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Abstract: Stratified deep water refers to a layer of water that is deep enough that the effects of surface 

waves are negligible, and the water can be treated as a continuous, incompressible fluid. In such a 

system, the Coriolis effect and modified gravity can cause the water to stratify, or layer, with different 

densities and velocities in different regions. In an n-dimensional space, the Coriolis effect and 

modified gravity was shown to cause the water to stratify in complex ways, with different regions 

having different densities, velocities, and pressure gradients. The Coriolis effect, which is caused by 

the rotation of the Earth, causes the water to rotate and form vortices, while the modified gravity can 

cause the water to have different densities and pressures in different regions. A number of numerical 

simulations was carried out to understand the impact of modified gravity in deep water stratification 

and to predict the interactions between the internal waves within the layers. The model shows that 

stratification in deep water under the influence of the Coriolis effect and modified gravity have 

important implications for ocean circulation, climate, and marine ecosystems. Importantly, as there 

is no model presently which has successfully considered the impact of modified gravity and Coriolis 

effect together in the study of stratification in deep water. Therefore understanding the dynamics of 

stratified deep water in this context is undoubtedly an important area of research in oceanography 

and fluid dynamics in general. 

Keywords: stratification; coriolis parameter; vortices; waves; modified gravity 

 

1. 

The model for the nth dimensional space of stratified deep water under modified gravity and 

Coriolis effect [18] is a mathematical framework that describes the behavior of fluid motion in a 

stratified ocean or sea under the influence of gravity and the Coriolis force [1,20]. This model is used 

to study the dynamics of ocean currents, waves, and other phenomena that occur in the ocean or sea 

[2]. 

This model is based on the assumption that the fluid motion is incompressible, irrotational, and 

stratified, meaning that the density of the fluid varies with depth [3,22]. The modified gravity is a 

term that represents the deviation of the local gravitational acceleration from the standard value 

of 9.8𝑚/𝑠2[4,18]. The Coriolis Effect is a rotational force that arises due to the rotation of the Earth 

[5], it causes moving objects to be deflected to the right in the Northern Hemisphere and to the left in 

the Southern Hemisphere [6,7]. 

The model is typically formulated using the Navier-Stokes equations [8], this describes the 

motion of an incompressible fluid under the influence of external forces and gravity. The model 

equations are solved using perturbation method [9], such as the series solution method, to obtain a 

solution that describes the velocity and height at each layer in the stratified deep water [10]. 

Disclaimer/Publisher’s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and 
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The model can be extended to higher dimensions, such as four-dimensional to nth-dimensional 

space [11], to study the effects of different factors [16], such as the shape of the ocean basin [12,18], 

the presence of obstacles, or the influence of other forces, such as wind or tides [13]. The model can 

also be used to study the effects of climate change on ocean circulation [14,21]. 

Overall, the model for the nth dimensional space of stratified deep water under modified gravity 

and Coriolis effect [17] is a powerful tool for understanding the complex dynamics of ocean currents 

and other phenomena that occur in the ocean [15,19]. 

2. Model Assumption 

We wish to formulate some necessary and basic assumptions to aid our model mathematically. 

The following are the assumptions for the model: 

i. The fluid is incompressible with continuous density stratification 

ii. In deep water flows the depth is infinite, so the vertical length scale (ℎ) and the horizontal 

length scale (L) guarantee deep water regime when 
𝐿

ℎ
≪ 1 (𝑑𝑒𝑒𝑝 𝑤𝑎𝑡𝑒𝑟 𝑎𝑠𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛) but fails when 

𝐿

ℎ
≫ 1 

ii. Measuring down from this plane to the transition zone which is the thermocline, the point 

where the circular orbit of the deep water particles decrease at depth 𝑧 = −𝜁(𝑥, 𝑦). The equation 𝑧 =

−𝜁 (𝑥, 𝑦 ) is the equation for the booom surface at where the particles of the deep water decays 

exponentially. 

iii. Take the (𝑥, 𝑦) horizontal plane as being parallel to the surface of the still water, and the depth 

of the water at a given point as ℎ =(𝑥, 𝑦, 𝑡)>0. 

vii. The Cartesian coordinates 𝑥, 𝑦 𝑎𝑛𝑑 𝑧 will be used, in Cartesian coordinates for deep water 

waves, the z-axis typically measures the vertical direction, the x-axis is the horizontal direction, the 

y-axis represents another horizontal direction and the z-axis represents the vertical direction up-

down. 

iv. The velocity components in the directions of increasing 𝑥 𝑎𝑛𝑑 𝑦 will be denoted by 𝑢 𝑎𝑛𝑑 𝑣 

v. In Deep Water, the motion of water particle becomes circular as it moves from the perturbed 

surface through the strata. 

vi. The variation in velocity along y- direction is constant because the flow is predominantly in 

horizontal direction so that partial derivative of velocity with respect to y is zero. 

3. Mathematical Formulation of the Problem 

The model formulation of stratified deep water under modified gravity and coriolis effect can 

be done using various physical and mathematical principles, particularly by adopting conservation 

of momentum and continuity equation. 

Figure 1 Shows the exponential decay of deep water waves due to density variation under 

modified gravity and coriolis effect. 
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Figure 1. Stratification in three layers under modified gravity and coriolis effect. 

Consider from Figure 3, three layers of incompressible fluid under kinematic and dynamic 

boundary condition. We shall denote the lower layer 1, the intermediate layer 2 and the upper layer 

3, with respective densities 𝜌1, 𝜌2 𝑎𝑛𝑑 𝜌3,  the mean horizontal velocities 𝑢1, 𝑢2𝑎𝑛𝑑 𝑢3  and the 

thicknesses ℎ1, ℎ2𝑎𝑛𝑑 ℎ3, with 

ℎ1 + ℎ2 + ℎ3 = 𝐻, where H is the distance between the mean surface and the overall thermocline 

position. The pressure P is constant, the unknowns are therefore ℎ1, ℎ2, ℎ3, 𝑢1, 𝑢2, 𝑢3, 𝜌1, 𝜌2, 𝜌3 and all 

are functions of (x, t). Similarly, the further stratified layers can have heights and velocities of 

ℎ11, ℎ21, ℎ31, … ℎ𝑛1 𝑎𝑛𝑑 𝑢11, 𝑢21, 𝑢31, … 𝑢𝑛1 to 𝑛𝑡ℎ dimension. 

 

Figure 2. Symmetry of stratified deep water columns. 
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Figure 3. A symmetry of continuous deep water stratification. 

The substantial derivative of stratified deep property under modified gravity and coriolis effect, 

𝑓(𝑥, 𝑦, 𝑧, 𝑡) 𝑖𝑛 𝑎 𝑓𝑙𝑜𝑤 𝑓𝑖𝑒𝑙𝑑 𝑤𝑖𝑡ℎ 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑣𝑒𝑐𝑡𝑜𝑟 

𝑈 = (𝑢, 𝑣, 𝑤)𝑇 is given by 
𝐷𝑓

𝐷𝑡
≡

𝜕𝑓

𝜕𝑡
+ 𝑢

𝜕𝑓

𝜕𝑥
+ 𝑣

𝜕𝑓

𝜕𝑦
+ 𝑤

𝜕𝑓

𝜕𝑧
 (1) 

=
𝜕𝑓

𝜕𝑡
+ 𝑈. ∇𝑓 (2) 

𝐶𝑢𝑟𝑙𝐹 = ∇ × 𝐹 = (
𝜕

𝜕𝑥
,
𝜕

𝜕𝑦
,
𝜕

𝜕𝑧
) × (𝐹1(𝑥, 𝑦, 𝑧), 𝐹2(𝑥, 𝑦, 𝑧), 𝐹3(𝑥, 𝑦, 𝑧)) 

The operator ∇ is a differential operator defined as 

∇≡ (
𝜕

𝜕𝑥
,
𝜕

𝜕𝑦
,
𝜕

𝜕𝑧
) (3) 

so that ∇𝑓 = (𝑓𝑥, 𝑓𝑦, 𝑓𝑧)
𝑇
; such that any arbitrary fluid property can be expressed as 

𝑓(𝑥, 𝑦, 𝑧, 𝑡) = 𝑓(𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡), 𝑡) (4) 

Differentiating equation (1) with respect to t using chain rule: 
𝑑𝑓

𝑑𝑡
=

𝜕𝑓

𝜕𝑥

𝑑𝑥

𝑑𝑡
+

𝜕𝑓

𝜕𝑦

𝑑𝑦

𝑑𝑡
+

𝜕𝑓

𝜕𝑧

𝑑𝑧

𝑑𝑡
+

𝜕𝑓

𝜕𝑡

𝑑𝑡

𝑑𝑡
 (5) 

=
𝜕𝑓

𝜕𝑡
+ 𝑢

𝜕𝑓

𝜕𝑥
+ 𝑣

𝜕𝑓

𝜕𝑦
+𝑤

𝜕𝑓

𝜕𝑧
(6) 

Thus, in the circumstance of velocity components the material derivative is the Lagrangian 

acceleration which in most cases is the same meaning with Eulerian acceleration. For the x-

component of velocity, the substantial derivative from equation (1), we have 
𝐷𝑢

𝐷𝑡
=

𝜕(𝑢)

𝜕𝑡
+  𝑢

𝜕(𝑢)

𝜕𝑥
+ 𝑣

𝜕(𝑢)

𝜕𝑦
+ 𝑤

𝜕(𝑢)

𝜕𝑧
 (7) 

𝐷𝑢

𝐷𝑡
 is the total acceleration; 

𝜕𝑢

𝜕𝑡
 is the local acceleration; 

𝑢
𝜕(𝑢)

𝜕𝑥
+ 𝑣

𝜕(𝑢)

𝜕𝑦
+ 𝑤

𝜕(𝑢)

𝜕𝑧
 is the convective or advective terms. 

