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Article 

Modified Semi-Lagrangian Godunov-Type Method 

Without Numerical Viscosity for Shocks 

Valeriy Nikonov 

Aircraft Construction and Design Department, Samara University, 443086, Moskovskoye Shosse, 34, Samara, Russia;  

nikonov.vv@ssau.ru 

Abstract: The most of high-order Euler-type methods have been proposed to solve one-dimensional scalar 

hyperbolic conservational law. These methods resolve smooth variations of flow parameters accurately and 

simultaneously identify the discontinuities. A disadvantage of Euler-type methods is the parameter change 

stretching in the shock over a few mesh cells. In reality in the shock, the flow properties change abruptly at 

once for the computational mesh. In our considerations the mean free path of a flow particle is much smaller 

than the mesh cell size. This paper describes a modification of the semi-Lagrangian Godunov-type method, 

which was proposed by the author in the previously published paper. The modified method also does not have 

numerical viscosity for shocks. In the previous article, a linear law for the distribution of flow parameters was 

employed for a rarefaction wave when modeling the Shu-Osher problem with the aim of reducing parasitic 

oscillations. Additionally, the nonlinear law derived from the Riemann invariants was used for the remaining 

test problems. This article proposes an advanced method, namely, a unified formula for the density distribution 

of rarefaction waves and modification of the scheme for modeling moderately strong shock waves. The ob-

tained results of numerical analysis including the standard problem of Sod, the Riemann problem of Lax, the 

Shu–Osher shock-tube problem and a few author’s test cases are compared with the exact solution, the data of 

the previous method and the Total Variation Deminishing (TVD) scheme results. This article delineates the 

further advancement of the numerical scheme of the proposed method, specifically presenting a unified math-

ematical formulation for an expanded set of test problems. 

Keywords: gas; shock wave; Riemann problem; Godunov method; Lagrange-type method; numerical viscosity 

 

1. Introduction 

Compressible flows simulation presents a significant challenge due to the existence of disconti-

nuities in the fluid flow, including shocks, contact waves, and a wide range of continuous flow scales. 

To address these challenges, various high-resolution schemes have been developed to accurately re-

solve smooth flow scales while simultaneously capturing discontinuities. Notable examples include 

the artificial viscosity method [1,2], the total variation diminishing (TVD) method [3], the essentially 

non-oscillatory (ENO) scheme [4], and the weighted essentially non-oscillatory (WENO) scheme [5]. 

Harten et al. developed the ENO scheme [4,6–8], the first successful high-order method to allow 

the spatial discretization of hyperbolic conservation laws.This property is very useful for the numer-

ical simulation of hyperbolic conservation laws because high-order numerical methods often cause 

false vibrations, especially near shocks or other interruptions. The spatial discretization of finite vol-

umes of ENO has been studied [4], where it has been shown that it is uniformly accurate in the cap-

turing of the location of any discontinuity in the flow. Subsequently, Shu and Osher [9,10] developed 

a finite difference ENO scheme. The main idea of the ENO scheme is to select the interpolation point 

stencil that suppresses the oscillations, i.e., to choose the best solution varying stencil, to approximate 

the cell boundary flow, and to avoid large false oscillations caused by interpolating data between 

discontinuities. 

WENO schemes have been studied [5,11,12] to deal with potential numerical instability when 

selecting ENO stencils. The WENO method applies a convex combination of all ENO stencils, which 

obtains higher precision in smooth regions than the ENO method while maintaining the ENO prop-

erty at discontinuities. 
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The mentioned above methods belong to the class of Euler-type methods. These methods [1–13] 

exhibit numerical viscosity in the presence of shocks. Additionally, there exist methods [14–17] that 

incorporate exact Riemann solutions while still being classified as Euler-type methods, which also 

exhibit numerical viscosity for shocks. Godunov et al. [14] proposed mitigating this issue by using 

moving grids; however, this approach significantly complicates the problem, particularly in multi-

dimensional cases. 

For highly rarefied gases, in particular, the direct simulation Monte Carlo (DSMC) method is 

applied, in the numerical scheme of which the fact of instantaneous change in flow parameters on 

shock waves is used [18]. 

In [19], we proposed a Lagrangian Godunov-type method that eliminates the numerical viscos-

ity for shocks and provided a detailed description of the wall conditions. The method utilizes a fixed 

homogeneous grid. This paper presents a modified method that involves altering the formula for the 

density calculation in rarefaction waves. It was found that this formula allows obtaining good results 

for all types of test problems solved in [19]. While in work [19], two different formulas were used to 

obtain successful results: the linear law of the distribution of flow parameters in a rarefaction wave 

for the Shu and Osher shock tube problem [20] and the nonlinear law for the remaining problems of 

consideration. In addition, the following innovation is proposed here, which consists of considering 

an additional condition on the direction of the shock wave at the stage of calculating the acoustic 

substep. Moreover, this innovation, introduced into the scheme of the method, does not affect the 

results of the test problems already considered in [19], but manifests itself only in the numerical so-

lution of the two last test cases of the interaction of two Riemann problems, presented in this work. 

2. Materials and Methods 

In the case of the one-dimensional scalar hyperbolic conservation law [13], the equations are 

given as follows: 

u
u 0

t x x

  
+ + =
   , 

u u1p
u 0

t x x

  
+ + =
   , 

pu
u 0

t x x

  
+ + =
   . 

(1) 

Here, u is the convective velocity of flow,   is the density, p  is the pressure,   is the internal 

specific energy, x is the direction, and t is the time. 

The pressure is determined using the equation of state 

p ( 1)=− . (2) 

where   is the ratio of specific heat coefficients at constant pressure and volume. For air, 1.4 = . 

Godunov et al. [14] proposed an iterative exact Riemann solver, which was implemented in a 

finite-difference scheme. Later, other researchers adopted a control volume method instead, while 

we employed the Lagrangian approach. 

