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Abstract: A reduced representation of a dynamical system helps us to understand what are the true
degrees of system of that system, and thus what are the possible instabilities. Here we extend previous
work on barotropic flows to the more general non barotropic flows case and study the implications
for variational analysis and conserved quantities of topological significance such as circulation and
helicity. In particular we introduce a four function Eulerian variational principle of non-barotropic
flows which has not been described before. Also new conserved quantities of non-barotropic flows
related to the topological velocity field: topological circulation and topological helicity including a
local version of topological helicity are introduced. The variational formalism given in terms of a
Lagrangian density allows us to introduce canonical momenta and hence a Hamiltonian formalism.

Keywords: non-barotropic flows; variational analysis; topological conservation laws

1. Introduction

A comprehensive introduction to the subject of variational principles of fluid dynamics is given
in [1] and will not be reproduced here, the reader who is interested in a broader introduction is referred
to the original paper. We shall mention, however, that parts of this paper especially Section 5 follows
closely the work of Salmon [2] (Section 3).

In this paper we extend what it known on variational barotropic fluid dynamics to non-barotropic
fluid dynamics, this has also impact on the form of conserved quantities such as circulation and helicity
which have a well known topological meaning in terms of the knottiness of vortex lines [3].

Non-barotropic flows are distinguished from Barotropic flows by their more realistic equation
of state. The internal energy of those flows and therefore the pressure, depend on both the density
and specific entropy in contrast to the (over)simplified equation of state of a Barotropic flow which
is a function of density alone. This allows us to discuss the effect of entropy and temperature on the
dynamics of the flow and points the way to further developments towards the variational analysis of
non ideal flows in which heat losses play an important rule.

We start by introducing the basic equations, this is followed by a discussion of a fluid Lagrangian
variational action. Then we discuss the Eulerian variational principle and its simplification, including
its stationary form. This is followed by the definition of canonical momenta and derivation of the
Hamiltonian of the system. The next step is the analysis of conservation laws within the Non-Barotropic
framework. Then we demonstrate that the non-barotropic variational problem can be formulated in
terms of only four functions. Finally, we give an analytic solution of a family of flows which include
also self gravitating torii.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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2. Fundamental Equations of Non-Stationary Non-Barotropic Fluid Dynamics

Non-Barotropic Eulerian flows are described using five dependent variables the density p, velocity
¥, and specific entropy s. Those variables satisfy the continuity and Euler equations and ideal flows
requirement, which is the lack of heat losses in every fluid element:

) = o
dd 97 L oo @p(p,s) o
E:§+(v V)v——T—V‘Y )
ds 0s Lo

The pressure function p(p, s) is dependent on the density and specific entropy s, ¥ is some specific
force potential (which can be gravitational or electromagnetic), % is a partial time derivative, V is
the nabla operator of vector analysis. The derivative % is the material time derivative. Equation (1)
tells us that the mass of each fluid element is conserved, Equation (2) is just Newton’s second law for
continuous matter, while Equation (3) is a mathematical expression for the fact that in an ideal flow,
heat is not conducted, nor created but only convected.

3. Thermodynamics & Vortex Dynamics
Applying the rotor operator to Equation (2) will lead to:

E’zﬁx(ax@)—vx<v”> ()

in which:
&=V x7 (5)

is the vorticity. Let us now look at the thermodynamics of the fluid. The fluid consists of "fluid
elements," [4,5] which are conceptualized as "point particles” with certain properties. Each "fluid

element" has an infinitesimal mass d My, a position vector X (&, t), and a velocity (&, t) = dfg’t) . Unlike
true point particles, these fluid elements also possess an infinitesimal volume dVj, an infinitesimal
amount of entropy dSj, and an infinitesimal internal energy dE;, 3. It is common practice to define
densities for the Lagrangian, mass, and charge of each fluid element in this context:

dM;

The density is dependent on ¥, where the "fluid element" labelled # is in time ¢:

p(%,t) = p(X(a,1),t) = pz(t) )

It is also common practice to define the specific internal energy e:

dE;, 5 _ dMzdE;, z  dEj;
aM; P T v amn T avy ®)

™
=L
Il

which will be important later in the current paper. In an ideal case the "fluid element” does not
exchange mass nor heat with other fluid elements, thus:

AdMy = AdS; = 0. )
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in which we use the A symbol to denote change. According to thermodynamics a modification of a
"fluid element" internal energy satisfies:

AdEin i = TRAdSR — p&AdV&, (10)

the first term in the right hand side of the above equation describes the heat gained by the "fluid
element” while the second term in the right hand side is the work done by the "fluid element" on
surrounding elements. In the above Ty denotes the temperature of the "fluid element" and pjy is its
pressure. As the mass of the fluid element is constant we may divide Equation (10) by d My to derive
the variation of the specific energy:

L dEj,z Sz avy
Aeg = A My T“AdMﬁ p"‘AdM,;z
1 Pa dSg
= TzAsz — pzA— = TzAsz + 5 Apz. sz = 11
o o pﬂ( pEZ 3 3 p% th 24 dMEZ ( )
sz is the specific entropy. Thus:
de de._p
R FY (12)
The Enthalpy is defined as:
AWy = dEjy g + pad Vy. (13)
and thus the specific enthalpy can be calculate as follows:
o dWﬁZ _ dEinEZ dVR _ P&
wy = M, M, +p“dME =&+ 0 (14)
Thus using Equation (12) we obtain:
p de _ 9(pe)
w=e+=-=¢et+p— = . (15)
P P30 = op
Moreover: .
ow _Oety) p 1op o p 10p p _10p 16
9 9 p> pdp dp  p* pdp p* pop
Now we can look again at the gradient of the pressure appearing in Equation (4):
W:v(*’) P Sp—Sw—e)+ L% 7
P P P p

in which we have used Equation (15) in the above derivation. Looking again at Equation (11) and
considering a change of the fluid element location, leads to the following identity for the specific
internal energy gradient:

Ve=TVs+ p—pﬁp. (18)

Combining Equation (17) with Equation (18) leads to the equation:

I

TP — Vw—TVs (19)

We can now plug the above equation into Equation (4) to obtain:

%—fz?x(ﬁx@)—i—@Tx@s. (20)
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Equation (4) is a mathematical statement about the vorticity lines being "frozen" in the flow if the
temperature or specific entropy are uniform or their gradients are parallel. Frozen vorticity lines
(or not) is obviously connected to the conservation of circulation and helicity and thus signifies the
profound connection in flows between thermodynamics and vortex dynamics.

4. The Lagrangian Variational Approach

Lagrangian and action for every "fluid element" are the same as that of a point particle, with one
difference: its internal energy. The variational formalism of point particles is described in Appendix A.
Thus according to Equation (A6) we obtain the expression:

2
dA; = dLydt,
t1

dL; %dM& o(&,1)* — dMz ¥y — dEj, 3. (21)

in which we replace the discrete index j with the continuous index @. Of course, all quantities are
calculated for a unique @. The fluid’s Lagrangian and action is summed (or integrated) over all @'s:

L = [dLy

A

I
e
_
ﬁ?

/ / dL.dt — /1 Ldt. (22)

It follows that the Lagrangian density is:

 dLy
Le = av;
1
Li = Spa0(@ 1)’ — prex —pa¥a (23)
The Lagrangian is thus a spatial integral:
L= / dL; = / LadVy = / L(Z, 1) dx (24)
o o

We shall now vary the action. The only term different from the classical case is the internal energy
term whose variation is given in Equation (10). For an ideal fluid, heat is not generated, nor heat is
conducted or radiated, and thus heat can only be convected by the "fluid elements". It follows that
AdS; = 0 and thus:

AdEin = *p&AdV&. (25)

We now vary a volume element:
dVy, = d°x(&,t) (26)

With the help of the Jacobian we relate this to the volume element at t = 0:

Bx(d,t) = Jd®x(#,0), ] = Vox;- (Voxa x Voxs) (27)
< ) d d .
Vo = (8x(52,0)1’ ax(a,0);” 9x(d,0)3 )- Now:
AdVs, = APx(d,t) = A] Px(3,0) = A]] Pr(E, ) = %de,

(Adx(&,0) = 0). (28)
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As both the actual and varied trajectories start at the same location. Varying | we obtain:
A = §0Ax1 . (603(2 X 60363) + ﬁoxl . (ﬁOAXQ X @0)63) + ﬁoxl . (60362 X ﬁoAxg), (29)
Introducing the notation & = AX it follows that:

VoAxi - (Voxp x Voxz) = Voéi - (Voxz x Voxs)
= 0k&1Voxe - (Voxz x Voxs) = 918 Voxy - (Voxa x Voxs) = 01¢1].
Vox - (VoAxy x Voxz) = Voxi - (Vo&z x Voxs)
= 0k&2Vox1 - (Voxi x Voxs) = 025 Voxy - (Voxa x Voxs) = 0282].
Vox1 - (Voxz x VoAxs) = Vox; - (Voxz x Vois)
= 0k&3Voxs - (Voxz x Voxi) = 9383 Voxy - (Voxa x Voxs) = 9383]. (30)

Thus:
A] = 31&1] + dala] + 383 =V -E . (31)

And thus the variation of the volume of each "fluid element" is:
AdVy, =V -EdVy,. (32)
And thus the variation of the internal energy follows:
AdEy 3 = —pV - § dVy,. (33)

The internal energy is the main new aspect compared to the single particle or system of particles
scenarios described in the appendix. Therefore, the rest of the variation analysis proceeds in a
straightforward manner. Varying Equation (21) we derive:

t2
AdA; — / AdLgdt,
t

1
AdLy dM; (3(a,t) - AG(d,t) — ¥z) — AdE;, 5. (34)

Notice that:
Lo A dX(d, ) dAX(a,t)  di(a,t)
AT(d, t) = A T I == (35)

After the steps which lead to Equation (A2) we obtain:

d(dMy; - &)
dt

d_’H =3 = — =
—dM, (”“ i V‘I’EZ> PV E dVy,. (36)

AdLy; = o

The variation of a single element action is thus:

t
t1

2 (2
AA; = /1 AdLgdt = dM5(E, 1) - &
t

£2 dg- = - B

- /ﬂ (dMR< dtlx + V‘I’ﬁ) “Cag —pV -8z dVy,)dt. (37)
From the above we easily derive the total action variation:

)
1

A = /a dA; = /a AM3 (3, 1) - &

2 s = " S
_ /ﬂ /a (dMR< dt”urv‘?&)-g&—pv-ga dv,)dt. (38)
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Now according to Equation (6) we may write:
dM;,z = P dV&, (39)
and thus convert the @ integral into a volume integral:
. t2 tz dl_f . . . .
AA = /pz7~CdV _/1 /(p(E—l-V‘F)-g—pV- )aVit. (40)
1 £
According to the identity:
pV-E=V-(p¢) =¢-Vp, (41)
thus, with the help of Gauss theorem we write:
LR
AA = / 05 - EdV
1
7] a7 - . -
- /t1 {/(p(dt+V‘I’)+Vp)‘§dV—j{p§-dZ}dt. (42)