This represents the x-direction (Lagrangian, or total) acceleration, 𝑎𝑥, of a fluid parcel expressed 

in Eulerian reference frame. Then in Lagrangian frame the spartial changes in velocity is 

𝑈. ∇𝑢 =
𝜕(𝑢)

𝜕𝑡
+  𝑢

𝜕(𝑢)

𝜕𝑥
+ 𝑣

𝜕(𝑢)

𝜕𝑦
+ 𝑤

𝜕(𝑢)

𝜕𝑧
 (8) 
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Figure 4. cross sectional area pressure of stratified deep water under modified gravity and coriolis effect. 

Since the surface area is inclined, the product of pressure and its cross sectional area sustain a 

non-zero component 𝒑𝟎𝒅𝒍𝒔𝒊𝒏 ∝  stand in the 𝒙 -direction positively, (∝),  is the interface angle. 

And, 𝒅𝒍 =
𝒅𝒙

𝑐𝒐𝒔∝
, is influence on the force in x-direction, which is 𝑭𝒔 = 𝒑𝟎

𝝏𝒉

𝝏𝒙
𝒅𝒙 (but 𝒕𝒂𝒏 ∝

𝝏𝒉

𝝏𝒙
). From 

this our net force on the volume, per unit length in 𝒚, is expressed as: 

𝑭 = 𝒑𝟎
𝝏𝒉

𝝏𝒙
𝒅𝒙 + ∫ 𝒑(𝒙, 𝒛)𝒅𝒛 − ∫ 𝒑(𝒙 + 𝒅𝒙, 𝒛)𝒅𝒛

𝒉

𝟎

𝒉

𝟎
 (9) 

But, from (9),we have 

∫ 𝒑𝒅𝒛 = ∫ 𝒑𝟎𝒅𝒛 + 𝝆𝒈∫ (𝒉 − 𝒛)𝒅𝒛
𝒉

𝟎

𝒉

𝟎

𝒉

𝟎
 (10) 

= 𝝆𝟎𝒉 +
𝟏

𝟐
𝝆𝒈𝒉𝟐 

∫ 𝒑(𝒙, 𝒛)𝒅𝒛 − ∫ 𝑝. (𝑥 + 𝑑𝑥, 𝑧)𝑑𝑧
ℎ

𝟎

𝒉

𝟎

 = 𝑝0ℎ(𝑥 + 𝑑𝑥) +
1

2
. 𝜌𝑔ℎ2(𝑥) −

1

2
𝜌𝑔ℎ2. (𝑥 + 𝑑𝑥) 

= −𝑝0
𝜕ℎ

𝜕𝑥
𝑑𝑥 −  𝜌𝑔ℎ

𝜕ℎ

𝜕𝑥
𝑑𝑥 (11) 

Therefore for stratified deepwater the acceleration of the volume is given by 

𝑚
𝑑𝑢

𝑑𝑡
= 𝐹 = − 𝜌𝑔ℎ

𝜕ℎ

𝜕𝑥
𝑑𝑥 (12) 

Now, using our expression  𝑚 = 𝜌ℎ𝑑𝑥 , the preceding equation gives us (cancelling the 

factors 𝑝ℎ 𝑑𝑥) 
𝑑𝑢

𝑑𝑡
= −𝑔

𝜕ℎ

𝜕𝑥
𝑑𝑥 (13) 

Our derivative 
𝑑

𝑑𝑡
 is the substantial derivative that tells us how the velocity of the deep water 

under modified gravity and coriolis effect changes volume as it travels around and get stratified. This 

has to be converted into form that tells how the velocity 𝑢 changes in a stratified coordinate. 
𝑑𝑢

𝑑𝑡
=

𝜕𝑢

𝜕𝑡
+

𝑑𝑥

𝑑𝑡

𝜕𝑢

𝜕𝑥
=

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
 (14) 

And thus to write our equation of motion in final form 
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
= −𝑔

𝜕ℎ

 𝜕𝑥
      (15) 

Like equation (14), the equation (15) connects the local acceleration in two expressions: 

1. The pressure slope expression and 

2. The momentum advection. 

Two predictive equations with two unknown velocity and height expressed as u(x, t) and h(x, t) 

are obtained from the two equations (14) and (15) which further gives in principle all we need to 

know to determine how stratified is the deep water and its progress within given initial boundary 

conditions. The equations are nonlinear and have complex properties in general. 

4. Effect of Rotation 
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There is possibility of extending those equations in two dimensions(𝑥, 𝑦) with vector velocity 

𝑈 = (𝑢, 𝑣) and in order to include rotation therefore we shall add coriolis effect on the equation of 

momentum, equation (15). Our set of equations will now in vector form become: 
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

 𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑓𝑣 = −𝑔

𝜕ℎ

𝜕𝑥
 (16) 

𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑓𝑢 = −𝑔

𝜕ℎ

𝜕𝑦
 (17) 

𝜕ℎ

𝜕𝑡
+ 𝑢

𝜕ℎ

𝜕𝑥
+ 𝑣

𝜕ℎ

𝜕𝑦
= −ℎ (

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
)(18) 

where 𝑓𝑢 𝑎𝑛𝑑 𝑓𝑣 𝑎𝑐𝑐𝑜𝑢𝑛𝑡 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛 due to coriolis effect. 

Now for the modified gravity we employ the concept Topman et al (2024): 

𝑔ˈ𝑛 = 𝑔
(𝜌𝑛+1−𝜌𝑛)

𝜌𝑛
 (19) 

Now for generality we can suppress “n” on 𝑔𝑛
ˈ  to give 𝑔ˈand express 

𝑔ˈ = 𝑔
(𝜌𝑖+1−𝜌𝑖)

𝜌𝑖
 (20) 

Where 𝑖 = 0,1,2, … 

5. Model Equation 

FOR THE THREE LAYERS MODEL OF A SYSTEM OF NINE PARTIAL DIFFERENTIAL 

EQUATIONS: 

By incorporating the effect of rotation and modified gravity in equations (16), (17) and (18) we 

obtain our model equations, which are nine set of first order partial differential equations. 

 
𝜕(ℎ1𝑢1)

𝜕𝑡
+
𝜕(ℎ1𝑢1

2 +
𝑔
𝜌0 − 𝜌1
𝜌1

ℎ1
2

2
𝜕𝑥

= −𝑔
𝜌1 − 𝜌0
𝜌0

ℎ1
𝜕ℎ2
𝜕𝑥

− 𝑔
𝜌1 − 𝜌0
𝜌0

ℎ1
𝜕(𝜉)

𝜕𝑥
+ 𝑓𝑢1(21)

𝜕(ℎ1𝑣1)

𝜕𝑡
 = −𝑔

𝜌1 − 𝜌0
𝜌0

ℎ1
𝜕(𝜉)

𝜕𝑥
− 𝑓𝑢1 ( 22)

𝜕ℎ1
𝜕𝑡

+
𝜕(ℎ1𝑢1)

𝜕𝑥
= 0 (23)

𝜕(ℎ2𝑢2)

𝜕𝑡
+

𝜕 (ℎ2𝑢2
2 +

𝑔
𝜌2 − 𝜌1
𝜌1

ℎ2
2

2
+ 𝑔

𝜌2 − 𝜌1
𝜌1

ℎ2ℎ1)

𝜕𝑥
= −𝑔

𝜌1 − 𝜌2
𝜌2

ℎ1
𝜕ℎ2
𝜕𝑥

− 𝑔
𝜌1 − 𝜌2
𝜌2

ℎ2
𝜕(𝜉)

𝜕𝑥
+ 𝑓𝑢2 (24)

𝜕(ℎ2𝑣2)

𝜕𝑡
= −𝑔

𝜌2 − 𝜌1
𝜌1

ℎ1
𝜕ℎ2
𝜕𝑦

− 𝑔
𝜌2 − 𝜌1
𝜌1

ℎ2
𝜕(𝜉)

𝜕𝑦
− 𝑓𝑢2 (25)

 
𝜕ℎ2
𝜕𝑡

+
𝜕(ℎ2𝑢2)

𝜕𝑥
= 0 (26) 

𝜕(ℎ3𝑢3)

𝜕𝑡
+

𝜕(ℎ3𝑢3
2 +

𝑔
𝜌3 − 𝜌2
𝜌2

ℎ2
2

2
+ 𝑔

𝜌3 − 𝜌2
𝜌2

ℎ3ℎ2)

𝜕𝑥
= −𝑔

𝜌3 − 𝜌2
𝜌2

ℎ1
𝜕ℎ3
𝜕𝑥

− 𝑔
𝜌3 − 𝜌2
𝜌2

ℎ3
𝜕(𝜉)

𝜕𝑥
+ 𝑓𝑢3 (27)

𝜕(ℎ3𝑣3)

𝜕𝑡
= −𝑔

𝜌3 − 𝜌2
𝜌2

ℎ1
𝜕ℎ2
𝜕𝑦

− 𝑔
𝜌3 − 𝜌2
𝜌2

ℎ2
𝜕(𝜉)

𝜕𝑦
− 𝑓𝑢3 (28)

 
𝜕ℎ3
𝜕𝑡

+
𝜕(ℎ3𝑢3)

𝜕𝑥
= 0 (29) 

 

Equation (21), (22), (23), (24), (25), (26), (27), (28) and (29) are the model equations, Topman et al 

(2024). 

