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S O N

—+

Abstract: In economics, especially econometrics, fixed-effects are widely recognized as powerful tools for het-
erogeneity analysis of longitudinal data sets. However, the existing research pays more attention to such as
the variable selection, parameter estimation and dimension reduction on linear relationships with too many
assumptions while nonlinear relationships are ubiquitous. In this paper, an extension fixed-effects model is
proposed on the curve_fit nonlinear least squares. First, with the help of expert knowledge, the series regressions
between independent variables including time and dependent variable is estimated on each series data, and
the parameters are estimated by curve_fit. Similarly, the coeffection between independent variables including
time and dependent variable is also initially estimated on the whole panel data. Second, the distance between
regressions is defined, and then the coeffect function between the series regressions is obtained on the initial
co-effect with curve_fit. Third, the time-effects and individual fixed-effects for each series data in the panel data
are estimated on the differences of series regressions and co-effect function. Additionally, the effectiveness of the
proposed method is varified on the synthetic data.

Keywords: panel data analysis; fixed-effects; time-effects; curve_fit; nonlinear squares; function distance

1. Introduction

The panel data over both cross-section and time series gives users the possibility of accounting
for multiple sources of unobserved heterogeneity in economics especially econometrics and statistics.
Model formulations in which individual and/or time heterogeneity factors are considered fixed
parameters than random variables, are called fixed-effects model [1]. The commonality (i.e., coeffect)
of the distribution characteristics of time series datas can reflect the overall trend of the panel data,
which is affected by independent variables including time respectively. In general, if the influence of
time on the distribution of panel data satisfies certain rules, it is considered that there is time-effect in
the distribution of the panel data. After removing the coeffect from the panel data, if the distribution
of a time series data satisfies a certain rule, it is considered that the time series data in the panel
data satisfies individual fixed-effect. Time-effects and individual fixed-effects are collectively called
two-way fixed-effects or fixed-effects. Sometimes, fixed-effects in the narrow sense refer to individual
fixed-effects.

1.1. Basic Definitions and Methods

There are some assumptions on the classical definitions of fixed-effects[2]. First, all time series
datas distribute in linear with same slope(or slopes) between the independent variable(or variables)
except the time and the dependent variable(or variables). Second, if there is a time fixed-effect in the
panel data, the time fixed-effect is relatively independent and has nothing to do with other independent
variables. Third, if there is an individual fixed-effect in the panel data, it is either relatively independent
and has nothing to do with any independent variable beside the time (i.e., random-effects) or with
some independent variables(i.e., narrow fixed-effects). Moreover, if all the time series have the same
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slope and intercept, some scholars call them mixed-effects. Besides, random-effects and mixed-effects
are thought to be generalized fixed-effects [3]. In this paper, fixed-effects refer to fixed-effects in a broad
sense. Therefore, functional expressions for fixed-effects differ in the number of dependent variables,
and then they exist in two basic forms.The one form is single independent (i.e., input) variable beside
the time with single dependent(i.e., output) variable. The other form is multiple independent variables
beside the time with single dependent variable.

In the subsection, the random-effects are taken as an example to give the classical definitions and
estimation method.

Definition 1. [4] Given the independent variables {x1,xa, ..., x;} where k € N representing the count of
independent variables. Let x; ; ; represent the value of x; for the i — th individual series in time t. Let y;; be the
value of dependent variable y for the i — th individual series in time t while €; ; is the random residual error.
Thus, the corresponding linear regression equation is shown below.

k
Vie = Y (Bj X Xij +aj) +uj + 0t + € 1)
=1

In the equation 1, all time series datas share the same slope f; with the same intercept «; for
the independent variable x;. Meanwhile, the individual fixed-effect u; changes with individual 7, but
remains internally consistent for the same time series data. Similarly, the time fixed-effect v; changes
with the time ¢, but remains internally consistent for the same cross-section data.

Since y;; and x; j; have been given by a panel data for each i, j and ¢, the parameters like a;,
Bj, u; and v; should be estimated with a residual ¢;; as small as possible to check whether there are
individual fixed-effects (i.e., ;) and time fixed-effect (i.e., v¢). Let the time cycle be from 1 to 7 (i.e.,
t€{1,2,...,7}). Therefore, there are three main methods to estimate parameters such as fixed-effects
transformation, dummy variable, first difference, Monte Carlo simulation and so on [5]. For example,
the fixed-effects transformation is as following.