In this paper, as well as in a previous paper [19], the following method is proposed: The 

convection and acoustic stages are considered separately and are classified as distinct physical 

processes because the local acoustic velocity (i.e., sound speed) can vary significantly from the flow 

convection velocity. Therefore, we solve the following system during the acoustic stage: 

u
0

t x

 
+ =

 
, (3) 
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u 1 p
0

t x

 
+ =

  
, 

p u
0

t x

 
+ =

  
. 

and the Equation (2). The system (3) is derived from (1) by discarding the convective terms and can 

be expressed in a matrix form as follows: 

 

t x

u u
A

t x

t x

    
   
 

   
    

=   
    

    
   
    

 (4) 

where  A  is the Jacobian matrix: 

 

0 0

( 1)
A 0 1

0 ( 1) 0

 
 
 −  =  −

 
 

 −   .

 (5) 

The matrix  A  can be expressed as 

     A R L= 
,
 (6) 

where [ ]  is the diagonal matrix of eigenvalues of the matrix  A . 

 

c 0 0

0 0 0

0 0 c

− 
 

 =
 
   .

 (7) 

Here c  is the sound velocity, which is determined as follows: 

p
с = 



,

 
(8) 

A corresponding left-eigenvector matrix [L] , determined as 

  2

c 1
1

c

L 1 0
c

c 1
1

c

 − 
− − 
 

 
= − 
 

 − 
  

 (9) 

and a corresponding right eigenvectors matrix [R] , defined as 
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 

1

2c 2c

1 1
R 0

2 2

c ( 1) c

2 2

  −  
− 
 
 =
 
 

 −  − −
     .

 (10) 

Since  

    L R E= , (11) 

where  E  is a diagonal identity matrix, multiplying Equation (4) from the left by  L  and apply-

ing (11) results in the following 

    

t x

u u
L L

t x

t x

    
   
 

   
    

=    
    

    
   
     .

 (12) 

If  L [const]= , from (12) we can get the characteristic form 

1 1w w
c 0

t x

 
− =

 
, 

2w
0

t


=


, 

3 3w w
c 0

t x

 
+ =

 
,

 

(13) 

where  

1

c* 1
w u

* c*

−
= − + − 


,

 

2 2

*
w

c*


= − 

, 

3

c* 1
w u

* c*

−
= + + 


.

 

(14) 

Here, an asterisk represents constant values. Equation (13) describes the motion of two waves 

with velocities c−  and c . The waves transfer the values 1w  and 3w  as given in (14), respec-

tively. 

The proposed Lagrangian approach can be used to solve the system of Equation (13). However, 

as in the previous paper [19], we use the Godunov exact solver to solve the full nonlinear systems (1) 

and (2). We then subtract the convective velocity from the solution to obtain the solution of Equation 

(3). For more details, see below. 

We accept the time step 
ct

 at the acoustic stage in accordance with the Courant criterion 
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c c

s

h
t k

c
 =

,
 (15) 

where sc  is the shock acoustic velocity and 
ck  is integer. For example, if 

ck 3= , then the shock 

spreads through three grid cells during the acoustic stage. 

During the convection stage, only the system with convective terms is solved: 

u 0
t x

 
+ =

 
, 

u u
u 0

t x

 
+ =

 
, 

u 0
t x

 
+ =

 
. 

(16) 

as well as Equation (13). 

The time step during the convection stage is taken to be similar to that of (15): 

u u

s

h
t k

u
 =

,
 (17) 

where su  is the shock convective velocity and 
uk  is integer. For example, if 

uk 2= , then the shock 

spreads through two grid cells at the convection stage. If 
c ut t  , then the marching time steps t

 

is chosen so that 

c ct n t =
, 

u ut n t =
,
 

(18) 

where cn
 and un

 are integers. 

2.1. A Methodological Scheme During the Acoustics Stage 

During the acoustics stage, the system of Equation (3) is solved. Although the wave equation 

system (13) cannot be derived for a nonlinear problem, the fundamental properties of the linear 

system (13) are retained in the nonlinear system (3). The topologies of the nonlinear and linear 

systems are identical. This phenomenon corresponds to either a shock wave or a rarefaction wave 

[14]. Unfortunately, the variables and for the nonlinear system (3) are unknown. However, the exact 

solution of the Riemann problem for the nonlinear systems (1) and (2) can be determined using the 

Godunov method [14]. This solution is represented using the large variables: LR  and RR  for den-

sity, L RU U=  for speed, LE  and RE  for internal specific energy, L RP P=  for pressure, and 

LD  and RD  for the propagation frequency of shock or rarefaction waves. The subscripts L  and 

R  denote the left and right cells adjacent to the edge between them. 

In the proposed method, 1w  and 3w  (14) are replaced by 1 L L L Lw={P, U,R, E} and 

3 R R R Rw ={P , U ,R , E } , which are each transported by the local acoustic velocities L L LC D U= −  

and R R RC D U= − .  

First, we must solve the Riemann problem using the Godunov method [14] for each pair of cells 

( i  and i 1+ ) with the corresponding data ( i i i ip,u, ,   and  i1 i1 i1 i1p,u, ,+ + + +  ), respectively. 
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Therefore, the values of the large variables L L L R R R{P, U,R ,E ,D ,R ,E ,D }  are obtained and as-

signed to the grid cells as follows: 

k 1

Li 1
P P

−

+
= , 

k 1

Li 1
U U

−

+
= , 

k 1

L Li 1
R R

−

+
= , 

k 1

L Li 1
E E

−

+
= , 

k1

L Li 1
C D U

−

+
= − , (19) 

which causes the vector 1w  of the wave to spread to the left, along the negative direction of the x-

axis; and: 

which constitute the vector 1w  of the wave spreading along the negative direction of the x-axis (to 

the left); and: 

k 1

Ri
P P

−
= , 

k 1

Ri
U U

−
= , 

k 1

R Ri
R R

−
= , 

k 1

R Ri
E E

−
= , 

k1

R Ri
C D U

−
= − , (20) 

which causes the vector 3w  of the wave to spread to the right, along the positive direction of the x-

axis. In the case of a rarefaction wave, the variable D represents the wave velocity of the slower char-

acteristic. For instance, for the right rarefaction wave, DR is determined as 

R i1 i1

(1)
DUc (uU)

2
+ +

−
=+− −, (21) 

where i 1c +  is the sound velocity for i 1+  grid cell, which is determined according to the formula 

(8). For the left rarefaction wave LD  is given as follows: 

L i i

( 1)
D U c (u U)

2

 −
= − − − . (22) 

Examine a wave spreading in the positive x-direction (toward the right). The grid cells are ex-

amined in pairs. The coordinates of the cells after transfer during the acoustic stage for the right wave 

3w  are determined as follows: 

k1

1 i R ci
x x C t

−


= + , 

k1

2 i1 R ci1
x x C t

−

+ +
= + . 