Let us impose necessary boundary condition on our model equations: 

With initial condition and boundary condition 
𝑢1(𝑥, 0) = 𝑢0, 𝑢𝑥(0, 𝑦, 𝑡) = 0, 𝑢𝑥(𝑙, 𝑡) = 0

𝑢2(𝑥, 0) = 𝑢0, 𝑢2(𝑥, 𝑡) = 0, 𝑢𝑥(𝑥, 𝑡) = 0

 𝑢(2)𝑥(0, 𝑡) = 0, 𝑢2(𝑥)(𝑙, 𝑡) = 0
 }

 
 

 
 

 (30) 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 May 2025 doi:10.20944/preprints202505.0116.v1

https://doi.org/10.20944/preprints202505.0116.v1


 7 of 22 

 

ℎ(𝑥, 0) = 𝑚𝑒−𝑠(𝑥
2) − 𝜉(𝑥), ℎ𝑥(𝑢, 𝑡), 

Where 

𝜉(𝑥, 𝑦) = 𝛽𝑠𝑖𝑛(𝛼𝑥)0 ≤ 𝛼 ≤ 90, and the values of 𝛽 𝑎𝑛𝑑 𝛼 which are the measure of stability and 

measure of strength of the system depends on the size of the stratified layer at thermocline regime. 

ℎ(𝑥, 𝑡 = 0) = 𝑚𝑒−𝑠(𝑥
2) − 𝜉(𝑥) 

Let us consider this equation so we can expand our model into series 
𝜕ℎ

𝜕𝑡
+
𝜕(ℎ11𝑢11)

𝜕𝑥
+
𝜕(ℎ21𝑢21)

𝜕𝑥
+
𝜕(ℎ31𝑢31)

𝜕𝑥
= 0 

𝜕ℎ

𝜕𝑡
+

𝜕(ℎ11𝑢11+ℎ21𝑢21+ℎ31𝑢31)

𝜕𝑥
= 0    (31) 

That is, 
𝑑ℎ11

𝑑𝑡
+ ℎ11

𝜕(𝑢11)

𝜕𝑥
= 0 (32) 

𝑑ℎ21

𝑑𝑡
+ ℎ21

𝜕(𝑢21)

𝜕𝑥
= 0 (33) 

𝑑ℎ31

𝑑𝑡
+ ℎ31

𝜕(𝑢31)

𝜕𝑥
= 0 (34) 

Therefore, 
𝑑ℎ11

𝑑𝑡
= −ℎ11

𝜕(𝑢11)

𝜕𝑥
 (35) 

𝑑ℎ21

𝑑𝑡
= −ℎ21

𝜕(𝑢21)

𝜕𝑥
 (36) 

𝑑ℎ31

𝑑𝑡
= −ℎ31

𝜕(𝑢31)

𝜕𝑥
 (37) 

Note that if, 𝑓 = (𝑥, 𝑦, 𝑡) ⇒ 𝑓 = (𝑥, 𝑡), since the variation of velocity in y- direction is very small 

and then neglected. 
𝑑𝑓

𝑑𝑡
=

𝜕𝑓

𝜕𝑡
.
𝑑𝑡

𝑑𝑡
+

𝜕𝑓

𝜕𝑥
 .
𝑑𝑥

𝑑𝑡
+

𝜕𝑓

𝜕𝑦
 .
𝑑𝑦

 𝑑𝑡
⁄  (38) 

Now, we can rewrite the model equation as, 

𝜕(ℎ11𝑢11)

𝜕𝑡
+

𝜕(ℎ11𝑢11
2 +𝑔(

𝜌1−𝜌0
𝜌0

)
ℎ11
2

2
⁄

𝜕𝑥
= −𝑔

𝜌1−𝜌0

𝜌0
 
𝜕𝜉

𝜕𝑥
+ 𝑓𝑢11 (39) 

𝑢11  
𝜕ℎ11

𝜕𝑡
+ ℎ11

𝜕𝑢11

𝜕𝑡
+ 𝑢11

2 𝜕ℎ11

𝜕𝑥
+ 2ℎ11𝑢11

𝜕𝑢11

𝜕𝑥
+ 𝑔

𝜌1−𝜌0

𝜌0
ℎ11

𝜕ℎ11

𝜕𝑥
− 𝑔

𝜌1−𝜌0

𝜌0

𝜕𝜉

𝜕𝑥
+ 𝑓𝑢11 (40) 

This is further simplified as: 

𝑢11 (
𝜕ℎ11

𝜕𝑡
+ 𝑢11

𝜕ℎ11

𝜕𝑥
) + ℎ11 (

𝜕𝑢11

𝜕𝑡
+ 2𝑢11

𝜕𝑢11

𝜕𝑥
) + 𝑔

(𝜌1−𝜌0)

𝜌0
ℎ11

𝜕ℎ11

𝜕𝑥
= −𝑔

(𝜌0−𝜌1)

𝜌1

𝜕𝜉

𝜕𝑥
+ 𝑓𝑢11 (41) 

From equation (41), recall the continuity equation for each of the stratification. 

From the first stratification level, 
𝜕

𝜕𝑡
(ℎ11) +

𝜕

𝜕𝑥
(ℎ11𝑢11) = 0 (42) 

⇒
𝜕

𝜕𝑡
(ℎ11) + ℎ11

𝜕

𝜕𝑥
(𝑢11) + 𝑢11

𝜕(ℎ11)

𝜕𝑥
= 0 (43) 

𝜕

𝜕𝑡
(ℎ11) + 𝑢11

𝜕(ℎ11)

𝜕𝑥
= −ℎ11

𝜕

𝜕𝑥
(𝑢11) (44) 

Substituting equation (44) into (41), we get 

−𝑢11ℎ11
𝜕𝑢11
𝜕𝑡

+ ℎ11
𝜕

𝜕𝑥
(𝑢11) + 2𝑢11ℎ11

𝜕𝑢11
𝜕𝑥

+ 𝑔ℎ11
𝜌1 − 𝜌0
𝜌0

𝜕ℎ11
𝜕𝑥

= −𝑔ℎ11 (
𝜌1 − 𝜌0
𝜌0

)
𝜕𝜉

𝜕𝑥
+ 𝑓𝑢11 

ℎ11 (
𝜕

𝜕𝑡
𝑢11 + 𝑢11

𝜕

𝜕𝑥
𝑢11) + 𝑔ℎ11 (

𝜌1−𝜌0

𝜌0
)
𝜕ℎ11

𝜕𝑥
= −𝑔 (

𝜌1−𝜌0

𝜌0
)
𝜕𝜉

𝜕𝑥
+ 𝑓𝑢11 (45) 

From equation (45), 

(
𝜕

𝜕𝑡
𝑢11 + 𝑢11

𝜕

𝜕𝑥
𝑢11) =

𝑑𝑢11

𝑑𝑡
 (46) 

Equation (45) becomes; 

ℎ11
𝑑𝑢11

𝑑𝑡
+ 𝑔ℎ11 (

𝜌1−𝜌0

𝜌0
)
𝜕ℎ11

𝜕𝑥
= −𝑔 (

𝜌1−𝜌0

𝜌0
)
𝜕𝜉

𝜕𝑥
+ 𝑓𝑢11 (47) 

Using (32) in (41), yields; 

ℎ11
𝑑𝑢11

𝑑𝑡
+  𝑔

(𝜌1−𝜌0)

𝜌0
ℎ 11

𝜕ℎ11

𝜕𝑥
= −𝑔

(𝜌1−𝜌0)

𝜌0

𝜕𝜉

𝜕𝑥
+ 𝑓𝑢11  (48) Similarly, equation (33) in (41) can be 

expressed as; 

𝑢21 (
𝜕ℎ21

𝜕𝑡
+ 𝑢21

𝜕ℎ21

𝜕𝑥
) + ℎ21 (

𝜕𝑢21

𝜕𝑡
+ 2𝑢21

𝜕𝑢21

𝜕𝑥
) + 𝑔

(𝜌2−𝜌1)

𝜌1
ℎ 21

𝜕ℎ21

𝜕𝑥
= −𝑔

(𝜌2−𝜌1)

𝜌1

𝜕𝜉

𝜕𝑥
+ 𝑓𝑢21 (49) 

Using (4.94) in (4.103), we obtain; 

ℎ21
𝑑𝑢21

𝑑𝑡
+  𝑔

(𝜌2−𝜌1)

𝜌1
ℎ 21

𝜕ℎ21

𝜕𝑥 
= −𝑔

(𝜌2−𝜌1)

𝜌1

𝜕𝜉

𝜕𝑥
+ 𝑓𝑢21    (50) 

Again, equation (4.95) in (4.99) can be wrioen as; 

𝑢31 (
𝜕ℎ31

𝜕𝑡
+ 𝑢31

𝜕ℎ31

𝜕𝑥
) + ℎ31 (

𝜕𝑢31

𝜕𝑡
+ 2𝑢31

𝜕𝑢31

𝜕𝑥
) + 𝑔

(𝜌3−𝜌2)

𝜌2
ℎ31

𝜕ℎ31

𝜕𝑥
= −𝑔

(𝜌3−𝜌2)

𝜌2

𝜕𝜉

𝜕𝑥
+ 𝑓𝑢31 (51) 
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ℎ31
𝑑𝑢31

𝑑𝑡
+  𝑔

(𝜌2−𝜌1)

𝜌1
ℎ 31

𝜕ℎ31

𝜕𝑥 
= −𝑔

(𝜌2−𝜌1)

𝜌1

𝜕𝜉

𝜕𝑥
+ 𝑓𝑢31(52)  

Now let 0 < 𝑓 ≪ 1, 𝑎𝑛𝑑 𝑔 = 𝑔
(𝜌𝑖+1−𝜌𝑖)

𝜌𝑖
= 𝑎𝑓 

The perturbation method of series solution is a technique used to solve partial differential 

equations (PDEs) by assuming a solution in the form of an infinite series. In applying this method to 

solve the PDE of deep water waves, the Coriolis parameter is included on the left-hand side of the 

equation to account for the effect of rotation on the wave propagation. The inclusion of the Coriolis 

parameter is important because deep water waves can propagate in the presence of rotation, and this 

rotation can affect the wave speed and direction. By including the Coriolis parameter on the left-hand 

side of the equation, the effect of rotation is taken into account, and the solution obtained will be more 

accurate. Since the coriolis parameter is approximately 7.29 × 10−5/𝑠 , aaspard de Coriolis, (1835) 

which is ≪ 1, we can equally write the series expansion of the velocities and height in terms of 𝑓. 

