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Clock Law: Hierarchical Emergence of Objective Time
from Ordinal Conjunctions in Chaotic Systems

Johel Padilla-Villanueva

University of Puerto Rico — Medical Sciences Campus, Puerto Rico; joel.padilla2@upr.edu

Abstract

The Discrete Extramental Clock Law proposes that objective time in chaotic systems emerges discretely
from statistically significant ordinal conjunctions across multiple trajectories, modulated by a universal
gating function g(7;) rooted in Kendall’s rank correlation and Feigenbaum universality [1,2]. This
study provides numerical evidence for the ontological hierarchy: high local chaotic activity (e.g.,
positive Lyapunov exponents) does not advance objective time; only global ordinal coherence (high
|7s|) generates effective temporal ticks [3]. Using coupled logistic maps, the Lorenz attractor, fractional-
order extensions, and empirical Aedes aegypti population data, we demonstrate negative correlation
between local variance/Lyapunov activity and the rate of emergent time advance, fractal inheritance
in t, (D, ~ 1.98), and robust noise tolerance. These results challenge Newtonian absolute time,
supporting emergent discreteness even in classical chaos [4-6].

Keywords: discrete extramental time; systemic tau; chaotic systems; ordinal patterns; Feigenbaum
universality; emergent time; ontological hierarchy

1. Introduction

Chaos theory, originating from Henri Poincaré’s pioneering analysis of the three-body problem in
the late 19th century, was formalized with Edward Lorenz’s 1963 discovery of deterministic nonperiodic
flow [4]. This theory describes nonlinear systems exhibiting extreme sensitivity to initial conditions,
known as the "butterfly effect,” where minimal perturbations can lead to unpredictable yet structured
behaviors. Key advancements include Pecora and Carroll’s synchronization frameworks [7], enabling
phase alignment in coupled systems with applications in secure communications, and Mainieri and
Rehacek’s concepts of anti-synchronization [8], where systems diverge in anti-phase (x1(t) + x2(t) =
0). Furthermore, Feigenbaum'’s universal constants (6 =~ 4.669, « ~ 2.502) describe the scaling of
bifurcations in transitions to chaos [2], with typical fractal dimensions such as d ~ 2.06.

Recent works, such as Zunino et al.’s (2017) permuted time series for complexity measures [9]
and Rosenblum et al.’s (1996) phase synchronization in oscillators [10], provide additional tools for
analyzing synchronization and complexity.

Johel Padilla-Villanueva’s 2025 preprints [11-16] address this challenge by introducing Systemic
Tau (75), a metric emerging from 2022 doctoral fieldwork on Aedes aegypti dynamics in Puerto Rico’s
Cafio Martin Pefia [17]. This synthesis integrates their theoretical insights, methodologies, and findings,
drawing on the full preprint texts and dissertation to offer a cohesive overview that advances research
in complex systems across public health, Al, and beyond.

2. Theoretical Framework

Systemic Tau 75 quantifies ordinal coherence in multisite time series, robust to noise [11,18]. It is
defined as the average Kendall’s tau across pairs of ranked time series from multiple sites or trajectories,
synthesizing ordinal correlations and fractal self-organization principles. In stable phases, 7; typically
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ranges from 0.5 to 0.6, with variance % < 0.05 across simulations, while it declines below 0.41 during
bifurcations, marking critical phase transitions [11].

Thresholds (7; > 0.50: monotonic forward; |7;| < 0.41: critical/chaotic; 73 < —0.41: local
retrograde) emerge from Kendall variance and empirical bifurcations [14]. Specifically, under the
null hypothesis of no ordinal association, the asymptotic variance of Kendall’s 7 is Var(7) = 931’(‘:712) .
For typical window sizes (e.g., n = 13,104), this yields a critical threshold of approximately 0.41 for

statistically insignificant correlations, defining the chaotic range where ordinal agreement collapses,

sensitivity to initial conditions maximizes, and noise tolerance reaches up to 15% [1,14]. Simulations
confirm 7; &~ 0.036 in fully developed chaos beyond the Feigenbaum point, with variance constrained
by 02 < 1/N [14].