(23) 

The solution to the problem is expressed in the following form: 

(1) If the conditions 

k1 k1

R R 1i1 i
P P e
− −

+
−  , 

k1 k1

R R 1i1 i
C C e

− −

+
−   (24) 

are met, then for all grid cells satisfying condition 1 j 2x x x  , the solution at the next time step k 

is trivial and can be expressed as 

k k1 k1

R R Rj i i1

1
P (P P )

2

− −

+
= + , 

k k1 k1

R R Rj i i1

1
U (U U)

2

− −

+
= + ,  

k k1 k1

R R Rj i i1

1
R (R R)

2

− −

+
= + , 

k k1 k1

R R Rj i i1

1
E (E E)

2

− −

+
= + . 

(25) 

(2) If the condition 

( )k 1 k 1

Ri 1 Ri 1C C e− −

+ −  − , 2 1 2(x x) e−   (26) 

are satisfied, a weak shock occurs, which does not overtake the solution from the preceding cell. 

Therefore, the solution is given as follows: 

k k 1

R Rj i
P P

−
= , 

k k 1

R Rj i
U U

−
= , 

k k 1

R Rj i
R R

−
= , 

k k 1

R Rj i
E E

−
= , if 1 j 1 2x x (x x)/2 + , (27) 
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k k 1

R Rj i 1
P P

−

+
= , 

k k 1

R Rj i 1
U U

−

+
= , 

k k 1

R Rj i 1
R R

−

+
= , 

k k 1

R Rj i 1
E E

−

+
= , if 1 2 j 2(x x)/2x x+  ; 

(3) If  

( )k1 k1

R R 1i1 i
C C e
− −

+
−   (28) 

then 

(3.1) if  

( )k1 k1

R R 1i1 i
U U e
− −

+
−  ,  

then we have the shock. 

(3.1 a) If 

( )k 1 k 1

Ri 1 RiU U 0− −

+ +  ,  

then 

- if 

1 j 1(xh/2)x(xh/2)− +   

then 

k k 1

R Rj i
P P

−
= , 

k k 1

R Rj i
U U

−
= , 

k k 1

R Rj i
R R

−
= , 

k k 1

R Rj i
E E

−
= , (29) 

- if 

1 j 2(x h/2) x x+     

then 

k k 1

R Rj i 1
P P

−

+
= , 

k k 1

R Rj i 1
U U

−

+
= , 

k k 1

R Rj i 1
R R

−

+
= , 

k k 1

R Rj i 1
E E

−

+
= . (30) 

(3.1 b) If 

( )k 1 k 1

Ri 1 RiU U 0− −

+ +  ,  

then 

- if 

2 j 2(x h / 2) x (x h / 2)−   +   

then 

k k 1

R j Ri 1P P −

+= , 
k k 1

R j Ri 1U U −

+= , 
k k 1

R j Ri 1R R −

+= , 
k k 1

R j Ri 1E E −

+= ; (31) 

- if 

1 j 2x x (x h / 2)  −   

then 

k k 1

R j RiP P −= , 
k k 1

R j RiU U −= , 
k k 1

R j RiR R −= , 
k k 1

R j RiE E −= . (32) 

The modification of the method proposed in this article, compared to work [19], consists of in-

troducing the conditions “(3.1 a)” and “(3.1 b)”. Instead of checking these conditions, in [19] formulas 

(29), (30) were calculated, and formulas (31), (32) were not. 

(3.2) If  
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( )k1 k1

R R 1i1 i
U U e
− −

+
−  ,  

then a rarefaction wave occurs, and the solution for 1 j 2x x x   is determined from the Riemann 

invariants of the hyperbolic conservation law as 

k1 k1

k k1 R Ri1 i
R R j 1j i

2 1

UU
UU (xx)

xx

− −

− +
−

=+ −
−

, 

2
k1 k1

k k1 R Ri1 i

R R j 1j i

2 1

E E
E E (xx)

xx

− −

− +
 −
 = + −

− 
 

, 

( )
( ) ( )

2
1 1 1

k 1 k 12 21
Ri 1 Rik k 1 2

R j Ri j 1

2 1

R R
R R (x x )

x x

− − −
− −−
+−

 
− 

= + − −
 
 

,  

k k k

R R Rj j j
P ( 1)RE=− . 

 

(33) 

 

 

(34) 

 

 

(35) 

 

(36) 

It will be shown below that formula (35) using instead of the formula from [19] allows us to 

obtain a universal scheme of the method, with good results being obtained for all test problems con-

sidered in this work. In this case, parasitic sawtooth oscillations do not arise in the case of using 

formula (35) when solving the Shu and Osher problem, as well as test examples about the interaction 

of two Riemann problems. 

Under conditions (1)–(3), if the solution has already been assigned to the grid cell at the given 

substep, it is replaced with a new solution obtained using the exact Riemann solver. In this instance, 

the solution already assigned will be denoted with the subscript R, while the next solution applied to 

this cell will be denoted with the subscript L The resulting new solution comes from the result of the 

Riemann problem with subscript R. Furthermore, when assigning a solution to the grid cell, the con-

dition is checked to ensure that the spreading of these solutions with a local acoustic velocity does 

not overwrite the solution of the forward shock, if such a shock wave exists. 