Yir —Yi
k T k
=Y (Bj x xijp+aj)+ui+ovi+ei) — ()Y (B X xijp+aj) +ui+ovi+€ip)) /T
j=1 i=1j=1
k o o . T 2)
=Y (Bj x (xijy —Xij) + (0 — %)) 4 (u; — ) + (v — Y o) + (€50 — Z eip/T)
=1 =1

T

k
:Z(ﬁjx (xi,]t Xij )+ (v — Z + (gt — &)
j=1

In equation 2, the individual fixed-effects variable u; can be eliminated as the fixed-effect of
each individual doesn’t change with the time (i.e., u; = ;). Let yis — Vi = Vit Xijr — Xij = %ijt,
vt — Y p_q Oy = Uiy, €ip — € = €. Thus, the equation 2 can be changed as

k

Vip = Z(,B] X ()i) + Ui+ Eip 3)
=1

Furthermore, the parameters in the equation 3 can be estimated by the mixed Ordinary Least-
Squares regression (i.e., OLS) [6].


https://doi.org/10.20944/preprints202407.0302.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 July 2024 d0i:10.20944/preprints202407.0302.v1

30f17

1.2. Related Works

In order to meet the application needs of economics, management and other disciplines, the
fixed-effect model has been continuously expanded and deepened. Since the count of independent
variables get to be larger and larger, Correia et al. [7] propose a new command for estimation of
(pseudo-)Poisson regression models with multiple high-dimensional fixed-effects. Similarly, sufficient
dimension reduction is used for fixed-effects anylysis [8]. Meanwhile, meta analysis also works on
fixed-effects [9]. On the contrary, some datas(i.e., long panels) have long time periods, Ferndndez-Val
Ivan and Weidner Martin focus on semiparametric models with unobserved individual and time-effects
[10] while short time is also mentioned [11]. As fixed-effects anylysis must work on data, repeated
measures data, unmeasured confounding data, and others are noticed and resolved [12,13]. Moreover,
lagged periods are sued in dynamic fixed-effects modeling for that the effects of variables may be
cross-period [14,15]. With the advent of the era of artificial intelligence, algorithms such as LASSO,
tree-structured clustering, DNN, LSTM, multimodal, Bayesian and so on have been introduced to
improve fixed-effects analysis [16-21]. However, major of fixed-effects analysis methods assumes
that the panel data distributes in linear while nonlinear relationships are a common phenomenon in
the real word [22]. In fact, fixed-effects in nonlinear is also be mentioned. William use Monte Carlo
methods to examine the small sample bias in the binary probit and logit models, the ordered probit
model, the tobit model, the Poisson regression model for count data and the exponential regression
model for a nonnegative random variable [23]. Karyne investigates whether existing methods can be
modified to eliminate multiple fixed-effects for some specific models in which the incidental parameter
problem has already been solved in the presence of a single fixed-effect [24]. Irene and Chris discuss
identification of counterfactual parameters in a class of nonlinear semiparametric panel models with
fixed-effects and arbitrary time-effects [25], but it needs to derive bounds of time-stationarity. In order
to better explain causality, the explainability of fixed-effects is hotly debated [26,27]. Although Monte
Carlo methods sometimes work well in the nonlinear panel data, the interpretability of the relationship
between process and outcome is open to question. Additionally, existing nonlinear fixed-effect models
work on logistic regression but not others like polynomial regression.

1.3. Main Contributions

To sum up, existing fixed-effects methods have three distinct restrictions at least. Most importantly,
nonlinear relationships beside logistic regression are common in the real world, but not covered by
existing methods. Additionally, expert knowledge is not fully utilized in the fixed-effects analysis and
only exists in the form of preliminary judgments. In other words, experts only preliminarily judge
whether there may be fixed-effects and rely on ready-made models for verification, but do not use
their professional knowledge to intervene in the verification of fixed-effects models. Furthermore,
time-effects do not eliminate the coeffect of time on the panel data as a whole, that is, the time-effects
fail to reflect heterogeneity.

In this paper, an extension fixed-effects model is proposed on the curve_fit nonlinear least squares
based on the expert knowledge.

e First, the regressions between independent variables including time and dependent variable is
estimated on each time series data, and the parameters are estimated by curve_fit. Experts should
guess the distribution functions between independent variables and the dependent variable
based on professional theory and experience. The functions can be linear, which can be thought
of as specially nonlinear, or they can be nonlinear. Users follow curve_fit to verify the matching
degree of the functions until satisfied, otherwise adjust the functions. Similarly, the coeffect of
the whole panel data is also initially estimated.

* Second, the distance between regressions is defined, and then the coeffect function between
the series regressions is obtained on the initial co-effect with curve_fit. Series regressions may
be affected by coeffect in panel data, which reflects the commonality of these functions in
distributions. To find coeffect functions that minimizes the sum of the squares of the average
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distance from each series sub-function as the common function. Thus, curve_fitting method is
improved for the co-effect finding.

¢ Third, the time-effects and individual fixed-effects for each series data in the panel data are
estimated on the differences of series regressions and coeffect function. However, coeffect may be
affected by time or other independent variables, which may cause bias in the analysis. Thus, We
divide each regression into two sub-functions according to time and other independent variables.
By eliminating the coeffect in series regressions, new individual fixed-effect and time-effect are
obtained to better reflect the heterogeneity.

