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Abstract: This paper aims to describe and analyze a relativistic engine that uses a permanent magnet and an
electrically charged device. According to Newton’s third law, every action is met with an equal and opposite
reaction, meaning the total force in a system unaffected by external forces is zero. However, relativity principles
state that signals cannot travel faster than the speed of light, so actions and reactions cannot occur simultaneously.
As a result, the total force cannot be zero at any given moment. This implies that the system gains mechanical
momentum and energy over a finite period. The question then arises about how to uphold the law of momentum
and energy conservation. It has been shown that the momentum is balanced by an equal and opposite momentum
in the field, while the energy gained by the engine is offset by a reduction in the field’s energy. Previous analyses
assumed that the bodies involved were macroscopically neutral, meaning the number of electrons and ions was
equal in every volume element. This paper relaxes that assumption and examines charged bodies interacting with
magnetic currents from permanent magnetic materials, exploring the implications for a charged relativistic engine

based on a permanent magnet.
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1. Introduction

Relativity is a theory about the structure of space-time, introduced by Einstein in his well-
known 1905 paper "On the Electrodynamics of Moving Bodies" [1]. This theory arose from empirical
observations and the laws of electromagnetism, formulated in the mid-19th century by Maxwell in his
famous four partial differential equations [2—4], which were later refined by Oliver Heaviside [5]. One
consequence of these equations is that electromagnetic signals travel at the speed of light, ¢, leading to
the understanding that light is an electromagnetic wave. Einstein [1,3,4] used this concept to develop
his special theory of relativity, which states that the speed of light in a vacuum, ¢, is the maximum
speed at which any object, message, signal, or field can travel. Because of this limitation, if someone
at a distance R changes something, an observer will not be aware of it for at least a time of R/c. This
means that actions and their reactions cannot happen simultaneously due to the finite speed at which
signals propagate. Newton’s laws of motion are three fundamental principles that form the basis of
classical mechanics. These laws explain the relationship between a body, the forces acting upon it,
and its resulting motion. Isaac Newton first compiled these laws in his work "Philosophiae Naturalis
Principia Mathematica" (Mathematical Principles of Natural Philosophy), published in 1687 [6,7]. This
paper focuses on the third law, which states that when one body exerts a force on a second body, the
second body exerts an equal and opposite force on the first body simultaneously. Newton’s third law
states that in a system not influenced by external forces, the total sum of forces is zero and thus its
center of mass cannot be accelerated. This law is supported by numerous experimental verifications
and is a fundamental principle in physical sciences. However, because the speed of signal propagation
is finite, actions and their reactions cannot occur simultaneously. Therefore, while Newton’s third
law is not precisely accurate in this regard, it remains valid for most practical applications due to
the high speed of signal propagation. Consequently, the total sum of forces cannot always be zero
at every moment. Current locomotive systems rely on coupled material parts where each part gains
momentum equal and opposite to the other, such as a rocket that moves forward by expelling gas.
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However, relativistic effects propose a different type of engine involving matter and field instead of
two material elements. Initially, it might appear that the material body gains momentum, violating
momentum conservation. Nevertheless, the field gains an equal and opposite amount of momentum,
ensuring total momentum is conserved. This principle is supported by Noether’s theorem, which
states that systems with translational symmetry conserve momentum. The overall system, comprising
both matter and field, maintains this symmetry, though individual components do not. Feynman [4]
describes a situation with two charges moving orthogonally, seemingly contradicting Newton’s third
law because their induced forces do not cancel (last part of 26-2). This paradox is resolved (27-6) by
noting that the momentum gained by the charges is balanced by the momentum lost to the field. A
relativistic engine is defined as a system where the motion of its material center of mass results from the
interaction of its components. These parts may move relative to each other or be fixed in a rigid frame,
but the focus is on the center of mass’s motion. Notably, a relativistic motor enables 3-axis movement
(including vertical), lacks moving parts, does not consume fuel or emit carbon, and solely uses
electromagnetic energy, which can be provided by solar panels. This makes the relativistic engine ideal
for space travel, where significant space in the vehicle is usually allocated for fuel storage. Griffiths
and Heald [9] noted that Coulomb’s and Biot-Savart’s laws only define the electric and magnetic field
configurations for static sources. Jefimenko [10] provided time-dependent generalizations of these laws
to examine how Coulomb and Biot-Savart formulas can be modified to apply beyond static conditions.
In a previous paper, we utilized Jefimenko’s [3,10] equation to investigate the force between two
current loops [11]. This work was later expanded to include the forces between a current-carrying
loop and a permanent magnet [12,13]. Since the device is subjected to force for a finite period, it
acquires mechanical momentum and energy, enabling it to function as a relativistic engine. This raises
the question of how to accommodate the law of momentum and energy conservation. The topic
of momentum conservation was explored in [8]. Studies in [14-17] examined the energy exchange
between the mechanical component of the relativistic engine and the electromagnetic field. Specifically,
they demonstrated that the total electromagnetic energy used is six times the kinetic energy acquired
by the relativistic motor. Additionally, they showed that improper coil configuration might lead to
some energy being radiated from the relativistic engine device. Earlier investigations assumed that
the bodies involved were macroscopically natural, implying that the charge of electrons and nuclei
was equal in each volume element leading to a total null charge. However, this assumption was later
relaxed [18], allowing for the study of charged bodies. Consequently, the analysis now includes an
examination of the effects of charge on a potential electric relativistic engine.

