny < n, lp < S. O

From the above lemma and the assumption that ¢;(z) are polynomials, see (8), we deduce the

next bounds for the quotient wy,ys(u)/u on Dg, g,

(43)  sup Lems@l 3 (n+9)!

u
UEDRTH-S | | 1=(lo,l1,l2,l3)€A;l0=0

XY anlgBCi(Cy)n it

hel;;0<h<n

(kqlsk)h 1 RéoJrkh . 7h

| n—h-+l

+ > (8 > el T(L) Apy, qn+S)otkis) ¢*C1(C2) i
1=(lo,l1,l2,l3)€A;l0>1 hel;;0<h<n k ’

1 kl
1 Y m, Rt
g+ PA A kq Sk

1 ! o_q g 1
X s | (s s s

_1
k
51

The following lemma is crucial
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Lemma 3 Under the constraints (11), the next inequality

1 1 1

(44) [ =R FRPA S Itk = gt S)PA

holds for all m > h, all h € I; where I = (lo,11,l2,13) € A.

Proof By direct computation, we observe that the above inequality is equivalent to
n(2(ly — h)A + 1o + kly — 25A) > —(—h +19)*A — S(lp + k1) + S2A

which is fullfilled for all integers n > 0 whenever the conditions (11) are imposed on the sets A
and [; for [ € A. 0

On the other hand, in accordance with the assumption that the set I; belongs to N\ {0}, we
choose Cy > 0 large enough (which depends only on the data A,q,k,Apy,c(2) for [ € A and Ry)
in a way that the next estimates hold

_, kh
(45) > > lanld®Cy hfqlskllell
I=(lo,l1,l2,l3) EA;lo=0 hel;;0<h<n Pk
kdskyh 1 1 ! 1
DS N e L AL L R
1=(lo,l1 l2,l3) € Ailo>1 he [;0<h<n (%) Ark 0 s, F

Finally, gathering the bounds (43) and (44) under the constraints (45) yield the bounds

Wny5(u) (n+5)!
sup M < 01(02)“+5m
uEDRrH—S |'LL| q
which means that the property D, ;g holds. O

4 Sequences of holomorphic functions on sectors

In this section, appropriate unbounded sectors U are selected on which sequences of holomorphic
maps u — wy(u) satisfy the recursion relation (30), (31) together with bounds control. Indeed,
we consider an unbounded sector

(46) U={ueC/a<arg(u) < 8}
for some fixed angles a < . We assume that
(47) GEU , 1< < kdeg(P)

where ¢, 1 < j < kdeg(P) represent the roots of the polynomial u — P(ku").
Our purpose within this section is to explain the next proposition

Proposition 3 Under the conditions (12), one can find out a unique sequence of functions
wp(u), n > 0, where each map u — wy(u) is holomorphic on the sector U, continuous on
U U {0} and fulfills the recursion (30) for given initial data (31). In addition, one can find
constants C3,Cy > 0 and ug > 1,a > 0 for which the next estimates

(48) wa(w)] < Cs(Ca)"nlful exp (ky log?(Ju] + uo) + alog(u| + uo))

hold for alln >0, all w € U U {0}, where k; > 0 is chosen as in (12).
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Proof The induction principle is applied. We denote U,, the property (48) for a given integer
n > 0. At the onset, we notice that the property U, is valid whenever 0 < n < S — 1 for well
chosen constants Cs,Cy > 0 and uy > 1,k; > 0, > 0 owing to the fact that w,(u) = P,(u)
represent mere polynomials that vanish at u = 0.

Let n > 0, we take for granted that U, is true for all p < n+ S for some given C3,Cy > 0 and
ug > 1,k > 0, > 0. Our commitment is to prove that U,yg holds. The induction principle
then implies that the bounds U, are valid for any integer p > 0.

Lemma 4 Let u € U U {0}. The next inclusions
BPuelu{o} , ql3us}/k eUUU{0}
apply for all 0 < s1 <1 and l = (l,l1,12,13) € A.
Proof Since ¢ > 1 and 0 < s1 < 1 are real numbers, it is enough to check that
arg(q"u) = arg(u) = arg(q"us)’")
provided that u € U and 0 < 57 < 1. d

From the induction’s hypothesis that U,,4;, holds for ng < n and 0 < [y < S and owing to
Lemma 4, we obtain the next bounds

(49) |wn2+l2(ql3u)| < 03(04)”2“2 (no + lg)!]ql3u\ exp <k1 log2(1q13u| +up) + alog(|q13u| + u0)>

for all u € U U {0}. Besides, since both functions 2 + log?(z) and = ~ log(x) are inscreasing
on [1, +00) together with the assumption ug > 1 and the bounds 0 < s; < 1, we also check that

(50) fwnsia (g usy )] < Ca(Ca)™> ™ (na + o)l |gusy ™|
X exp (kl logz(\qhus}/k] +up) + alog(|ql3us}/k\ + uo))
< C3(Ca)"2 2 (g + )" ulsy" exp (k1 log®(|q"*ul + uo) + arlog(|¢"ul + uo))
The next lemma turns out to be essential.
Lemma 5 The next upper estimates

ki1l3log(q)
(51)  exp (k1 log?(laul + uo) + alog(lg"ul + ) ) < ¢ [(Ia"u] + wo) (fu] + uo)]

x exp (k1 log? (|u| + ug) + alog(|u| + uo))
hold for all w € U U {0}.
Proof Since the function x — (¢®32 4 ug)/(z + ug) is increasing on [0, +00), we get that

4" |ul + ug

52 0<lo Byl + ug) — log(|u| + up) = lo
(52) <log(|q”ul + uo) — log(|u| + uo) = log ol T

) < log(¢") = I31og(q)

for all u € U U {0}. Besides, one can write

(53) log?(q"*ul + uo) — og*(|u| + o) = [log(|g"ul + o) — lo(u] + o)]

% [1og(1q"ul + uo) + log(Ju| + uo)]
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As a consequence of (52), we deduce from (53) that
(54)  log?(Jq"ul + o) — log?(|ul + o) < Islog(q) log ((|a"ul + uo)(Jul + u))
— 10 ([(1u] + o) [u] + ug)]>5®)
At last, the expected bounds (51) result from (52) together with (54). O

Due to the assumption made in (47), we get in particular a constant Cpj, > 0 with
(55) |P(ku¥)| > Cpp(|ul + 1))

for all w € YU{0}. From these last lower bounds and the constraints imposed in (12), we deduce
the next lemma.

Lemma 6 1) For alll = (lg,l1,l2,1l3) € A, with lo =0, one can find a constant Q%;O > 0 (which
relies on 1,q,o.k,k1,P,ug) such that

(k(q3u)k)h

56 l3(a+1)
(56) q POy

(g u] + o) (Ju] + )15 128(0) < QL0

for all w e U U{0}.

2) For alll = (lp,l1,12,13) € A, withlg > 1, a constant Qljgl > 0 (which depends on the constants
L,q,0k,k1,Puy) can be singled out for which

(1)
r(p)
holds for all u € U U{0}.

ulotkh
P(kuk)

(57) gseth) (1"l + o) (fu] + ug)]F1is 1@ < Q!

By collecting the bounds (49), (50) together with the estimates of Lemma 5, 6 we deduce from
the recursion relation (30), the next estimates for wy,4g(u),

68 fwswl< > ow Y

1=(lo,l1,l2,l3)€A;lo0=0 nmi1t+n2=n
x |ul exp (k1 log?(|u| + uo) + alog(|u| + ug)) + Z n Z e, |C3(Cy) 2

12(107l1,12,l3)€A'l0>1 ni+ns=n

(TLQ + lz) -1 [ l

X ————Qp( ( - 81) st
n2 0

n2+l2(n2+lz) 10
(Cy) ! Qp

d81)|u| exp (k1log®(lul 4 uo) + alog(|ul + uo))
51

Now, from the bounds in Lemma 2 and owing to the fact that ¢;(z) is a polynomial, we deduce
from (58) the next upper bound for wy,+g(u),

(59) |wnpes ()| < B(Cy)Cs(Cy)" 5 (n + S)ul exp (k1 log?(Ju] + ug) + o log(|ul + ug))
where
B(Cy) = 3 S lanlcred
LZ(lo,ll ,l2,l3)€A;l0=0 hGIL;OShSn
. 1 l 1
DY > lanlC QR - sy st sy
0 E

LZ(lo,ll,lQ,lg)EA;lozl hGIL;OShgn 81
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Keeping in mind that the set of integers I; does not contain 0, one can select Cy > 0 large
enough such that

(60) B(Cy) <1

Finally, (59) and (60) yield that U,1g holds true. O

5 Sequences of holomorphic functions on sequences of sectorial
annuli

In this section, a sequence of holomorphic maps u — wy(u) is built up on a set of sectorial
annuli Ay, 0 < h <n—1, for n > 1, that fulfills the recursion relations (30), (31). Sharp upper
bounds are provided that will show a crucial importance in the study of the asymptotics of the
solutions (19) of our problem (17), (18) as explained in the forthcoming section 7. This section
contains the most technical part of the proof of our first main result, see Theorem 1.

We consider the disc Dp, centered at 0 with radius Ry > 0 satisfying the feature (32)
introduced in Section 3 and the sector U considered in Section 4 set in (46) that fulfills the
constraint (47).

We define a set of sectorial annuli as follows

R R
(61) Ap={ueC'/a <arg(u) < p , qh%guygq—,f
for all h € Z. Observe that, by construction, A, C U, for all h € Z and A, C UN Dp, for h > 0.
The goal of this section is to provide a proof of the next proposition.

Proposition 4 Assuming the conditions (10), (11), (13), (14) and (15), the unique sequence
of holomorphic functions u — wy(u) constructed in Proposition 3 on the sector U satisfies the
next upper bounds: there exist two constants Cs > 0 and Cg > 1 such that

|wn (u)] 1

< C5(C@)nn! thA

(62)

uc€Ap ”LL|

foralln >1, all0 < h <n-—1, where A > 0 is a positive real number that fulfills (11), (13),
(14) and (15).

Proof The induction principle is used. We set A,, as the property (62) for a given integer n > 1.
We see first that A, is plainly true for 1 < n < §—1 for well chosen constants C5 > 0,Cs > 1 and
A > 0 satisfying (11), (13), (14) and (15) since wy,(u) = P,(u) are mere polynomials vanishing
at 0 in that case.

Let n > 0, let us assume that A, holds true for all p < n+.5S, for given constants C5 > 0,Cs > 1
and A > 0 subjected to (11), (13), (14) and (15). The rest of the proof is devoted to show that
A, s is valid. The induction principle then asserts that the property A, turns out to be true
for all integers p > 1.

Lemma 7 Let 0 < h<n+ S —1 and take u € A;,.
1) The next inclusion

(63) ¢Pu € Ay,
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holds fO?" = (l(),ll, l2,l3) € A.
2) We split the segment (0,1] into a union

1 1
j=0

When s1 € [qk(]%l), #], the next inclusion

1/k
(65) gus;™ € Anyjiy U Angjiii,
takes place for 1 = (lp,l1,12,13) € A.