For the wave spreading in the negative x-direction (toward the left), and with transfer values 

1 L L L Lw={P, U,R, E}, the conditions and expressions are derived in a similar manner. 

After simulating wave spreading in both the left and right directions, each grid cell contains sets 

of transfer values, 
k k k k

1 L L L Lw={P, U,R, E} and 
k k k k

3 R R R Rw ={P , U ,R , E } , respectively, along 

with the solution from the previous time substep 
k-1 k-1 k-1 k-1{p , u , , }   (see Figure 1). The Riemann 

problem for these values is solved three times using the Godunov exact solver. The first instance of 

solving the problem uses 
k k k k

3 R R R Rw ={P , U ,R , E }  as the left-state data and 

k-1 k-1 k-1 k-1{p , u , , }   as the right-state data (see Figure 2), the resulting right solution is saved for 

the later calculations. The second instance of solving the problem uses 
k-1 k-1 k-1 k-1{p , u , , }   as the 

left-state data and 
k k k k

1 L L L Lw={P, U,R, E} as the right-state data (see Figure 3). The resulting left 

solution is then assigned as the right-state data for the third problem (see Figure 4). The previously 

saved solution is assigned to the data of the third problem on the left (see Figure 4). Finally, in the 

third instance, the problem is solved using the previously mentioned data (see Figure 4), resulting in 

the values of the large variables 
k* k* k* k*k* k*

L L R R{P, U,R, E,R, E} once again. 

Since the pressure and convective velocity are identical on both the left and right sides, their 

values after the acoustic stage are given as 
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k k*

сi ip P= , 
k k*

сi iu U= . (37) 

The density and energy values are determined as follows: 

k k*

сi Ri=R , 
k k*

сi Ri=E , if 
k*

iU 0 , 

k k*

сi Li=R , 
k k*

сi Li=E , if 
k*

iU 0 . 

(38) 

The solution at the acoustics stage is 
k k k k

c c c c{p , u , , }  . 

 

Figure 1. Initial conditions prior to solving the three Riemann problems. 
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Figure 2. The first Riemann problem. 

 

Figure 3. The second Riemann problem. 
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Figure 4. The third Riemann problem. 

2.2. A Methodological Scheme During the Convection Stage 

During the convection stage, the system of Equations (2) and (16) is solved. In the proposed 

method, the value 
k k k k k-1 k-1 k-1 k-1

c c c c u u u u{p , u , , }={p , u , , }     is transported with the local convective 

velocity 
k

cu . In this approach, the results obtained from the acoustic stage serve as the initial input 

for the convection stage. Moreover, the grid cells were examined in pairs at the convection stage. The 

coordinates of the cells after transfer during the convection stage were determined as follows: 

k 1

1 i ui ux x u t−

= + , 

k 1

2 i 1 ui 1 ux x u t−

+ + = + . 
(39) 

The variables here refer to the convection stage and further we omit subscript u. 

The solution during the convection stage is expressed in the following form: 

(1) If the conditions 

i 1 i 1u u e+ −  , i 1 i 1e+ −  , i 1 i 1e+ −   (40) 

are met, then for all grid cells satisfying condition 1 j 2x x x  , the solution at the next time moment 

k  is trivial and can be expressed as: 

k k1 k1

j i i1

1
p (p p )

2

− −

+= + , 
k k1 k1

j i i1

1
u (u u )

2

− −

+= + , 
k k1 k1

j i i1

1
( )

2

− −

+=  + , 
k k1 k1

j i i1

1
( )

2

− −

+=  +

. 

(41) 

When applying solution (41) to the grid cells, the separate condition is verified to ensure that its 

spreading with the convection velocity does not overwrite the solution of the forward shock, if such 

a shock wave exists. At the start of the convection stage, the positions of the shock boundaries at the 

next time step are determined.  
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(2)  If the conditions 

i 1 i 1(u u ) e+ −   (42) 

are satisfied, then we have the shock. 

  (2.1) If 

2 1 2(x x) e−  , (43) 

then the solution is defined as follows: 

(2.1 a) if 

1 j 1 2x x (x x)/2 +   

then 

k k 1

j ip p −= , 
k k 1

j iu u −= , 
k k 1

j i

− = , 
k k 1

j i

− =  , (44) 

(2.1 b) if 

1 2 j 2(x x)/2x x+    

then 

k k 1

j i 1p p −

+= , 
k k 1

j i 1u u −

+= , 
k k 1

j i 1

−

+ = , 
k k 1

j i 1

−

+ =  , (45) 

(2.2) if 

2 1 2(x x) e−  , (46) 

then 

(2.2 a) if  

k1 k1

i 1 i 1p p e− −

+ −    

then the discontinuity boundary is first determined as 

k 1 k 1

i i i 1 ux x h / 2 (u u ) t− −

+ = + + + , (47) 

and the solution is applied to cell j  to the left of the discontinuity boundary 

k k 1

j ip p −= , 
k k 1

j iu u −= , 
k k 1

j i

− = , 
k k 1

j i

− =  , (48) 

and in cell j 1+  to the right of the discontinuity boundary, the following values are 

applied: 

k k 1

j i 1p p −

+= , 
k k 1

j i 1u u −

+= , 
k k 1

j i 1

−

+ = , 
k k 1

j i 1

−

+ =  , (49) 

(2.2 b) if  

k1 k1

i 1 i 1p p e− −

+ −    

then the solution is expressed as follows: 

-  if 
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k 1 k 1

i i 1p p− −

+  and 1 j 1(xh/2)x(xh/2)− +   

then 

k k 1

j ip p −= , 
k k 1

j iu u −= , 
k k 1

j i

− = , 
k k 1

j i

− =  , (50) 