¢ Additionally, the effectiveness of the proposed method is varified on the synthetic data. The
method of verifying the validity of the classical model is usually based on expert knowledge
and lacks objective metrics. This paper generates synthetic data based on the theory of fixed-
effects, and determines the validity of model estimation by comparing the similarity between the
expected fixed-effects and the estimated fixed-effects.

Therefore, there are three main contributions in our works.

1. First of all, the nonlinear relationships which generally exist in the real world are reflected by
nonlinear functions, so that the fixed-effects model can be effectively extended at the application
level.

2. Secondly, the prior knowledge of experts is fully utilized in the proposed fixed-effects analysis
through the estimation function to prevent the separation of theory and empirical research, so

that the model has better interpretability and is easier to be understood.
3. Thirdly, the proposed time-effects eliminate the coeffect of time in panel data, which can more

effectively reflect the heterogeneity of time series datas in time distribution. Finally, individual
fixed-effects can be either correlated or uncorrelated with independent variables, avoiding the

distinction between fixed-effects and random effects.
4. In addition, based on synthetic data, a method to verify the validity of the fixed-effects model is

proposed.

2. Proposed Method

2.1. Redefinition

In order to highlight the research topic, this paper does not discuss the endogeneity of variables
and latent variables, and assumes that the selection of independent and dependent variables is
reasonable. Given a pannel data Pd over cross-section and time series datas with k independent
variable vector X (i.e., {x1,x2,...,x;}) following by cross-section variable i (i € {1,2,...,1}) in time
periods t (t € {1,2,..., 7}, and the dependent variable y. Thus, X jt represents the value of Xj on the
i — th series in time t. Meanwhile, y; ; means the value of y on the i — th series in time ¢.

It is assumed that in panel data Pd, the distributions of Pd follows certain rules (or characteristics)
on time series with heterogeneity. First, regardless of the series datas, all data distribution in the panel
data follows a coeffect y = fc(X, t). Second, in the i — th time series data, the data distributions follow
the function y; = f;(X, t).

Definition 2. The differece f;_.(X,t) between the i — th time series data distribution and the coeffect calls the
fixed-effect of the i — th time series data in the panel data Pd.

fiee(X, 1) = fi(X, 1) = fe(X, ) 4)

If X and t are independent with each other in both f;(X, t) and f.(X,t), fi(X,t) and f.(X,t) can
be decomposed into f/(X) + g;(t) and f/(X) + gc(t),respectively. Namely,

filX,t) = fI(X) + gi(t) (5)
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fe(X,t) = fI(X) +gc(t) (6)

Therefore, the equation 4 can be rewritten as
fiee(X,t) = (f{ (X) + i) = (fe(X) +8c(t)) )

= (fi(X) = fi(X)) + (8i(t) = 8e(t))

If there is no appropriate function to fit the data distribution, the corresponding function can be 0
(i.e., false).

Since f/(X) represents the effect of X on y on panel data Pd, which is generic. And f/(X)
represents the effect of X on y on the i — th time series data. Thus, f/(X) — f/(X) represents the
personality effect of X on y on the i — th time series data. We call that

Definition 3. f/(X) — fi(X) is the individual fixed-effect of the i — th series data on the panel data Pd.

If f/(X) = 0but f/(X) # 0, it means there is an absolute heterogeneiry (i.e., absolute individual
fiexed-effect) affected by X in the i — th series data. Additionally, if f/(X) = 0 with most likely
fL(X) = 0 because series stochasticity affected by X most likely leads to panel stochasticity affected by
X, it means the series data is randomly distributed and the significance of heterogeneity affected by X
(i.e., individual fixed-effect) is not explored. If f/(X) = f/(X) # 0, that is to say, the i — th series data
distributes the same affected by X with the whole panel data. In other words, there is no heterogeneity
affected by X (i.e., no individual fixed-effect) between the i — th series data and the panel data when

fi(X) = fe(X) = 0.
i — False fi(X)=0 or fl(X)=fl(X) @)
" A(X) - fU(X)  others

where ie; represents the individual fixed-effect of the i — th series data in the the panel data.

Similarlly, because g;(t) represents the effect of t on y on panel data Pd, which is generic. And
gc(t) represents the effect of t on y on the i — th time series data. Thus, g;(t) — gc(t) represents the
personality effect of t on i on the i — th time series data. We call that

Definition 4. g;(t) — gc(t) is the time-effect of the i — th series data on the panel data Pd.

If g.(t) = 0 but g;(t) # 0, it means there is an absolute heterogeneiry affected by time ¢ (i.e.,
absolute time-effect) in the i — th series data. Additionally, if g;(f) = 0 with most likely g.(t) = 0
because series stochasticity affected by ¢ most likely leads to panel stochasticity affected by ¢, it means
the series data is randomly distributed and the significance of heterogeneity affected by ¢ (i.e., time-
effect) is not explored. If ¢;(t) = gc(t) # O, that is to say, the i — th series data distributes the same
affected by ¢ with the whole panel data. In other words, there is no heterogeneity affected by ¢ (i.e., no
time-effect) between the i — th series data and the panel data when g;(t) — g.(t) = 0.
fes = {Fﬂlse G =0 or glt)=g(t) o

Qi(t) — gc(t) others

where te; represents the time-effect of the i — th series data in the the panel data.