Proof First, we check 1). Indeed, since u € Aj, and ¢ > 1, the complex number ¢/3u satisfies

R
v < |ql3u\ <

0
o < arg(u) = arg(qBu) < 8, P =

which means (63). For the second part 2), we observe that —1; < s}/ F< L. Therefore, u € Ay,
q q

and ¢ > 1 implies the inequalities

Ry
qh-i-j —l3

1/k Ry

1/k
o < arg(u) = arg(q®us,’") < 8, prEsTE=n /

< |q"us,”"| <

which is tantamount to (65). O

Let0<h<n+S8-1.
I) We need to give bounds for the quantity |wy,,(¢"*u)| for u € A, when ng < n and [ =
(lo,l1,12,13) € A (which implies Iy < S). Several cases crop up.

a) If 0 < h < I3, then we observe that A,_;, CUN Dpgis- From Lemma 7 1), when u € A,
we deduce ¢B¥u e UN D Roq's and we can use the bounds (48) in Proposition 3 in order to get a
constant M, > 0 (depending on I3,up,cv and k1) and two constants C3, Cy > 0 (determined in
Proposition 3) such that

(66) sup |wn2+12 (qlsu)‘

< C3(C4 2+l ng + 1) M,
uGAh ’ql3u‘ ( ) ( ) 3

b) If h > I3 and h — I3 < ny + Il — 1. In that case from the property A, ;, (which holds true
since ng +la < n+5) and Lemma 7 1) we deduce the bounds

1

[Wnyt1, (¢ 0)] Wy, (1) n
(67) sup —2EES 2 < sup RIS < O5(C6)" 2 (ng + ZQ)!W

u€Ap |ql3u| o yGAh,ZS ’y|

c)Ifng+1la+13 <h<n+S—1 Then, we notice that Ap_;, C Dg,,,, since Ro/q" ™ <
Ro/q"2*'2. We can use the bounds (34) from Proposition 2 and bearing in mind Lemma 7 1) in
order to get two constants C1,Cs > 0 (fixed in Proposition 2) and A > 0 fulfilling (11) with

1

|Wny 1, (¢ 0)] |wny 41, ()]
(68) sup 2 IEC = < sup RSN < Oy (Cy)"2 R (ng + 52)!W

uc Ay ‘ql3u| yG.Ah_zg ‘y|

IT) We are asked to supply bounds for the quantity |w,,+i, (ql3us1/k)| foru e Ay and 0 < 51 < 1,
when ny < n and [ = (lp,l1,12,03) € A. Again, several cases arise.
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a) If 0 < h+j+ 2 <l3. Then one can check that

Antj—is UAntjri1-1; CUN Dy i

Then, from Lemma 7 2), when s € [q,cu%l), q%]] and u € Ap, we deduce that ql3us}/k €EUNDpR, i3
and we can use the bounds (48) in Proposition 3 in order to get a constant M;, > 0 (depending
on l3,ug, and k1) and two constants Cs, Cy > 0 (determined in Proposition 3) such that

1/k
’wn2+12 (qls usy ) ‘
(69) sup Tk |
1

z < C3(Cy)" 2 (ng + 1)1 M,
ueAh;’sle[qk(j%l)7ﬁ] |q3u'5

b) If h+ j+ 1 = I3, then from Lemma 7 2), provided that s; € [qk<}+1) ) q%]] and u € Ap, we get

(70) ql3usi/k e A1 UA

However, from the property A,,4;, holding true for h = 0, we know that

(71) sup ’wanrlz (y)‘ < 05(06)n2+l2 (n2 + lz)'
y€Ao ’y‘

and since A_; C U\ Dpg,, we can keep in mind the bounds (48) from Proposition 3 which yield
a constant M, > 0 (relying on I3,up,c and k1, which can be chosen to be the same constant as
above in (69)) and two constants Cs3,Cy > 0 (settled in Proposition 3) such that

(72) sup [®na 11, W)] < C3(Cy)" M2 (ng 4 1)1 M,
ucA_1 |y‘

Therefore, from (70) along with (71) and (72), we obtain the next bounds

1/k
(73) sup ‘meg(qlsuSl/ )| < max [ sup |Wnyt15 (Y)] sup |Wny+1, ()]
- 9
uEAh;sldm,ﬁ] |ql3us}/k| uceA_1 ’y‘ yeAy ‘y’

< max(C3M13, C5)(IH&X(C4, 06))n2+l2 (77,2 + lg)!

c)If h+j>1l3and h+j+2—1I3 <ny+ls. In that case, according to Lemma 7 2), the bounds

for w41, (ql3us}/ k) follow from the property A,,,;,. Indeed, we know that
|[Wno+1, (Y)] +1 1

(74) sup  — — < C5(C6)" T (n2 + o) ——— 5k

e Iy PR
and
(75) sup |’wn2+l2 (y)| < C5<06)n2+l2 (n2 + lg)' 1

YEARL 1115 |y N g(htiti=la)?A
Hence,
(76)
ls,, /K
sup ‘wn2+12 (q 17;1 )’ < max sup ’wn2+l2 (y)‘, sup ‘wn2+12 (y)’
ueAh;Sle[m’ﬁ} |ql3usl | UEApyj—ig || YEAR+j+1-15 |yl

1

< 05(06)n2+12 (nQ + lg)'m
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d)Ifh+7+2—1I3=ny+1y+1. From Lemma 7 2), when s; € [~ L] and u € Ay, we get

qk(j+1) ? qu
1 1/k
(77) dBust’t € Anyiiy1 U Anyia,

Noticing that A,,, 1, C DRn2 g the bounds (34) on discs in Proposition 2 yield two constants
C,Cs > 0 (arranged in Proposition 2) and A > 0 fulfilling (11) with

1

Wnp, n
(78) sup M < C]_ (02) 22 (TLQ + l2)'W

yeAn2+12 |y| o
and bounds on the annulus A, 1;,—1 follow from the property A, 4, for h =ngo 412 — 1,

1

W, n
(79) sup M < 05(06) 2t (nQ + ZQ)'W

yEAn2+12,1 ’y| N
that breeds the next estimates

(80)

sup

sup , sup
1 1/k
UGAhﬁle[mvﬁ} |q3usl ’

1/k
oy 1, (st (w1, (9)] w1, (9)]
ye.An2+1271 |y| yE.An2+12 ’y|

1

S maX(Cl, C5)(H’1&X(02, C6))n2+l2 (n2 + ZQ)'W

e)Ifh+j—1I3>ngs+1lsand h <n-+ S —1. We observe that

Antj—ty UAnyjti—i; C Dr

no+lo

and the bounds (34) on discs in Proposition 2 give rise to constants C1,Cy > 0 (defined in
Proposition 2) and A > 0 fulfilling (11) such that

[ Wny+1, (Y)] l 1
(81) . sup ' 77,2|7|2 S C’l(C'Q)nQ+ 2(”2 + l2)'m
YEA+j—13UAR 4113 Yy q
and by Lemma 7 2), we deduce the last required bounds
13 1/k 1
(82) sup ’w”“; (4 e < ooty + b) s
uGAh;Sle[mﬂﬁ] lq'sus, | q

We have now prepared the necessary material to show the next two crucial lemma

Lemma 8 We get the next bounds

(83)  sup > o>« gty (470) (K 0) )

! P(kuk
ung. u
UEAh L:(lo,ll,lz,lg)GA;l():O ni+nz2=n 2 ( )

5 (Co)™ S (n + 8)1——

<
2
th

M‘Q

for all0 < h <n+.S5—1, provided that C5 > 0 and Cg > 0 are taken large enough.
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Proof Let us take 0 < h <n+ .S — 1. Since A;, CU N Dg,, we deduce from (38) that

(h(gu))"
P(kuk)

I lskly bl
khglsk b
Apk ¢

(84) sup
u€Ap

In the sequel, we split the sum from the left handside of (83) in two parts, one sum over
L= (lp,l1,12,13) in A with [y = 0 for which 0 < h < I3 and the other for which h > l3. We get
the next bounds

! NN
>y 3 Wny 11, (¢ ) (k(gPu)")"
(85) Su}l) n lm = U;Q! P(kuk) < Sty + Snzy
YEAR | 1=(lo,11,l2,13)€Ailg=0  m1+n2=n
where
§ : | § : wn2+l2(ql3u) (k(qlgu)k)ll
Shets = sup " Lm uno! P(kuk)
ueAn 1=(lo,l1,l2,l3)EA;lp=0;0<h<ls  nitn2=n 2°
and
! NN
Wy 11, (%) (k(g®u)")"
S — § : | 2 : n2+l2
hzla = 0 " L P(kuF)

UEAR 1 (1o 11 I 3) EAlo=0:h >3 mitnz=n

We first provide bounds for the sum S; ;.
Indeed, according to the upper estimates (66) and (84), provided that one takes C5,Cs > 0
in a way that C5 > Cs and Cg > C4, we observe that

notly (12 + 12)! klglskle Rl
(86)  Sheiy < > Y epm|Cscprte 2T iy BT R

I A N
79!
1=(lo,l1,l2,l3)€A;lo=0;h<l3  n1+n2=n 2 Pk 4

and from Lemma 2 together with the assumption that ¢;(z) are polynomials, we deduce that

1
(87) Shety < B(Cg)C35(Co)" ™ (n + S)!qh—m

where

_ kllql3/€ll Rkll 2
! h2ZA
(88) B(Cg) = > > laelCs' 3Mz3Tquh%h

1=(lo,l1,l2,I3)€A;lo=0;h<l3 g€1;;0<g<n

llqlgkll

_ k
< By (Cg) = > ST JeglCqfq My, ———RE" ¢34
" Apg
1=(lo,l1,l2,l3)€A;lo=0;h<l3 g€1;;0<g<n ’
and according to the fact that 0 does not belong to the set I;, one can find Cs > 0 large enough

with
(89) Bi(Cs) <1/4

In the next step we seek for upper bounds controling Sp>,.

Here, we need to further break up the sum over [ = (lo,l1,l2,l3) in A with [y = 0 where
h > I3 as one sum for which h < ng + 15 + 13 and the other for which ny+1ls+1l3 < h <n+S5-1.
Namely,

(90) Sh>15 = Sig<h<ngtla+ls T Sngtla+is<h<n+S—1
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where

2 :§ : ( )eA nle Wny iy (¢1) (k(g"u))"
1=(lg,11 ,l9,l3) EAslg =051 +no=n, TV Cln
0 1l32§?z<n24212+nl§ e ! uny! P(kuk)

Sl3 <h<ng+la+ls = Sup
ucAp,
and

Sng+lg+z<h<n+S—1

l l k\L
_ ! Wno+ly (q 3“) (k:(q 3“) ) !
- Sup L:(lo,ll,ZQ,lg)GA;lO:O;nl+n2:n,n'cl,n1 | P k k
u€Ap, na+loHz<h<n+S—1 una: (ku*)
Owing to (67) together with (84), we obtain
1 _
(91) Sl3§h<n2+l2+l3 < Sl3§h<n2+l2+l3 - Z le(lo,h7127l3)€«4:10:0;n1+n2:n,n!|CL77'1|
I3<h<ng+la+l3
11 I3kl kly
X 05(06)”2+lz (n2 +1b)! 4, 1 kg™ Ry
o] q—BPA T Apy, bR

and due to (68) and (84), we observe that

2
(92) Sn2+lz+l3§h§n+571 < Sn2+l2+lggh§n+5—1
= § :E :lz(loJl712vls)EA%lozo;nlﬂan:n,n!|CL711|
na+la+l3<h<n4S5S-1
1y I3kl kl
na+lo (n2+l2)' I3 1 qug ! -RO1

01(02) n2! q("ZHZ)QA APk qhkh

Lemma 8.1 1) Under the constraint (13), the next inequality

1 1 1
g(h—13)2A ghkli = gh2A

(93)

holds for all h > 0, whenever I = (lg,l1,12,13) € A with Iy = 0.
2) Subjected to the condition (14), the next bounds

1 1 1

(94) q(nngrlg)QA qhkll - qth

are valid for 0 < h <n+ S —1, whenever g € I; for l = (lo,l1,12,13) € A with ly = 0.

Proof Concerning the first point 1), the inequality (93) is equivalent to the condition
h(—2I3A + kly) > —Al3

for h > 0. For the second claim 2), we notice that (94) is reduced to show that

(95) (n—g+13)2A >Py(h) = h>A — hkl;

for all 0 < h < n+ S — 1. Besides, since the function h — Py(h) decreases on [0, %] and is
{51

increasing on [S—A, +00), we observe that

P < P =0,P -1
pepDax o(h) <max(Py(0) =0,Po(n+ S —1))
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Then, in order to get (95), it is sufficient to show that
(96) (n—g+1)*A>Pyn+S—1)
which is equivalent to the inequality
n(2(—g +)A —2A(S — 1) + kl1) > —(—g + 1)* A+ A(S —1)* = (S — Dkl
that is fulfilled under the condition (14). O

Now, assuming that C5 > Cy and Cg > C5, from Lemma 2 and keeping in mind that ¢;(2)
are polynomials, the above Lemma 8.1 applied on (91) and (92) yields the next two bounds

1
(97) Sty<h<ns tixt15 < Ba(C6)C5(C)" (n + S)!thA
where -
7 k lq 3R/01
B>(Ce) = Z Zl:(loall712713)€A:10:0;9€Iz;OSQSTM|CLQ|CG gqlgiRgll
I3<h<n—g-+la+i3 P,
and
1
(98) Sny+ia-+a<h<n+s—1 < B3(Ce)C5(Ce)™ ™ (n + 5)!q,ﬁ
where -
_ ks 1q 3Rl
83(06) = Z Zl:(loah712J3)EA:lo:0;g€Iy0§g§n,|CLQ|C6 ngSTngll
n—g+lo+iz<h<n+S—1 Pk

Since I; does not contain 0, one can sort the constant Cs > 0 large enough in a way that

(99) B2(Cs) <1/8 , Bs(Cs) <1/8

Finally, collecting (85), (87), (88), (89), (90), (97), (98) along with (99) yields the sought bounds
(83). O

Lemma 9 The following bounds

lotkl

I3k\l1
(100)  sup Z n! Z CLMP(ICT)F(%)%Q )

u€An I=(lo,l1,l2,l3)€EA;lp>1  nitne=n

1 I I3 1/k d
x/ (1—s1) % tsl nasts 0 ,usl Jdn
0 ung. S1
C 1
< 75(06)“5(71 ) | —

2
th

occur for all 0 < h <n+ 5 —1, whenever Cs > 0 and Cg > 0 are chosen large enough.