-  if 

k 1 k 1

i i 1p p− −

+  and 2 j 2(xh/2)x(xh/2)− +   

then 

k k 1

j i 1p p −

+= , 
k k 1

j i 1u u −

+= , 
k k 1

j i 1

−

+ = , 
k k 1

j i 1

−

+ =  . (51) 

(3) If 

i 1 i 1(u u) e+−  , (52) 

then the rarefaction wave occurs, and the solution for 1 j 2x x x   is determined from the 

Riemann invariants of the hyperbolic conservation law as 

k1 k1
k k1 i1 i
j i j 1

2 1

u u
uu (xx)

xx

− −
− +−=+ −
−

, 

2
k1 k1

i1 ik k1

j i j 1

2 1

(xx)
xx

− −

+−
 −
 =+ −
 −
 

, 

( )
( ) ( )

2
1 1 1

k 1 k 12 21
i 1 ik k 1 2

j i j 1

2 1

(x x )
x x

− − −
− −−
+−

 
 −  

 =  + − −
 
 

, 

k k k

j j jp ( 1)=− . 

(53) 

 

(54) 

 

(55) 

 

(56) 

It will be shown below that formula (55) using instead of the formula from [19] allows us to 

obtain a universal scheme of the method, with good results being obtained for all test problems con-

sidered in this work. In this case, parasitic sawtooth oscillations do not arise in the case of using 

formula (55) when solving the Shu and Osher problem, as well as test examples about the interaction 

of two Riemann problems. 

Under conditions (1)–(3), if the solution has already been applied to the grid cell at the given 

substep, it is replaced with a new one when the pressure of the new solution is greater than the pres-

sure of the solution already in the grid cell. 

2.3. Wall Boundary Conditions 

The main concept behind the choice of the following boundary conditions is to study the waves 

reflection mechanism from the wall. At the acoustics stage, when conditions (1)–(3) are met, the wave 

3 R R R Rw ={P , U ,R , E }  spreads to the right with velocity RC . Upon reaching the wall, it is re-

flected and transforms into a wave 1 R R R Rw ={P , U ,R , E }− , which then spreads to the left of the 

wall with velocity RC− . In this scenario, when the wave 1w  is distributed across the grid cells, the 

dam-break problem is solved using the Godunov method. In this algorithm, the variables on the left 

correspond to the data already applied to the cell, while the variables on the right represent 
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1 R R R Rw ={P , U ,R , E }− . As a result, new values of the large variables 

* * * * * * * *

L L L R R R{P , U ,R ,E ,D ,R ,E ,D }  are obtained and applied to the grid cells as  

k *

i ip P= , 
k *

i iu U= , 
k *

i LiR = , 
k *

i LiE = , 
k * *

i Li ic D U= − . (57) 

 For the wave 1 L L L Lw ={P , U ,R , E } , which transforms into the wave 

3 L L L Lw ={P , -U ,R , E }  after encountering a wall  

k *

i ip P= , 
k *

i iu U= , 
k *

i RiR = , 
k *

i RiE = , 
k * *

i Ri ic D U= − . (58) 

 During the convection stage, a wave reverses direction upon encountering the wall. Under 

conditions (1)–(3) of this stage, the wave  k k k kw p ,u , ,=    spreads to the right with velocity 
ku . 

Upon reaching the wall, it is reflected and transforms into a wave  k k k kw p , u , ,= −    that moves 

to the left with velocity 
ku− . In this scenario, when the wave w  is distributed across the grid cells, 

the dam-break problem is solved using the Godunov method. In this algorithm, the variables on the 

left correspond to the data already applied to the cell, while the variables on the right represent 

 k k k kw p , u , ,= −   . As a result, new values of the large variables 

* * * * * * * *

L L L R R R{P , U ,R ,E ,D ,R ,E ,D }  are obtained and applied to the grid cells as shown in (57). If the 

wave  k k k kw p ,u , ,=    spreads to the left, a similar line of reasoning yields the result expressed 

in formula (58).  

3. Results 

 The first example is the standard shock-tube problem of Sod [21], with the following initial 

conditions: 

0

jp 1= , 
0

ju 0= , 
0

j 1 = , if jx 0 , 

0

jp 0.1= , 
0

ju 0= , 
0

j 0.125 = , if jx 0 . 

(59) 

 The modeling region was defined as  x 4.5,5.5− . The grid consisted of 100 cells, with a 

grid spacing of h 0.1= . The time step for the acoustics stage was determined based on the Courant 

criterion (15), with ck 1= , meaning the shock spreads through a single grid cell during this stage. 

The time step for the convection stage was determined based on equation (17), with uk 2= , 

indicating that the shock spreads through two grid cells during this stage. The marching time step 
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was set to t 0.02020929= . The acoustics stage was executed over six time steps, with ct 6 t =

, followed by the convection stage, which was carried out after ten time steps, with ut 10 t = .  

 The results after 110 marching time steps are presented in Figures 5–7, where they are compared 

with the exact solution and the data obtained using the previous author's method [19]. Figures 5–7 

show the agreement between the results for the previous and modified methods and demonstrate 

that the numerical viscosity is not present in the shock. However, due to the accumulation of round-

off errors, the shock is delayed by one grid cell at the observed time. 

 

Figure 5. Density plot for the shock-tube problem of Sod: the exact solution (line), the previous 

method [19] (cross), and the present method (circle). 

 

Figure 6. Velocity plot for the shock-tube problem of Sod: the exact solution (line), the previous 

method [19] (cross), and the present method (circle). 
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Figure 7. Pressure plot for the shock-tube problem of Sod: the exact solution (line), the previous 

method [19] (cross), and the present method (circle). 

The second example is the Riemann problem of Lax [22], with the following initial conditions: 

0

jp 3.52773= , 
0

ju 0.69888= , 
0

j 0.445 = , if jx 0 , 

0

jp 0.571= , 
0

ju 0= , 
0

j 0.5 = , if jx 0 . 