Compared with the equation 1, it can be seen in the equation 7 that f](X), f/(X), gi(t), and g.(t)
are undetermined. All of them can be either in linear or nonlinear, let alone with the same slope in time
series data distributions. Furthermore, the time-effects are not only a function of the time period, but
also the results of eliminating the ceffect of time on the panel data in time series datas. Obviously, in


https://doi.org/10.20944/preprints202407.0302.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 July 2024 d0i:10.20944/preprints202407.0302.v1

6 of 17

comparison with the classical time-effects, the conditions of time-effects in the denifition 4 are relaxed,
and the commonality is no longer emphasized, but the individuality is highlighted, which is more in
line with the purpose of fixed-effect analysis. In a word, the classical fixed-effects are extended.

2.2. Solutions

It is well known that when analyzing whether there are fixed-effects in a panel data, only the
values of x;;; for each independent variable j (i € {1,2,...,k})ineachi—th (i € {1,2,...,1})
series data in the time period t (i € {1,2,...,T}) are usually given without knowing the distribution
functions.

Therefore, there are two main works should do. First, we need to know what type of distributions
fi(X), fi(X), gi(t), and gc(t) satisfy (e.g., polynomial distribution, linear distribution, or constants).
Second, we need to estimate their parameters according to their distribution types, so as to realize
the fixed-effects prediction. Of course, if there are no fixed-effects in the original panel data, such
speculation and estimation should be proved not to be accepted. Otherwise, the model is invalid.

Since these functions (i.e., f/(X), f/(X), gi(t), and gc(t)) are curves in the pannel data over time
series datas, curves fitting on the nonlinear least square is considered the main solution.

2.2.1. Curve Fitting

The idea of curve fitting is to find a mathematical model that fits a series of data points, possibly
subject to constraints. It is assumed that users have theoretical reasons for picking a function of a
certain form in general. The curve fitting finds the specific coefficients (parameters) which make
that function match the data as closely as possible. In detail,raw data and a function with unknown
coefficients are given in curve fitting. The main target is to find values for the coefficients such that the
function matches the raw data as well as possible. The best values of the coefficients are the ones that
minimize the value of chi-square. Chi-square is defined as

Z(f(xl/gi) ]/1)2 (10)
1

where f(x;,0) is a fitted value (model value) for a given point (x;,y;) on the function f with the
estimated parameter vector 6. y; is the measured data value for x; and o; is an estimate of the standard
deviation for y;. In other words, for raw data points consisting of (x;, y;), the minimum chi-square with
the estimated parameter set ¢ for the given function f is expected. To get best paramters 6, nonlinear
least square is used.

For the nonlinear built-in data fitting functions and for user-defined functions, the operation must
be iterative. Igor tries various values for the unknown coefficients. For each try, it computes chisquare
searching for the coefficient values that yield the minimum value of chi-square.

Given some initial guess of the parameter values 6 = 6y, hold x; constant and form the first order
Taylor approximation

f(xi,0) =y
~[(F (i 00) + £ (0] (6 00))]

=Y

~[f (xi,600) + fo(xi, 00)(6 — 60)] — yi
~[f(xi,00) — fo(xi,00)60 — yi| + fo(xi,00)0
~Y; + fo(xi, 00)0

(11)

and the nonlinear least square problem has become a linear least square promblem [28].

2.2.2. Detailed Steps

(1)Curves fitting in series datas
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A panel data includes a group of time series datas. For each time series data, the industry expert
can give a function to describe the data distribution between independent variables including time
period and dependent variable according to their prior knowledge. First, the distribution type of the
function marked as 1;(6;) can be guessed based on the theoretical knowledge held by the expert where
1;(6;) represents the funtion ¢; whose paramter vector is 6;. For example, the threshold effect may be
related to the sigmoid function, and that U-shaped curves usually correspond to quadratic functions.
Second, the initial parameters i; can be guessed as ;) by the expert. Third, given the function ;(6;)
and initial parameters ;y, truth parameters can be estimated by the curve-fitting with the nonlinear
least square following the equations 10 and 11. According to the equation 4, the ideal result is

¥i(0;) = fi(X, t) (12)

However, f;(X,t) is usually unknown. Thus, the smaller the residual(i.e., the equation 10), the
better. If the residual is too big(e.g., greater than a give threshold), ;(6;) should be adjusted to meet
the requirements, or the fitting should be rejected if they are not satisfied after many adjustments.

Particularly, ¢;(6;) can be either linear or nonlinear. That is to say, the functions satisfy the
nonlinear leads an extension of curve fitting in classical fixed-effects analysis.