Proof Let 0 < h <n+.S—1 be fixed. Observing that A; C U N Dpg,, we deduce from (38) that

ulotkl
P(kuk)

Réo-i-kll 1

(101) sup App e

u€Ap
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Our strategy consists in breaking up the sum appearing in the left handside of (100) into three
parts : one sum over [ = (lg,l1,l2,1l3) € A with [y > 1 for which h + 2 < I3, one sum for which
h + 1 =13 and one sum for which A > I3. We get the next bounds

ulotkl

(102) sup Z n! Z anlm(kqhk)h

u€An 1=(lo,l1,l2,l3)EA;lp>1  ni1tnz2=n

1 ls, J1/k
o _ W11, (g3 Us d31
X / (1- 81) Lgh —nat 2 ) < Thia<is + Thyi=is + Thxig
0

uns! s1
where
ul0+kl1 .
Thrasty = oup X a2 am gy "
UEAR 1 (10,11 l2,13) EAilo>1h42<l  mit+nz=n k
1 I3 /
w. us ds
% (1—81) -1 ll n2+lz(q 1 ) 1
0 uns! 51
ylotkh N
Th+1:l3 = sup Z n! Z CLnIW(kq3 )1
UEAR 1= (1o 1 la.l3) €Alg > 13h+1=l5  natna=n k
1 1/k
(1—s )Q 1 ll wn2+12(q usy )dsl
0 uns! s1
and
lo+kly
u I3kl
Tp>1, = sup Z n! Z %nliP ok (kq'sk)h
ueAn 1=(lo,l1,l2,l3)€Alo>1;h >l nitn2=n ( w ) (E)

1 I3 / d
X/ (1 _ sl)——l I wn2+l2(q ‘usl )i
0 ung: S1

In order to come up with bounds for the above quantities, we further decompose the integral

1/q"9

1 o
Jo ds1 as an infinite sum 35,4 [; /qk(ﬁl)

We provide a first set of bounds for the above quantities Tj42<;, and Tj41—;, which are
deduced from the upper mentioned estimates II) a), b), c¢), d) and e) together with (101). We
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arrive at

(qul3k)l1 Rlo-l-kll 1

|

(103) Th+2§l3§ Z n: Z ‘Cl,m| (l /k) APk q(lo+/€l1)
1=(lo,l1,l2,I3)€A;lo>1;h4-2<13  n1tne=n

1/qk 1
( > et R g, [ s,

ng! k(i+1
0§j§l37h72 2 /q (3+1)

Y 1/qk(3—h=1) 1
+max(CgM13,C'5)(max(C4,Cﬁ))"”l?Mql3/ (1-— 31)**1 h T dsy

| 1

na! 1/gk(t3—h) sk

kj
! 1 1/q 1
2 : 1 (n2 +l2)- 1 7_1 1
+ C5(Co)™™ na! q° (h+j—I13)2A k(‘+1)(1 —s)k st 1-1 dsy
Is—h<j<na+la—htls—2 > q 1/q*0 s, F

no-+lo (n2 —+ ZQ)' I3 1

+ max(C1, C5)(max(Cs, Cs))

ng! q q(n2+12*1)2A

1/qk(natla—h+iz—1) 1 (s + Iy)! 1
< 1— —71 l1 ds C4(C na+lp \142 2)" I3
/1‘/qk("2+l2h+13> ( st -1 + Z 1) no! 1 g(na+i2)?A

s, F j>no+la—h+ls
1/q*3
% / v (1 _ 81) —1 ll dSl
1/qk(ﬂ+1) 81
and
k Isk\l1 Rl0+kl1 1
(104) Thy1=i; < > o) ‘C““‘( gl /12:) Apy, gtk ™
1=(lo,l1,l2,l3)€A;lp>1;h+1=l3  n1+n2=n
ly)! !
maX(Cng3,Cs)(maX(C4,CG))n2+lz wai”/ (1-— 51)7_1 b d81
n2: 1/q* s
1
1/q*
41, (2 +12)! 1 o1y
+ Z C5(Ce)™ ™™ ng! ng(hﬂ'*lspA k('+1)(1_31) ' 1= dSI
l3—h<j<no+lo—h+l3—2 ’ Y 51
15)! 1
+ max(Cy, Cs)(max(Cs, Cg))"2 2 2+ b))

75! 1 q(”2+l2—1)2A

1/gk(nat+iz—h+iz=1)

l2)! 1
< (s b
1/gk(n2+la—h+l3)

B AP TR
ny! q 2702

dSl + Z Cl(Cg)n2+l2 (

s1 “# j>na+lo—htls

1/q"
X / (1 — 81) -1 ll d81
1/gkG+D)

31

In order to control the quantity Tp,>;,, we need to further split the sum over [ = (lp, l1,l2,13) € A
with lg > 1 where h > I3 in three parts, as one sum for which I3 < h < ng + Iy + I3 — 2, one sum
for which h = ng + ls + I3 — 1 and one sum for which no + 1o + 13 < h <n+ S — 1. Namely,

(105) Th>ty = Tig<h<notiz+is—2 + Th=ngtis+13—1 + Tnytiotis<h<nts—1
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where

ulotkl

N
Tiy<hna+iatla—2 = SUP | D 1oty iy intg)e izt tnp=n, M Clny o (ke
u€Ap I3<h<na+la+13—2 P(kuF)T'(2)

1 I3 1/k
o _ w us dsi

></ (1 _ 51) 2 15l11 n2+12(q ‘ 1 )
0 ung: S1

ul0+kl1 Lkl
Th=no+is+13—1 = sup ZZl=(lo,l1712J3)€A;l021;n1+n2=n,n!CLn1ﬁ(kq3 )
ucAp, h=na+la+Il3—1 P(ku )F(?)
1 I, 1/k
lo _ W11, (@3 US dsi
X/ (1—81)k 18l11 n2+2( ‘ 1 )
0 ung: S1
and
lo+kly
T = sup g E nle ui(kqlsk)h
na+la+I3<h<ntS—-1 1=(lg,l1,l2,l3)€A;lg>1m1 +ng=n,t* Lnlp ]{; & T I
u€Ay na+la+I3<h<n+S-1 ( U ) (?)
1 I3, J1/k
lo _ W11, (g3 US dsi
x/ (1—s1)% sl nztiz ' 1) dsi
0 unsy: S1

According to the above estimates II) a), b), ¢), d) and e) together with (101), we deduce that

(kql3k)l1 RéoJrkll 1

(106) Tia<h<notiptis—2 < E E 1= (g 11 19.1 . . _ n'|c | X
SnS — 1=(lg,l1,l2,l3)€Alg>1ing +ng=n 1,n1
13<h<no+Ha+l3—2 I'(lo/k) Apy ghlothl)

1/q*
(2 +12)! 1 gy 1
Z C5(Ce)™ 5! 7’ (h+j—13)2A fiid (1 —s1)* " sy T ds1
Iy hSinatly ity 2 2 q 1/gkG+D) s, "
I (TLQ + lz)! I 1
+ max(Ch, C5) (max(Cy, Co))™ ™ gl 3 gn2+l2—1%A
gkttt ts i 1 (na + 1o)! 1
X 1— Tlgh d CL(C natlp \142 2): 13
/1 k(ng+lp—h+l3) ( 81) °1 1*% Sl ) Z 1( 2) na! 1 q(anrlz)QA
/q 5, j>no+la—h+ls
X / (1-— 51)?0_18111 rdsy
1/gkG+1) -z

51
and
(kql3k)l1 Réo—l—k:h 1

(107) Th—n2+l2+l —1 < Z E o ) ) 3 nwc ’ o
= 3 — 1=(lg,l1,l9,l3)EAslg>1m1+ng=n 1,ny
h=na+la+l3—1 D(lo/k) Apy ghlotkl)

na+lo (77’2 + ZQ)' l3 1
max(C1, Cs)(max(Cs, Cs)) nal 4 qath-1A
1/qk(n2+l27h+l3*1) ! 1 !
g ng + l9)! 1
% / k(no+lg—h-tl (1—s1)% 1’Slll - ds1 + Z 01(02)n2+l2( ng! : ¢" (na+l2)?A
1/q (ng+ig—h+l3) s k j>no+la—h+ls z q
1/q" 1 1
x / (1—s1) sl —dsy
1/gkG+D) Tk

51
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together with

Isk\l1 plo+kl
(108) Tn2+l2+l3§hgn+3*l S Z ZL:(lo,ll,lg,l3)€A;1021;n1+n2:nn! cl,nl‘ (kq i ) : RO h(l r:_kl ) X
natlo-+ls <h<n+S—1 T T(lo/k) Apg o ghlotkh

natly (M2 +12)! 1
< Z Ci(Cy)2r2 1! ng(n2+l2)2A

J>ng+log—htls
i>0
1/qkj 1 1
lo_
x/ (1—sp)% Lsit —rds1
1/qk+1) %

iz
51
Lemma 9.1 1) According to the condition (14), the next bounds

1 1 < 1
q(n=9+12)%A gh(katlo) = gh?A

(109)
are valid for 0 < h <n+ S — 1, whenever g € I; for l = (lo,l1,l2,13) € A with [y > 1.
2) The conditions (15) allow the next bounds

1 1 1
q(n—9+2—1)2A gh(kli+lo) = gh*A

(110)
to hold for 0 < h <n+ S —1, whenever g € I for | = (lp,l1,12,13) € A with Iy > 1.
3) Under the constraints (13), the bounds

1 1 < 1
g Hi—1)PA gh(khi+lo) = gh*A

(111)

occur for0 < h<n+S—1, forall j > 0.