The action variation will vanish if &(t1) = &(t2) = 0 and the otherwise arbitrary & vanishes on a
surface surrounding the fluid, only if the Euler equation is satisfied:
dd Vp = d

J

az—?—V‘Y, ﬁ:§+v-v (43)

The equation, apart from the pressure terms, resembles that of a point particle. In experimental

fluid dynamics, it’s often more practical to describe a fluid using quantities at specific locations rather

than those associated with unseen infinitesimal "fluid elements." This approach leads to the Eulerian

description of fluid dynamics, which focuses on flow fields rather than the velocities of individual
"fluid elements" this will be investigated in Section 5.

5. The Eulerian Variational Principle

The Eulerian approach is radically differen way to study flows. Instead of fluid elements we
look at fluid fields which may be scalar, such as the density of mass p(¥X, ) and the entropy per unit
mass (specific entropy) s(X, t) or vector such as the velocity field 7(¥, t). To this we will need to add
auxiliary functions for maintaining information that is lost in the transformation from the Lagrangian
to the Eulerian picture, such as the particles mass and identity. Here we follow in the footsteps of
Clebsch [6,7], Davydov [8] and Seliger & Whitham [9]. We write the action:

A = /£d3xdt
L = Li+L
_ 1o N _ % o o8
Ly = p(57 —elps) =), Lo=v[z + V- (0)] —pa— —po— (44)

in the above £; is simply the Lagrangian density given in Equation (23). £, is composed from a set of
constraints which are enforced by the Lagrange multipliers v, &, ¢. The v, a functions appear also in
the barotropic variational formalism [1], however, the o Lagrange multiplier is of course unique to
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non-barotropic flows and appears also in non-barotropic magnetohydrodynamics [10,11]. Variation
with respect to v, w, o will obviously lead to:

) -

3 TV (p9) =

.

PE =0

ds

py =0 (45)

For the case that p is not zero those are just the mass conservation Equation (1) and the fact that g and
s are comoving, that is they do not change for any flow element. Varying the action with respect to v:

5sA = / Pxdtpst - [T — v — aVp — oVs] + f dA - 55ov + / 45 - 550[], (46)

The boundary terms above include an integration over the external boundary § dA and an integral
over a cut f dY. that must be introduced when v is not single-valued, which will be discussed in later
sections. The external boundary term becomes zero in cases of astrophysical flows where p = 0 on
the free flow boundary, or when the fluid is contained in a vessel with a no-flux boundary condition
07 - 1 = 0 (Where 71 is a unit vector normal to the boundary). The cut "boundary" term also vanishes if
the velocity field only varies parallel to the cut, satisfying a Kutta-type condition. If these boundary
terms are zero, 7 is of the following form:

T=0= a@ﬁ%—a@sﬂ-@v 47)

this is a generalized Clebsch representation of the velocity (see for example [4,6,7,12] [page 248]). We
now vary the action with respect to p:

1 v =
_ 3 R L
SpA = /d xdtép[zv w—-Y By V]
+ 7{ dA - Fspv + / s - 5ép[v] + / dxvopl;! (48)

Thus if §p vanishes on the domain’s boundary, on the cut and in both initial and final times we obtain:

dv

1.,
= 7 —w— 49
T 20 w—Y (49)

Let us vary with action with respect to s:

JA = /d3xdtés[a(gf) + V-(0od) — pT] + /dtj[dﬁ-paﬁés

- / d®xpods| f;, (50)

in which the temperature is T = % is defined in Equation (12). According to Equation (47) ¢ is single
valued thus no cuts are needed. Using Equation (45) we obtain for p # 0 locations:

do

if we require that ;A = 0 for arbitrary Js.
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Finally we vary A with respect to B:
SpA = / d%dtéﬁ[%t’x) V- (pad)]
7{ dA - Gowsp — / 45 - Goa[sp) — / a3 xpadplll (52)

Thus if 4B is chosen such that both temporal and spatial boundary terms are null (63 to be continuous
on the cut if it is needed):

a(gf‘) +V - (pad) =0 (53)

Using the mass conservation Equation (1) we simply have:

= =0 (54)

Hence for every location in which p # 0 both & and f are comoving coordinates. The vorticity can be
derived from equation (47) :

&:@xﬁzvax@[ﬂ—@ax@s, (55)

Calculatmg in which w is defined by Equation (55) and using Equation (54), Equation (51) and
Equation (45) w111 yield Equation (20). We mention that In particular the six Equations (45), (49), (51),
and (54) are equivalent to Salmon’s [2] six equations (3.18).

6. Euler’s Equations

Although we obtained from the variational principle the continuity and specific entropy conser-
vation Equations (1,3) the rest of the variational equations seem unrelated to the Euler Equations (2),
however, this impression is false.