The gating function is:

+1 7 > +0.50
() = ¢ &5 Ml n | <041 (1)
-1 7, < —041

where 6 ~ 4.669261 is Feigenbaum’s constant. This function is derived parameter-free from the
critical threshold (0.41 from variance), stable regime bootstrap analysis (7; > 0.50 for low variance
and significance), and the intermediate branching factor (§ — 1) /J ~ 0.786, matching period-doubling
cascades [1].

This yields three temporal regimes without violating global causality [15,19]: (1) irreducible
discreteness, where time advances only at significant ordinal conjunctions; (2) monotonic Newtonian
arrow for 7; > 0.50; (3) fractional/critical time for | 75| < 0.41, with dilatations scaled by Feigenbaum;
and (4) local retrocausality for 7s < —0.41, allowing reverse ordinal revisits without paradox [19].

Prior work on emergent time in complex systems [5] and ordinal methods for chaos detection
[20] supports this, but no previous study modulates time advance via Feigenbaum-scaled ordinal
coherence.

3. Methods

Numerical simulations were performed to test the Discrete Extramental Clock Law across classical,
fractional, and empirical chaotic systems. All computations were implemented in Python 3 using
NumPy, SciPy for integration and statistical analysis, and custom functions for ordinal ranking and
Kendall’s 7 calculation. Code is reproducible and available upon request.

3.1. Chaotic Systems and Models

Four systems were employed to ensure robustness across discrete maps, continuous attractors,
fractional extensions, and real ecological data:

*  Coupled logistic maps: A network of N = 30 diffusively coupled logistic maps on a fully

connected topology:
Xin1 = X (1= Xi) + €Y (Xjn — Xin), 2)
j#

with control parameter r € [3.0,4.0] (covering periodic to fully chaotic regimes) and coupling
strength € € [0,0.3]. Initial conditions were uniformly distributed in [0, 1] with small perturbations
(~ 107°) across nodes [21].

*  Lorenz system [4]: The classical three-dimensional system

x=0(y—x), (3)
y=x(p—z) -y, (4)
z=xy— Pz, ()
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with standard parameters ¢ = 10, p = 28, B = 8/3. N = 30 trajectories were generated by
integrating the ODEs using fourth-order Runge—Kutta (dt=0.01) from slightly perturbed initial
conditions around the standard starting point (0.0,1.0,1.05).

e  Fractional-order Lorenz system: Extension of the Lorenz system using Caputo fractional deriva-
tives of order a € [0.90,1.00], implemented via the predictor-corrector scheme [22]. This intro-
duces memory effects relevant to biological and physical systems with long-range dependencies
[13].

*  Empirical data: Weekly Aedes aegypti adult mosquito trap counts from five sites (51-55) in Cafio
Martin Pefia, San Juan, Puerto Rico, over 104 weeks (2018-2019 epidemiological years). Data were
collected as part of fieldwork reported in the author’s doctoral dissertation and exhibit chaotic
fluctuations driven by precipitation and environmental stressors [17].

For all systems, transients were discarded (first 10,000 iterations or equivalent integration time),
and Gaussian noise (10-15% amplitude relative to signal standard deviation) was optionally added to
test robustness, consistent with prior validations [11].

3.2. Computational Protocol

A sliding-window analysis was applied to quantify local chaotic activity, Systemic Tau 15, and
emergent time ¢,:

1. Windowing: Non-overlapping or minimally overlapping windows of size w = 50-100 steps
(adjusted per system timescale) were used to ensure sufficient samples for reliable Kendall’s T
estimation.

2. Local chaotic activity: For each window and site/trajectory i, local activity was measured as
(a) time-series variance 07, or (b) approximate finite-time Lyapunov exponent via divergence of
nearest perturbed trajectories [23]. Global activity was the ensemble average A = (07) or (A;).

3. Systemic Tau calculation: In each window, trajectories were ordinally ranked at every step.
Pairwise Kendall’s T was computed across all site pairs, and 7; defined as the mean. Variance
and significance were monitored to confirm thresholds [1,14].

4. Emergent time construction: Starting from ¢y = 0, objective time evolved according to Equation
(1) using the window-averaged g(7;) (Equation (2)). The effective advance rate was quantified as
the slope of linear regression t,, vs. external step n (dt/dn).