Proof For the first and second point 1), 2), the proof is exactly the same as the one provided
in Lemma 8.1 2). Concerning the third point 3), we remark that (111) is equivalent to the next
inequality

h(2jA = 234 + kly +1o) + A(j —13)* >0

forall 0 < h<n+S—1, j >0, which holds under the assumption (13). O
We assume that C5 > max{C3, C5M;,,C1} and Cs > max{Cy, C2}. Owing to Lemma 2 and

reminding that ¢;(z) are polynomials, the above Lemma 9.1 applied to (103), (104), (106), (107)
and (108) gives rise to the next set of inequalities

1

(112) Thia<iy, < E1(Co)C5(Co)" 5 (n + S)lqﬂ
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where

kglsk)l Rlo-‘rkll
&1(Cs) = Z Z ‘Cl,g|( ) B

T(lo/k) A
1=(lo.l1 la,l3) €Al > 15h+2<15 g€1,0<g<n (lo/k) Aps

l 1/q* 1y 1
X > (Cﬁ)_gq3M13/ _ (1—s1)% 11 dslq P

k 1
0<j<lz—h—2 1/gk*D 51

1/qk(l3 h—1) 1 ) 1
Ce)9 I3 1— —71 A d h*A -
() /1/qk<13h) ( E si_% o1 ghllo+kla)

1/q*
+ > (06)‘961’3/ (1— 1) sl Tds1
ls—h<j<ny+lo—h+ls—2 1/g"o+D 5
1/g*(n2+lg—htliz—1)
+(06)gql3/ (=) s dsy

1/q’f("2+12*h+13) si

1/q*9
+ ) (G l?’/ (s Rl dsl)

k(j+1
j=>na+la—h+ls 1/g"G+D) 31

with

(kq*h)" Ry
(113) &1(Cs) < £1.1(Co) = Z Z L.l r App

1=(lo,l1,l2,l3)€A;lo>1;h+2<13 g€1;,0<g<n (lo/k)
1
X/ (1_81)——1 I
0

sy ((Co) a0y 2 4 (Co) 2 4 3(C) 44" )

sl_k
and
(114) Thii=ts < €2(C6)C5(C6)™ ™ (n + 5)! thzA
where
- (kglsk)h Réo-'rkll
£(C) = l:(lo,ll,lg,lg)eZ.A;lo>1;h+1:l3 gell%;gén ‘CL9| P(lo/k) AP’k

1
- Y 1
" <<06> 9q" / (1—s1) 8l dslq AW

1/q* 51

1/q"
+ > (06)_9ql3/ (1—sp)® 1] Tds1

k(j+1
ls—h<j<ng+ly—h+ls—2 1/g*0+) 81

1/gF(na+lz—htiz=1)
—g.l3 LUNE R 1
+(Cs)%q (1 —s1)* " s ——ds1

l/qk(n2+l2*h+13) 5, k

1/q*
+ Z (C’ﬁ)_gql3/ _ (1—81) -1 ll d81>

k(j+1
j>nat+la—h+ls 1/g"+D 31




Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 February 2021

27
with
kglsk)h lo+kl1
(115)  £(Cy) < E21(Cy) = 3 S ey BN B
- F(lo/k‘) AP,k
1=(lo,l1,l2,l3)€A;l0>1;h+1=l3 g€1;,0<g<n
! 1
x / (1= 1) Bl —dsy <<06>—9q13q“3—1>“+3<06>—9q13)
0 sp "
along with
(116) Ty <h<nstistis—2 < E3(C6)C5(Ce)" T (n + 5)!(1,l—zA
where

D=2 | R Ry
- 1=(lg,l1,l9,l3)€A;lg>1;9€1;,0<g<n|Cl,g
’ lg;h;n—gilz—l-gl3£2 ’ L(lo/k) Apg

—g 1 L oy, 1
X | Z (Co) q3/ (T =s1)* sy 1_%d81
3

. k(i+1
—h<j<n—g+lo—h+i3—2 1/gHa ) 81

l/qk(n—g+12—h+l3—1)
+ (Cs)_gql?’/ (1-— 51) -1 ll —dsy

l/qk(n—g+l2—h+l3) 81_

! 1a¥ 1y 1
LY (06)—gq3/ L a-s® sy

. k(i+1
j>n—g+la—h+l3 1/g*0+) S

with

Z Z (kqlsk)h RéOJrkh
(117)  &3(C6) < E31(Cp) = ( Wlerg]
e lzé?hﬁf?izlflill ST (o /k) Apy,

! 1
X / (1 — 81)7_1 h T ds1 X <3(C§)_gql3>
0 EN k

and

(118) Thengtistis—1 < E4(C6)C5(Co)™ ™ (n + S)!

“hZA
th

where

lo+kl
SEDD o RO
- 1=(lg,l1,l2,l3)€Ajlg>1;9€1;,0<g<n |%l,g

R S L(lo/k) Apg

1/qk(n—g+l2—h+l3—1) 1
X ((Cﬁ)_gqls/ (1 — 81)7_1 h T dsi

1/gk(n—g+la—h-+lg) sl F

1/q%
+ Z (Cﬁ)_gql3/ _ (1 —81)7 1 ll d81>

. k(j+1
F>n—gtla—h+ls 1/gG+D) 5
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with

(kqlgk)ll RéoJrkll

(119)  E4(C) < €41(Cs) = ZZL:(zo,ll,12,lg)eA;lozl;geIL,ogggn|CLg|

h=n—g+la-ls—1 L(lo/k) Apg
! 1
X / (1-— 51)%071.5111 —dsy X (2(06)gq13>
0 S TF
1
and finally
1
(120) Trp+ta+ls<h<nts—1 < E5(C6)C5(Ce)" o (n + 5)!qh2A
where

(kqlg,k)ll Rl00+kll

55(06) = ZZL:(Z A1,lo,l3)EAlg>1;9€T;,0<g< ’Cl,g|
Onigil;rlsﬁohgrirél‘—lq T (lo/k) Apg

1/q"9

l 1
(e [ et )

k(+1
j>n—g+lg—h+l3 gkt $1
j=0

with

(kqlgk)ll Ré0+kl1

(121) 55(06) < 55.1(06) = ZZb(lo,ll712’ls)EA;lozl;gEQ,OSgSn’CLQ’

n—g+a+ls<h<n-+S—1 L(lo/k) Apk
1 l 1
X/ (1—s1) % Lsh —1ds1 % ((06)_gql3>
0 s k

We are now ready to come to the end of the proof of Lemma 9. Since I; contains only positive
natural numbers, one can select the constant Cg large enough in order that all the quantity

(122) £i(Ce) <1/10 , 1<j<5
are taken suitably small. At last, gathering (102), (105), (112), (113), (114), (115), (116), (117),
(118), (119), (120), (121) and (122) yields the forecast bounds (100). O

We can now return to the proof of Proposition 4. An application of Lemma 8 and Lemma 9 to
the recursion (30) allows us to get the next bounds

1

2
th

< C5(C)" ™ (n + S)!

forall 0 < h <n+ S5 —1, provided that C5,Cg > 0 are taken large enough. This means exactly
that the property A, s holds true. O

6 Building analytic bounded solutions to the initial Cauchy
problem (17), (18).

We first recall the definition of a good covering in C* which is similar to the classical one given
in [3], Chapter XI.
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Definition 1 Let ¢ > 2 be an integer. For all 0 < p < ¢ — 1, we consider open sectors Ty
centered at 0 (and do not contain 0) with given radius v that fulfill the next three features:

i) The intersection of any two consecutive sector of the family T = {Tp}o<p<c—1 is non empty,
namely

To N Tpr1 #0

for all 0 < p < ¢ —1, with the convention that T. = To.
ii) The intersection of any three elements in T is empty. '
iii) The union of the sectors T, covers some punctured neighborhood U of the origin in C*,

UimoTp =U =U\ {0}
The family T is then called a good covering in C*.
We provide a notion of admissible set of sectors in the next

Definition 2 Let ¢ > 2 be an integer and let T = {Tp}to<p<c—1 be a good covering in C*. We
consider a set U = {Up}to<p<c—1 of unbounded sectors U,, centered at 0, that suffer the next two
properties:

1) Each sector Uy, does not contain any of the roots of the polynomial u P(kub), for0 <p <
¢—1.

2) For all 0 < p < —1, there exists a constant A, > 0 such that for all t € T, one can single
out a direction 7, € R (that may depend on t) such that both conditions

(123) L, = [0, +00) exp(v/—1v,) C U, U{0}
and

(124) cos(l(rp — arg(t))) > A,

hold.

We say that the set of sectors D = {T,U} is an admissible set of sectors.

Regarding the constructions made in Section 2.2, the next proposition is a synthesis of the
statements already reached in the previous sections 3, 4 and 5.

Proposition 5 Let U = {U,}o<p<c—1 be a set of unbounded sectors centered at 0 subjected to
the condition 1) of Definition 2. Under the constraints (10), (11), (12), (13), (14), (15), for
each integer 0 < p < ¢ —1, one can build a holomorphic function

(125) wy(u,2) =Y wp,n(u)%rg
n>0

on the domain U, x Dﬁ that solves the Cauchy problem (25), (26) and withstands the next
upper bounds !

(126) |wp(u, 2)| < 2C3ul exp (k1 log®(Jul + uo) + alog(|ul + ug))

forallu e Uy, z € D%, where the constants Cs,Cy > 0 and ug > 1,a > 0,k1 > 0 are introduced
2

in Proposition 3. Furthermore, the functions wy,,(u) fulfill the next list of features and bounds.



Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 February 2021

30

a. For all0 <p<g¢—1, alln >0, the map u — wyp(u) is holomorphic on U, and undergoes
the upper estimates

(127) |wp ()| < C3(Ca)"n!|u exp (k1log®(ful + uo) + alog(lul + uo))

for all w € Uy, with constants C'3,Cy > 0 and ug > 1,a > 0,k1 > 0 ezhibited in Proposition 3.

b. For all0 <p <¢—1, alln > 0, the map u — wpn(u) can be analytically continued (as
a single holomorphic function merely denoted wy,(u), omitting the index p) on a disc D, with
radius R, = Ro/q", where Ry is chosen to satisfy (32) and appears to suffer the bounds

nl

(128) |wn (u)] < 01(02)”(]7'A\UI

provided that w € D, , for suitable constants C1,Ca, A > 0 given in Proposition 2.

c. Forall0 <p<c¢—1, alln>0, the map u — wy,(u) is bounded and holomorphic on each
sectorial annulus

R R
(129) App={uecCluecl, , qh% < Jul < (7?

for 0 < h <n-—1, where Ry is chosen as in b. and turns out to be upper bounded as follows

(130) |wp,n ()] < 05(06)"n!qhﬁIUI
whenever u € Ay, for some well chosen constants Cs,Cg > 0 described in Proposition 4 and
A > 0 singled out as in b..

At this stage, we have prepared all the mandatory material in order to show the first main result
of our work.

Theorem 1 Assume that all the requirements (7), (8), (9), (10), (11), (12), (13), (14), (15),
(16), (32) hold true. Consider a good covering T = {Tp}o<p<c—1 i C* and a set U =
{Upto<p<c—1 of unbounded sectors chosen in a way that the data D = {T,U} forms an ad-
missible set of sectors.

Then, for all0 < p < ¢—1, one can construct a solution u,(t, z) to our main Cauchy problem
(17), (18) that is bounded and holomorphic on T, x Dﬁ and that can be expressed through a

Laplace transform of order k,

(131) wlt:2) =k [ wpluz) expl—(u/0))du/u
p
for (t,z) € Tp x D%. The Borel map wy(u, z) is the function displayed above in Proposition 5
4

and the integration path L., is the halfline depicted in (123).

Furthermore, we can control bounds estimates for the differences of consecutive solutions
Up+1 —Uyp as follows. For each 0 < p < ¢—1, one can find two constants A,, B, > 0 (independent
of q provided that q belongs to a bounded domain of the form ]1,qo] for some qo > 1) such that

N
(132) up+1(t, 2) = up(t, 2)| < Ap(Bp)NF(?)qu!ﬂN

for all integers N > 1, allt € T, N Tpt1, all z € D 1 where by convention we set uc(t,z) =
2Cq
uo(t, z) and Tc = To.
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Proof For each 0 < p < ¢ — 1, we consider the function wy(u, z) built up in Proposition 5. By
construction, wy(u, z) solves the problem (25), (26) on the domain U, x D L From the moderate
20y

growth bounds (126) and the fact that the set U = {U, }o<p<c—1 is admissible, we observe that the
Laplace transform u,(t, z) given by (131) is well defined and bounded holomorphic on 7, x D 1 .

20,
Moreover, according to the construction made in Section 2.2 with the help of Proposition 1, we

deduce that the maps wpy(t, z) solve our main Cauchy problem (17), (18) on 7, x D s for all
0<p<s—1. '

In the remaining part of the proof we discuss the second feature (132). We will observe
that the technical properties b. and c. of the maps w, described in Proposition 5 will play a
preeminent role in the statement of these bounds.