Thus; 

Suppose the solution (𝑢11 , 𝑢21, 𝑢31, ℎ11, ℎ21, ℎ31) 
𝑢11(𝑥, 𝑡) = 𝑢12(𝑥, 𝑡) + 𝑓𝑢13(𝑥, 𝑡) + 𝑓𝑢14

2 +⋯

𝑢21 (𝑥, 𝑡) = 𝑢22(𝑥, 𝑡) + 𝑓𝑢23(𝑥, 𝑡) + 𝑓𝑢24
2 +⋯

𝑢31(𝑥, 𝑡) = 𝑢32(𝑥, 𝑡) + 𝑓𝑢33(𝑥, 𝑡) + 𝑓𝑢34
2 +⋯

ℎ11(𝑥, 𝑡) = ℎ12(𝑥, 𝑡) + 𝑓ℎ13(𝑥, 𝑡) + 𝑓𝑢14
2 +⋯

ℎ21(𝑥, 𝑡) = ℎ22(𝑥, 𝑡) + 𝑓ℎ23(𝑥, 𝑡) + 𝑓𝑢24
2 +⋯

ℎ31(𝑥, 𝑡) = ℎ32(𝑥, 𝑡) + 𝑓ℎ33(𝑥, 𝑡) + 𝑓𝑢34
2 +⋯

 }
 
 
 

 
 
 

    (53) 

Substituting equation (53) in (4.93), (33), and (34), we get 

𝑑

𝑑𝑡
(ℎ12 + 𝑓ℎ13 +⋯) + (ℎ12 + 𝑓ℎ13 +⋯)(

𝜕

𝜕𝑥
(𝑢12 + 𝑓𝑢13 +⋯) +

𝜕

𝜕𝑥
(𝑢12 + 𝑓𝑢13 +⋯)) = 0

𝑑

𝑑𝑡
(ℎ22 + 𝑓ℎ23 +⋯) + (ℎ22 + 𝑓ℎ23 +⋯)(

𝜕

𝜕𝑥
(𝑢12 + 𝑓𝑢13 +⋯) +

𝜕

𝜕𝑥
(𝑢22 + 𝑓𝑢23 +⋯)) = 0

𝑑

𝑑𝑡
(ℎ32 + 𝑓ℎ33 +⋯) + (ℎ32 + 𝑓ℎ33 +⋯)(

𝜕

𝜕𝑥
(𝑢12 + 𝑓𝑢13 +⋯) +

𝜕

𝜕𝑥
(𝑢32 + 𝑓𝑢33 +⋯)) = 0}

 
 

 
 

 (54) 

Which simplifies to; 

𝑑

𝑑𝑡
ℎ12 +

𝑑

𝑑𝑡
𝑓ℎ13 +⋯+ ℎ12

𝜕

𝜕𝑥
𝑢 12 + ℎ12

𝜕

𝜕𝑥
𝑓𝑢13 + 𝑓ℎ13

𝜕

𝜕𝑥
𝑢12 + 𝑓

2ℎ13
𝜕

𝜕𝑥
𝑓𝑢13 +⋯ = 0

𝑑

𝑑𝑡
ℎ22 +

𝑑

𝑑𝑡
𝑓ℎ23 +⋯+ ℎ22

𝜕

𝜕𝑥
𝑢 22 + ℎ22

𝜕

𝜕𝑥
𝑓𝑢23 + 𝑓ℎ23

𝜕

𝜕𝑥
𝑢22 + 𝑓

2ℎ23
𝜕

𝜕𝑥
𝑓𝑢23 +⋯+= 0

𝑑

𝑑𝑡
ℎ32 +

𝑑

𝑑𝑡
𝑓ℎ33 +⋯+ ℎ32

𝜕

𝜕𝑥
𝑢 32 + ℎ32

𝜕

𝜕𝑥
𝑓𝑢33 + 𝑓ℎ33

𝜕

𝜕𝑥
𝑢32 + 𝑓

2ℎ33
𝜕

𝜕𝑥
𝑓𝑢33 +⋯+= 0}

 
 

 
 

 (55) 

Substituting equation (53) in (48), we get, 

(ℎ 12 + 𝑓ℎ13 +⋯)
𝑑

𝑑𝑡
(𝑢12 + 𝑓𝑢13 +⋯) + 𝑎𝑓(ℎ12 + 𝑓ℎ13 +⋯)

𝜕

𝜕𝑥
(ℎ12 + 𝑓ℎ13 +⋯

= −𝑎𝑓
𝜕𝜉

𝜕𝑥
+ 𝑓(𝑢12 + 𝑓𝑢13 +⋯) 

ℎ12
𝑑

𝑑𝑡
𝑢12 + 𝑓ℎ12

𝑑

𝑑𝑡
𝑢13 + 𝑓ℎ13

𝑑

𝑑𝑡
𝑢12 + 𝑓

2ℎ13
𝑑

𝑑𝑡
𝑢13 +⋯+ 𝑎𝑓ℎ12

𝜕

𝜕𝑥
ℎ12 + 𝑎𝑓

2ℎ12
𝜕

𝜕𝑥
ℎ13 +

𝑎𝑓2ℎ13
𝜕

𝜕𝑥
ℎ12 + 𝑎𝑓

3ℎ13
𝜕

𝜕𝑥
ℎ13 +⋯+= −𝑎𝑓

𝜕𝜉

𝜕𝑥
+ 𝑓𝑢12 + 𝑓

2𝑢13 +⋯
} (56) 

Substituting equation (53) in (50), we obtain; 

(ℎ12 + 𝑓ℎ13 +⋯)
𝑑

𝑑𝑡
(𝑢22 + 𝑓𝑢23 +⋯) + 𝑎𝑓(ℎ22 + 𝑓ℎ23 +⋯)

𝜕

𝜕𝑥
(ℎ22 + 𝑓ℎ23 +⋯) = −𝑎𝑓

𝜕𝜉

𝜕𝑥
+ 𝑓(𝑢12 +

𝑓𝑢13 +⋯) (57) 

ℎ22
𝑑

𝑑𝑡
𝑢0 + 𝑓ℎ22

𝑑

𝑑𝑡
𝑢23 + 𝑓ℎ23

𝑑

𝑑𝑡
𝑢22 + 𝑓

2ℎ23
𝑑

𝑑𝑡
𝑢23 +⋯+ 𝑎𝑓ℎ22

𝜕

𝜕𝑥
ℎ0 + 𝑎𝑓

2ℎ22
𝜕

𝜕𝑥
ℎ23 +

𝑎𝑓2ℎ23
𝜕

𝜕𝑥
ℎ22 + 𝑎𝑓

3ℎ23
𝜕

𝜕𝑥
ℎ23 +⋯+= −𝑎𝑓

𝜕𝜉

𝜕𝑥
+ 𝑓𝑢22 + 𝑓

2𝑢23 +⋯
} (58) 

Substituting equation (53) in (52), we obtain; 
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ℎ32
𝑑

𝑑𝑡
𝑢32 + 𝑓ℎ32

𝑑

𝑑𝑡
𝑢33 + 𝑓ℎ33

𝑑

𝑑𝑡
𝑢32 + 𝑓

2ℎ33
𝑑

𝑑𝑡
𝑢33 +⋯+ 𝑎𝑓ℎ32

𝜕

𝜕𝑥
ℎ32 + 𝑎𝑓

2ℎ32
𝜕

𝜕𝑥
ℎ33 +

𝑎𝑓2ℎ33
𝜕

𝜕𝑥
ℎ32 + 𝑎𝑓

3ℎ33
𝜕

𝜕𝑥
ℎ33+⋯+ = −𝑎𝑓

𝜕𝜉

𝜕𝑥
+ 𝑓𝑢32 + 𝑓

2𝑢33 +⋯
} (59) 

Comparing the coefficient of powers of 𝑓 from (56), (58) and (59), we have; 

𝑓0 

ℎ12
𝑑𝑢12

𝑑𝑡
= 0 ; 𝑢13(𝑥, 0) = 𝑢13       (60) 

ℎ22
𝑑𝑢22

𝑑𝑡
= 0 ; 𝑢23(𝑥, 0) = 𝑢23       (61) 

ℎ32
𝑑𝑢32

𝑑𝑡
= 0 ; 𝑢33(𝑥, 0) = 𝑢33  (62) 

𝑑ℎ12

𝑑𝑡
= −ℎ12 (

𝜕𝑢13

𝜕𝑥
) ; ℎ12(𝑥, 0) = 𝑚𝑒

−𝑠(𝑥2) − 𝜉(𝑥, 0) 

 
𝑑ℎ22

𝑑𝑡
= −ℎ22 (

𝜕𝑢23

𝜕𝑥
) ;  ℎ22(𝑥, 0) = 𝑚𝑒

−𝑠(𝑥2) − 𝜉(𝑥, 0) 

 
𝑑ℎ32

𝑑𝑡
= −ℎ32 (

𝜕𝑢33

𝜕𝑥
) ;  ℎ32(𝑥, 0) = 𝑚𝑒

−𝑠(𝑥2) − 𝜉(𝑥, 0)
 
 }

  
 

  
 

 (63) 

𝑓1: 