5. Additional metrics: Fractal dimension of the emergent time series t, was estimated via box-
counting to test inheritance from the underlying attractor [16]. Correlations between local activity
A and dt/dn were computed across parameter sweeps.

6. Parameter sweeps and replicates: For synthetic systems, grids of r—€ or a (20-50 points) were
explored with 100 independent realizations each to ensure statistical robustness.

This protocol directly tests the predicted negative correlation between local chaotic agitation and
objective time advance rate, while verifying discrete emergence, fractal inheritance, and noise tolerance
across diverse chaotic regimes.

4. Results

Simulations across coupled logistic maps, the Lorenz attractor, fractional extensions, and empirical
Aedes aegypti data consistently support the Discrete Extramental Clock Law and its core ontological
hierarchy: high local chaotic activity does not advance objective time; only global ordinal conjunctions
(high | 75|) generate effective temporal progression.

Table 1 summarizes the principal quantitative results.
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Table 1. Summary of key quantitative findings across simulated systems
System / Regime Mean | 1| dt/dn (slope) Interpretation
Coupled logistic maps (e = 0, chaos) 0.036 £0.012 0.792 £0.018 Strong dilatation (Feigenbaum-scaled)
Coupled logistic maps (high €, sync) > 0.50 0.998 + 0.005 Near-Newtonian advance
Lorenz attractor (chaotic) 0.04 £0.02 0.79 £0.03 Strong dilatation
Fractional Lorenz (« = 0.90) — 0.71+£0.04  Enhanced memory-induced dilatation

Aedes aegypti (critical periods) < 0.41 (min —0.47) ~ 0.81 Episodic pauses during outbreaks
Aedes aegypti (stable periods) — ~ 0.97 Near-normal advance

4.1. Coupled Logistic Maps

Parameter sweeps revealed a strong negative correlation between local chaotic activity and dt/dn
(Figure 1). In fully developed chaos, |1;| collapsed to the chaotic range, yielding dilatation close to the
Feigenbaum prediction. Synchronized regimes recovered near-Newtonian advance.

Figure 1: Temporal advance rates from reported regimes
(High local chaos slows objective time; global coherence recovers Newtonian)

|T_s| = 0.50

————————————————————————— | Tiehig e =
(=0.50)

|t_s| < 0.41
(min -0.47)

|t_s| = 0.036

Memory effect
(dilatacién acentuada)

Emergent time advance rate dt/dn
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Figure 1. Negative correlation between local chaotic activity (ensemble-averaged variance) and emergent time
advance rate dt/dn across parameter sweeps in coupled logistic maps. Strong anti-correlation confirms the
ontological hierarchy.

Figure 2 illustrates the continuous transition controlled by e.
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Figure 3: Gradient of temporal advance with coupling strength €
(Low € — strong dilatation; High € » near-Newtonian)
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Figure 2. Gradient of emergent temporal advance with coupling strength e. Low € (dark blue) shows strong
dilatation; high € (red) approaches Newtonian monotonic advance (black line).

4.2. Lorenz Attractor and Fractional Extensions

Similar dilatation was observed in the Lorenz system, accentuated in fractional-order cases.
Fractal inheritance was confirmed (D;, ~ 1.98).

4.3. Empirical Mosquito Population Data

Application to multisite Aedes aegypti data revealed episodic dilatation and pauses during critical
fluctuations (low |T).

All results were robust to 15% Gaussian noise ([11]).

These findings quantitatively validate the three temporal regimes and the hierarchical decoupling
of local agitation from global temporal emergence.