The aim of this paper is to assess a relativistic engine that relies on a permanent magnet, specifically
focusing on the interaction between a charged body (a capacitor) and the magnetic current generated
by a permanent magnet. This configuration holds particular appeal for certain applications due to the
self-sustaining nature of a permanent magnet, eliminating the need for an external power source.

We mention that the macroscopic limitations of charge density due to dielectric breakdown can
be somewhat mitigated on the atomic level as was shown in [19] and in a more recent paper [20].

2. Force Considerations

Consider an electric field E and magnetic flux density B that are created by entity 1 and acts upon
entity 2. Entity 2 which may be a charged body contains nuclei and electrons, thus the Lorentz force is
obtained:

By = /dgxzpiz(EJr B x B) + /d3x2Pez(E+?7ez x B). (1)

In the equation provided, we perform integration across the entirety of charged body 2. Within this
context, p;; represents the ion charge density and p,, denotes the electron charge density. Similarly,
Ujp and T,y respectively stand for the ion velocity field and the electron velocity field. The total
charge density is the combined sum of the ion charge density and the charge density of free electrons,
expressed as:

02 = Pi2 + Pe2- )
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Thus, the electric terms in the above force expression add and we are left with:
B = /d3x2pzﬁ+ /d3x2pi2z‘)’i2 x B+ /d3x2pezz‘iez x B. 3)
We assume that the ions are at rest we thus have: ;; = 0. This leads to the expression:
B = /d3x2pzﬁ + /d3x2pezz7€2 x B. 4)
Introducing the current density: fz = pPe2¥e2, We obtain:
Fn= [ @x(paE + T x B). Q

Now, let us examine the source that produces the fields. The electric and magnetic fields can be
expressed using the vector and scalar potentials as follows [3]:

E=-9A-Vd. (6)
B=V x A. )

Here, V is the nabla operator of vector analysis, ¢ represents time and 9; denotes a temporal partial
derivative. Those expressions satisfy two out of the four Maxwell equations:

0B

@-B’:O, VXxE=—"2.
ot

(8)

The other Maxwell equations relate the displacement D and magnetic H fields to the free charge p f
and current Tf densities:

- L 1))
VD =py, VXH—]f+¥. )
The displacement and magnetic fields satisfy the relations:
. I I I
D =¢eE+P, H:#—B—M. (10)
0