(60) 

 The modeling region was defined as  x 8,6 − . The grid consisted of 140 cells, with a grid 

spacing of h = 0.1. The time step for the acoustics stage was determined based on the Courant criterion 

(15), with ck 2= , meaning the shock spreads through two grid cells during this stage. The time step 

for the convection stage was determined based on equation (17), with uk 3= , indicating that the 

shock spreads through three grid cells during this stage. The marching time step was set to t 0.2 =

. The acoustics and convection stages were executed during each marching time step, i.e., 

c ut t t  = = . 

 The results are presented in Figures 8–10, where they are compared with the exact solution and 

the data obtained using the previous author's method [19] at the time t 2.0= . Figures 8–10 show 

the agreement between the results for the previous and modified methods and demonstrate that the 

numerical viscosity is not present in the shock. However, due to the accumulation of round-off errors, 

the shock is delayed by one grid cell at the observed time. 
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Figure 8. Density plot for the Riemann problem of Lax: the exact solution (line), the previous 

method [19] (cross) , and the present method (circle). 

 

Figure 9. Velocity plot for the Riemann problem of Lax: the exact solution (line), the previous 

method [19] (cross) , and the present method (circle). 
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Figure 10. Pressure plot for the Riemann problem of Lax: the exact solution (line), the previous 

method [19] (cross) , and the present method (circle). 

The third example is the Shu–Osher shock-tube problem. 

The Shu–Osher problem [20] simulates the propagation of a normal shock front within a one-

dimensional inviscid flow, incorporating artificial density fluctuations. The simulation is initialized 

with the following conditions: 

0

jp 10.3333= , 
0

ju 2.629369= , 
0

j 3.857143 = , if 
jx 1 8 , 

0

jp 1.0= , 
0

ju 0= , 
0

j 1+0.2sin(16 x) =  , if 
jx 1 8 . 

(61) 

 The modeling region was defined as  x 0,1 . Three types of grids were utilized: a coarse grid 

with 192 points, a fine grid with 384 points, and a finer grid with 1,000 points. The time step for the 

acoustics stage was determined based on the Courant criterion (15), with
ck 2= , meaning the shock 

spreads through two grid cells during this stage—for all grids. The time step for the convection stage 

was determined based on equation (17), with 
uk 5= , indicating that the shock spreads through five 

grid cells during this stage—for all grids. The marching time step was set to t 0.010270978683 =  

for the coarse grid, t 0.005135489341 =  for the fine grid, and t 0.001972027907 =  for the 

finer grid. The acoustics and convection stages were executed during each marching time step, i.e., 

c ut t t  = = . 

 The results are presented in Figures 11–13, where they are compared with the "exact" solution 

[20] at t = 0.178. The results indicate that the fine and finer grids provide greater accuracy compared 

to the coarse grid. The proposed method has greater accuracy than the previous one [19], as shown 

in Figure 12. However, due to the accumulation of round-off errors, the shock is delayed by a few 

grid cells for the coarse grid results at the observed time. 
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Figure 11. Density plot for the Shu–Osher shock-tube problem (61), using the coarse grid (192 grid 

points): the “exact” solution [20] (line), the previous method [19] (cross), and the present method 

(circle). 

 

Figure 12. Density plot for the Shu–Osher shock-tube problem, using the fine grid (384 grid 

points): the “exact” solution [20] (line), the previous method [19] (cross), and the present method 

(circle). 
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Figure 13. Density plot for the Shu–Osher shock-tube problem, using the finer grid (1000 grid 

points): the “exact” solution [20] (line), the previous method [19] (cross), and the present method 

(circle). 

 The fourth example is the double expansion wave problem [23], with initial conditions specified 

as follows: 

 

0 5

jp 10= , 
0

ju 100= − , 
k

j 1.2 = , if jx 0 , 

0 5

jp 10= , 
0

ju 100= , 
0

j 1.2 = , if jx 0 . 

(62) 

  The modeling region was defined as  x 0.5,0.5 − . Two types of grids were utilized: a coarse 

grid with 100 points, and a finer grid with 1,000 points; the grid step was h 0.01=  and h 0.001= , 

respectively. The time step for the acoustics stage was determined based on the Courant criterion 

(15), with ck 7= , meaning the shock spreads through seven grid cells during this stage—for all grids. 

The time step for the convection stage was determined based on equation (17), with uk 2= , 

indicating that the shock spreads through two grid cells during this stage—for all grids. The marching 

time step was set to t 0.0002 =  for the coarse grid, and t 0.00002 =  for the finer grid. The 

acoustics and convection stages were executed during each marching time step, i.e., 
c ut t t  = = . 

 The results after 4 marching time steps for the coarse grid and after 40 marching time steps for 

the finer grid (t=0.0008) are presented in Figures 14–19 , where they are compared with the exact 

solution. Figures 14–16 demonstrate a strong correlation between the exact and numerical solutions 

for the double expansion wave problem, while Figures 17–19 exhibit an even higher degree of 

agreement. 
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Figure 14. Density plot for the double expansion wave problem (62) for the one-dimensional scalar 

hyperbolic conservation law, using the coarse grid (100 grid points): the exact solution [23] (line), 

the author's previous work method [19] (cross), and the present method (circle). 

 

Figure 15. Velocity plot for the double expansion wave problem (47) for the one-dimensional sca-

lar hyperbolic conservation law, using the coarse grid (100 grid points): the exact solution [23] 

(line), the author's previous work method [19] (cross), and the present method (circle). 
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Figure 16. Pressure plot for the double expansion wave problem (62) for the one-dimensional sca-

lar hyperbolic conservation law, using the coarse grid (100 grid points): the exact solution [23] 

(line), the author's previous work method [19] (cross), and the present method (circle). 

 

Figure 17. Density plot for the double expansion wave problem (62) for the one-dimensional scalar 

hyperbolic conservation law, using the finer grid (1000 grid points): the exact solution [23] (black 

solid line), the author's previous work method [19] (black dotted line), and the present method 

(blue dashed line). 
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Figure 18. Velocity plot for the double expansion wave problem (62) for the one-dimensional sca-

lar hyperbolic conservation law, using the finer grid (1000 grid points): the exact solution [23] 

(black solid line), the author's previous work method [19] (black dotted line), and the present 

method (blue dashed line). 