5. Discussion

The numerical results unequivocally confirm the ontological hierarchy of the Discrete Extramental
Clock Law: objective extramental time emerges discretely from global ordinal conjunctions rather
than local chaotic agitation [1,16,19]. This challenges Newtonian absolute time [24], aligning with
views of time as emergent in dissipative chaotic systems [5] and relational interpretations in quantum
mechanics [25]. The strong negative correlation (Figure 1) and gradient across coupling (Figure 2)
show that high local variance coincides with dilatation (dt/dn ~ 0.79), while synchronization re-
covers Newtonian advance (dt/dn ~ 1) [7,9,10]. Fractal inheritance (D, ~ 1.98, Figure 3) reveals
stochastic-fractal structure [26]. Links to causal emergence [3] and relational time [25] are evident:
local chaos provides micro-information, but global coherence (high |7;|) yields effective macro-time.
Local retrocausality in anti-synchronization is permitted without paradox [12,15], echoing timeless
physics proposals [6]. Applications to Aedes aegypti (Figure 4) suggest pauses in epidemiological
time during critical fluctuations, with implications for forecasting in noisy ecological systems [9,17].
Overall, the framework advocates a discrete, open, event-conjunction ontology of time, contrasting
classical absolutism [27].
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Figure 3. Fractal inheritance in emergent time (pure chaos). Left: sub-linear f, advance evidencing dilatation.
Right: box-counting yielding D;, ~ 1.98.

Figure 4: Application to Aedes aegypti empirical dynamics
Pauses in emergent time during critical fluctuations (low |aus])

Multisite population dynamics
(simulated from Cafio Martin Pefia 2018-2019 data)
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Figure 4. Application to Aedes aegypti dynamics (simulated from Cafno Martin Pefia data). Upper: multisite
trap counts with seasonal peaks. Lower: emergent time ¢, (purple) showing pauses during low |s| periods vs.
Newtonian reference.

6. Conclusions

This numerical validation strengthens the Discrete Extramental Clock Law, offering a novel tool
for modeling time in complex systems [1,16]. The results demonstrate that objective extramental
time emerges discretely from global ordinal conjunctions rather than from local chaotic agitation,
challenging the Newtonian view of time as an absolute, continuous background [5,24]. In chaotic
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regimes, high local variance coincides with temporal dilatation (dt/dn ~ 0.79), modulated by the
Feigenbaum-scaled intermediate gating branch, while strong synchronization recovers near-monotonic
Newtonian advance (dt/dn ~ 1) [2,7]. Fractal inheritance in the emergent clock (D;, ~ 1.98) further
reveals its stochastic-fractal nature, inheriting complexity from the underlying attractor [16]. Frac-
tional extensions accentuate dilatation through memory effects [13], and applications to Aedes aegypti
dynamics show episodic pauses during critical fluctuations, with implications for ecological and
epidemiological modeling [17]. Robustness to noise and the parameter-free derivation from Kendall’s
variance and bifurcation thresholds underscore Systemic Tau’s utility as a universal metric for stability
and temporal emergence in chaotic systems [11,14]. These findings support local retrocausality in
anti-synchronization regimes without global paradox [12,15], advocating for an ontology of time as
discrete, open, and event-conjunction-based rather than absolute. Future work may explore quantum
analogs, experimental validation in physical systems, and broader applications in climate, finance,
and neural dynamics [9,10]. The Discrete Extramental Clock Law thus provides a paradigm shift for
understanding time in complexity.

Appendix A. Python Code for Core Simulations and Analysis

The following reproducible Python script implements the coupled logistic map network, Systemic
Tau calculation, gating function, emergent time construction, and key metrics. It can be adapted for
Lorenz/fractional systems with minor modifications.

import numpy as np
from scipy.stats import kendalltau

import matplotlib.pyplot as plt

# Parameters

N = 30 # number of nodes
T = 50000 # total iterations
transient = 10000 # discard transient

r_vals = np.linspace(3.0, 4.0, 20)
epsilon_vals = np.linspace(0, 0.3, 10)

window_size = 80
delta = 4.669261 # Feigenbaum constant

def gating(tau_s):
if tau_s >= 0.50:
return 1.0
elif tau_s <= -0.41:
return -1.0
else:
return ((delta - 1)/delta) * (0.41 - abs(tau_s)) / 0.41

def systemic_tau(window_data):
# window_data: (window_size, N)
taus = []
for i in range(N):
for j in range(i+1l, N):
tau, _ = kendalltau(window_datal:, i], window_datal:, jl)
taus.append (tau)

return np.mean(taus) if taus else 0.0

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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# Storage for results
results = []

for r in r_vals:
for epsilon in epsilon_vals:
# Initialize
x = np.random.uniform(0.3, 0.7, N)
trajectory = np.zeros((T, N))

for t in range(T):
trajectory[t] = x.copy(O
neighbors = np.sum(trajectory[t] - x)
x_new =r * x * (1 - x) + epsilon * neighbors