In the above €y is the vacuum susceptibility, and pg is the vacuum permeability. P is the polarization
of the material under consideration, and M is the magnetization of the same. Using the definitions:

— — - = — - 813 - - - -
pp=-V-Pp=prtpor,  Ju=VxM Jp==, J=]p+]m+]p (11)

.o L - OE
vV E=L, U x B = ol +e05;)- (12)

Notice that Tmay contain a contribution of free current (a coil) and a magnetization current which can
be generated by a permanent magnet. A field generated by a charge and current densities p; and J;
can be obtained by solving equation (12) in terms of a scalar and vector potentials [3]:

1 01 (3?1/ tret) =3 R

q’(fz) = % /d3x1 R R = %y, bret =t — o (13)

iz m 3 Tl(flrtret)
A(f) = 47T/d g L (14)
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_ 1 . . . . .
Here, c = e is the speed of light in vacuum. In the above we assumed that the potentials satisfy

the Lorentz gauge conditions:

= - 1
V-A+§at¢=o (15)
The gauge conditions satisfied at any time will be satisfied in all times due to the conservation of
charge:

V. -J+adp=0. (16)

Combining equation (14) and equation (7), we obtain:

Bioy S 2= _ Ho 3. Tl(flrf t)
B(XQ) = V-‘Z X A(Xz) = E/d X]sz X (Rre . (17)
However, notice that!:
= Tl(flrf t) = Tl(fllt t)
VHZ X (N - szR X aR T}‘e . (18)
Since: -
- R
VzR = R (19)
And: . . .
]1 (J_C'l/ tret) _ _jl(flztret) - at]l (flr tret)
oR (R = R2 Re . (20)
Hence: = .
—2 5{ ,t R =2 R =2
Vi, X (W) =3 X (h(xl,tret) + (C)ath(xl,fret))- (21)

Inserting equation (21) into the magnetic field expression equation (17), we obtain Jefimenko’s magnetic
field expression [3,10]:

- R - R\.- .
B(X>) = A%Ot /d3x1ﬁ X (h (%1, tret) + <C)ath(x1,tret)>- (22)

Moving our attention to the electric field, and making use of equation (6), we obtain two contributions
one from the scalar potential and another from the vector potential:

E= Ea + Eb, Ea = —atg, Eh = —ﬁq) (23)
Hence according to equation (14):
- o (%, t
Ea(fz) _ _Z%/d:}xl t]l(y;;l/ ret)‘ (24)
And according to equation (13):
—— 3. = [ P1(X1, tet) _ 1 9
=- Hl ————= = ~9.107. 25
o) = —k [ ¥y (AR), ks 25)

1 We use the notation 9y = %.
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Above equation can also be written as:
1
(26)

= _k/d3x1[ xzpl (x]./ tret) + 01 (xl/tret‘)ﬁ 2R

however: . -
- 1 R L~ R
Veg =m0 R=% 27)
and also: .
- . - . R .
Viz,01(¥1, tret) = Vg, R Orp1 (%1, tret) |5, = zatpl(xlztret)- (28)
It thus follows that:
S ;5 R - R .
Ey(%2) = —k [ dt125 o1 (o ter) + - )00 (B, bt |- 29)
Adding Ej, and E, and considering that:
Ho _ _1
a0k Moo= 3 (30)
We obtain Jefimenko’s electric field expression [3,10]:
L 5 1 B R . X
E(x;) = —k/d 12z | 01(F1 bret) + | = ) 901 (%o, trer) | R
R zatfl(flrtret)
+ <c> =% | (31)

Inserting equation (22) and equation (31) into equation (5), we derive a somewhat cumbersome but

straightforward expression:

- 1
F21 = —k//d3x1d3x2ﬁ
. . R 0¢J1 (%, t
{pZ(XZr t) (Pl(xl,fret) ( )atp1(x1,tret))R+ ( ) th(le)]
R\*[R [+ | R\. - . .
o) ™ J1 (X1, tret) + - OtJ1(X1, tret) | | X J2(X2,t) (32)
3. Retardation Effects
(X, t— 7) if R is small but not null we can derive a