Similarly, if the time series data are mixed and the overall panel data distribution characteris-
tics(marked (6. )) are estimated. The ideal result is

ch(Gc) = fc(X/t) (13)

as shown in the equation 4. The smaller the residual(i.e., the equation 10), the better. If the residual is
too big(e.g., greater than a give threshold), i;(6.) should be adjusted to meet the requirements, or the
fitting should be rejected if they are not satisfied after many adjustments.

Therefore, if both 1;(6;) and . (6.) are acceptable, the heterogeneity(i.e., fixed-effect) of the i — th
time series data in the panel data Pd is

$i(0;) — ¢c(0c) (14)

,or else the fixed-effect isn’t acceptable.
(2)Time-effects and individual fixed-effects estimate
If the independent variables and the time periods are independent of each other when there are
fixed-effects in the panel data Pd, separate ¢;(6;) and 1. (6.) with time and other independent variables
into two parts, namely,
Pi(6;) = ¢i(03\;) + wi(6y) (15)

where ¢;(6;\;) fits the effects of independent variables except the time and w;(6}) fits the effects of time
on the dependent variable in each series data.
Similarly,
Pe(Bc) = Pe(0c\p) + we(6r) (16)

where ¢c(6.\;) fits the effects of independent variables except the time and wc(0:) fits the effects of
time on the dependent variable in the global panel data.

Combining the equation 15 and 16 and comparing with the equation 7, we can see that the closer
$i(01), w;i(6t), ¢c(Bc\t), we(6r) are correspondingly to f;(X), gi(t)), fi(X), gc(t), the better. Thus,
following the equation 7, the time-effect of the i — th series data in the panel data can be initialized as

w;(6r) — we(6r) (17)
, and the corresponding individual fixed-effect can be initialized as

$i(Op¢) — Pe(Oo\4) (18)

d0i:10.20944/preprints202407.0302.v1
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However, either w,(6;) or ¢c (GC\t) may be offset by estimating together with other independent
variables. In order to correct this bias, we use the principle of least squares to correct w.(6;) and
¢c(0,\;) based on the loss function over the the function similarity. The loss function is defined as

e (67)—wi(6)
Y til(n&J(G—M)z

k

(19)

instead of the equation 10. And then, the function with the best parameter vector for w/(6]) can be
catched.
Similarly, the loss function is defined as

(At
=1 t 1 min(¢¢ (67 )94 (6;,)
k

(20)

instead of the equation 10. And then, the function with the best parameter vector for ¢/, (6;\ ;) can be
catched.
Along this line, the time-effects can be corrected as

w;(6r) — w;(6;) (1)

, and the corresponding individual fixed-effect can be corrected as

ZICT I ACAY (22)

If w(0]) = 0 but w;(6;) # 0, it means there is an absolute heterogeneiry affected by time ¢ (i.e.,
absolute time-effect) in the i — th series data. Additionally, if w;(6;) = 0 with most likely w/(6;) = 0
because series stochasticity affected by ¢t most likely leads to panel stochasticity affected by ¢, it means
the series data is randomly distributed and the significance of heterogeneity affected by ¢ (i.e., time-
effect) is not explored. If w;(6;) = w/.(6};) # 0, that is to say, the i — th series data distributes the same
affected by ¢ with the whole panel data. In other words, there is no heterogeneity affected by ¢ (i.e., no
time-effect) between the i — th series data and the panel data when w;(6;) — w’.(6}) = 0.
fe, = {False w;i(6:) =0 or w;(6;) = wi(6]) 23)

w;(6) — wl.(6;) others

where te; represents the time-effect of the i — th series data in the the panel data.

If L (6 A\ ;) = 0but¢;(0;\;) # 0, it means there is an absolute heterogeneiry (i.e., absolute individual
fiexed-effect) affected by X in the i — th series data. Additionally, if ¢;(6; ;) = 0 with most likely
ACH \ ;) = 0 because series stochasticity affected by X most likely leads to panel stochasticity affected
by X, it means the series data is randomly distributed and the significance of heterogeneity affected
by X (i.e., individual fixed-effect) is not explored. If ¢;(6;\;) = (])C(GC\ ;) # 0, that is to say, the i — th
series data distributes the same affected by X with the whole panel data. In other words, there is no
heterogeneity affected by X (i.e., no individual fixed-effect) between the i — th series data and the
panel data when ¢;(6;\;) — ¢.(6 C\t) 0.

o {False 4:00) =0 or il6n) = 416 ) on

¢i(0i\e) — @c(67,,) others

where ie; represents the individual fixed-effect of the i — th series data in the the panel data.

d0i:10.20944/preprints202407.0302.v1
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2.3. Algorithms

Based on the previous equations, this subsection gives the estimation algorithms (i.e., algorithm 1
and 2) of nonlinear fixed-effects. If there are time-effects or individual fixed-effects, their corresponding
expressions are given, or not, false is given correspondingly.