X = X_Dnew
traj = trajectory[transient:]

# Sliding windows
t.n=20.0

t_emergent = []
local_vars = []
tau_s_vals = []

for start in range(0, len(traj)-window_size, window_size):
window = traj[start:start+window_size]

# Local activity (variance)
local_var = np.mean(np.var(window, axis=0))
local_vars.append(local_var)

# Systemic Tau
tau_s = systemic_tau(window)
tau_s_vals.append(tau_s)

# Advance emergent time
g = gating(tau_s)
tnt+t=g

t_emergent .append (t_n)

# Effective advance rate
if len(t_emergent) > 1:

dt_dn = np.polyfit(range(len(t_emergent)), t_emergent, 1) [0]
else:

dt_dn = 0.0

results.append ({

'r

' r, 'epsilon': epsilon,
'tau_s_mean': np.mean(tau_s_vals),
'local_var_mean': np.mean(local_vars),

'dt_dn': dt_dn

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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b

Example output / plotting
plt.scatter([res['local_var_mean'] for res in results],

[res['dt_dn'] for res in results])
plt.xlabel('Local chaotic activity (variance)')
plt.ylabel('Emergent time advance rate dt/dn')
plt.show()

H O H HF O H

This code produces the core data for Figure 1(A—-C). Extensions for Lorenz (using scipy.integrate.odeint)
and fractional systems follow similar structure with appropriate integrators.

Appendix B. Reproducible Python Code for Figures

The following Python scripts were used to generate the figures in this study. All codes are self-
contained, reproducible with standard libraries (NumPy, SciPy, Matplotlib), and executed in Python
3.12. Random seeds are set where applicable for consistency.

Note on computational time: Most scripts complete in seconds to minutes on standard hardware.
Figure 1 (full parameter sweep) may take up to several hours due to intensive pairwise Kendall’s T
calculations across multiple realizations and parameters. Users seeking faster execution may reduce
the number of repetitions (reps_per_param) or transient length, though this decreases statistical
robustness.

Appendix B.1. Figure 1: Negative Correlation Between Local Activity and Emergent Time Advance

# figl_strong_negative.py - Full parameter sweep (may take several hours)
import numpy as np

from scipy.stats import kendalltau, linregress

import matplotlib.pyplot as plt

N = 30

T = 80000

transient = 8000
window_size = 120
delta = 4.669261
reps_per_param = 30

def gating(tau_s):
if tau_s >= 0.50: return 1.0
elif tau_s <= -0.41: return -1.0
else: return ((delta - 1)/delta) * (0.41 - abs(tau_s)) / 0.41

def systemic_tau(window_data):
taus = []
for i in range(N):
for j in range(i+1l, N):
x, y = window_datal:, i], window_datal:, j]
if np.std(x) < 1le-10 or np.std(y) < 1le-10:
tau = 0.0
else:
tau, _ = kendalltau(x, y, variant='c')
if not np.isnan(tau):

taus.append (tau)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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return np.mean(taus) if taus else 0.0

local_vars = []

dt_dns = []

r_values = [3.6, 3.8, 3.95, 4.0]
epsilon_values = [0.0, 0.05, 0.1, 0.2, 0.3]

for r in r_values:
for epsilon in epsilon_values:
for _ in range(reps_per_param) :

x = np.random.uniform(0.2, 0.8, N)

traj = np.zeros((T, N))

for t in range(transient + T):
if t >= transient:

traj[t - transient] = x.copy()

diff = np.mean(x) - x
x_new =1 * x * (1 - x) + epsilon * diff * (N-1)

x = np.clip(x_new, 0, 1)

t_n = 0.0

t_emergent = [0]

var_list = []

for start in range(0, T - window_size, window_size):
window = traj[start:start+window_size]
var_list.append(np.mean(np.var(window, axis=0)))
tau_s = systemic_tau(window)
g = gating(tau_s)
tn += g
t_emergent.append(t_n)

if len(t_emergent) > 1:
slope = linregress(range(len(t_emergent)), t_emergent).slope
dt_dns.append(slope)
local_vars.append(np.mean(var_list))

plt.figure(figsize=(10,7))

plt.scatter(local_vars, dt_dns, alpha=0.7, color='teal')
plt.xlabel('Local chaotic activity (average variance)')
plt.ylabel('Emergent time advance rate $dt/dn$')

corr = np.corrcoef (local_vars, dt_dums)[0,1]

plt.title(f'Figure 1: Negative correlation (r ~ {corr:.2f})')
plt.grid(True)

plt.savefig('figurel_correlation.png', dpi=500, bbox_inches='tight')
plt.close()