Consider the charge density p(¥/, tret) =

Taylor series around t:

= o R, ad a;‘p(f’,t) R
P(x ,tret) —p(x,t—?) _nZ_OT(_?)n (33)

In the above, 9} p(X’, t) represents the nth order partial time derivative of p(¥’, t). A similar expansion
for the current density gives the following expression:

(34)

-
(="

T(f// tret) x t—— Z

X', t). These expansions are

In the above, 97'J(¥', t) represents the nth order partial time derivative of J(
valid only within a certain interval around ¢, which depends on the functions involved. This interval is
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defined by the convergence radius Tj;.x, which may vary for each function. Therefore, equation (33)
and equation (34) are valid only within the domain [t — Tyax, t + Tiax]. As we expand in the delay
tlme , the expansion remains valid only within a limited range.

R < Rmax =cC Tmax. (35)

This implies that we are essentially working with a near-field approximation. However, since ¢ (the
speed of light) is significantly large, R;uqx will be quite extensive for most systems. Now, by substituting
equation (33) into equation (13), we obtain:

D(xXy) = k/d3 Al ret) tm =k 2 /d3x1atP1 ) (- 5)"

c
= k <> /d?’xlatpl X, H)R™! (36)

Similarly substituting equation (34) into equation (14), we arrive at the expression:

Ai(%) = /d3 bar) tm Z /d3x18 e (‘?)n
_ VO 3 n—1
- Ry ( ) / P10y (%, DR 37)
As Z—;’T = Zfr‘z% = C% it follows that:
Lo w1 .
Al(X) = k), porl s /d 10} J1 (%1, t)R"
n=0"""
= k - 1 _1 d3 an—Z" 2 Rn—3
- Z (7’1 _2)' c xl t ]1 (xllt) (38)
n=2 :

We are now ready to calculate the electric and magnetic fields using the expansions provided in
equation (36) and equation (38). Before proceeding, let’s introduce the following notation: let G/
represent the contribution of order Cin to the quantity G. Thus:

=Y qM (39)
n=0
Hence: k "

n) o 1 no e -
o' (%) = n'(C> /d3xlat p1 (%1, HR"! (40)

— - k 1 " n—27 /= n—

Al() = (n—2)'(c> /d3x13t Ti(@, R forn >=2

A= A — o, (41)

) = —a, Al
k 1 " 3 n—17 (= n—3

o (n—2)! s /d x10; " J1(¥1,1)R forn >=2

Eﬁ} = _'Bz] =0. (42)


https://doi.org/10.20944/preprints202410.1991.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 October 2024 d0i:10.20944/preprints202410.1991.v1

7 of 17
and
Bl = Vot = % ({) [ o, R (43)
However, since:
TR = D RoRR" = —(n — R 2R (a1
it follows that:
gy - Ko —1) <_i> [ @xidtor(, R 2R (45)

The zeroth-order contribution arises solely from the potential part of the electric field, which corre-
sponds to the Coulomb component:

I / B, 2 (1’;’ 25 (46)
We also see that: E"?b] = 0, hence:
=l Ell =0 47)

Therefore, there is no first-order correction to the charged system electric field, first-order corrections
are also absent in an uncharged system [11]. The first term that includes scalar and vector potential
contributions to the electric field is second order:

o =2 L = 1\? Lo o s a7 im g
EP =2+ £ k() [ 3o 0R -3 0R ! )

Since the % contributions are quite small, it will be sufficient to consider terms up to the second order.
We can now calculate the magnetic field using equation (17) and equation (41), thus we obtain:

Bl (%) = Vg, x AV (%) =
k 1\" FE 9" 27, (% R" 3| _5
(mn—2)\ ¢ XV, X [ i Th(xt) } orn >=
=5l =0 »
However:
Vi x [0 PR R = Vg R X0 () (50)
and also:
Hence we may write:
- o 3 —-n 1 n . o
Bgn] (X2) = k((n—Z))! (_c> /d3x1R" YR %2 (xX,t) forn >=2. (52)
in particular:
2
BP() = k(1) [ xR R ), )

With the expressions for the electric and magnetic fields, we can now determine the force’s nth order
contribution using equation (5):

1_::2[’11] = /dBJQ (pz(fz)ﬁgn](fz) + Tz(fz) X Egn}(f2>) (54)
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It follows that for the zeroth order we obtain:
FO = / Py (%) BV (). (55)
Inserting equation (46), we obtain Coulomb’s force:
. . o1 4 .
Fz[(l)] = —k / / d3x1d3x2p1 (xl)pz(xz)ﬁR = — 1[(2]]. (56)

This type of force, known as the quasi-static force, adheres to Newton’s third law, ensuring that the
total force on the system remains zero:

13%0] _ 1?2[2] i ﬁl[g] —0. (57)

1

The first-order force in ; is null because both the first-order electric and magnetic fields are null, hence:

gl gl) gl
r =k =k, =0 (58)
We will now move forward with computing the second-order force term, which is adequate as % is
quite small. To achieve this, we’ll initially split the force outlined in equation (54) into electric and
magnetic components:

=2 =2 2[2

F. 2[1] = F 2[1]e +F 2[1]m

B = /d3x2 p2(T)EY (%)
B, = [@oh@ xBE) (59)

Substituting equation (48) into equation (59), derive the electric force:

= k 1 N -
FZ%]e = (cZ) //d3x1d3x2 [2p28fp1R—PzathR_l} (60)

The magnetic force is derived by inserting equation (53) into equation (59):

ﬁz[i]m = (;)//daxlcﬁxz T % (R*Zﬁxfl)

k T e
= (&) [ [ Enn| RIE Rk R ) Q)
However,
RR=VgR (62)
it follows that: o
. k T e e e -
Fz% = <C2> //d3x1d3x2 thszz —]1((Vf2R 1 'h)] (63)

Let us look at the integral:
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Using the theorem of Gauss and charge conservation equation (16), we arrive at the following equation:

[#0@rY) o= f a5 (ﬁ) + [z, (65)

The surface integral is performed over a surface encapsulating the volume of the left-hand side integral,
for the case that the volume integral is performed over all space the surface is infinite far. Provided
currents at infinity are null:

- _ - 1
[Exa(VeR ) fo= [ @xp 002 (66)

Inserting equation (66) into equation (63), we derive the second order magnetic force:

= k
FZ[%]m = <62> //d3x1d3x2

We note that in the case of the magnetic field, the second order represents the lowest order for the
force since both the zeroth and first orders yield null results. Additionally, it’s evident that the force
comprises two components: one that adheres to Newton’s third law, and another that does not. The
total electromagnetic force can be determined by combining equation (60) and equation (67):

-

RhR.z]z - ﬁatpzl . (67)

- -

— = = k 1 7 — o )
Fz[%] = Fz[i]leFz[%]m = (C2) //d3x1d3x2 [szagplflz — 9 (p2J1)R ™! +x12hR2]2] (68)

]

Introducing the notation R = £1, for clarity. From the above it is trivial to derive Fl[g by exchanging
the indices 1 and 2:
- k 1 . T A
FE] = <c2) //d3x1d3x2 [zmaﬁozxn — (e )R + 12 th]z] (69)
Combining equation (68) and equation (69) and considering that £1, = —#%;, it follows that:
22 =2, =2
- -
k 3. 13 1 2 2 0\ p 7 7 yp—1
) //d xd’xy |5 (pzatm - PlatPZ)R —0t(p1)2 + p2J1)R (70)
Now as C% = Z—;’T and since:
20701 — P10 02 = Dt(p201p1 — P19102) (71)
It follows that:
. 1 . . o
FE] = %at//d‘q’xld‘q’xz {2@28”01 —p10tp2)R — (p1)2 + p2J1)R 1} (72)

In the subsequent section, we delve into the implications of the aforementioned formula. It's worth
noting that in certain rapidly changing systems, relying solely on the second order correction may not
be adequate, necessitating the inclusion of higher order terms.