Algorithm 1 Nonlinear fixed-effects estimation on the least square fit.

Input:
The pannel data Pd with each point (xi,j,t/yi,t) where x; ;; represents the value of independent
variable x; on the i — th series (i.e., d;) in time t and y;; represents the vaule of the dependent
variable y in the i — th series in time t(i € {1,2,...,k},j € {1,2,...,1},t € {1,2,...,T}).
The threshold of RMSE, {rmsE-
Initial estimation function for mixed series datas, ¢c(6.\;) + wc(6}).
Initial estimation function for each series data(e.g., the i — th one), ¢;(0;\;) + wi(6}).
The maximum number of iterations, max_iter.
An amplification factor, B( > 1).
The permissible error, &.

Output
Th ted fixed-effect h
1: f Ce\st jma e?Gt = C%rggj%&géore Cc\t eries f'ea anf;lx iter, B, ¢, Crmsk )-#eurve fitting for coeffect
, e
3 foreach’i € {1,2,...,k} do

4: 4)1-( Z-\t) + wi(0:) = curve_fit(d;, ¢i(0p;) + w;(0r), max_iter, B, &, rmsE )s#curve fitting for each
uPdafe ({7 = (¢i(6¢) + wi(01))})

{’(;C\j = curve_fit({f|9;(0n,),i € {1,2,...,k}}, @c(60\,), max_iter, B, e, {raase) #eurve fitting for

8: SJO(’: fg;e)ctiurécbzlti}g? ?SP(TJ? |t10?9t),i € {1,2,...,k}},wc(6), max_iter, B, ¢, (Crmse ) -#curve fitting for

o fosmech SHPIH™ | &) do

w0 feapdate({i: {wi(6:) ~ {(8)) (6) — 9L(6,,)})) #Ecquation 21- 24

No@

Since each algorithm has been clearly commented, the detailed steps of the algorithm will not be
explained separately in this section. If readers have any questions, please contact the corresponding
author and request the corresponding codes.

Algorithm 1 fits each series data based on Algorithm 2 and returns the fitting results. If a fitting
accepts, it returns the function; otherwise, it returns 0. According to time and other independent
variables, the fitting functions are split to distinguish time-effects from individual fixed-effects. And
then, the initial coeffect is fitted on the overall panel data. The fitting function of each series data takes
the initial coeffect as the starting point and corrects the deviation of their coeffect functions. Finally,
the individual fixed-effects and the time-effects are estimated as the differences between the series
functions and the coeffect functions.

3. Experimental Results

In this section, to verify the validity of the proposed model, we generate synthetic data on the
given functions and use the proposed model to verify the similarity between the estimated functions
and the given functions.

3.1. Data Synthesis

Following the equation 7, let f/(X) = 0.5x% — x? 4+ 2x — 2 where the independent variable X
is x(x € [—7, ] where v is a random integer between 0 and 10 for each series data). Meanwhile,
let g.(t) = 3t> — 2t + 7 where the time t is t(t € {1,2,...,500}). Moreover, for each i — th(i €
{1,2,3,4,5}, without loss of generality and easy to visualize, we use Seriesl, Series2, Series3, and
Panel to correspondingly represent the fist, second, third and the whole panel datas.) series data, let
f(X) — fi(X) = ax? + bx + c(i.e., the truth individual fixed-effect of the i — th series data on the panel
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Algorithm 2 Nonlinear curve fitting with the least square method(shorted as curve_fit).

Input:
The data or functions, d/ Fs.
Initial estimation function on d/Fs, fy.
The maximum number of iterations, max_iter.
An amplification factor, B( > 1).
The permissible error, e.
The threshold of RMSE, {rmsE-

Output:
>
N &ee%sc mate 1f%1r}1c32c1(1)% })JE g)ro if RMSE > CrumsEe)- #0 means false.

22 r= calcul ate_squre(d/Fs, fy) # Calculate the value of loss function following the equation 10 or

19.
3 {f = é'agﬁflggl‘ate(d /Fs,r, B) # Update parameters on the fast gradient descent.
5: f',RMSE = RMSE_cal(fy,d/Fs) #Update the estimated parameters and its corresponding
6: W%%SE < gRMSE then
7: tgrn f'
: %f“f

10: ?
11: e

12: return

data) and g;(t) — gc(t) = dt?> + et + f(i.e., the truth time-effect of the i — th series data on the panel
data) where a,b,c,d, e, f are random numbers in [-3,3],[-7,7],[-5,5],[-4,2],[11,19],[-3,6], correspondingly.
Therefore, corresponding to the equation 4, for each i — th series data, f;(X,t) = 0.5x° + (a — 1)x> +
(b+2)x+ B+d) 2+ (e—2)t+c+ f+5and fo(X,t) = 0.5x — x? + 2x + 3t> — 2t + 5. In order to
make the data closer to the real state of reality, random numbers between 0.00003 and 0.01 are added
for perturbation to form the residuals of the fitted data. Thus, f;(X,t) = 0.5x% + (a — 1)x? + (b +2)x +
(3+d)t> + (e —2)t +c+ f +5 +¢;; where ¢;; is the random residual.