We shall now demonstrate that a velocity field given in the generalized Clebsch form of Equa-
tion (47), in which the dependent variables «, §, v, 0, s satisfy Equations (45), (49), (51), (54) satisfies
Euler’s equations. We calculate ¢’s material derivative applying Equation (51) and Equation (54):

da_d% do = dVﬁ doe ~ dVs dVv dVB o = dVs

Tl Vﬁ+ T, +dtv s+o0 FTRRRT +a T +TVS+0’W (56)

It can be easily shown using Equation (45) and Equation (49) that:

Vv L edv o v o1, ov

7 = VE —Vvka—xk = V(E’U *ZU*T) *V’Ukaixk

AV  -df o B = OB

i = Var Ve T V%o

dVs -ds = 0s - 0s

W = VE *Vvkaixk = —Vvka—x]( (57)

In the above xj are Cartesian coordinates and Einstein’s summation convention is utilized. It follows
from equation (57) and Equation (56) that:
dd > aﬁ =1, o
— = — — —w—Y)+T
n Vouy (axk—l— 8xk axk)—i-V( 7 —w )+ TVs
Vp =
= —Vvkvk—i—V( P —w—"Y)+TVs = —7 - VY, (58)
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in which we have used both Equation (47) and Equation (19). Thus Euler’s equations are derived from
the action (44) and thus all non-barotropic ideal fluid dynamics equations can be derived from the
same action.

7. Simplified Eulerian Action

The reader might feel that the authors have unnecessarily complicated the theory of fluid dy-
namics by introducing four additional functions—u, B, v, c—alongside the standard variables 7, p, s.
However, we will demonstrate that this is not the case. The action given in equation Equation (44) can
indeed be simplified with respect to the number of unknown functions, making it more suitable for a
pedagogical presentation. It’s straightforward to show that the Lagrangian density in Equation (44)
can be expressed as:

_ v a’B ds 1 - END) %)
L = p[§+a—at+U§+s(p,s)+‘I’]+§p[(v—v) — 7]
0 -
+ (gtp) + V- (vp?) (59)

o stands for Vv + 0&@,8 +0Vs (see Equation (47)). Thus £ has three components:

L = £+£5+Lboundary
SN B L@y 4 a1 o)
L = p[at+rxat+Uat+8(p,s)+‘1’+2(V1/+rxV/3+UVs)]
L; = Ep(z7—z7)2
(v = .
‘Cboundury = (af)+V-(vpv) (60)

The term L3 is the only one involving 7, and it can be shown that this term will lead to the form given
in Equation (47) when the variational derivative is set to zero, without affecting other variational
derivatives. It's important to note that the term Ly,;44r, consists only of complete partial derivatives,
so it doesn’t contribute to the equations but can influence the boundary conditions. Thus, equations
Equations (45) , Equation (49), Equation (51), and Equation (54) can be derived using the Lagrangian
density £, where 3 replaces ¥ in the relevant equations. After solving the six Equations (45,49,51,54),
the functions «, B, v, o, s can be substituted into Equation (47) to obtain the physical velocity 7. This
approach means that the general non-barotropic fluid dynamics problem can be approached by solving
an alternative set of six equations, which can be derived from the Lagrangian density £, instead of the
usual five Equations (1,2,3). The potential ¥ influences the flow dynamics through equation (49), while
thermodynamics impacts flow dynamics through two equations: (49), which depends on the specific
enthalpy w, and (51), which depends on the temperature T. We mention that a variation principle
based on £ was already described by Salmon [2] equation (3.16).

8. The Simplified Hamiltonian Formalism

Let us derive the conjugate momenta of the variables appearing in the Lagrangian density £
defined in Equation (60). A simple calculation will yield:

>
QU
>
QU
>

0

()" A

Ty =

= —p0. (61)

S
N—
Q
~~
Sy
N—
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The rest of the canonical momenta 71, 7, 77, are null. It thus seems that the six functions appearing in
the Lagrangian density £ can be divided to "approximate" conjugate pairs: (v,p), (, 8), (s, o). The
Hamiltonian density 71 can be now calculated as follows:

. 2B
H= m,a +7'c[;at+7rsat L= p[ * +e(p,8) + } (62)

in which 7 is defined in Equation (47). This Hamiltonian density implies the Hamiltonian:
H= /d3x7% = /d3xp [;52 +¢(p,s) —i—‘I’} (63)

which is numerically identical to the Hamiltonian introduced by Salmon [2] (2.18). However, in
Salmon’s case the Hamiltonian is described in terms of a Lagrangian description of the fluid, while in
our case the Hamiltonian density (and hence the Hamiltonian) are described by Eulerian variables.
Hamilton’s equation would be the same six Equations (45), (49), (51), and (54).

9. Stationary Fluid Dynamics

Stationary flows are a distinctive feature of Eulerian fluid dynamics, which do not have an
equivalent in Lagrangian fluid dynamics. In stationary flows, the physical fields @, p, s remain constant
over time (but not over necessarily over space). However, this constancy doesn’t mean that the
stationary potentials &, B, v, o are solely functions of spatial coordinates. In fact, if we were to assume
that these potentials depend only on spatial coordinates, it would lead to incorrect conclusions, as
the stationary equations of motion could not be derived from the Lagrangian density £ provided in
Equation (60). To resolve this issue, we can proceed as follows: we should let &, v, 0 depend only on
the spatial coordinates, while we select 8 in a specific manner:

p=p—t (64)
B depends only on the spatial coordinates. The Lagrangian density £ of Equation (60) is thus:

L :p([x—s(p,s) —-¥ - ;(@v+zx§ﬁ—l—a§s)2> (65)

Varying L = [ Ld3x with respect to «, 8,v,0,0,s and equating the variation of the action to null
(assuming the relevant spatial and temporal boundary conditions) leads to a set of equations:

V- (07) =0

ng)-@oc:O

p(3-VB-1)=0

a—%”+w+¥

pv-Vs =0

p0-Vo = pT (66)
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Which simplifies for any spatial point in which the fluid density is not null to:
V- (07) =0
7-Va=0
7-VB=1
1
& =30 +w+Y
7-Vs=0
7-Vo=T (67)

« is just the constant suggested by Bernoulli (see [13]). Calculations essentially identical to the ones
done previously show that the above equations are equivalent to stationary Euler equations:

(-V)7 = Vp” \A'4 (68)

10. Constants of Motion

A well known concept in fluid dynamics is circulation around a trajectory that is comoving with
the flow:
C= }( g.dl (69)

dl is infinitesimal length oriented along the trajectory. It follows from Equation (58): that:

ac _ ]{ TVs . dl = f Tds (70)

hence circulation is not conserved unless the flow is barotropic (which means a uniform specific
entropy throughout the flow), or the trajectory happens to be on a constant specific entropy or constant
temperature surface. However, using the variational equations that we obtained in the previous
sections we can generalized circulations conservation to an arbitrary comoving trajectory as follows.
First we define a topological velocity field:

—

5—0oVs. (71)

Ut

o and s are defined in previous sections. Next we define a circulation of the topological flow field in an
analogue way to the definition of standard circulation:

CtE%ﬁt-dT:C—faﬁs-dT:C—fads- (72)

It is easy to show that this quantity is conserved for any trajectory:

dC;  dC _
= —d_firds—f:rds 0. (73)

in which we have used Equation (51) and Equation (70). Taking into account the generalized Clebsch
representation Equation (47) it follows that:

Ty =0—0Vs = a@ﬁ + V. (74)

Hence the topological flow field has a standard Clebsch form. Moreover, the associated vorticity of

this flow is:
zﬁxz?t:@axﬁﬁ:(ﬁ—ﬁaxﬁs, (75)
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We can use Stokes theorem to write the topological circulation C; as topological vorticity flux ®;
through a comoving surface:

ct:fat-dz*:/ﬁ><a-dA’:/cvt-dA:/wx@ﬁ-dﬁ:/dadﬁ:cpt. (76)

Hence a tube of topological vorticity lines will not change its flux due to the flow dynamics. This is of
course true even in the cross section of the tube is infinitesimal, which means that each vortex line is
comoving and thus the topology of the topological vortex lines is conserved as well, and they cannot
be unknotted by the flow if they are initially knotted. This is of course the reason why they are called
topological in the first place. It is easy to show using Equation (45) and Equation (54) that:

9o _ G (7 x @). (77)

which is a sufficient condition for the topological vortex line to co-move with 7. In barotropic fluid
dynamics the helicity is a (topological) constant of motion;

H = / @ - 3P, (78)

which is a measure of the knottiness of lines for @ [3]. However, this quantity is not constant in non-
barotropic flows. Nevertheless, previous discussion shows that this quantity can be easily generalized
using the concept of topological flow fields and their topological vorticity:

Ht = /C?)t . z_)}d3x. (79)

A straightforward calculation will show that this is indeed conserved. We write Equation (79) in terms
of the potentials &, B, v, the scalar product &; - 7y is:

@

~

-7 = (Vax VB) - V. (80)

- —

We introduce local vector basis: (Va, VB, Vi) in which y is a comoving function with a gradient

— —

which is not parallel to either to Va or V. Using those functions we can write Vv as:

V. oo o = o =
Thus: ; .
@t'at:l(ﬁaxﬁﬁ).ﬁy_lw 82)

ou ~ oud(x,y,z)’

Inserting equation (82) into equation (79) we obtain:
Hy = / O udadp (83)
t = T H .

In certain situations, it might be necessary to divide the flow domain into separate regions or patches,
each having different definitions for u, «, 8. This division is not considered a limitation of our formalism,
as the topology of the flow remains consistent with the flow equations. In such cases, the quantity H;
should be calculated by summing the contributions from each patch. We can envision the fluid domain
as being composed of thin, closed tubes of topological vortex lines, each identified by the values of
(«, B). Integrating along these thin tubes in the metage direction yields the following result:

§Shdu= g, (84)
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In this context, [v], g represents the discontinuity of the function v along its cut. This means that if a
thin tube of vortex lines exists where v is single-valued, it doesn’t contribute to the topological helicity
integral. When we substitute the expression from the equation vt into the helicity equation, we obtain
the following result:

Hy = / [V, peled = / [v]d,, (85)
in which Equation (72) was used. Thus:
_ dH;
v] = ad,’ (86)

The discontinuity of v represents the density of topological helicity per unit of topological vortex flux
within a tube. This means that the Clebsch representation does not imply zero topological helicity;
instead, it can accommodate non-zero topological helicity, as demonstrated above. Moreover, according
to equation (49) :
d[v]
dt
We can conclude that topological helicity is conserved not just as an overall quantity across the entire

—0. (87)

flow domain, but also that the local density of topological helicity per unit of topological vortex flux
remains conserved.

11. A Simpler Variational Principle of Non-Stationary Fluid Dynamics

Lynden-Bell and Katz [14] demonstrated that an Eulerian variational principle for non-stationary
barotropic fluid dynamics could be expressed using just two functions: the density (o) and the load
(A). However, the velocity was implicitly defined through a partial differential equation, and its
variations were constrained by this equation. This approach has been similarly criticized in their
work on non-barotropic flows [15]. However, Yahalom & Lynden-Bell [1] have shown that a true
variational principle (that is unconstrained and without implicit definitions) for barotropic flows can be
formulated in terms of three dependent variables p, v and an additional comoving dependent variable
A. Here we show that for the non-barotropic flows four dependent variables will suffice those are p, v, s
and an additional comoving function.