4. Momentum Generated

Newton's second law dictates that a system with a nonzero total force, must have a modification
of its cumulative linear momentum P(¢):
=2] _ dP

T T (73)
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Assuming that: P(—o00) = 0 and that there are null current or charge densities at t = —oo, we deduce
from equation (72) that:
4 1 . - o
B = 12 [ [ i | eadior — pidipa) R (oo +o2T)R 74)

Comparing the momentum expression equation (74) with the momentum gained by a non-charged
relativistic motor described in equation (64) of [8]:

= h = = 1 - 7 7
Preen = B2 (022K, Rim = =35 f f RGE-dT) 75)

In the equation provided, & represents a typical scale of the system, while I;(¢) and I, denote the
currents flowing through two current loops, and dl;, dl, signifies the line elements of the current
loops. Several notable distinctions are apparent. Firstly, in the case of an uncharged motor, there

c
of one, this implies that the charged relativistic motor is substantially stronger than the uncharged

motor by a factor of c¢* ~ 10'7, which is a significant difference. Secondly, it’s observed that for the
uncharged motor, the current must be consistently increased to maintain momentum in the same
direction. However, this is not sustainable indefinitely. As a result, the uncharged motor functions akin
to a piston engine, executing periodic motion backward and forward, and can only produce forward
motion by interacting with an external system, such as the road. Conversely, for the charged relativistic
motor, non-vanishing momentum is obtained even for stationary charge and current densities.

2
is a factor of (h) present. Given that for any practical system, the scale & is typically of the order

-

B(t) = —I—z//d3x1d3x2 (o1]> + paJ1) R (76)

Therefore, the charged relativistic motor has the capability to generate forward momentum without
necessitating interaction with any external system apart from the electromagnetic field. This expression
can be somewhat streamlined by employing the potential provided in equation (13), resulting in:

13(15) = *C% |:/ d3x2 CDsz + /d3x1 ®2T1:| (77)

in which we are reminded that 4’% = Hp€g = ciZ Another important point is that in a charged
relativistic motor we do not require both subsystems to be charged, in fact provided that py = 0:

=

- 1 -
Bty = 10 [ [#xdr iR = =5 [P o], 78)

Depending on a non-vanishing current density J>. We emphasize that as in [8] the forward momentum
gained by the material system will be balanced by a backward momentum earned by the electromag-
netic field. We shall now direct our attention to the challenges of developing a charged relativistic
motor based on a permanent magnet.

5. Upper bounds

Consider the speed attained by a system such that its momentum is given by equation (78) with a
total mass mr:

//d3x1d3xz plTZIT1

< 473731]“//(133(1(13362 |p1||7’2|R71 (79)
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in which we have used the triangle inequality. If R has a minimum value R,,;, we may write:

vs 74;% //d3x1d3x2 1|2 R < ‘Ufffly#mm /d3x1 lo1] /d3 X2 |J2| = Vmax. (80)

as R > R,;;;, and thus Rl, > % Two cases can be now inspected considering the relative masses of
the two subsystems 17 and m,. If subsystem 2 is much more massive than subsystem 1, m > mj and
in addition [, and the material density p,,» are uniform:

w2
7R, M(Q-‘r +1Q-1) (81)

~

Omax =~

in the above Q, is the total positive charge and Q_ is the total negative charge. Vice versa we can
consider the case that subsystem 1 is much more massive than subsystem 2, m; > m; and in addition
|p1| and the material density p,,; are uniform:

ot il
Umax = 47R,. Omrt Ly, (82)

where we assumed that the current density is unidirectional and L, is the typical length in the direction
of current.