ℎ12
𝑑𝑢13

𝑑𝑡
+ ℎ13

𝑑𝑢12

𝑑𝑡
+ 𝑎ℎ12

𝜕ℎ12

𝜕𝑥
= −𝑎

𝜕𝜉

𝜕𝑥
+ 𝑢12;  𝑢13(𝑥, 0) = 0

ℎ22
𝑑𝑢23

𝑑𝑡
+ ℎ23

𝑑𝑢22

𝑑𝑡
+ 𝑎ℎ22

𝜕ℎ22

𝜕𝑥
= −𝑎

𝜕𝜉

𝜕𝑥
+ 𝑢22;  𝑢23(𝑥, 0) = 0

ℎ32
𝑑𝑢33

𝑑𝑡
+ ℎ33

𝑑𝑢32

𝑑𝑡
+ 𝑎ℎ32

𝜕ℎ32

𝜕𝑥
= −𝑎

𝜕𝜉

𝜕𝑥
+ 𝑢32;  𝑢33(𝑥, 0) = 0}

 
 

 
 

 (64) 

𝑑ℎ13

𝑑𝑡
+ ℎ12

𝜕𝑢13

𝜕𝑥
+ ℎ13

𝜕𝑢12

𝜕𝑥
= 0 (65) 

𝑑ℎ23

𝑑𝑡
+ ℎ22

𝜕𝑢23

𝜕𝑥
+ ℎ23

𝜕𝑢22

𝜕𝑥
= 0 (66) 

𝑑ℎ33

𝑑𝑡
+ ℎ32

𝜕𝑢3

𝜕𝑥
+ ℎ33

𝜕𝑢32

𝜕𝑥
= 0 (67) 

𝑓2: 

 ℎ13
𝑑

𝑑𝑡
𝑢13 + 𝑎ℎ12

𝜕

𝜕𝑥
ℎ13 + 𝑎ℎ13

𝜕

𝜕𝑥
ℎ12 = 𝑢13;  𝑢13(𝑥, 0) = 0

ℎ23
𝑑

𝑑𝑡
𝑢23 + 𝑎ℎ22

𝜕

𝜕𝑥
ℎ23 + 𝑎ℎ23

𝜕

𝜕𝑥
ℎ22 = 𝑢23;  𝑢23(𝑥, 0) = 0 

ℎ33
𝑑

𝑑𝑡
𝑢33 + 𝑎ℎ32

𝜕

𝜕𝑥
ℎ33 + 𝑎ℎ33

𝜕

𝜕𝑥
ℎ32 = 𝑢33;  𝑢33(𝑥, 0) = 0 }

 
 

 
 

 (68) 

𝑓3: 

𝑎ℎ13
𝜕

𝜕𝑥
ℎ13=0 

𝑎ℎ23
𝜕

𝜕𝑥
ℎ23=0 

 𝑎ℎ33
𝜕

𝜕𝑥
ℎ33=0 
 }

 
 

 
 

 (69) 

Now integrating (60) with respect to t, we have; 

𝑢12(𝑥, 𝑡) = 𝑐13 = 𝑐𝑜𝑛𝑠𝑡 𝑎𝑛𝑡 

𝑢12(𝑥, 0) = 𝑐13 = 𝑢12 

𝑢12(𝑥, 𝑡) = 𝑢12        (70) 

Integrating (61) with respect to 𝑡, we have; 

𝑢22(𝑥, 𝑡) = 𝑐23 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

𝑢22(𝑥, 0) = 𝑐23 = 𝑢22 

Then 𝑢22(𝑥, 𝑡) = 𝑢22        (71) 

By using (70) and (71), equation (62) reduces to 
𝑑ℎ32

𝑑𝑡
= −ℎ32(0) = 0 (72) 

𝑑ℎ32

𝑑𝑡
= 0 (73) 

ℎ32(𝑥, 0) = 𝑑 − 𝜉(𝑥, 0) = 𝑚𝑒
−𝑠(𝑥2) − 𝛽 sin(𝛼𝑥) (74) 

=  𝑚𝑒−𝑠𝑥
2
−  𝛽 sin(𝛼𝑥) (75) 

Integrating with respect to t, gives; 

ℎ32(𝑥, 𝑡) = 𝑐33 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

ℎ32(𝑥, 0) = 𝑐33 =  𝑚𝑒
−𝑠 (𝑥2) −  𝜉(𝑥, 0)(76) 

ℎ32(𝑥, 𝑡) =  𝑚𝑒
−𝑠𝑥2 −  𝛽 sin(𝛼𝑥)     (77) 

Using (70), (71) and (77), equation (64) reduces to 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 May 2025 doi:10.20944/preprints202505.0116.v1

https://doi.org/10.20944/preprints202505.0116.v1


 10 of 22 

 

𝑑𝑢13

𝑑𝑡
=

−ℎ13
𝑑𝑢12
𝑑𝑡

−𝑎ℎ12
𝜕ℎ12
𝜕𝑥

−𝑎
𝜕𝜉

𝜕𝑥
+𝑢12

ℎ12
= −

ℎ13

ℎ12

𝑑𝑢12

𝑑𝑡
− 𝑎

𝜕ℎ12

𝜕𝑥
−

𝑎

ℎ12

𝜕𝜉

𝜕𝑥
+

𝑢12

ℎ12
(78) 

𝑑𝑢13

𝑑𝑡
= 2𝑎𝑚𝑠𝑥𝑒−𝑠(𝑥

2) + 𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 −
𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

+
𝑢12

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

 (79) 

Integrating with respect to 𝑡, we have 

𝑢13 = (2𝑎𝑚𝑠𝑥𝑒
−𝑠(𝑥

 2) + 𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 −
𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

+
𝑢0

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

)  𝑡 + 𝑐10 (80) 

But 𝑢13(𝑥, 0) = 0 ⟹ 𝑐10 = 0 

𝑢13( 𝑥, 𝑡) = (2𝑎𝑚𝑠𝑥𝑒
−𝑠𝑥

2
+ 𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 −

𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

+
𝑢0

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

)  𝑡 (81) 

Using (70), (71) and (77), equation (64)) reduces to 

𝑑𝑢23

𝑑𝑡 
=

−ℎ23
𝑑𝑢22
𝑑𝑡

−𝑎ℎ22
𝜕ℎ22
𝜕𝑥

−𝑎
𝜕𝜉

𝜕𝑥
+𝑢22

ℎ0
= −

ℎ23

ℎ0

𝑑𝑢22

𝑑𝑡
− 𝑎

𝜕ℎ22

𝜕𝑥
−

𝑎

ℎ0

𝜕𝜉

𝜕𝑥
+

𝑢22

ℎ22
 (82) 

𝑑𝑢23

𝑑𝑡
= 2𝑎𝑚𝑠𝑥𝑒−𝑠(𝑥

2) + 𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 −
𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

+
𝑢22

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

(83) 

Integrating with respect to 𝑡 , we get 

𝑢23 = (2𝑎𝑚𝑠𝑥𝑒
−𝑠(𝑥

 2) + 𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 −
𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

+
𝑢22

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

)  𝑡 + 𝑐20 (84) 

But 𝑢23(𝑥, 0) = 0 ⇒ 𝑐20 = 0 

𝑢23(𝑥, 𝑡) = (2𝑎𝑚𝑠𝑥𝑒
−𝑠(𝑥

 2) + 𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 −
𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

+
𝑢22

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

) 𝑡 (85) 

Using (70), (71) and (77), equation (64) reduces to 

𝑑𝑢33

𝑑𝑡
=

−ℎ33
𝑑𝑢32
𝑑𝑡

−𝑎ℎ32
𝜕ℎ32
𝜕𝑥

−𝑎
𝜕𝜉

𝜕𝑥
+𝑢32

ℎ0
= −

ℎ33

ℎ32

𝑑𝑢32

𝑑𝑡
− 𝑎

𝜕ℎ32

𝜕𝑥
−

𝑎

ℎ32

𝜕𝜉

𝜕𝑥
+

𝑢32

ℎ32
 (86) 

𝑑𝑢33

𝑑𝑡
= 2𝑎𝑚𝑠𝑥𝑒−𝑠(𝑥

2) + 𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 −
𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

+
𝑢32

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

 (87) 

Integrating with respect to 𝑡 , we get 

𝑢33 = (2𝑎𝑚𝑠𝑥𝑒
−𝑠(𝑥

 2) + 𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 −
𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

+
𝑢32

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

)  𝑡 + 𝑐30(87) 

But 𝑢33(𝑥, 0) = 0 ⇒ 𝑐30 = 0 

𝑢33(𝑥, 𝑡) = (2𝑎𝑚𝑠𝑥𝑒
−𝑠(𝑥

 2) + 𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 −
𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

+
𝑢32

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

) 𝑡 (88) 

Now using (70), (71), (77), (81) and (85), equation (65) becomes; 
𝑑ℎ13

𝑑𝑡
= −ℎ12 (

𝜕𝑢1

𝜕𝑥
) − ℎ13 (

𝜕𝑢12

𝜕𝑥
) (89) 

That is 
𝑑ℎ13

𝑑𝑡
= −ℎ12 (

𝜕𝑢13

𝜕𝑥
) (90) 

This simplifies to; 

𝜕𝑢13

𝜕𝑥
= (

2𝑎𝑚𝑠𝑥𝑒−𝑠𝑥
2
− 4𝑎𝑚𝑠2𝑥2𝑒−𝑠𝑥

2
+ 𝑎𝛼2𝛽 sin(𝛼𝑥) −

𝑚𝛼𝛽𝑒−𝑠𝑥
2
(2𝑐𝑜𝑠𝛼𝑥−𝑠𝑖𝑛𝛼𝑥)+𝑎𝛼2𝛽2(sin2 𝛼𝑥+cos2 𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 + 𝑢12
(2𝑚𝑥𝑒−𝑠𝑥