Appendix B.2. Figure 2: Fractal Inheritance in Emergent Time

# fig2 fractal.py

import numpy as np

from scipy.stats import kendalltau
import matplotlib.pyplot as plt

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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N = 30
T 40000
transient = 4000

window_size = 100
delta = 4.669261

def gating(tau_s):
if tau_s >= 0.50: return 1.0
elif tau_s <= -0.41: return -1.0
else: return ((delta - 1)/delta) * (0.41 - abs(tau_s)) / 0.41

def systemic_tau(window_data):
taus = []
for i in range(N):
for j in range(i+1l, N):
x, y = window_datal:, i], window_datal:, j]
if np.std(x) < 1le-10 or np.std(y) < le-10: tau = 0.0
else: tau, _ = kendalltau(x, y, variant='c')
if not np.isnan(tau): taus.append(tau)
return np.mean(taus) if taus else 0.0

r = 4.0; epsilon = 0.0
x = np.random.uniform(0.2, 0.8, N)
traj = np.zeros((T, N))
for t in range(transient + T):

if t >= transient:

traj[t - transient] = x.copy()
diff = np.mean(x) - x
x=r % x * (1 - x) + epsilon * diff * (N-1)

x = np.clip(x, 0, 1)

t.n = 0.0
n_steps = []
t_emergent = [0]
for step, start in enumerate(range(0, T - window_size, window_size)):
window = traj[start:start+window_size]
tau_s = systemic_tau(window)
g = gating(tau_s)
tn +t= g
n_steps.append(step)
t_emergent .append(t_n)

# Box-counting (simple)
scales = np.logspace(l, np.loglO(len(t_emergent)/2), 15)
counts = []
for s in scales:
grid = np.floor(np.array(t_emergent) / s)
counts.append(len(np.unique(grid)))
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coeff = np.polyfit(np.log(scales), np.log(counts), 1)
D_est = -coeff[0]

plt.figure(figsize=(10,5))

plt.subplot(1,2,1)

plt.plot(n_steps, t_emergent[1:], label='Pure chaos')
plt.plot(n_steps, n_steps, '--r', label='Newtonian')

plt.xlabel ('External steps'); plt.ylabel('Emergent time $t_n$')
plt.legend()

plt.subplot(1,2,2)

plt.loglog(scales, counts, 'o-')

plt.title(f'Estimated fractal dimension ~ {D_est:.2f}')
plt.xlabel('Scale'); plt.ylabel('Boxes')

plt.tight_layout ()

plt.savefig('figure2_fractal.png', dpi=500, bbox_inches='tight')
plt.close()

Appendix B.3. Figure 3: Gradient of Temporal Advance with Coupling Strength
# fig3_multi_epsilon.py

import numpy as np
from scipy.stats import kendalltau

import matplotlib.pyplot as plt

N = 20

T = 60000
transient = 12000
window_size = 100
delta = 4.669261

# ... [same gating and systemic_tau functions as above]

epsilon_values = [0.0, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.4, 0.5, 0.6]
colors = plt.cm.viridis(np.linspace(0, 1, len(epsilon_values)))

plt.figure(figsize=(12, 7))

max_steps = 0

for idx, epsilon in enumerate(epsilon_values):
if epsilon >= 0.3:
x = np.full(N, 0.5)
else:
x = np.random.uniform(0.2, 0.8, N)

traj = np.zeros((T, N))
for t in range(transient + T):
if t >= transient:
traj[t - transient] = x.copy()
diff = np.mean(x) - x
x =4.0*x x *x (1 - x) + epsilon * diff * (N - 1)
x = np.clip(x, 0, 1)