 

Figure 19. Pressure plot for the double expansion wave problem (62) for the one-dimensional sca-

lar hyperbolic conservation law, using the finer grid (1000 grid points): the exact solution [23] 

(black solid line), the author's previous work method [19] (black dotted line), and the present 

method (blue dashed line). 

The fifth example presents a one-dimensional problem defined by specific initial conditions  

0

jp 101325.0= , 
0

ju 600.0= , 
0

j 1.25 =
.
 (63) 

In this case, at time t 0= , a thin wall was lowered at the channel section x 0= .  

The modeling region was defined as  x 5,5 − . The grid consisted of 100 cells, with a grid spacing 

of h 0.1= . The time step for the acoustics stage was determined based on the Courant criterion (15), 

with
ck 2= , meaning the shock spreads through two grid cells during this stage. The time step for 

the convection stage was determined based on equation (17), with 
uk 5= , indicating that the shock 
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spreads through five grid cells during this stage. The marching time step was set to t 0.00079 = . 

The acoustics and convection stages were executed during each marching time step, i.e., 

c ut t t  = = . 

The results, compared with the exact solution at t 0.00474= , are presented in Figures 20–22. 

Figures 20–22 show the same results for the previous [19] and modified methods. In this case, the 

shock does not induce any delay, nor is there any numerical viscosity associated with it. 

 

Figure 20. Density plot for the problem (63): the exact solution (line), the previous method 

[19] (cross) , and the present method (circle). 

 

Figure 21. Velocity plot for the problem (63): the exact solution (line), the previous method 

[19] (cross) , and the present method (circle). 
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Figure 22. Pressure plot for the problem (63): the exact solution (line), the previous method 

[19] (cross) , and the present method (circle). 

Furthermore, we consider two (sixth and seventh) test examples of the interaction of two 

Riemann problems with different initial conditions. The initial conditions for the sixth example for 

the simulation are 

0

jp 10= , 
0

ju 0= , 
k

j 10 = , if jx 0 , 

0

jp 1= , 
0

ju 0= , 
k

j 1 = , if j0 x 0.4  , 

0

jp 0.1= , 
0

ju 0= , 
0

j 0.125 = , if jx 0.4 . 

(64) 

 This is a more complicated problem proposed by Sod [21] (second and third lines of the 

formula), to which another discontinuity decay was added (using the first line of the formula (64)). 

The modeling region was defined as  x 2;2 − . The grid consisted of 400 cells, with a grid spacing 

of h 0.01= . The time step for the acoustics stage was determined based on the Courant criterion (15), 

with 
ck 2= , meaning the shock spreads through two grid cells during this stage. The time step for 

the convection stage was determined based on equation (17), with 
uk 2= , indicating that the shock 

spreads through two grid cells during this stage. The marching time step was set to t 0.021 = . The 

acoustics and convection stages were executed during each marching time step, i.e., 
c ut t t  = = . 

 The results are presented in Figures 23–28, comparing the proposed method with the previous 

approach [19] and the data obtained by Harten [3] using the ULT1C scheme at t 0.63= . It is 

important to note that more advanced numerical schemes, such as WENO [24,25], exhibit even higher 

numerical viscosity for shocks. Consequently, the ULT1C scheme was selected for comparison. 

Figures 23–28 illustrate the absence of numerical viscosity for the shock, in contrast to Harten's 

method. The proposed scheme allows us to obtain more universal and accurate results than the 

previous method [19], and it has no sawtooth oscillations (dashed blue line). 
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Figure 23. Density plot for the two Riemann problems interaction (64): the ULT1C scheme of 

Harten (red dash dotted line), the previous method [19] (black solid line), and the present 

method (blue dashed line). 

 

Figure 24. Magnified view of density plot for the two Riemann problems interaction (64): the 

ULT1C scheme of Harten (red dash dotted line), the previous method [19] (black solid line), 

and the present method (blue dashed line). 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 3 March 2025 doi:10.20944/preprints202503.0035.v1

https://doi.org/10.20944/preprints202503.0035.v1


27 of 35 

 

Figure 25. Velocity plot for the two Riemann problems interaction (64): the ULT1C scheme of 

Harten (red dash dotted line), the previous method [19] (black solid line), and the present 

method (blue dashed line). 

 

Figure 26. Magnified view of velocity plot for the two Riemann problems interaction (64): the 

ULT1C scheme of Harten (red dash dotted line), the previous method [19] (black solid line), 

and the present method (blue dashed line). 
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Figure 27. Pressure plot for the two Riemann problems interaction (64): the ULT1C scheme of 

Harten (red dash dotted line), the previous method [19] (black solid line), and the present 

method (blue dashed line). 

 

Figure 28. Magnified view of pressure plot for the two Riemann problems interaction (64): the 

ULT1C scheme of Harten (red dash dotted line), the previous method [19] (black solid line), 

and the present method (blue dashed line). 

 The seventh example is the interaction of two Riemann problems with the initial conditions 

given by (65). 

0

jp 100= , 
0

ju 0= , 
k

j 5 = , if jx 0 ,, 

0

jp 1= , 
0

ju 0= , 
k

j 1 = , if j0 x 0.4  , 

0

jp 0.1= , 
0

ju 0= , 
0

j 0.125 = , if jx 0.4 . 

(65) 

 Also, this is a more complicated problem proposed by Sod [21] (second and third lines of the 

formula), to which another discontinuity decay (stronger than in (64)) was added (using the first 

line of the formula (65)). 
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The modeling region was defined as  x 2;2 − . The grid consisted of 400 cells, with a grid spacing 

of h 0.01= . The time step for the acoustics stage was determined based on the Courant criterion (15), 

with 
ck 3= , meaning the shock spreads through three grid cells during this stage. The time step for 

the convection stage was determined based on equation (17), with 
uk 11= , indicating that the shock 

spreads through eleven grid cells during this stage. The marching time step was set to t 0.0236 = . 