2
+𝛼𝛽𝑐𝑜𝑠𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2

)𝑡 (91) 

𝑑ℎ13

𝑑𝑡
= −(𝑚𝑒−𝑠𝑥

2
− 𝛽𝑠𝑖𝑛𝛼𝑥)(

2𝑎𝑚𝑠𝑥𝑒−𝑠𝑥
2
− 4𝑎𝑚𝑠2𝑥2𝑒−𝑠𝑥

2
+ 𝑎𝛼2𝛽 sin(𝛼𝑥) −

𝑚𝛼𝛽𝑒−𝑠𝑥
2
(2𝑐𝑜𝑠𝛼𝑥−𝑠𝑖𝑛𝛼𝑥)+𝑎𝛼2𝛽2(sin2𝛼𝑥+cos2𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 + 𝑢12
(2𝑚𝑥𝑒−𝑠𝑥

2
+𝛼𝛽𝑐𝑜𝑠𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2

)𝑡 (92) 

Integrating with respect to t, we get 

ℎ13 = −(𝑚𝑒
−𝑠𝑥2 − 𝛽𝑠𝑖𝑛𝛼𝑥)(

2𝑎𝑚𝑠𝑥𝑒−𝑠𝑥
2
− 4𝑎𝑚𝑠2𝑥2𝑒−𝑠𝑥

2
+ 𝑎𝛼2𝛽 sin(𝛼𝑥) −

𝑚𝛼𝛽𝑒−𝑠𝑥
2
(2𝑐𝑜𝑠𝛼𝑥−𝑠𝑖𝑛𝛼𝑥)+𝑎𝛼2𝛽2

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 + 𝑢12
(2𝑚𝑥𝑒−𝑠𝑥

2
+𝛼𝛽𝑐𝑜𝑠𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2

)𝑡
2

2⁄ + 𝑐7 (93) 

Since sin2 𝛼𝑥 + cos2 𝛼𝑥 = 1 

∴ ℎ13 = −(𝑚𝑒
−𝑠𝑥2 − 𝛽𝑠𝑖𝑛𝛼𝑥)(

2𝑎𝑚𝑠𝑥𝑒−𝑠𝑥
2
− 4𝑎𝑚𝑠2𝑥2𝑒−𝑠𝑥

2
+ 𝑎𝛼2𝛽 sin(𝛼𝑥) −

𝑚𝛼𝛽𝑒−𝑠𝑥
2
(2𝑐𝑜𝑠𝛼𝑥−𝑠𝑖𝑛𝛼𝑥)+𝑎𝛼2𝛽2

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 + 𝑢12
(2𝑚𝑥𝑒−𝑠𝑥

2
+𝛼𝛽𝑐𝑜𝑠𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2

)𝑡
2

2⁄  (94) 

ℎ13 = −𝑡
2𝑔

𝜌1−𝜌0

𝜌0
𝑚2𝑠𝑥𝑒−2𝑠𝑥2

+ 𝑡2𝛽𝑠𝑖𝑛𝛼𝑥𝑔
𝜌1−𝜌0

𝜌0
𝑚𝑠𝑥𝑒−𝑠𝑥

2
+ 2𝑡2𝑔

𝜌1−𝜌0

𝜌0
𝑚2𝑠2𝑥2𝑒−2𝑠𝑥2

−

2𝑡2𝛽 sin(𝛼𝑥)𝑔
𝜌1−𝜌0

𝜌0
𝑚𝑠2𝑥2𝑒−𝑠𝑥

2
−

1

2
𝑡2𝑚𝑒−𝑠𝑥

2
𝑔
𝜌1−𝜌0

𝜌0
𝛼2𝛽 sin(𝛼𝑥) +

1

2
𝑡2𝑔

𝜌1−𝜌0

𝜌0
𝛼2𝛽2 sin2(𝛼𝑥) +
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1

2
𝑡2

𝑚2𝛼𝛽𝑒−2𝑠𝑥2
(2𝑐𝑜𝑠𝛼𝑥−𝑠𝑖𝑛𝛼𝑥)+𝑚𝑒−𝑠𝑥

2
𝑔
𝜌1−𝜌0
𝜌0

𝛼2𝛽2

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 −
1

2
𝑡2

𝑚𝛼𝛽2 sin(𝛼𝑥)𝑒−𝑠𝑥
2
(2𝑐𝑜𝑠𝛼𝑥−𝑠𝑖𝑛𝛼𝑥)+𝑔

𝜌1−𝜌0
𝜌0

𝛼2𝛽3 sin(𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 −

1

2
𝑡2𝑢12𝑚𝑒

−𝑠𝑥2 (2𝑚𝑥𝑒−𝑠𝑥
2
+𝛼𝛽𝑐𝑜𝑠𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 +
1

2
𝑡2𝑢12𝛽sin (𝛼𝑥)

(2𝑚𝑥𝑒−𝑠𝑥
2
+𝛼𝛽𝑐𝑜𝑠𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2  (95) 

Equation (95) is the height of the first stratified column under the modified gravity and coriolis 

effect. 

From equation (66); 
𝑑ℎ23
𝑑𝑡

+ ℎ22
𝜕𝑢23
𝜕𝑥

+ ℎ23
𝜕𝑢22
𝜕𝑥

= 0 

𝑑ℎ23
𝑑𝑡

= −ℎ22 (
𝜕𝑢23
𝜕𝑥

) 

So 

𝜕𝑢23

𝜕𝑥
= (

2𝑎𝑚𝑠𝑒−𝑠𝑥
2
− 4𝑎𝑚𝑠2𝑒−𝑠𝑥

2
+ 𝑎𝛼2𝛽 sin(𝛼𝑥) −

𝑚𝛼𝛽𝑒−𝑠𝑥
2
(2𝑐𝑜𝑠𝛼𝑥−𝑠𝑖𝑛𝛼𝑥)+𝑎𝛼2𝛽2(sin2 𝛼𝑥+cos2 𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 + 𝑢22
(2𝑚𝑠𝑒−𝑠𝑥

2
+𝛼𝛽𝑐𝑜𝑠𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2

)𝑡 (96) 

𝑑ℎ23

𝑑𝑡
= −(𝑚𝑒−𝑠𝑥

2
− 𝛽𝑠𝑖𝑛𝛼𝑥)(

2𝑎𝑚𝑠𝑥𝑒−𝑠𝑥
2
− 4𝑎𝑚𝑠2𝑥2𝑒−𝑠𝑥

2
+ 𝑎𝛼2𝛽 sin(𝛼𝑥) −

𝑚𝛼𝛽𝑒−𝑠𝑥
2
(2𝑐𝑜𝑠𝛼𝑥−𝑠𝑖𝑛𝛼𝑥)+𝑎𝛼2𝛽2(sin2𝛼𝑥+cos2𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 + 𝑢22
(2𝑚𝑥𝑒−𝑠𝑥

2
+𝛼𝛽𝑐𝑜𝑠𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2

)𝑡 (97) 

Integrating with respect to t, we get 

ℎ23 = −(𝑚𝑒
−𝑠𝑥2 − 𝛽𝑠𝑖𝑛𝛼𝑥)(

2𝑎𝑚𝑠𝑥𝑒−𝑠𝑥
2
− 4𝑎𝑚𝑠2𝑥2𝑒−𝑠𝑥

2
+ 𝑎𝛼2𝛽 sin(𝛼𝑥) −

𝑚𝛼𝛽𝑒−𝑠𝑥
2
(2𝑐𝑜𝑠𝛼𝑥−𝑠𝑖𝑛𝛼𝑥)+𝑎𝛼2𝛽2

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 + 𝑢22
(2𝑚𝑥𝑒−𝑠𝑥

2
+𝛼𝛽𝑐𝑜𝑠𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2

)𝑡
2

2⁄ + 𝑐8 (98) 

Since sin2 𝛼𝑥 + cos2 𝛼𝑥 = 1 

∴ ℎ23 = −(𝑚𝑒
−𝑠𝑥2 − 𝛽𝑠𝑖𝑛𝛼𝑥)(

2𝑎𝑚𝑠𝑒−𝑠𝑥
2
− 4𝑎𝑚𝑠2𝑒−𝑠𝑥

2
+ 𝑎𝛼2𝛽 sin(𝛼𝑥) −

𝑚𝛼𝛽𝑒−𝑠𝑥
2
(2𝑐𝑜𝑠𝛼𝑥−𝑠𝑖𝑛𝛼𝑥)+𝑎𝛼2𝛽2

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 + 𝑢22
(2𝑚𝑒−𝑠𝑥

2
+𝛼𝛽𝑐𝑜𝑠𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2

)𝑡
2

2⁄  (99) 

ℎ23(𝑥, 𝑡) = −𝑡
2𝑔

𝜌2−𝜌1

𝜌1
𝑚2𝑠𝑥𝑒−2𝑠𝑥

2
+ 𝑡2𝛽𝑠𝑖𝑛𝛼𝑥𝑔

𝜌2−𝜌1

𝜌1
𝑚𝑠𝑥𝑒−𝑠𝑥

2

+ 2𝑡2𝑔
𝜌2−𝜌1

𝜌1
𝑚2𝑠2𝑥2𝑒−2𝑠𝑥

2
−

2𝑡2𝛽 sin(𝛼𝑥) 𝑔
𝜌2−𝜌1

𝜌1
𝑚𝑠2𝑥2𝑒−𝑠𝑥

2
−
1

2
𝑡2𝑚𝑒−𝑠𝑥

2
𝑔
𝜌2−𝜌1

𝜌1
𝛼2𝛽 sin(𝛼𝑥) +

1

2
𝑡2𝑔

𝜌2−𝜌1

𝜌1
𝛼2𝛽2 sin2(𝛼𝑥) +

1

2
𝑡2

𝑚2𝛼𝛽𝑒−2𝑠𝑥
2
(2𝑐𝑜𝑠𝛼𝑥−𝑠𝑖𝑛𝛼𝑥)+𝑚𝑒−𝑠𝑥

2
𝑔
𝜌2−𝜌1
𝜌1

𝛼2𝛽2

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 −
1

2
𝑡2

𝑚𝛼𝛽2 sin(𝛼𝑥)𝑒−𝑠𝑥
2
(2𝑐𝑜𝑠𝛼𝑥−𝑠𝑖𝑛𝛼𝑥)+𝑔

𝜌2−𝜌1
𝜌1

𝛼2𝛽3 sin(𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 −

1

2
𝑡2𝑢22𝑚𝑒

−𝑠𝑥2 (2𝑚𝑥𝑒
−𝑠𝑥2+𝛼𝛽𝑐𝑜𝑠𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 +
1

2
𝑡2𝑢22𝛽sin (𝛼𝑥)