Let 0 < p < ¢ —1. According to the Taylor expansion (125), we first rewrite the difference
Up41 — Up AS & sum

(133) upa(t,2) —up(t,2) = 3 (k /L W1 (1) exp(—(u/t))du/u

n>0 p+1
k /
L

Since for each n > 0, the maps wp41,,(u) and wp,(u) have a common analytic continuation
(named wy,(u)) on the disc Dp,, as stated in b. of Proposition 5 and by the Cauchy formula, we
can bend the oriented path L,  , — L, into the union of the next three suitably oriented paths:
i) Two half lines

W) exp((u/t)kmu/u) z

Lopiy, R = [RO/anv“‘OO)e\/jl%H y ~LyyR, = —[Ro/q" !, +00)eV ™1

ii) A circle
Ry =3
CVpﬁpH,Ro/q”“ - {qn+1e 10/9 € (’Ypa’Yerl)}-

In order to arrive at our forcast estimates, we further need to break up the two above halflines
in i) into union of segments that belong to the sectorial annuli constructed in c. of Proposition
5. Namely,

n n
L'7p+1aRn+1 = ( U L'Yp+1,.Ap+1,h) U L'Yerl,RO ’ _L'Ypan = ( U _L’YP,Ap,h) U _L'Vp,RO
h=0 h=0
where
R() R() V=T RO RO
_ v -9 —Ivp+1 _ — (- v—1y
L'Yp-!-l:Aerlvh o [thrl’ qh ]6 e L'va'Aph - [ ]6 i

qh+1 ’ qh

Lyyi1,Ro = [Ro, +Oo)eﬁ7p+lv Ly, Ry = —[Ro, "‘Oo)e\/jl%
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As a result, we can decompose each term of the Taylor expansion (133) as follows

(139) k[ o) exp(—(u/))dufu— e [y 0) exp(=(a/t) e/ =

'YP+1 L"/p

e[ wpn e/ ) du/u =k [ e exp(—(a/1dufu

VPRO
+ E k/
h=0

L

w+1R0

wper () exp(— (/1 )dufu — 3k / i (1) exp(— (1/£)" s
h=0

Tp+1:Ap+1:h L'Yp:Ap:h

+k wy (w) exp(—(u/t)*)du/u
C“/p,wp+1 ,Rg/q"t1

In the next step of the proof, we provide upper estimates for each piece of the above decompo-
sition (134). We deal with the first block

I =

K /L Wy 1.7 (1) exp(— (/) ) fu

Yp+1-Fo

According to the bounds (127), we arrive at
+oo

(135) I <k C3(Cy)"nlexp (k1 log?(r 4 ug) + alog(r + ug))
Ry

exp (= cos (ko — arg() ) dr

+o0o

< kC3(Cy)"n! / exp (k1 log?(r + ug) + alog(r + o))
Ry

1 r 1 r
X exp <_2(\t\)kAp+1> exp ( 2(|t|)kAp+1) dr

1 RO +o00 9
) Ay O (k1 log?®(r 4 o) + alog(r + up))
0

< kC3(Cy)"nlexp ( =(— >\
1. r
X exp <_2(7’7—)kAp+1> dr

for all t € Tp41 N Tp, where Apiq > 0 is defined in (124). The second part

I =

K /L wy (1) exp(—(u/t)F)duu

vp,Ro

can be treated in a similar manner as I; and leads to the bounds
n 1 Ry k oo 2
(136) Iy < kC3(C4)"nlexp —5(—) Ap exp (k1 log”(r + uo) + alog(r + uo))

|t] Ry
< exp (=LA, ) dr
ex
P 2 ry
provided that ¢ € Tp41 NT,. We turn to the third piece

I = /L W1 () exp(— (/1)) du/u

Tp+1Apt1,h
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Owing to the bounds (130) and (128) we get that

(137) I3 < Zn: k/RO/Qh 05(06)”71!(]:2A exp <—(T)k cos (k(’yp+1 - arg(t)))) dr

h—o “Ro/q"t! It|

1.x~Ry 1 R 1
< kC5(Ce)"™nl(1 = -) Z T?ﬂ exp <—(h+01)kAp+1tk>
¢ =" q q I

for all t € T,+1 N Tp. The fourth piece

I =

y Xp(—(u k u/u
hgok/L wp,p () exp(—(u/t)")du/

P Ap,h
can be managed in an analogous way and gives rise to bounds

Ry 1 (_( Ro

1. — 1
(138) I3 < kC5(C)"nl(1 — —) > o g P qhﬂ)kApWﬂ)

oy
The last part of the decomposition (134),

Is = |k wy () exp(—(u/t)¥)du/u

C’Yps'Yp+1 Ro/qnt1

is handled in the following manner. From the condition (124), we observe that
cos(k(0 — arg(t))) > Appi1

for some positive real number Ap’p_i,_l > 0 provided that 0 € (yp,Vp+1) if vp < Yp41 (or 6 €
(Yp+1:7p) if Yp+1 < 7p ) when t € Tp11 N T, and taking heed of the bounds (128), we reach the
bounds

(139) Iy <k

Tp+1 n n R R n+1 i
/ C1(C2)"—x an(r)l exp ( - (0/’;1’) cos(k(0 — arg(t))))d@
.

) q

n Ro 1 Rg/q”“ k ~
< ks = lC1(Co)" T —ox e (= (FH—) By

for all t € T,11 N Tp.
Summing up the above bounds (135), (136), (137), (138) and (139), if one puts A, 11 =
min(A,, Apy1), we arrive at a constant Cp, pp+1 > 0 such that

n Ry
(140) futpa(2) = up(t, )] € D [2KCHC) DICoy s 30 (= gt Bypin)
n>0

1.~~Ry 1 Ro \k 1

2 Tal(l = = - —(—=)"A i

+ 2kC5(Cg)"nl( q);;:(): PPN eXp( (qh+1) Pt |t|k)
1

Ry Ro/q"*! k5 |2]"
+ E[yp+1 — ’7p|01(02)n”!qnﬁqnﬁ exp ( - (7 p,p+1)]

It] nl
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forallt € Tpr1NTp, all z€ D S Consequently, since we remind that Cs > max(Cs, Cy) from
2C¢

the proof of Proposition 4, we can reach bounds of the form
(141) lupt1(t, 2) — up(t, 2)| < Fi([t]) + Fa([t]) + F5([t])

where
k

R
Fi(Jt]) = 4kC3CRy p,p+1 €XP ( - ﬁAP,pH)

and
1 1 Ro \k 1 "
Fy([t]) = 2kC5(1 — &)RO Z (Z WGXP ( - (qTfl) Ap,p+lw)> (1/2)
n>0 \h=0

along with

Ro/qn+1

i) B ) (172"

1
F([t]) = Elvp+1 — p/C1Ro Z Wexp < - (
n>0

whenever t € T,.1NTp,and z€ D _1 .
2Cg

According to Fubini’s theorem, we can rewrite the expression Fy(|t|) as

1 1 R 1
(142) Fy(lt]) = 2kC5(1 — “)Ro Y > o exp ( — hfl)mpvp“W) (1/2)"
T jZonzn q ]
1 n 1 RO k 1
=2kC5(1 — 6)R0 hZZO (gflﬂ) )W exp ( - (F) AmH—lw)
1 1 R 1
= 4kC5(1 — —)Ro Z JhHhA exp ( - (qT&)kAp,erlw)(l/?)h

h>0

By combining the latter estimates (141) together with (142), we attain the first crucial bounds of
this second part of the proof. Namely, some positive constants Ky, K2, > 0and 0 < K3, <1
along with M ;,, Ms ,, M3, > 0 can be singled out such that

M
(143)  fupt1(t, 2) = up(t, 2)| < Kipexp ( B !tll';p)
Mk M3

1
+ K2’p Z n+n2A exp ( - ( n+1) |t|k )(K&P)n
n>0 q q

forallt € T,x1NTpand z€ D 1 .

2Cq
In the next step, we search for a sequential constraint on the difference |up11 — u,|. We

recall the next lemma from our previous work [7] (Lemma 14 in that paper), which is a direct
consequence of the Stirling formula,

Lemma 10 Let M,k > 0 be positive real numbers. Then, we can find a constant Cy, > 0 (relying

on k) for which
(2) e (- ) < aulqp) " vm er

holds for all v > 0, all integers N > 1.



Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 February 2021

35

A direct application of this latter lemma to the bounds (143) gives rise to the next inequalities

1
Ml,p

(140) o (t2) — uy(t.2)] < [0y C( ) (/R 20/

1
MipM3vP

N KQ,ka< )N/k(N/k)1/2F(N/k){ Z qn+1n2A q(n-i-l)N(Kg’p)n}} 1tV

n>0

forall t € T,.1 N Ty, 2z € D_1 and all integers N > 1. Besides, from the Schwarz inequality

2Cg

nN < (1/2)(n? + N?) (derived from the mere observation that (N —n)2 > 0), we deduce that

1 N2 q 1 N2
(145) > TN (K < g ey e Hap)" < T o AR
n>0 4 n>0 4 —Bap

provided that A satisfies the requirement (16), for all integers N > 1.
Finally, gathering (144) and (145) yields the expected estimates (132). O

7 Asymptotic expansions in time variable for the analytic solu-
tions to the problem (17), (18).

The next definition stems from our recent work [7].

Definition 3 Let (F,||.||r) be a complex Banach space. We set k > 1 an integer and ¢ > 1 a
real number. Let T be a bounded sector in C* centered at 0 and f : T — F be a holomorphic
function. Then, f is said to possess the formal series

= ant™ € F[t]]

n>0

as Gevrey asymptotic expansion of mized order (1/k;(q,1)) on T if for each closed proper sub-
sector W of T centered at 0, one can choose two constants C, M > 0 with

N
1) =D ant™|lp < CMNFIT(

N+1) (1\“;1)2 |t|N+1
k
n=0

for all integers N > 0 and any t € W.

We remind the reader the variant of the classical Ramis-Sibuya theorem (see [3] for a refer-
ence) adapted to the Gevrey asymptotic expansions of mixed order setting stated in [7] (Theorem
2 in that paper).

Proposition 6 Consider a complex Banach space (F, ||.||r) and set a good covering {T,}o<p<c—1
in C* (described in Definition 1). Let {Gplo<p<c—1 be a set of holomorphic maps Gy, from T,
into IF.

We make the next assumptions:

1) The functions Gp(t) are bounded on T, for 0 < p <¢—1.

2) The cocycles Ay(€) = Gpy1(t) — Gp(t), for 0 < p < ¢ —1 where Ac_1(t) = Go(t) — Ge—1(t)
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are submitted to the next sequential constraint on Z, = T,11 NT, : there exist two constants
Ap, By, > 0 with

(146) 185 (D)l < Ap(B)N ()™ 11"

provided that t € Z,, for all integers N > 1, all 0 < p < ¢ — 1. In other words, A,(t) has
the null formal series 0 as Gevrey asymptotic expansion of mized order (1/k;(q,1)) on Z,, for
0<p<¢—1

Then, all the functions Gy(t), 0 < p < s—1, share a common formal power series G(t) € F[[t]]
as Gevrey asymptotic expansion of mized order (1/k;(q,1)) on T,.

We are in position to state the second main result of this work.

Theorem 2 We consider the set {up}o<p<c—1 of solutions to the Cauchy problem (17), (18)
built up in Theorem 1. We set F as the Banach space of bounded holomorphic functions on the
disc D 1 endowed with the sup norm. By construction, each function t — u,(t, z) can be seen

2Cqg
as a holomorphic map from the sector T, into F for 0 <p < ¢ — 1.
Then, there exist a formal series

= un(2)t" € F[t]]

n>0

which is the common Gevrey asymptotic expansion of mized order (1/k; (q,1)) of all the functions
t = up(t,z) on Ty, for all0 < p < ¢ —1. In other words, for each 0 < p < ¢—1, for each proper
subsector W C Ty, one can find two constants C, M > 0 with

N+1, w2
(147) esll)lp lup(t, z) — E U (2)t"] < CMYTIT( Ij )q - [RAE
z 1

2Cq n=0

for allt € W, all integers N > 0.

Proof Let {uy}o<p<c—1 be the set of solutions to (17), (18) manufactured in Theorem 1 and F
be the Banach space of bounded holomorphic functions on the disc D L equipped with the sup
2

6
norm. We can apply Proposition 6 to the maps

Gp:t— (2 up(t,2))

from 7, into F, for 0 < p < ¢ — 1. Indeed, since (¢, z) — up(t,2) are bounded holomorphic
functions on the products 7, x D S We get that t — Gp(t) are bounded maps from 7, into F,
2Cs

for any 0 < p < ¢—1, satisfying therefore the first requirement 1) in Proposition 6. On the other
hand, the bounds (132) can be rephrased in terms of the maps G, by asserting that the cocycle
Ap(t) = Gpy1(t) — Gp(t) fulfills the sequential constraints (146), making the second requirement
2) hold true. Then, Proposition 6 ascertains the existence of a common formal power series G (t)
that we call u(t, z) in the statement of Theorem 2 which suffers the bounds (147) declared above
and represents a common Gevrey asymptotic expansion of mixed order (1/k;(g,1)) for all the
maps G on Tp, for 0 <p <¢—1. O

In the remaining part of this section, we prove a consequence of the above result whose
relevance will be revealed in ongoing works. To that end, we need the next proposition.
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Proposition 7 Let (F,||.||r) be a Banach space and let k > 1 be an integer and g > 1 be a
positive real number. Let T C C* be an open bounded sector centered at 0 and denote G : T — F
a bounded holomorphic map. Assume that G possess a formal series

= ant" € F[t]]
n>0

as Gevrey asymptotic expansion of mized order (1/k; (q,1)) on T. Then, for all proper subsector
W' C T, one can find two constants C', M' > 0 such that

2
(148) ||G(N+1)(t)|]]p < C'(M)YNHY(N + 1)!F($)q%

for all integers N > 0, allt € W', where GNTY denotes the (N + 1)—order derivative of the
function G.