Consider the last two equations in (45) and write them explicitly in term of the generalized
Clebsch form defined in Equation (47):

%_a£+5.€5:aﬁ—f—(zx@ﬁ—i—a@s—k@v)-@ﬁ:O

dt ot ot
ds 0s  _ =  0s S T T e —
E_g—i—v-VS—g‘F(“Vﬁ‘FUVS‘f‘VV)'VS—O- (83)

We thus derived two algebraic equations for the variables «, ¢ that can readily be solved. Introducing
the notation:

a.Bﬁ = (618)2' Ass = (65)2, llsﬁ = aﬁs — ﬁﬁ . ﬁs
_ B e ¢ 05 o =2
kﬁ——g—vv'Vﬁ, ks——g—vv Vs. (89)
We obtain both «, ¢ as functionals of the variables s, B, v:
asskg — aspk aggks — asgk
als pu] =PSB gfs pu) = P DEE ©0)
ﬂssﬂ/z‘g — asﬁ assaﬁﬁ — ”sﬁ

In Hamiltonian language this means that the canonical momenta of § and s are now given expressions

of (s, B,v):
I _1 asskﬁ — lls‘[;ks o _1 aﬁﬂks — asﬂk‘g 91)
’ asags i ) P\ asagg—alg )
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Similarly the velocity field is now a functional of the three variables s, §, v
s, B,v] = [s, B, V]V B + ols, B,v]Vs + Vv (92)
Finally the Lagrangian density is a functional of the four variables s, B, v, p:
A ov B 0ds
L[s,Bv,p] = — 5 T zx[s,ﬁ,v]g +(T[s,,8,v]g +e(p,s)+¥
+ %(@v +afs, B, v]VB + 0ls, B,v]Vs)? (93)

The variation of which will lead to the following four equations which replace the original set of

equation (1,2,3):
N = dv 1, dofs,B,v] dafs,B,v]

Written explicitly the form of those equations may look rather complicated.

12. Example: A Flow Solution in Circular Toroidal Coordinates

Consider a stationary fluid where both the velocity and vorticity lines are confined to toroidal
surfaces [16], defined as surfaces where the radial coordinate 7 remains constant. The cylindrical polar
coordinates (R, ¢, z) are used to describe the position in space, with 7 being a function that defines

these toroidal surfaces:
F=4/22+ (R—1)2 (95)

A visual representation of nested tori is depicted in Figure 1. This cross-section shows how these
toroidal surfaces are layered, with each torus having a distinct but constant 7, forming a series of
concentric structures. These nested tori are the loci of velocity and vorticity lines which are confined to
specific toroidal surfaces.

1.0

0.5

@

-05

~10.
00 05 10 15 20
R

Figure 1. R-z cross-section of the nested tori, with centreat R =1,z = 0.
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As the velocity field lines are constrained to those tori we have according to Equation (67)
« = a(7) . For a uniform specific entropy s, it follows from Equation (55) that also the vorticity lines
are constrained to the same.

We assume that the flow is confined between two specific tori, bounded by € < 7 < a, where a
and € are constants and satisfy 0 < € < a < 1. Within this range, we introduce an angular coordinate #
on the tori. This coordinate will help describe the movement along the surface of the tori, providing a
clearer understanding of the flow’s structure on these confined surfaces:

1 = arctan (96)

z
R-1
In this scenario, we establish an orthogonal coordinate system on the toroidal surfaces using the
coordinates 7, ¢, 77, where 7 represents the radial coordinate, ¢ is the azimuthal angle, and 7 is the
angular coordinate introduced above. These coordinates are orthogonal to one another, which simpli-
fies the application of standard vector calculus operations in terms of these toroidal coordinates. The
mathematical operators used in vector analysis, such as the gradient, divergence, and curl, are given
below to facilitate analysis in this specific coordinate system:

- .0 .19 10
Tf =+ f*%aé aj; (97)
= - 1 (9(FRA;) 0d(FAp) Od(RAy)
V-A—m( A 2 ) (98)
S| 0 of 7 of 0 Rof
¥ = (3 p b+ 2EY), )
L. 1[3(FA,)  O(RAp)). 1[0(A;) 0(FA)]. 1[3(RAs) a(An)].
VxA=z a oy }r+7[ ay  oF ](P+R[ Y }7' (100

12.1. The Toroidal Velocity Field

According to the equation represented by Equation (47), we can express the velocity field 7 in
a specific form. This equation allows us to rewrite the velocity in a way that reflects the underlying
physical principles or constraints imposed by the fluid’s motion. The equation provides a structured
relationship between the velocity and other relevant variables, ensuring consistency with the fluid
dynamics framework being considered. The form of 7 in Equation (47) plays a central role in analyzing
and solving fluid dynamics problems in this context:

—

=aVB+Vv=V(ap+v)-pVa (101)
Introducing the definition below allows us to establish a simpler mathematical and physical concept:
T=af+v, (102)

In this context, Equation (101) is transformed into a new expression that conforms to the established
toroidal coordinate system. This step adjusts the general velocity form to be compatible with the specific
geometry of the system, which involves toroidal surfaces. By translating the velocity components into
the coordinates of the toroidal framework—typically involving 7, ¢, and 7—we adapt the original
equation to reflect the structure of the flow on these nested tori. This adaptation is essential for
analyzing the dynamics of flows constrained within such surfaces:

7= Vi-—pVa. (103)

Since the velocity vector 7 is assumed to be confined to the toroidal surfaces, we have certain conditions
that simplify the analysis. Specifically, the components of the gradient of « along the directions of
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7 and ¢, are both zero. Also the component of the velocity along the 7 direction, 7; = 7 - 7, is also
zero. This leads to the following simplified expression, represented by a partial derivative notation

of /dx = dxf: .
o7 = Bora, vy = 207, vy = ﬁa(Pﬁ. (104)

Provided that 7 exists it follows that under smoothness assumptions we obtain the equality:

g = 0y V. (105)
It thus follows that:
8¢ (1_’"0;7) = 817 (R’U(p). (106)
This equation has the following solution:
I's(7) IL(7,¢)
T omr T ToaR (107)

As p7 is a divergence-less vector according to Equation (67) and since is must be also orthogonal to Va
it follows that a function y exists such that:

5 Vu x Va (108)
P
In the current case we have: 3 3
7 P
vy = —pLRa(Py, vy = ;}7 Iy, (109)
If the function p indeed exists and is smooth we have:
Ipght = Dy . (110)
And thus: - R
prog PRy
== 111
a¢(aia>+a7i<87w> 0; ( )
which implies:
9y (p7vy) + 9y (0Rvy) = 0. (112)
Inserting Equations (107) into Equation (112) it follows that:
9 (p?w> +d, <pRFS_(r)) —0. (113)
R 7
Which is simplified to the form below:
7 ; Ts(7)
70 (PIL(T,¢)) + =23y (pR) = 0. (114)
A non unique solution of the above is given below:
7
p=80 1) (115)

Thus I';, is the circulation along the ‘long path”:

27
f g.ds = / vpRd¢p = 27TRvy =Ty, (116)
n=const.,F=const. 0
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I's on the other hand is the circulation along the ‘short path”:
27
7{ Uv-ds = / vyfdy = 2rtroy =T, (117)
¢=const.,F=const. 0
Thus the velocity field is of the form:
_ Ts(7) _Tw(m) _
vy = P vy = AR’ F = 0. (118)
The vorticity is calculated using the definition Equations (5) with the help of Equation (100):
wy = 0
1 1 _
wy = Eaf(RU(p) = —l—zn—RByFL(r)
1. . 1 _
wy = 787(%) = —ﬁaffg(r). (119)

Solving Equations (109) for u, we find the expression:

__8Tsp &ML /'7 dy’ )
H= 2o + 27 Jo (14 Fcosy')? + p2(7), (120)
in which: » o
oy — [ Ui r,n 7siny
1 - = - 121
() /0 (1+Fcosy’)? 1-72  (1—7)(1+7cosy)’ (121)
and also:
o[ dn’ B 2 \/ﬁ 7 0, 0<y<n
1) :/o Ttrcosy Vi-R [mtan( Tl C) e SR )< 2 (122)

Plots of I(7,77) and I1(7,#) are shown in Figures 2 and 3 for the representative value 7 = 0.95; obviously
both functions are non-single-valued in 7.

095,
20

S q

Figure 2. I(7, ) for 7 = 0.95.
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Figure 3. II(7,7) for 7 = 0.95.

Combining Equation (108) with Equation (67) for 8 we arrive at the Jacobian equation for p:

= = o~ = a 7 Pr
p:&-Vy:Vy-(VaxVﬁ):m. (123)

Inserting Equation (120) and Equation (119) into Equation (123) it follows that:

_ W PRI wy (P
o R ( 27[?870() + 7 27'L'Ra;706 ' (124)

Eliminating p and multiplying both sides by d;« we obtain:

o (U,IFL _ w¢l’5
It =5R " anr (125)

Inserting the vorticity field into the above equation, the following explicit form is derived:

3o~ ILODTLE) | To(MOTs() _ TRITLE) | Ts()aTs(r),

(27R)? Q)2 @l treosn 2 T @2 (126)
As a is a function of 7 and not of # it follows that:
»TL(F) =0=T.(F) =T = cst,, (127)
thus: Ce(PaTx (7
orx = W, wy = 0. (128)

We conclude that up to a constant factor « is not an arbitrary function but is dictated by the short-way
circulation.

We are now is a position we obtain explicit formulae for the rest of the variation functions. From
Equations (104) it follows that:

7 =Ts(F )Z’ZT Ty 2¢ + 1o (7), (129)

and from Equations (104) for , we derive:

72
= aa,rrs +pa(7) = [)n+ﬁz<f> (130)
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Thus Equation (102) yields an expression for v:

(277)%a

= Lt P ). (131)
S

v=v—ap=(Ts— 27 27

12.2. Helicity

Flow helicity can be obtained using Equation (85). v discontinuity along the the line of fixed &
and B is v’s ¢ discontinuity. It thus follows from Equation (131) that:

The vorticity flux element is:

—

d® = & -dS = wpdSy = — 8 7Ls(7)Pdrdy = ——8 #L's(7)drdy. (133)

It follows that the helicity can be calculated easily:

H= [Waw= ["dr [ ayri(—panTs(7) = Tu(Ts(e)  Ts(a) (134)

Thus the helicity is due to the azimuthal vortex lines surrounding a “virtual’ vortex line along the
symmetry axis of the torus'. Of course the helicity can also be derived using the standard Equation (78)
but with an identical result.