(2𝑚𝑥𝑒−𝑠𝑥
2
+𝛼𝛽𝑐𝑜𝑠𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2  (100) 

Now using (70), (71), (77), (81) and (85), equation (67) becomes; 
𝑑ℎ 33
𝑑𝑡

= −ℎ32 (
𝜕𝑢33
𝜕𝑥

) − ℎ33 (
𝜕𝑢32
𝜕𝑥

) 

That is 
𝑑ℎ33
𝑑𝑡

= −ℎ32 (
𝜕𝑢33
𝜕𝑥

) 

This becomes, 

𝜕𝑢33

𝜕𝑥
= (

2𝑎𝑚𝑠𝑒−𝑠𝑥
2
− 4𝑎𝑚𝑠2𝑒−𝑠𝑥

2
+ 𝑎𝛼2𝛽 sin(𝛼𝑥) −

𝑚𝛼𝛽𝑒−𝑠𝑥
2
(2𝑐𝑜𝑠𝛼𝑥−𝑠𝑖𝑛𝛼𝑥)+𝑎𝛼2𝛽2(sin2 𝛼𝑥+cos2 𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 + 𝑢32
(2𝑚𝑥𝑒−𝑠𝑥

2
+𝛼𝛽𝑐𝑜𝑠𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2

)𝑡(101) 

𝑑ℎ33

𝑑𝑡
= −(𝑚𝑒−𝑠𝑥

2
− 𝛽𝑠𝑖𝑛𝛼𝑥)((𝑧

2𝑎𝑚𝑠𝑒−𝑠𝑥
2
− 4𝑎𝑚𝑠2𝑒−𝑠𝑥

2
+ 𝑎𝛼2𝛽 sin(𝛼𝑥) −

𝑚𝛼𝛽𝑒−𝑠𝑥
2
(2𝑐𝑜𝑠𝛼𝑥−𝑠𝑖𝑛𝛼𝑥)+𝑎𝛼2𝛽2(sin2𝛼𝑥+cos2 𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 + 𝑢32
(2𝑚𝑠𝑒−𝑠𝑥

2
+𝛼𝛽𝑐𝑜𝑠𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2

)𝑡 

(102) 
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Integrating with respect to t, we get 

ℎ33 = −(𝑚𝑒
−𝑠𝑥2 − 𝛽𝑠𝑖𝑛𝛼𝑥)(

2𝑎𝑚𝑠𝑥𝑒−𝑠𝑥
2
− 4𝑎𝑚𝑠2𝑥2𝑒−𝑠𝑥

2
+ 𝑎𝛼2𝛽 sin(𝛼𝑥) −

𝑚𝛼𝛽𝑒−𝑠𝑥
2
(2𝑐𝑜𝑠𝛼𝑥−𝑠𝑖𝑛𝛼𝑥)+𝑎𝛼2𝛽2

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 + 𝑢32
(2𝑚𝑥𝑒−𝑠𝑥

2
+𝛼𝛽𝑐𝑜𝑠𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2

)𝑡
2

2⁄ + 𝑐9 

(103) 

Since sin2 𝛼𝑥 + cos2 𝛼𝑥 = 0 

∴ ℎ33 = −(𝑚𝑒
−𝑠𝑥2

− 𝛽𝑠𝑖𝑛𝛼𝑥)(

2𝑎𝑚𝑠𝑥𝑒−𝑠𝑥
2
− 4𝑎𝑚𝑠2𝑥2𝑒−𝑠𝑥

2
+ 𝑎𝛼2𝛽 sin(𝛼𝑥) −

𝑚𝛼𝛽𝑒−𝑠𝑥
2
(2𝑐𝑜𝑠𝛼𝑥−𝑠𝑖𝑛𝛼𝑥)+𝑎𝛼2𝛽2

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 + 𝑢32
(2𝑚𝑥𝑒−𝑠𝑥

2
+𝛼𝛽𝑐𝑜𝑠𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2

)𝑡
2

2⁄  (104) 

ℎ33(𝑥, 𝑡) = −𝑡
2𝑔

𝜌3−𝜌2

𝜌2
𝑚2𝑠𝑥𝑒−2𝑠𝑥

2
+ 𝑡2𝛽𝑠𝑖𝑛𝛼𝑥𝑔

𝜌3−𝜌2

𝜌2
𝑚𝑠𝑥𝑒−𝑠𝑥

2
+ 2𝑡2𝑔

𝜌3−𝜌2

𝜌2
𝑚2𝑠2𝑥2𝑒−2𝑠𝑥

2
−

2𝑡2𝛽 sin(𝛼𝑥)𝑔
𝜌3−𝜌2

𝜌2
𝑚𝑠2𝑥2𝑒−𝑠𝑥

2
−

1

2
𝑡2𝑚𝑒−𝑠𝑥

2
𝑔
𝜌3−𝜌2

𝜌2
𝛼2𝛽 sin(𝛼𝑥) +

1

2
𝑡2𝑔

𝜌3−𝜌2

𝜌2
𝛼2𝛽2 sin2(𝛼𝑥) +

1

2
𝑡2

𝑚2𝛼𝛽𝑒−2𝑠𝑥
2
(2𝑐𝑜𝑠𝛼𝑥−𝑠𝑖𝑛𝛼𝑥)+𝑚𝑒−𝑠𝑥

2
𝑔
𝜌3−𝜌2
𝜌2

𝛼2𝛽2

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 −
1

2
𝑡2

𝑚𝛼𝛽2 sin(𝛼𝑥)𝑒−𝑠𝑥
2
(2𝑐𝑜𝑠𝛼𝑥−𝑠𝑖𝑛𝛼𝑥)+𝑔

𝜌3−𝜌2
𝜌2

𝛼2𝛽3 sin(𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 −

1

2
𝑡2𝑢32𝑚𝑒

−𝑠𝑥2 (2𝑚𝑥𝑒
−𝑠𝑥2+𝛼𝛽𝑐𝑜𝑠𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2 +
1

2
𝑡2𝑢32𝛽sin (𝛼𝑥)

(2𝑚𝑥𝑒−𝑠𝑥
2
+𝛼𝛽𝑐𝑜𝑠𝛼𝑥)

(𝑚𝑒−𝑠𝑥
2
−𝛽𝑠𝑖𝑛𝛼𝑥)

2  (105) 

So the velocity in the first layer becomes: 

𝑢13(𝑥, 𝑡) = 𝑢12(𝑥, 𝑡) + 𝑓𝑢13(𝑥, 𝑡) + 𝑓
2𝑢14(𝑥, 𝑡) + ⋯ 

𝑢13(𝑥, 𝑡) = 𝑢12 + 𝑓 (2𝑎𝑚𝑠𝑒
−𝑠𝑥

2
+ 𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 −

𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

+
𝑢0

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

)  𝑡(106) 

The term 𝑓2𝑢14(𝑥, 𝑡) varnishes since coriolis parameter 𝑓 is extremely small. And 

𝑢23(𝑥, 𝑡) = 𝑢22(𝑥, 𝑡) + 𝑓𝑢23 + 𝑓
2𝑢24(𝑥, 𝑡) + ⋯ 

𝑢23(𝑥, 𝑡) = 𝑢22 + (
𝑓(2𝑎𝑚𝑠𝑒−𝑠𝑥

2
+ 𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 −

𝛼𝛼𝛽𝑐𝑜𝑠𝛼𝑥 

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

+
𝑢22

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

)
 

)  𝑡 (107) 

This simplifies to: 

𝑢23(𝑥, 𝑡) = 𝑢22 + (𝑓(2𝑔
𝜌2−𝜌1

𝜌1
𝑚𝑠𝑒−𝑠𝑥

2
+ 𝑔

𝜌2−𝜌1

𝜌1
𝛼𝛽𝑐𝑜𝑠𝛼𝑥 −

𝑔
𝜌2−𝜌1
𝜌1

𝛼𝛽𝑐𝑜𝑠𝛼𝑥 

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

+
𝑢22

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

)
 

)  𝑡 (108) 

Equation (108) is the velocity at the second layer. 

And 

𝑢33(𝑥, 𝑡) = 𝑢32(𝑥, 𝑡) + 𝑓𝑢33 + 𝑓
2𝑢34(𝑥, 𝑡) + ⋯ 

𝑢33(𝑥, 𝑡) = 𝑢32 + (𝑓(2𝑔
𝜌2−𝜌1

𝜌1
𝑚𝑠𝑒−𝑠𝑥

2
+ 𝑔

𝜌2−𝜌1

𝜌1
𝛼𝛽𝑐𝑜𝑠𝛼𝑥 −

𝑔
𝜌2−𝜌1
𝜌1

𝛼𝛽𝑐𝑜𝑠𝛼𝑥 

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

+
𝑢32

𝑚𝑒−𝑠𝑥
2
− 𝛽 sin𝛼𝑥

))  𝑡 (109) 

Equation (109) is the velocity in the third layer for the stratified deep water under modified 

gravity and coriolis effect. 