Proof We first select a subsector W C T for which one can single out two constants C, M > 0
such that

(149) |G(t) Zaht g < CMNFII(
h=0

M D)y

for all integers N > 0, all t € W. We consider a proper subsector YW C W and a well chosen
constant A > 0 such that
B(t(), )\‘t0|) cwW

for all tg € W'. Indeed, let ty = |t0|e\/jwo. Then any ¢ € B(to, A|tg|) can be written in the form
t=to+ AtoleY p = [to](e¥ 1% + ApeV 1Y)

for some 0 < p < 1 and angle 6 € [0,27). For A > 0 taken small enough, we observe that
eVl 4 )\peﬁo remains close to eV 10 uniformly relatively to 0 < p < 1 and 6 € [0, 27),
which implies that ¢t € W.

Let N > 0. Since the map ¢ — G(t) is holomorphic on W, we can apply the Cauchy formula
to the map f(t) = G(t) — Zévzo apt™ along the (positively oriented) circle C(to, A|to|) and get
the integral representation

21y =1 Je(to Atol) € — o

that we can derive n—times w.r.t ¢y in order to reach the next formula

f(to) =

(150) (o) =

n! f(€)
— 2 (
2my/—1 /C(to,)\to) (€ —to)nt? ¢

for all integers n > 0, all tg € W'.
Taking heed of (149), the above formula (150) for the particular integer n = N + 1 grants
the next bounds

)2
SRS CMNHI (ML) ™5 ftg 4 MtoleY =17+

(N+1) <
(151) I o)l < = | I lto|df
2
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for all tp € W'. These last bounds give the result (148) provided that we observe that
G (tg) = FNVHD (t0) for all tg € W' O

The next corollary is a straight application of the above proposition and Theorem 2.

Corollary 1 Let us consider the family {up,}o<p<c—1 of solutions to the Cauchy problem (17),
(18) constructed in Theorem 1. Then, for each 0 < p < ¢—1, for each proper subsector W' C Tp,
one can select two constants C', M' > 0 for which

n2

(152) sup [0 uy(t,2)] < C'(M'y'nir(7)gF

n
z€D 1 k

2Cq

for all integers n > 1, all t € W'.

8 Confluence as ¢ > 1 tends to 1

Throughout this section, we slightly change the notations introduced in the earlier sections of
the work. In order to keep track of the dependence of the set of solutions {uy(t, 2) }o<p<c—1 tO
the problem (17), (18) relatively to the parameter ¢ > 1, constructed in Theorem 1, we denote
Upsq(t, ) the function wy(t,z). We also add a second index ¢ to the Borel map wy(u, z), by
setting wy(u, z) = wpq(u, 2) inside the integral representation (131). We assume that the real
parameter ¢ is chosen within the range (1, go] for some fixed real number go > 1.

8.1 The limit Cauchy problem

In this subsection, we introduce a new Cauchy problem that we call the limit problem as ¢ > 1
tends to 1. It is displayed as follows

(153) Pt 10)dSua(t, ) = > a2ttt 1o 02u (t, 2)
1=(lo,l1,l2,l3)€A

for given Cauchy data
(154) (u)(t,0) = p;(t) , 0<j<S—1.

where all the data k, S, P, A and the coefficients ¢;(z) with [ € A along with the initial data
@;(t) for 0 < j <8 —1 are the ones already introduced in Section 2.1. We further assume that
the constraint (12) is valid for all ¢ € (1, o] which boils down to the next inequality

(155) kdeg(P) > kly + lp + 2k11310g(qo)

for some real number k; > 0, for all [ = (lp,l1,12,13) € A.
We search for solutions to (153), (154) having the shape of a Laplace transform of order k,

(156) uy(t,z) =k g w1 (u, z) exp(—(u/t)")du/u

along a halfline L, = [0, —i—oo)eﬁV, where the Borel map w.;(u, z) is holomorphic with respect
to u on some infinite sector Sqs = {u € C*/|d — arg(u)| < ¢ for suitably selected directions
d € R and opening § > 0 and analytic w.r.t z on some small disc D, centered at 0 with radius
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r > 0. The same computations as in Section 2.2 show that if the Borel map w.;(u, z) solves the
next auxiliary Cauchy problem

CI\ 2
(157) stw;l(u,Z) = Z P(l]iu)k) (kuk)ll(a,lzzw;l)(uaz)
1=(lo,l1,l2,l3)€A;lp=0
a(z) u® ot k oy 1/k\k\l1 [ ol 1/k
Y pamTam @ @) 2)ds s
1=(lo,l1 l2.03) € Ailo >1 0/~ 0
for given Cauchy data
(158) (w)(u,0) = Pj(u) , 0<j<S—1

then the integral representation (156) fulfills the limit problem (153), (154). We seek for solutions
to this last problem (157), (158) as formal power series in z,

(159) wi(u, z) = Z w1 (uw)2"/n!

n>0

Identical computations as the ones made in Section 2.2 show that w.; (u, z) formally solves (157),
(158) if and only of the sequence of expressions wy,1(u), n > 0, is submitted to the next recursion

relation
wnJrS;l(u) . wn2+12;1(u) (kuk)ll
(160) ol Z Zﬁ Lm0 P(ku*)
1=(lo,l1,l2,l3)EA;lp=0 n1+n2=n
1/k
Y D /1(1 o)t Cnaraa (us) ™) dsy
. _ M PR o L ng! s1
1=(lo,l1,l2,l3)EA;lp>1 n1+n2=n k
for the given initial functions
(161) wji(u) =Pj(u) , 0<j<S5—1.

The next proposition can be shown by following exactly the same steps as in the proof of
Proposition 3 (by merely taking ¢ = 1 in each inequality therein).

Proposition 8 Let D = {T,U} be an admissible set of sectors as chosen in Definition 2. Let
U be one sector belonging to the family of unbounded sectors U.

Under the conditions (155), one can find out a unique sequence of functions wy1(u), n >0,
where each map w — wy.1(u) is holomorphic on the sector U, continuous on UU{0} and fulfills the
recursion (160) for given initial data (161). In addition, one can find two constants C7,Cg > 0
(where Cg can be taken larger than the constant Cg > 0 obtained in Proposition 4) for which the
next estimates

(162) w1 (u)] < C7(Cs)"nl|ul exp (k1 log?(|u| + ug) + alog(|u| + uo))

hold for all m > 0, all u € U U {0}, where k1 > 0 is chosen as in (155) and ugp > 1,a > 0 are
taken as in Proposition 3.
Consequently, one can build a holomorphic function

(163) wal2) = Y wna(u) S,

n>0
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on the domain U x D _1_ that solves the Cauchy problem (157), (158) and suffers the next bounds

2Cg
(164) lwi (u, )| < 2C7|ul exp (k1 log?(|u| + ug) + alog(|u| + o))

forallueUU{O},zED%.

8
As a result, the Laplace transform w.i(t, z) given by (156) is well defined and bounded holo-
morphic on the domain T X D% where the bounded sector T appertains to the family T of

8
bounded sectors from the admissible set D and corresponds to U under the requirement 2) of
Definition 2. Furthermore, owing to Proposition 1, the map u.(t,z) solves the limit Cauchy
problem (153), (154) on T x D%.
2Cg

8.2 Bounds for the difference of analytic solutions to the Cauchy problem
(157), (158) under the action of a ¢—difference operator

The purpose of this subsection is to prove the next technical proposition.

Proposition 9 Let 8 € Z* be a non vanishing integer and let q € (1,q0]. There exist two
constants Cy, C19 > 0 independent of q € (1, qo] (where Cio can be taken larger than the constant
Cy obtained in Proposition 8) such that

(165)  |wp,1(u) — wn;l(qﬁu)] < ]qﬁ — 1|Cy(Cro)"n!|u| exp (k1 logQ(]u\ + up) + alog(|u| + uo))

for all w e UU {0} for all integers n > 0, where ki > 0 is selected as in (155) and ug > 1,a >0
appear in Proposition 3.

Proof We proceed by induction. We call %" the property (165) for a given natural number
n > 0.

We first explain the reason for which 258 holds true for 0 < n < S — 1. By construction,
whenever 0 <n < S —1, wy1(u) = P,(u) is a polynomial in u. Since P,(u) admits in particular
a derivative P/ (u) w.r.t u on C, we can rewrite the next difference

Palw) = Palg™) = [ | Pi(s)ds
qPu

for all u € C and from the parametrization s = uh + ¢%u(1 — h) of the segment [¢”u,u] with
0 < h <1, we obtain the integral representation

1
Pal) = Pala™u) = (1= ")u [ Phluh+ (1 = )

and since P (uh+ ¢®u(1 — h)) is again a polynomial in u, we get that ;" is valid for 0 < n <
S — 1, for some well chosen constants Cy, Cp > 0 depending on S, qg.

At this stage, it is worth noticing that the above reasoning cannot be applied directly to
show estimates for the whole sequence of differences wy, 1 () — wy.1(¢°u) for any n > 0 since the
behaviour of the derivative w;ul(u) is not properly controled as u tends to 0 along U as n > S.
Instead, we use to the recursion (160) to provide sharp bounds.

Let n > 0, we take for granted that .@,31;6 holds for any p < n + .S for some given constants
Cy,C10 > 0. In the remaining part of the proof, we prove that @;fs is valid. The induction

principle will then imply that the feature % occurs for all n > 0.
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At first, we use the recursion (160) in order to write the difference wy,s.1(u) — wns:1(q°w)
in term of prior terms wy1(u) and wy1(¢°u) with p < n+ S. Indeed,

wn—i—S;l(u) - wn-i—S;l(qﬁu)
(166) ~ = > > am
1=(lo,l1,l2,l3)EA,lp=0 n1+n2=n
(k) wny iy () (k(qPu)h)h wnﬁzgﬂ(qﬂu)] . 3 T .
2 ! Bu)k ! o
P(/{:u ) no! P(k(q u) ) no! 1=(lo,l1,l2,l3)EA,lg>1 n1+n2=n
gtk ph /1( _S)%,lszlwﬁ_
P(kuR) T(ly/k) J, ! L n)! 51
1/k
(¢t K / (1 o)t ot (@Pusy™) dsy
P(k(¢°uw)F) T'(lo/k) Jo ! na! s1

In the next lemma, we provide upper bounds for the quantity

kuk)h Wnp+1p;1\U k(qPu)k)h Wny+la; Pu
(167) Any i (u) := <P(ku?k) J;Ll2!1( ) o ](D((]g(qﬁ)u))k) Hn;(q :

Lemma 11 Two constants Kj;, , >0, j = 1,3, can be singled out for which

168) Mowis (0] < [Kas i+ Ko
n ng + 19)!
x g% = 1|Co(Cho) 2+l2(2n2'2)|u| exp (k1 log?(Ju| + uo) + alog(|ul + ug))
holds for all uw € U U {0}, all ng,lo > 0 with ng < n and [ = (0,11,1s,13) € A.

Proof According to the classical identity ab — cd = (a — ¢)b + ¢(b — d), we rewrite A, ,(u) as
a sum

(169) An2,l2 (u) = - !