The acoustics and convection stages were executed during each marching time step, i.e., 

c ut t t  = = . 

 The results are presented in Figures 23–28, comparing the proposed method with the previous 

approach [19] and the data obtained by Harten [3] using the ULT1C scheme at t 0.2124= . The 

proposed scheme allows to obtain the more universal and accurate results than the previous method 

[19] and it have no sawtooth oscillations (dashed blue line). While the TVD scheme shows strong 

numerical viscosity of the solution at the shock wave. 

 

Figure 29. Density plot for the two Riemann problems interaction (65): the ULT1C scheme of 

Harten (red dash dotted line), the previous method [19] (black solid line), and the present method 

(blue dashed line). 
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Figure 30. Magnified view of density plot for the two Riemann problems interaction (65): the 

ULT1C scheme of Harten (red dash dotted line), the previous method [19] (black solid line), and 

the present method (blue dashed line). 

 

Figure 31. Velocity plot for the two Riemann problems interaction (65): the ULT1C scheme of 

Harten (red dash dotted line), the previous method [19] (black solid line), and the present method 

(blue dashed line). 

 

Figure 32. Magnified view of velocity plot for the two Riemann problems interaction (65): the 

ULT1C scheme of Harten (red dash dotted line), the previous method [19] (black solid line), and 

the present method (blue dashed line). 
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Figure 33. Pressure plot for the two Riemann problems interaction (65): the ULT1C scheme of 

Harten (red dash dotted line), the previous method [19] (black solid line), and the present method 

(blue dashed line). 

 

Figure 34. Magnified view of pressure plot for the two Riemann problems interaction (65): the 

ULT1C scheme of Harten (red dash dotted line), the previous method [19] (black solid line), and 

the present method (blue dashed line). 

4. Discussion 

 The numerical solutions for the aforementioned well-known test cases were compared with the 

exact solutions, data from Harten’s method, and the results of the author's previous approach. The 

obtained results lead to the following conclusions:  

 (1) The primary advantage of the proposed method over the well-known TVD, ENO, and 

WENO methods is the elimination of the numerical viscosity (diffusion) for shocks; 

 (2) Over time, shocks or rarefaction waves may spread slightly slower or faster than in the exact 

solution. This discrepancy arises from rounding the wave front positions to the grid cell accuracy, a 

consequence of using a fixed homogeneous grid.  
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 (3) The proposed scheme allows us to obtain more universal and accurate results than the 

previous method [19], and it has no sawtooth oscillations. 

 The accuracy of the proposed method for handling flow discontinuities is determined by the 

iterative Godunov exact solver. In the calculations, an iteration termination criterion of less than 10-5 

is used to ensure convergence by measuring the pressure difference between consecutive iterations. 

 The directions for further research are connected with one-dimensional, two-dimensional 

Sedov problem modeling and two-dimensional Riemann problem simulations. 
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Nomenclature 

Symbol Meaning 

u  Convective velocity of flow 

x  Direction 

t  Time 

t  Time step, marching time step 

1e  Tolerance associated with the comparison of the flow variables 

2e  Machine arithmetic tolerance associated with the comparison of the x  coordinates 

h  Grid step 

n  Number of grid cells 

su  Convective velocity of a shock 

uk
 

Integer coefficient in the formula for the time step at the convection stage
 

a
 

Left boundary of a modeling area 

b
 

Right boundary of the modeling area 


 Density 
p

 Pressure 


 

Ratio of specific heat coefficients 

c
 

Sound velocity 

iw
 

Transfer variables of wave equations 

iw
 

Transfer vector variables 

i
 

Coordinate index 

j
 

Coordinate index 

k
 

Time index 

P
 

Pressure function for adiabatic law 

ct  
time step at the acoustics stage 

sc
 

Acoustic velocity of a shock 

ck
 

Integer coefficient in the formula for the time step at the acoustics stage 

ut  
Time step at the convection stage 

cn

 

An integer showing how many times the time step at the acoustics stage is greater 

than the marching time step 
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un

 

An integer showing how many times the time step at the convection stage is greater 

than the marching time step 



 

Internal specific energy 

 A

 

Jacobian matrix 

[ ]

 

Diagonal matrix of eigenvalues of the Jacobian matrix 

[L]

 

Matrix of corresponding left eigenvectors 

[R]

 

Matrix of corresponding right eigenvectors 

 E

 

Diagonal identity matrix 

c*

 

Constant sound velocity 

*

 

Constant density 

LR

 

Density of the exact solution of the Riemann problem on the left 

RR

 

Density of the exact solution of the Riemann problem on the right 

LU

 

Velocity of the exact solution of the Riemann problem on the left 

RU

 

Velocity of the exact solution of the Riemann problem on the right 

LE

 

Internal specific energy of the Riemann problem on the left 

RE

 

Internal specific energy of the Riemann problem on the right 

LP

 

Pressure of the Riemann problem on the left 

RP

 

Pressure of the Riemann problem on the right 

LD

 

Velocity of the propagation of a shock or rarefaction wave of the Riemann problem on 

the left 

RD

 

Velocity of the propagation of a shock or rarefaction wave of the Riemann problem on 

the right 

LC

 

Local acoustic velocity of the Riemann problem on the left 

RC

 

Local acoustic velocity of the Riemann problem on the right 

c  
Density after the acoustics stage 

cp
 

Pressure after the acoustics stage 

cu

 

Velocity after the acoustics stage 

c

 

Internal specific energy after the acoustics stage 

u  
Density after the convection stage 

up
 

Pressure after the convection stage 

uu

 

Velocity after the convection stage 

u

 

Internal specific energy after the convection stage 

ru

 

Velocity on the right 

0
 

Density for the initial conditions 

0p
 

Pressure for the initial conditions 

0u

 

Velocity for the initial conditions 



 

Pi 
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