6. The 𝑵𝒕𝒉 Stratified Column 

We consider continuously stratified deep water up to nth layer and derive a general equation 

for the series expansion. 

𝑛𝑏 is the nth stratified layer at booom. 

ℎ10
𝑑𝑢11

𝑑𝑡
+ ℎ11

𝑑𝑢10

𝑑𝑡
+ 𝑎ℎ10 (

𝜕ℎ10

𝜕𝑥
) = −𝑎

𝜕𝜉

𝜕𝑥
+ 𝑢10  (110) 

ℎ20
𝑑𝑢21

𝑑𝑡
+ ℎ21

𝑑𝑢20

𝑑𝑡
+ 𝑎ℎ20 (

𝜕ℎ20

𝜕𝑥
) = −𝑎

𝜕𝜉

𝜕𝑥
+ 𝑢20 (111) 

ℎ 30
𝑑𝑢31

𝑑𝑡
+ ℎ31

𝑑𝑢30

𝑑𝑡
 + 𝑎ℎ30 (

𝜕ℎ30

𝜕𝑥
)  = −𝑎

𝜕𝜉

𝜕𝑥
 + 𝑢30  (112) 

𝑑ℎ11

𝑑𝑡
= −ℎ11 (

𝜕𝑢10

𝜕𝑥
) − ℎ10 (

𝜕𝑢11

𝜕𝑥
)      (113) 

𝑑ℎ21

𝑑𝑡
= −ℎ21 (

𝜕𝑢20

𝜕𝑥
) − ℎ20 (

𝜕𝑢21

𝜕𝑥
)      (114) 

𝑑ℎ31

𝑑𝑡
= −ℎ31 (

𝜕𝑢30

𝜕𝑥
) − ℎ30 (

𝜕𝑢31

𝜕𝑥
)      (115) 

Equation (110-115) are the equations of heights for stratified columns as we have established. 

Similarly, for the infinite layers of stratified deep water, that is for nth dimensional space we 

have 

ℎ𝑛0
𝑑𝑢𝑛1

𝑑𝑡
+ ℎ𝑛1

𝑑𝑢𝑛0

𝑑𝑡
+ 𝑎ℎ𝑛0 (

𝜕ℎ10

𝜕𝑥
+

𝜕ℎ20

𝜕𝑥
+

𝜕ℎ30

𝜕𝑥
+⋯+ 𝜕𝑢𝑛0) + 𝑛ℎ(𝑛−1)0𝑎

𝜕ℎ𝑛0

𝜕𝑥
= −𝑎ℎ𝑛0

𝜕𝜉

𝜕𝑥
+ 𝑢𝑛0 (116) 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 May 2025 doi:10.20944/preprints202505.0116.v1

https://doi.org/10.20944/preprints202505.0116.v1


 13 of 22 

 

And 
𝑑ℎ𝑛+1

𝑑𝑡
= −ℎ𝑛1 (

𝜕𝑢𝑛0

𝜕𝑥
) − ℎ𝑛0

𝜕𝑢𝑛1

𝜕𝑥
      (117) 

Where n=1,2, … 

Equation (116) and (117) are the general equation of conservation or momentum equation and 

the general continuity equation for nth layers of stratified deep water respectively under the influence 

of modified gravity and Coriolis effect. 

7. Result 

 

Figure 4. The impact of velocity with measure of stability at various values 𝛽 = 0.05, 0.1, 0.3 𝑎𝑛𝑑 0.5. 

 

Figure 5. The effect of velocities on the three stratified layers of deep water under modified gravity and Coriolis 

effect. 
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Here the velocity at the first stratified layer is faster and the spec or bubble shows its interaction 

with the air molecules, the velocities at second and third layers are slower due to density variation 

leading to gravity modification which causes the stratification. Between −7.5 𝑡𝑜 5.0  the velocities 

𝑢1, 𝑢2 𝑎𝑛𝑑 𝑢3 are at phase due to the interactions between the internal waves in the three strata. 

 

Figure 6. The impact of modified gravity on the velocity of the first layer. 

At normal gravity of 9.8𝑚/𝑠2  the velocity in first column is faster due to salinity and 

temperature of the surface water but slows down when gravity is modified leading to stratification. 
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Figure 7. The impact of modified gravity on the velocity of the second stratified layer. 

Without the presence of modified gravity the motion is sinusoidal or oscillatory and has its 

highest amplitude at (0,0) which is at the equilibrium position, but when modified gravity is 

introduced the motion become nearly uniform and the deep water is stratified at second layer 
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Figure 8. The impact of modified gravity on third layer of stratified deep water. 

The effect of modified gravity caused the deep water at third layer to be stratified and move with 

constant velocity. Without the impact of modified gravity the deep water at third layer is not stratified 

as shown, rather there is an oscillatory motion with varying amplitudes. 
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Figure 9. The behavior of modified gravity on height in second layer of stratified deep water. 

As result of gravity modification there is layering of water masses in vertical column leading to 

stratified height of the column. There is stratification on the first layer at different values of 𝛽 =

0.05, 0.1, 0.3 𝑎𝑛𝑑 0.5 

The clear impact of gravity modification is shown in Figure 12 as variation in measure of strength 

on velocity at 𝛼 = 0.6283185307179586, 𝛼 = 1.5707963267948966, 𝛼 = 3.141592653589793, 𝛼 =

6.283185307179586 leads to more stratified columns. 
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Figure 10. The impact of measure of strength on velocity of the second stratified column. 

The impact of density on stratification under modified gravity is shown on Figure 13 as there 

are various degree of stratification at 𝜌 = 1000𝑘𝑔/𝑐𝑚3, 𝜌 = 1028.13𝑘𝑔/𝑐𝑚3, 𝜌 = 1049𝑘𝑔/𝑐𝑚3, 𝜌 =

1090𝑘𝑔/𝑐𝑚3. Owing to modified gravity there is stratification in first layer. This shows that density 

variation leads to gravity modification which equally causes stratification. 
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Figure 11. The density variation leading to more stratified columns. 

The effect of variation density with velocity in the third layer is shown in Figure 14. 
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Figure 12. Variation of densities with velocities in third layer. 

8. Conclusions 

We have sufficiently shown that modified gravity and Coriolis effect are the major factors that 

facilitate stratification in deep water. 

The nth dimensional model of stratified deep water equations under modified gravity and 

Coriolis effect can provide beoer insights in making accurate predictions on the dynamics of fluid 

motion in stratified systems. Its ability to take into account the effects of gravity and Coriolis force 

makes it a valuable tool for studying a wide range of phenomena in oceanography, meteorology, and 

other fields of interest. The model can improve our understanding of ocean dynamics: By studying 

the behavior of stratified deep water under modified gravity and Coriolis effect, researchers can gain 

a beoer understanding of the complex dynamics of the ocean. This knowledge can be used to improve 

ocean models, which are essential for predicting ocean currents, waves, and other phenomena that 

can impact weather paoerns, marine ecosystems, and human activities. 

The model gives beoer understanding of the climate, and the behavior of stratified deep water 

under modified gravity and Coriolis effect captured in this model will provide a significant insight 

on global climate paoerns for more accurate predictions of future climate change and help 

policymakers develop strategies to mitigate its impacts. 

The model provides an enhance understanding of stratified deep water environments which are 

often rich in oil and gas resources. By studying the behavior of fluids in these environments under 

modified gravity and Coriolis effect, we can develop new techniques for oil and gas exploration and 

extraction, leading to more efficient and cost-effective methods for extracting these valuable 

resources. 

The model helps in advancement of underwater robotics. The study of nth dimensional model 

equations of stratified deep water under modified gravity and Coriolis effect, lead to advancements 

in underwater robotics. It enhances our understanding in developing robots that can operate in deep 

water environment. 

In conclusion, this model provides researchers with opportunities to explore and study the ocean 

in ways that were previously impossible, leading to new discoveries and insights into the ocean's 

depths and its stability. 
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List of Symbols 

ℎ  Vertical length scale 

𝐻∗ Vertical height of deep water at thermocline 

𝜍   Free surface elevation 

𝑥  Horizontal, 𝑥 direction 

𝑦  Horizontal, 𝑦 direction 

𝑧  Vertical 𝑧 direction 

𝑡  Time 

𝑢1  Velocity in the first layer in the 𝑥  ̶ direction 

𝑢2  Velocity in the second layer in the 𝑥  ̶ direction 

𝛼Measure of strength of the system 

𝛽Measure of stability of the system 

𝐹  Sum of all forces 

𝑚  Mass 

𝑎  Acceleration of the block of water 

K Wave number 

𝜆Wavelength 

𝑢 = (𝑢, 𝑣, 𝑤)  The three dimensional velocity vector 

𝜌  The density 

𝑝  The pressure 

𝑔  The gravity constant 

𝑔ˈModified gravity 

𝑓  Coriolis parameter 

Ω  The angular velocity 

𝑢  Velocity in the horizontal 𝑥 direction 

𝑣  Velocity in the horizontal 𝑦 direction 

𝐿  Length scale 

𝑅0  Rossby number 

(𝑇)  Temperature 

𝜌0, 𝑇0, 𝑝0  Are reference values of density, temperature and 

Salinity respectively 
𝐷

𝐷𝑡
  Material derivative 

ℎ(𝑥, 𝑦, 𝑡)  The height of water surface from the same reference 

Height 

𝜉(𝑥, 𝑦)  Denotes the thermocline regime 

𝐻  Deep water dept 

ℎ   The water height above each stratified column 

𝛿𝑥  Width in the 𝑥  ̶ direction 

𝛿𝑦  Width in the 𝑦  ̶ direction 
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