(kuk)h <k<qﬁu)k>h] Wiy 151 (1)
P(kuF) ~ P(k(gPu)F)

(k(g*u)")" [wnml(u) — Wy ip1 (270)
P(k(qPu)F) na!

a) Bearing in mind the lower bounds (55), we get a constant Cpj > 0 for which

(170) |P(k(¢"u)")| > Cpp(q’lul + 1))

for all w € Y/ U {0} which sires a constant K, p > 0 such that

(k(g"u)h)"
P(k(q"u)*)

1148, |kl
< kg7l <Ki,p
Cp,k(qﬂ‘ul + 1)kdeg(P) "1

(171)

for all w € U U {0}, under the condition imposed in (155).
b) On the other hand, we can write an integral representation for the next difference

(172) (kuh)" (k(gPw)") /q:u<(k8k>“)’ds

P(ku®) — P(k(qPu)k) — P(ks*)
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where the integrand can be explicitely computed

( (ksk)h ) g ki sf 1 P(ksk) — Py (s)skh

(173) Pks) (P(ks*))?

where Py (s) = (P(ks*)) is the derivative w.r.t s of the polynomial P(ks*). Furthermore, since
s+ P(ks") is a polynomial of degree kdeg(P), we notice the next two bounds

(174) [P(ks®)| < Chylls] + 1MP) | [Bi(s)] < O (|s] + 1)keesP)

for all s € C, for some constants C};k, 0115 > 0. Consequently, departing from (173), the lower
’ k
bounds (55) together with the upper ones (174), beget a constant Ky, p > 0 for which

i kllls,kzl—lc})7k(|5| + 1)kdeg(P) + fslkllcllak(|5| + 1)kdeg(P)—1
C3 (14 |s])2hdes(P)

am |

< Koy p
— (1+ ’{ﬂ)kdeg(P)fkllJrl

provided that s € U U {0}.
From the parametrization s = uh + ¢®u(1 — h) of the segment [¢%u,u] for 0 < h < 1 in the
integral (172), owing to the previous bounds (175), we deduce

(kuh) (k(q"u)*)"

Ky, p dh
P(kuk)  P(k(qPu)*)

1
<|¢f -1
= |C] ||u|/0 (1 + |uh+qr3u(1 _ h)|)kdeg(P)fkl1+1

(176)

for all u € U U {0}. Since (1 —¢°)h +¢® > d,p for all 0 < h < 1 where d, 5 = 1 if 3 > 0 and
dgp = ¢% if B < 0, we reach a constant K3, p > 0 for which

(ku*)— (k(q"u)*)"

P(kuk)  P(k(qPu)¥)

|ul

(177) (1_|_ |u|dq76)kdeg(P)fkl1+1 <

< |qﬂ - 1‘K2,l1,P |qﬁ - 1|K3,l17P

whenever u € U U {0}, by taking heed of the constraint (155).
¢) In accordance with (162), we already know that

(178) | wWngs15:1(w)] < C7(Cs)"2 T2 (ng 4 Io)!|u| exp (k1 log?(|u| + ug) + alog(|ul + up))
< C’g(C’lo)”TH2 (ng + I2)!|u| exp (k1 log?(|u| + uo) + alog(|u| + uo))

for all ng,ly > 0, whenever u € U U {0}, provided that we select Cy > C7 and C1p > Cs.
d) Due to (10), we notice that ny + lo < n + S, therefore by the induction hypothesis, the

property [7it

oty 1S valid, which yields the upper bounds

(179)  [wngi551 (uw) — wn2+lz;1(qﬁu)‘
< |q” = 1]Co(C10)"2 2 (ng + 12)!|u] exp (k1 log®(ul + uo) + avlog(Ju| + uo))
Collecting the set of bounds (171), (177) along with (178) and (179), we arrive at the forecast

bounds (168).
O
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The next lemma is devoted to upper bounds for the quantity

ulo+kl1 k.l1 1 Io w ! _l(usl/k) dsy
180) B, = [ (1) e T ST
(150) Buuu() = oy [, (1= s F s Bt w1 I8
k
(qﬁu)lo-i-kll kh /1(1_5 )%—lsh wn2+12;1(q5usi/ )@
P(k(¢Pu)¥) T(lo/k) Jo v 2! 51

Lemma 12 We can find two constants L;;, 1, p >0, j = 1,3, such that

kb
(181) |Bn2,l2 (u)| < W [L3,l07l1,P + Ll,lo,lhp}
1 1 !
% |q6 _ 1|09 (1 _ 51)%0—18111 —ds (Cw)nz+lzm
0 1_E TLQ!

51
x [u| exp (k1 log®(|ul + uo) + arlog(|ul + uo))
for allu e U U {0}, all na,ly > 0 with ng < n and = (lp,l1,12,13) € A with lp > 1.

Proof The proof follows the same guideline as the one of Lemma 11. Namely, the identity
ab—cd = (a — ¢)b+ ¢(b — d) allows us to rephrase the expression of B,,,(u) as a sum of

differences
1/k
(182) an ., (u) _ kh ylotkh B (qﬁu)loJrkh /1(1 ~ 51)%0—15111%(1&91)@
’ L(lo/k) | P(ku*) — P(k(qPu)*) | Jo no! 51
1/k 1/k
L (@Pu)fott g / (1= o)1t [ Ottt wnyiipale’us™)) dsy
PR Tllo /W) \ Jo 7100 o] ny! s
a) Owing to the lower bounds (170), a constant Ly ., p > 0 can be found with
B, \lo+kl1 B, |lo+klL
(183) (q7u) < a7 < Lyjg,p
P(k(gPu)*)| = Cpr(gPlul 4 1)kdes(P) e

for all w € U U {0}, under the requirement (155).

b) Mimicking the arguments outlined in the paragraph b) in the proof of Lemma 11, we can
gather two constants L;; ;, p > 0, j = 2,3 such that

ylotkl (qﬂu)loJrkll

P(ku)  P(k(g%u)*)
for all w € Y U {0}, bearing in mind (155).

¢) Departing from (178) and observing that both functions z + log?(z) and z + log(x) are
increasing on [1, +00), we obtain upper bounds for the next integral piece

u
< ‘qﬁ_l‘LQ,loJl,P ’ ‘

(184) - (1 + |u|dy p)kdes(P)=(lo+ki1)+1

< ‘qﬁ_l‘L?’,lo,llyP

1/k
/ 1(1 N Wy (us)'") dsy
0 1 19! s1

(’I’LQ + lg)'
19!

1
(185) g/ (1 —sl)%*ls?cg(cm)"ﬁl?
0

ds
X \u!s}/k exp <k1 log2(\u]8}/k +ug) + alog(\u!s}/k + u0)> 8—1
1

d 2 2 '
0 1

_1 |
k no:
51

X [ul exp (k1 log?(Ju| + uo) + alog(|ul + uo))
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for all w € U U {0}.
d) According to the bounds (179), a similar reasoning as the one just realized above in ¢) of
Lemma 12 shows that

(186)

1/k 1/k
/1(1 o 51)%0—1811 wn2+l2;1(usl/ ) 7 wn2+12;1(qﬂu31/ ) @
0 1 7’1,2! ’IIQ! S1

' l 1 I)!
<1g® —1Co( | (1 —s1)F sl —dsy (Cm)nﬂlzw
0 51_’“ na!
1

x |u] exp (k1 log®(|u| + uo) + alog(|u| + ug))

whenever v € U U {0}.
Combining the bounds (183), (184), (185), (186) along with the factorization (182) sires the

foretold estimates (181). O
With the help of the above Lemma 11 and Lemma 12, the recursion (166) allows the next upper
bounds
(187)  Jwnss:1(u) — wntsa (g w)| < [ > Yo e [Kapp + K
l=(l0,l1,lz,lg)€«47l0=0 ni+ng=n
B natls '(TLQ + ZQ)'
x g7 — 1|Cy(Cho) =t > > laml

1=(lo,l1,l2,l3)€A,lo>1 n1+n2=n

jh
ST [L3.10.01,P + L1 01 p]

' : 1 I)!
X |q’8 - ]"09 / (1 - Sl)?o_lslll 1 dSl (Clo)n2+l2nlm
0 Si_ﬁ na!

X [u| exp (k1 log?(|ul + uo) + avlog(|ul + u))

provided u € U U {0}.
Owing to Lemma 2 and to the assumption that ¢;(z) are polynomials (described in (8)), from
(187), we get that

- wn+S;l(q5U)|

(188)  |wnys;1(u)
< B(Co)lg” — 1|Co(C10)™** (1 + S)ful exp (k1 log®(|ul + o) + alog(|u| + up))

for u € U U {0}, where

(189) B(Clo) = Z Z ’cl,g’ [K3,l1,P + Kl,ll,p] (Cl())ig
1=(lo,l1,l2,l3)EA,lo=0 g€I;,0<g<n
Eh
+ Z Z |CLQ|F(T/) [L3,l07l1,P + LlJO,ll,p]

1=(lo,l1,l2,l3)€Alp>1 g€1;,0<g<n

! 1
X </ (1-— sﬁlfo*lsll1 T d31> (Cro)™Y
0 k

51
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Taking heed of the fact that 0 ¢ I;, one can select Cjp > 0 large enough (under the already
required condition Cjg > Cg) in a way that

(190) B(Ci) <1

Gathering (188) and (190) attests that the property “@nlfs holds. This concludes the proof of
Proposition 9. O

8.3 Bounds for the difference of analytic solutions to the Cauchy problems
(25), (26) and (157), (158).

This subsection is devoted to the explanation of the next proposition.

Proposition 10 Let ¢ € (1,qo]. There exists two constants C11,Ci2 > 0 independent of q €
(1,q0] (where C12 may be taken larger than the constant C1g > 0 obtained in Proposition 9) such
that

(191)  Jwpg(w) — w1 (u)| < (g = 1)C11(Cr2)"nl|ul exp (k1 log?(|ul + uo) + alog(|ul + uo))

for all w € U U {0} for all integers n > 0, where ki > 0 is selected as in (155) and ug > 1,a0 > 0
appear in Proposition 3.
In particular, if one denotes

(192) wiglu ) = g )

n>0
the holomorphic solution of the Cauchy problem (25), (26) on the domain U x D%, then the
next error bounds for the difference !
(199)  fwg(us2) — wi(u,2)] < (g — 12C1fulexp (k1 log(|ul + uo) + alog(Ju] + uo))

holds for all w € U U {0}, whenever z € D 1

2C712

Proof For the last time in this work we make use of the induction tool kit. We call D% the
feature (191) for a given integer n > 0.

At first, we observe that the property D! trivially holds true for 0 < n < S — 1, since in
that case, wp.q(u) = wp,1(u) = Pp(u).

Let n > 0. We make the hypothesis that @},q;l is true for any integer p < n+.5 for some given
constants Ci1,C12 > 0. In the sequel, we need to prove that CD;fjrlS holds true. The induction
principle helps us to conclude that the property ;%' is certified whenever n > 0.
At the outset, both recursions (30) and (160) allow us to express the difference w1 g.q(u) —

Wp+s:1(u) in term of lower indexed quantities wy.q(u) and wp1(w) with p < n + S. Namely,

(194) Wn539(4) — Wny 551 (u) _ Z Z L (kuk)h

n! P(kuk)
1=(lp,l1,l2,l3)EA,lp=0 n1+n2=n

wn2+lz;q(qlgu) qlgkh _ wn2+l2;1(u)
ng! TLQ!

1 ulo+kll

> 2 PR T

L:(lo 7l1 7l2 7l3)€A7l021 nit+na=n

i 1 I3 1/k 1 1/k
[ Wryo Lo Uus dsy g _ Wiy tl0:1(US dsq

% ql3kl1/ (1—sp)% 18111 no+ z,q(q' ) _ (1—sp)% 18111 na+la; (' 1)
0 no. S1 0 no: S1
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In the ensuing lemma, we provide bounds for the front piece

C (u) - (kuk)ll wn2+l2;q(ql3u) Iskly wn2+l2;1(u)
22X P (kY na! 1 na!