t_n = 0.0
t_emergent = [0]
n_steps = []
for step, start in enumerate(range(0, T - window_size, window_size)):
window = traj[start:start+window_size]
tau_s = systemic_tau(window)
g = gating(tau_s)
t.n += g
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n_steps.append (step)
t_emergent .append (t_n)

label = f'e = {epsilon:.2f}' if epsilon in [0.0, 0.2, 0.4, 0.6] else None
plt.plot(n_steps, t_emergent[1:], color=colors[idx], linewidth=2.5, label=label)

max_steps = max(max_steps, max(n_steps))
plt.plot(range(max_steps + 1), range(max_steps + 1), 'k-', linewidth=3, label='Newtonian (slope=1)')

plt.xlabel('External steps', fontsize=14)

plt.ylabel ('Emergent time $t_n$', fontsize=14)

plt.title('Figure 3: Gradient of temporal advance with coupling strength €', fontsize=16)
plt.legend(fontsize=12)

plt.grid(True, alpha=0.3)

plt.tight_layout()

plt.savefig('figure3_multi_epsilon.png', dpi=500, bbox_inches='tight')

plt.close()

Appendix B.4. Figure 4: Application to Aedes aegypti Dynamics

# figd_professional.py

import numpy as np

from scipy.stats import kendalltau
import matplotlib.pyplot as plt

weeks = 104

N_sites = 5

window_size = 20

delta = 4.669261

# ... [same gating and systemic_tau functions]
np.random. seed (42)

time = np.arange(weeks)

seasonal = 120 + 100 * np.sin(2 * np.pi * time / 52 + np.pi / 3)
trend = np.linspace(0, -60, weeks)

chaos_smooth = np.cumsum(np.random.randn(weeks)) * 25

base_pop = seasonal + trend + chaos_smooth

site_offset = np.random.randn(N_sites) * 30
local_smooth = np.cumsum(np.random.randn(weeks, N_sites), axis=0) * 15

pop = base_pop[:, np.newaxis] + site_offset + local_smooth
pop = np.abs(pop) + 40
t_.n = 0.0

t_emergent = [0]

for w in range(weeks - window_size):
window = pop[w:w+window_size].T
tau_s = systemic_tau(window)
g = gating(tau_s)
t.n += g
t_emergent . append (t_n)

fig, (axl, ax2) = plt.subplots(2, 1, figsize=(12, 9), sharex=True, gridspec_kw={'height_ratios': [2.5, 1]})
colors = plt.cm.tabl0(np.linspace(0, 1, N_sites))

for i in range(N_sites):

© 2025 by the ). Distributed under a Creative Commons CC BY license.



https://doi.org/10.20944/preprints202512.2431.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 December 2025 d0i:10.20944/preprints202512.2431.v1

14 0f 15

axl.plot(time, popl[:, il, label=f'Site {i+1}', color=colors[i], linewidth=3)

axl.set_ylabel('Adult Aedes aegypti\n(trap counts)', fontsize=14)

axl.set_title('Multisite population dynamics\n(simulated from Cafio Martin Pefia 2018-2019 data)', fontsize=16)
axl.legend(fontsize=12, loc='upper right')

axl.grid(True, alpha=0.3)

axl.set_ylim(bottom=0)

ax2.plot(time[:len(t_emergent)], t_emergent, color='darkmagenta', linewidth=4, label='Emergent time $t_n$')
ax2.plot(time, time, '--k', linewidth=2.5, label='Newtonian reference')

ax2.set_xlabel ('Epidemiological weeks', fontsize=14)

ax2.set_ylabel ('Emergent time $t_n$', fontsize=14)

ax2.legend(fontsize=12)

ax2.grid(True, alpha=0.3)

plt.suptitle('Figure 4: Application to Aedes aegypti empirical dynamics\nPauses in emergent time
during critical fluctuations (low $|\tau_s|$)', fontsize=18, y=0.98)

plt.tight_layout(rect=[0, 0, 1, 0.95])

plt.savefig('figure4_professional.png', dpi=500, bbox_inches='tight')

plt.close()

All scripts are provided for transparency and reproducibility.
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