If fixed-effects are estimated using the classical model, the results are shown in Figure 1. It can
be seen from Figure 1 that the classical model considers that there are both time-effect (Time) and
individual fixed-effect (Entity) on a given data set. However, by observing its parameters, it can be seen
that it is 832X+13210, which is far from the real value. Therefore, it can be argued that the existence of
individual fixed-effects on a given data set should not be accepted.
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Panel0OLS Estimation Summary

Dep. Variable: Y R-squared:
Estimator: Panel0LS R-squared (Betwee
No. Observations: 2500  R-squared (Within
Date: Thu, Jun 27 2024 R-squared (Overal
Time: 15:45:47 Log-likelihood
Cov. Estimator: Unadjusted
F-statistic:
Entities: 5 P-value
Avg Obs: 500.00 Distribution:
Min Obs: 500.00
Max Obs: 500.00 F-statistic (robu
P-value
Time periods: 500 Distribution:
Avg Obs: 5.0000
Min Obs: 5.0000
Max Obs: 5.0000

Parameter Estimates

Parameter Std. Err. T-stat P-value
const 1.321e+05 2083.0 63.431 0.0000
X 832.19 738.39 1.1270 0.2599

F-test for Poolability: 11.225
P-value: 0.0000
Distribution: F(503,1995)

Included effects: Entity, Time

Figure 1. This is an example estimation summary on the panelOLS on the synthetic data. It shows that
there are time-effects and individual fixed-effects. However, its parameter estimation results are far

from the true parameter values.
It can be seen from Figure 2 that the representative series data show obvious characteristics of

third-order polynomial distribution affected by x, as well as the overall data distribution. However,
on the overall data, it is difficult to find a common third-order polynomial distribution function to fit
them. Therefore, it is reasonable to assume that there are individual fixed-effects in each series data.

Seriesl Series2
100 50
50 0
-50

0
-100
-0 -150
-100 -200
_150 -250
-300
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6
Series3 Panel

3.0 /
¥ -100

-200

=300

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 -6 -4 -2 0 2 4 6

Figure 2. These are some data distributions of f;(x) = 0.5x> + (a — 1)x? + (b + 2)x + ¢ — 2 where the
abscissas are x, and the ordinates are f;(x). The values of 4, b, ¢ are random numbers(e.g., @ = 0.085 in
Series1).
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Figure 3. These are some data distributions of g;(t) = (3 + d)t> + (e — 2)t + f + 7 where the abscissas
are t, and the ordinates are ¢;(t). The values of 4, ¢, f are random numbers(e.g., e = 17.14 in Series1).
Similarly, it can be seen from Figure 3 that, affected by time ¢, the representative series data show

obvious characteristics of second-order polynomial distribution, as well as the overall data distribution.

However, on the overall data, it is difficult to find a common second-order polynomial distribution
function to fit them. Therefore, it is reasonable to consider the existence of time-effect in each series

data.

3.2. Data Distribution Observation

700000
600000
500000
400000
300000
200000
100000

0

350000

300000

250000

200000

150000

100000

50000

0

Seriesl

kW 5. *
£+t T e
ol

*
L AR £ E A, P

-5000

—10000

—15000

~20000
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AR AN ‘““:W“A‘i
A}“:?‘A‘;AA‘&‘A“ 4 l* ““AAA
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+ e *
B IR TS
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600000
500000
400000
300000
200000
100000

-1.00 -0.75 -0.50 =-0.25 0.00

- +
4+ et + 5 *
»twtf}»ﬁw‘fmm:“«b‘w*f::'mé*&i
0.

Figure 4. These are some data distributions of f;(X,t) = 0.5x3 + (a — 1)x2 + (b +2)x + (3 +d)t* +
(e —2)t+c+ f 4+ 5+ ¢;; where the abscissas are x, and the ordinates are f;(X, t). The values of a, b, ¢
are random numbers(e.g., b = —0.95 in Series2)
Figure 4 shows that it is difficult to observe how x alone affects the distribution of y when the

effects of x and t on the data are mixed. In fact, it is equally difficult to observe the distributional
impact of t on y. Similarly, in the subsequent results, it can also be found that it is very difficult to
observe the influence of x and t on y at the same time.
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3.3. Estimate Results

Fortunately, with the help of expert knowledge, it is assumed that x and y may satisfy a third-order
polynomial distribution, and t and y may satisfy a second-order polynomial distribution, and they
are independent of each other. Based on Algorithm 1, time-effects and individual fixed-effects are
effectively estimated, and the results are shown in Table 1. At the same time, Table 1 also presents the
estimation results based on the classical model. Obviously, the method in this paper is significantly
better than the classical method.