Lemma 13 One can single out two constants M, 1, p > 0 and Ky, p > 0 for which

l I3kl
195) |C < |glskhglet s oy CETS S Ay O S
(195)  [Cpouo ()] < {47 q I,l3,P T4 1,l1,P -1 + K1,,P 1

19 + 19)!
(2n2'Q)|u| exp (k:l log2(|u] + wo) + alog(|u| + uo))

holds for all w € U U {0}, all na,la > 0 with ng <n and l = (0,11,1s,13) € A.

x (q — 1)Cy1(Cyp)"2H2

Proof According to the identity ab — c¢d = (a — ¢)b + ¢(b — d), we can recast the difference
Cny 1, (1) as a sum of differences

(kuk)ll I3kl (wn2+l2~q(ql3u) - wn2+l2-1(u)) Wy t1p;1 (W) I3kl
1 — 3KL1 ) ) ) 3kl _q
( 96) C’n2712 (U) P(kuk) n2! + n2! (q )

1) We deal with the first part of right handside of (196) by inserting an auxiliary term in the
expression, namely

l
(197) |wn2+l2;q(q 3u) - wn2+12;1(u)|
= |wn2+l2;q(ql3u) - wn2+12;1(ql3u) + wn2+12;1(ql3u) - wn2+12;1(u)’

< |wn2+l2;q(ql3u) - wn2+l2;1(ql3u)| + |wn2+l2;1(ql3u) - wn2+l2;1(u)‘

a) Owing to (10), we observe that ny 41l < n+ .S and by assumption, the property @;?2;112 holds
that gives rise to the bounds

(198) |wn2+lz;q(ql3u) - wn2+12;1(ql3u)|

< (g — 1)C11(C12)™ 2 (ng + 12)!¢"u| exp (kl log?(|¢"u| + uo) + alog(|g™u| + uo))
for all uw € U U {0}, from which, with the help of Lemma 5, we obtain
(199)  Wny-t125q(41) = Wnyr1a1 (47 w)]

< (g —1)C11(C12)"2 2 (ng + Ip) gl D)5 [(!qlgu| + o) (Jul + Uo)]

X [u exp (k1 log?(u| + uo) + alog(Jul + up))

k1l3log(q)

for all uw € U U {0}.
b) Keeping in mind the bounds (165) obtained in Proposition 9 specialized for § = I3, we know
that

(200)  [Wny 4151 (¢"%1) = Wiy 4151 ()| < ¢ = 1|Cy(Cro)™* 2 (ng + 12)!
X |ul exp (lﬁ log?(|u| 4+ uo) + alog(|ul + uo))
< g% —1|C11(C12)™2 2 (ng + 1y)!
X |ul exp (kl log2(|u] + ug) + alog(|u| + uo))
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under the requirement that C11 > Cy and Cio > Cqp.

c) According to the lower bounds (55), we get a constant Mj, ;, p > 0 such that
(kuk)h
P(kuk)

(201) | (gl + o) (ful + o)) 5P| < My

for all w € U U {0}, under the condition appointed in (155).
d) We remind from (171) that a constant Ky, p > 0 can be found with
(kuk)h

(202) A

<K
P(kur)| = " hP

for all w € Y U {0} and that owing to (162), we already know that

(203)  [wnyripa ()| < C7(Cs)"™ 2 (ng + 12)![u] exp (k1 log?(Ju| + uo) + alog(Jul + ug))
< C11(Cr2)™ 42 (ng + I)![u] exp (k1 log?(|ul + uo) + alog(Jul + uo))
holds whenever u € U U {0} under the requisite that C1; > C7 and C13 > Cs.

Finally, collecting the whole set of estimates (197), (198), (199), (200), (201), (202) and
(203), we reach the forseen bounds (195). O

In the forthcoming lemma, we deal with the tailpiece of (194) that we set as

ulo+kll
D,y 1, (u) := W
1 1 w . l3usl/k d 1 L w . usl/k d
% qlgkll/ (1—81)%718? n2+l2yQ(q' 1 )51_/ (1—81)?0718? n2+12,1(' 1 )ﬂ
0 na: S1 0 no! S1

Lemma 14 One can find two constants My, 1, 1, p > 0 and Ly, p > 0 for which

l3
qt —1
(204)  [Dyy 1, (u)] < |:ql3kllq(a+1)l3MlO7llal37P + ql?’kllLl,lo,ll,PT 7

X 1(1 gy igh 1 d
s1)* s —ds1
0 s, k

1

I3kly 1
+ Ll,lo,ll,Pq_l}

n ng + l2)!
g = D1 (C1a)"* e (1 og? (] + o) + ol + w0)

holds for all u € U U {0}, all ng,le > 0 with ng < n and [ = (lp,l1,12,13) € A.

Proof The roadmap is the same as one of Lemma 13. The identity ab—cd = (a — ¢)b+¢(b—d)
warrants the redraft of the above expression as a sum of differences

ulo-‘rkll
(205) Dy 1, (u) := Pl
1 I . I3 1/k . 1/k d
% [ngkh/ (1_81)?0718z11(wn2+l2,q(q' us;"") _ wn2+12,1(‘U51 ))ﬂ
0 na! ng! s1

1/k

1 I . / d
+/ (1 _ 81)%—18é1 wn2+1271('usl )ﬂ X <ql3kl1 _ 1)]
0 ng: S1
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We handle the first piece of (205) by popping in a median term inside the integrant. Indeed,

l 1/k 1/k
(206)  |wnytizsq (@ usy’™) = wng yipn (usy)]
1/k 1/k 1/k 1/k
= |Wnyizsa (0% ust*) = Wy 101 (@B us)”™) + Wy 11 (¢ us1”*) = w11 (usy’®)|

1/k 1/k 1/k
< Wy 135 (@ usy”™) = w1y (st )| + [wng g1 (00 us)™) = w11 (us)*)]

a) According to (10), the observation that na +lo < n+ .S yields the fact that ’Dfi_b holds by
assumption and gives rise to the bounds

1/k 1/k
(207) | wnstizsq(@Pusy’™) = wny yip (¢ usy’®)|

< (=10 (Cra)"* o+ 1)l sy exp (k1 og? (1 usi /| + o) + arlog(lqusy |+ o))

for all u € U U {0}, all 0 < s; < 1. The fact that = ~— log?(z) and z — log(z) are increasing on
[1,4+00) and an application of Lemma 5 begets the further estimates

") M)

1
(208) |wn2+l2;q (qlgusl - wn2+l2;1(q13usl

k1l3log(q)
< (g = DCO(Cr2)" 2 (ny + 1)1 [ (1" ul + o) (Ju] + o) |
x [ulsy/" exp (k1 log?(|u] + uo) + a log(|u] + uo))

for all u e U U {0} with 0 < s; < 1.
b) Peering at the bounds (165) obtained in Proposition 9 for the special value 5 = I3 and owing
that =+ log?(z) and z + log(z) are increasing on [1,400), we deduce that
(209) wngs1,1 (¢ usy’™) — (usy™)] < g% — 1|Co(Cro)2 2 (n + Iy)!
na a1 (4 °U8) ) = Wy gy (usy )| < g% —1|Co(Cr0)™ 7= (n2 + I2)!
x Jusy*|exp (k1 1og?(Jusy"| + o) + alog(lusy’™| + wo))
< |g"® — 1|C11(C12)™2 2 (ng + 1)
X |u|si/k exp (k1 log?(Ju| + uo) + arlog(|ul + ug))

under the requirement that C1; > Cy and C1o > Chp.

c¢) The lower bounds (55) sire a constant M;, ;, 1, p > 0 such that
ulo+kl1
P(kuk)
for all w € U U {0}, once (155) is granted.

d) We remind from (183) that a constant Ly, ;, p > 0 can be singled out with

(210)

kil31
[(la"ul + wo)(ful + )] ™" @| < My 1 1,

ulo+kll

(211) e

< Lijgon,P

for all w € Y U {0} under the condition (155) and in accordance with (162) in a raw with the
fact that = — log?(x) and z — log(x) are increasing on [1, +00), we already know that

1/k
(212)  [wnyiip1 (usy")|
< Cr(Co)™ ¥ (ns + 1) usy | exp (K Tog?(lusy/"| + wo) + arlog([ust/*| + uo) )

< 011(012)"2+l2 (na + lg)!\u|si/]C exp (kl log2(|u] + ug) + alog(|u| + uo))
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holds whenever v € U/ U {0} and 0 < s; < 1 under the requisite that C1; > C7 and C12 > Cs.
The compilation of the set of bounds (206), (208), (209), (210), (211) and (212) applied to

(205) breeds the expected estimates (204). O
Leaning on the above to lemma 13 and 14, the recursion (194) grants the following estimates
(213)  |wnsi9(u) — wnpsa(u)] < { Z Z |Cm, |
1=(lo,l1,l2,l3)€A,lp=0n1+n2=n
l3 l3k?l1
q° - g —1
x |q#Fget Vs ag 1 p+ PR R p— I —
l2)!
x (g — 1)011(012)712“271!@
TLQ!
kh
+ Z Z |CLn1 | F l
1=(lo,l1,la.l: = (lo/k)
1=(lo,l1,l2,l3)€Alo>1 M1 +12=n
I3 I3kly
gt —1 q -1
x [qlgkllq(a+1)l3MlO,llyls,P + QZBMILUO,ZLP + Ll,lo,ll,P }
q—1 q—1
! ! 1 Iy)!
8 < (1- 31)?071(9[11 T dSl) (¢ — 1)011(012)n2+12”!7(n2 +b)
0 SI—E n2!

x |u] exp (k1 log®(|u| + uo) + alog(|u| + ug))

provided that v € Y U {0}.
Lemma 2 and the assumption that ¢;(z) are polynomials (given by (8)) allow further simpli-
fication of the above bounds

(214) |wn+S;q(u) - wn+S;1(u)’
< B(Ci2)(q — 1)011(012)’”3(11 + S)|ul exp (k:l log2(|u] + ug) + alog(|u] + uo))
for all w € U U {0}, where

(215) B(Ci2) = Z Z Ll

1=(lo,l1,l2,l3)€A,lo=0 g€1;,0<g<n

lskly (a+1)l I3kl q® -1 g5kt —1 .
x [q G T My g, p + ¢ Koy p 1 + K1,11,P7} (C12)™7

kbl
+ E E Clg
_ I'(lo/k)
1=(lo,l1,l2,l3)€A,lp>1 g€l;,0<g<n

ls _ 1 lskly _

q 1
X |a/ kg O My 1+ s N e B Ll,lo,h,Pﬁ}

1 , 1
X (/ (1- 81)?0718? - d31>(012)7g
0 s TF
1
Owing to the requirement that 0 ¢ I;, one can select C12 > 0 large enough (besides the already
asked conditions that Ci2 > C1p and Cj2 > C3) in a way that

(216) B(C2) <1

The joint features (214) and (216) confirm the fact that the property @;fjrls holds true. This
completes the proof of Proposition 10. O



Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 February 2021

50

8.4 Confluence for the analytic solutions of the problem (17), (18) as ¢ — 1.

In this subsection, we state the third and last main result of the work.

Theorem 3 Let D = {T,U} be an admissible set of sectors as chosen in Definition 2. Let U
be one sector belonging to the family of unbounded sectors U. We set T as one bounded sector
of the set T that is related to U under the requirement of 2) of Definition 2.

We denote u.(t, z) the bounded holomorphic solution to (17), (18) on the product T x Dﬁ’

given by a Laplace transform of order k, see (131), constructed in Theorem 1. On the other
hand, we consider the bounded holomorphic solution w.1(t, z) of the limit problem (153), (154)
on the domain T X D% expressed through a Laplace transform of order k, see (156), built up

8
in Proposition 8.

Then, one can find a constant C' > 0 (independent of q € (1, qo]) such that

(217) sup |u.g(t, 2) —ua(t,2)] < C(g—1)
teT,zeD 1
2C12

for all ¢ € (1,q0]. In particular, we observe that the solution w.(t,z) of (17), (18) merges
uniformly on T x D _1_ to the solution u.1(t, z) of (153), (154) as ¢ — 1.
2

Ci2

Proof By construction, we can express both solutions u.,(t, z) and w (¢, ) as Laplace transforms

Uyq(t, 2) = k/L wiq(u, 2) exp (— (u/t)k)du/u . ua(t, z) = k/L w;1 (u, 2) exp (— (u/t)k)du/u

v v

along a halfline L, = [0, 400)eY~1" € & U {0} submitted to the condition
(218) cos (k(y — arg(t))) > A

for some fixed constant A > 0, for every ¢t € T, where the Borel map w,4(u, z) is depicted in
(192) and w.; (u, ) is displayed in (163).

According to the deviation bounds (193) between w., and w,; reached in Proposition 10 and
the lower bounds (218), we can control the difference u., — u.1 as follows:

‘U;Q(t7 Z) - U’;l(tv Z)| = ‘k/L (w§Q(u7 Z) - w;l(uv z)) exp ( - (u/t)k)du/u)
+oo
< 2kC11(q—1) /0 exp (k1 log?(r 4+ ug) + alog(r + up)) exp ( — (r/rT)kA)dr

forallt € T,all z € D . where r7 stands for the radius of the sector 7. This achieves the
2012

expected bounds (217). O
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