12.3. Dynamics on the Torus

At this point we have only studied the flow kinematics on the said torus, we did not discuss the
forces that cause the flow. The dynamics of the flow is encapsulated in the single scalar equation which
is the « Equation (67). Thus, the force potential needed to drive the flow is:

¥ = P o) -«
) ) [

For which we used Equation (118), Equation (115) and Equation (128) and also taken into account that
the specific entropy s is uniform. It follows that the force potential needed to supports this family

of flows depends on the equation of state w(p, s) of the material under consideration, in addition to
the arbitrary functions I's(7), g(7) and the constant I';. It is obvious that the validity of this family
of solutions can be verifies by inserting the velocity field given in Equation (118) and the density of
Equation (115) into Euler Equations (2) and the continuity Equation (1).

We consider the case in which ¥ is gravitational. Two possible cases may be considered. The case
of torus self-gravity in which the potential ¥ must satisfy:

V¥ = 41Gp = 4nc%, (136)
G is the universal constant of gravity; and the case for which ¥ is external, such that the potential ¥

must satisfy
V¥ =0 (137)

1 The author would like to thank Professor Moffatt for the interpretation of this result.
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inside the torus. The potential is a function of 7, # made of two contributions:
¥(rn) = () +¥a(rn)
L L(Ts(MN® 7 Ts(F)anTs(F)
hr) = 3 < 27 > T
I VR S ()
Ya(rn) = 2<27TR) +w(Sp7)- (138)

¥, (7, 1) is required to balance pressure and centrifugal forces due to rotation the long way round the
torus. Let us consider the case in which ¥ (7) >> ¥»(7,7) (pressure and ‘long-way’ centrifugal forces
neglected); such that:

¥~ ¥ (7). (139)

Using Equation (99), Equation (136) takes the approximated form:

%Y + %af‘lf — % <;af\1f> = 4nc% (140)

A solution is possible only if the following is satisfied:

%Y + %aﬁf =0. (141)
This is solved by:
v=Sig (142)
in which C;, C; are constants. Hence
S~ G
8(1) = 1 (143)

Through Equation (138) we can derive the circulation round the short way:
I's (1_’) =27/ CqT. (144)

13. Conclusions

We have discussed the variational analysis of non-barotropic flows starting from a classical La-
grangian variational analysis, and moving later to an Eulerian variational analysis which demanded
auxiliary functions. This lagrangian which depends on nine functions: the original set of five func-
tions p, 7, s and auxiliary variables &, 8, v, o was reduces to a six function Lagrangian depending on
«,B,v,0,p,s. This was further reduced to a four function Lagrangian of the remaining variables 3, v, p, s,
leading to a set of four cumbersome equations. We have also dedicated a paragraph to the stationary
version of our Lagrangian formalism. Our result can be compared with respect to what was achieved
in the last realistic barotropic case, there a three function formalism is available for both stationary and
non-stationary flows. In both barotropic and non-barotropic cases variational formalism has reduced
the number of variables needed with respect to the physical description. The same equations can be
obtained using either a Lagrangian formalism or Hamiltonian formalism provided that we adhere to
an Eulerian description of the flow. However, this economy of variables comes with a topological cost.
In the barotropic case the vorticity lines must lie on surfaces and cannot be volume filling. This is also
true for non-barotropic flows in which one demands the same for the topological vorticity.

Analyzing the stability and describing numerical schemes using the discussed variational princi-
ples is beyond the scope of this paper. It is likely that to address these aspects, we will need to introduce
additional constants of motion constraints into the action, similar to what was done by Arnold and
others [17,18], and also discussed in other works [19,20]. Additional points for future study include
the Noether currents of the present variational formalism and their implications. Also [21] suggests
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that as in the magnetohydrodynamic case there may be a way to reduce the variables number down to
three for non-barotropic stationary fluid dynamics. Hopefully this will be studied in a future paper.

Appendix A. Variational Formalism of Point Particles

Let’s examine a classical particle with coordinates X(t) and mass m moving under the influence of
an external force which can be derived from a scalar potential ¥ (X, t). We are not concerned with the
particle’s influence on the field, treating the field as "external." The action for this particle is given by:

12

A = Ldt,
t1
1 dx .
L = Emv2 - mY¥, 7= —th =X, v=]|d. (A1)
Varying the Lagrangian:
5L=mfﬁ%mﬁw5f:ﬂmzﬁjfmiﬁfmﬁwvf (A2)
éL:dwﬁ;&j+(—m5+ﬁf5i F=-mVY. (A3)
This entails a variation of the action:
£2 1 2.
M:/)&m:miMM—/Uw—ﬂﬁﬁt (A4)
t1 1

Since the classical trajectory is defined by the principle that any small variation of the action §X (which
vanishes at times ¢; and t, but is otherwise arbitrary) results in no change in the action, it follows that:

mt = L. (A5)
For a system consisting of N particles, where each particle is identified by an index 1 < j < N, with
. . = . dax; . .
corresponding mass m;, charge e;, position vector ¥}, and velocity v; = %, the action and Lagrangian
for each particle are given as follows:

A ? d
= Ljdt,
] a1 ]

1 2

From the above it is easy to derive the action and Lagrangian for a system of particles is:

2 N
As = [ Lgdt, Ls=)_Lj (A7)
The variational analysis follows along the same lines as for a single particle. W e thus obtain the
following set of equations:

miv;=F,  j€[l—NI. (A8)
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