Table 1. This is a partial result of time-effects and individual fixed-effects on the synthetic data. Since
it is difficult to distinguish whether the fitted intercepts belong to the time-effects or the individual
fixed-effects, we attribute the intercepts to the time-effect in the proposed model, and to the individual
fixed-effects in the classical model.

Fixed-effects Series data 1 Series data 2 Series data 3 Panel
data(Coeffect)
0.004t% + 17.14t + —3.10£%2 + —1.66t% + 32 —2t+7
Time-effects 2.85 11.59t — 2.20 14.07t — 2.71
0.16t> +15.14 +  —2.64t> —3.53t+ —0.20t> —1.05t+ 1.54t> +13.12¢ +
8.48* 4.15* 0.39* 5.76*
—61299.48¢** 6880.90#** 8571.84** —6.656.231**
0.085x2 — 6.42x + —1.64x2 — 2.578x* —321x 4+ 0.5x3 — x% +2x —
Individual fixed-effect 0.63 0.95x + 1.35 3.868 2
0.08x2 —2.95x*  —1.61x% —0.52x*  2.54x240.36x*  0.50x3 — 0.97x% —
1.57x*
—21.9913x + —2153.08x — —3553.47x + 2155.12x +
1520.48** 40.60** 682.47** 43.28**

* The data is the result on the proposed nonlinear method.
** The data is the result on the classical method.

Perhaps the results given in Table 1 are not intuitive enough. Figure 5 shows the superiority of the
method in this paper. It can be seen that the function fitting effects are particularly good on the three
series datas, and the corresponding data points can be almost covered seamlessly. At the same time,
the panel subfigure of Figure 5 shows that the estimated function can cover most of the data points,
but not completely, which is the distribution adaptation with the synthetic data, precisely reflecting
the heterogeneity among the serial datas.
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Seriesl Series2

Figure 5. These are partial data set fit renderings of the proposed nonlinear model, where the left
abscissas are x, the right abscissas are t, and the ordinates are f;(X, t).
Figure 6 shows the fitting effects of the classical method on the three series data, showing that the

fitting is not good and it is difficult to meet users’ expectations. Similarly, the fitting effect on the panel
subgraph is not good. On the surface, heterogeneity among series data can be obtained. However,
since the data fittings on the first three subgraphs are not effective, it is possible that this heterogeneity
is caused by random distribution and should not be accepted.

Seriesl Series2

Figure 6. These are partial data set fit renderings of the linear model, where the left abscissas are x, the
right abscissas are t, and the ordinates are f;(X, ).

4. Discussion and Conclusions

4.1. Discussion

Experiments show that, relying on expert knowledge and curve fitting, compared with the
classical methods, the proposed method has better results in data fitting, and can better obtain the
time-effects and individual fixed-effects on the synthetic data set, which is close to the real values. It
can be seen that the result of fixed-effect verification depends on the accuracy of expert knowledge, and
the higher the accuracy, the better the fitting effect. At the same time, the fitting algorithm also affects
the results of verification, especially the new function fitting method can extend the data-based curve
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fitting to function fitting, and significantly improve the applicability of the algorithm. In addition,
we also verify the results when the definition of fixed-effect is not met, and find that the classical
method may incorrectly accept the existence of fixed-effect, while our method can better avoid this
misjudgment.

4.2. Conclusions

In view of the fact that the classical models of fixed-effect analysis are mainly based on linear and
logistic regression, without paying attention to the ubiquitous linear relationship, this paper proposes
a nonlinear fixed-effect analysis model based on the least square method. Firstly, the model determines
the type of data distribution (polynomial distribution or power distribution, etc.) based on expert
knowledge, and gives the preliminary distribution function of each series data. Next, the parameters
are effectively estimated by fitting the data based on the initial distribution function through the
least squares method. Then, based on the loss function of least square method, the objective function
of function fitting of multiple fitting functions is designed, and the fitted function is obtained. The
differences between each series function and the fitted function are expressed as functions of the
fixed-effects. If time and other independent variables are independent in the fitting function, then the
fitting function is split according to time and other variables, and then the time-effect and individual
fixed-effect are obtained by using similar methods. On the synthetic data set, the effect of our method
is compared with that of the classical method. It is found that our method has significant advantages
and can achieve the expected results. In addition, we found in the experiment that the fixed-effect can
be rejected for the data that do not meet the fixed-effect.

4.3. Future Works

First of all, in the analysis of time-effect and individual fixed-effect, this paper assumes that
time and other independent variables are independent of each other, while in reality they may be
interdependent. Thus, relaxing this assumption is the focus of the future research. Secondly, there
may be some problems in the judgment of complex data by expert knowledge. It is valueable to
analyze how to minimize the unsatisfactory effect of data fitting in the case of lack of expert knowledge.
Lastly, variable selection in nonlinear fixed-effect analysis and cross-period dynamic analysis are also
directions for future consideration.
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