6. Configuration

Consider a permanent magnet which might be of the Neodymium type (see Figure 1). We will
assume a magnetization M = M;(x,y,z)% in the z direction, according to equation (11) such a magnet
has a magnetization current:

J=Tu=VxM= (83)

Assuming that the magnet has dimensions a, b, d, and putting the origin of axis conveniently at the
symmetry center of the magnet we may write the magnetization as:

M, = MyBox(x,y,z) (84)
1 —4<x<+4 & —d<y<+4 & -b<z<+}
Box(x,y,z) = 2= = 02 2=7 =02 == 02 (85)
0 otherwise.
In terms of the step function u(x):
1 x>0.
u(x) = B (86)
0 x<0.

the box function can be written as:
Box(x,y,z) = (u(x + %) —u(x— %)) <u(y+ g) —u(y — g)) <u(z + g) —u(z— z)> (87)
We can now calculate the magnetization current using equation (83):
T = Mobox(n,y,) | (9(y+ §) — o= 5) )5 = (o6r+ §) ~otx = ). (55)
In the above we used the Dirac delta function é(x) which is related to the step function by the formulae:

deu(x) = 6(x),  u(x)= / " s(x)dx. (89)
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Hence we see by comparing equation (88) to equation (93) of [18] that the magnetization current
density of uniform permanent magnet is equivalent to a continuous loop winding with a current
density Jo:

My = Jo x thickness, (90)

in which "thickness" refers to the winding thickness. Now by applying a thin conducting coating to
the magnets at the y = j:% planes and connecting it to a DC power source one may create a charge
density:

p1(x1,y1,21) = £0d(y1 F (é +5)){ ! 1)

2 0 else

In which the charge density is modelled as a plane charge located at the middle of the coating layer. In
what follows the magnet is taken to be system 1 and the charge is taken to be system 2.

Figure 1. A block Neodymium magnet

Plugging equation (91) and equation (88) into equation (78), (and taking only the current at

y= —% for simplicity) we arrive at the following momentum equation:
- +5
j 2‘—7‘;01\/1032 y ® iy /_ 72 iz, / e / dz 11{ 92)
Such that:
R= \/(xl —x2)2+ (21 — 22)2 + A2 (93)
In which A is the location of the reference charge plane (there are two). Defining the dimensionless
variables:
r X1 1 _ 41 ) ;22 ;R r_ 4 ;b
= — = — = — = — R = — = — = —. 4
x] ﬂ’ Z] b/ x2 ﬂ, ZZ b/ A/ a A/ b A (9 )
We may write:
P= ”0 S0 Moal®A(a', V). (95)

Considering the fact that the residual flux dens1ty B, is obtained when the forcing magnetic field H is
null, it follows from equation (10) that:

-

B, = poM. (96)

Thus: B
P = —;Caabz[&(u’, b')%. (97)
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The dimensionless function A(a’,b") depends on the dimensionless quantities a’, b’. It can be calculated
using the quadruple integral:

+ +3 +3 /
Ad,b) —/ dxl/ 2dzl/ deé 12 dz’z%. (98)

In which:

R = \/a2(x) — )2 + b2} — )2 + 1. (99)

We shall perform part of this integration analytically. To achieve this goal, we define first the auxiliary
function:

/

T / / / / . +2 X /! / +% / +% ! = ! / / /
I(d, b, x5,25) :/77 dx} /77 dle, = A(d,V) :/% dxz/% dzol(a',b', x5,25).  (100)
We shall now make a change of variables:
x=x]—xh, z=2z]—12), (101)

such that:

1 !
- +t37% +t3-% g
Y A AN
(b, x5,2z5) = /1 , dx/ dz I
1 % 1 %

2 2

R = Va?x24+1p2z2 4 1. (102)

Finally, we define:

+3-% 4
Y(d,b,x,25) = /;Zé dzﬁ
- +3-x
=TV, x},2z,) = / L ax¥(d b, x, 7). (103)
-2 %
Y is integrated analytically using the new variable:
b z
L — 104
T At (104

in terms of which:

a [arcsinh(zy ) — arcsinh(z7)]

Y, v, xz2z,) = /
( 2) /71_'_2” b

1
z7 b —2-7 zy = b t2=%m . (105)
! a\vVxZ+a-2) 2 a\Valta 2
Regrettably, the computation of T and A is only feasible through numerical methods. For the scenario
where b’ = a’, the function A is a function of a single variable, as illustrated in Figure 2.
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Figure 2. The function A for the case b’ = a'.
It is apparent that when a’ = 0, the function equates to zero, whereas for a = oo, it converges to

approximately 2.973, which is close to 3. Thus, if the ratio of the engine’s size to the capacitor thickness
is roughly 20 and d ~ a, there is no significant loss of force and momentum due to the return magnetic
current. However, examining the scenario where b’ # 4’ as depicted in Figure 3, we observe a distinct
advantage for a slender relativistic motor in the direction of motion.

1000 % T T T T

800

600

400

[N
VR e
I 3B R

200

L |
800 1000

2

Figure 3. The function A for the case b’ # a’, the color code is shown to the right of the contour plot.
We also emphasize that the magnetic return current interacts symmetrically with the positive

charge in a constructive way, as the charge sign and the current direction are reversed (see figure 4)
this doubles the momentum obtained such that following equation (95) we obtain:

= B (i a b ~.a b\,

A1 and A; are explained through Figure 4 and have the corresponding values:
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Figure 4. A cross section of the relativistic engine.
A=A N =A+d (107)

The force created by the relativistic motor will depend on the rise time of the capacitor charge which
can be increased slowly or fast:

o _dﬁT_yoda

a b
b="ar “orar A

LAY (A ))x. (108)

o«
M A ,—
oab < (Al'A1 AV AV

To consider the velocity of the device one need to calculate its mass of the magnet, now suppose that a
magnet has a mass density py, it follows that its mass would be:

my = pmabd (109)

The maximal velocity obtained by an unloaded relativistic engine:

my 27mop d

Pr B,o b([\ a b ~.a b )32

A AL —A(E,E) (110)

Tmax =
If the engine is loaded, that is it carries with it an additional load of mass m| the velocity will be:

Pr_ Pr 1m _ Omex o M 111)
mpy +mp, li—i—ﬁ 1471

7= .
mu

The velocity has thus a typical value which depends on the properties of the magnet and the surface

charge density of the coating layer:
B,o

V= ——

t 270 M

multiplied by a factor that depends on the ratio of the geometrical dimensions of the system under
consideration (magnet and coating):

_ b/(.,a b -~ a b
o= (A A - AGyay) )

The maximal speed can thus be written as:

(112)

Umax = 0+0. (114)

The typical velocity is determined by the properties of the magnet: its residual magnetic flux density
and it mass density. For a NdFeB magnet which is the strongest magnet that is available commercially
we may assume B, ~ 1.5 Tesla and py; ~ 7.5 x 10 Kg/m?3. The maximal surface charge density that
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one can put on a planar surface in air is ¢ = 53 x 107¢ Coulomb/m? (see section 3.4 of [18]), trying to
increase the surface density beyond this amount will cause a dielectric breakdown and a discharge.
Thus the typical velocity for a neodymium magnet is:

B,o

= ~17x107? 11
Ut 2om x 107" m/s (115)

which is quite small and thus strengthens the argument for a design of a practical relativistic motor
on the nano and atomic scales and not on the macroscopic scale [19,20]. Of course one can improve
on the above number by choosing suitable geometrical dimensions. Notice, however, that there are
competing demands on one hand a light thin magnet should move faster, however, in this case the
distance of the lower magnetic current plane to the positive charge plane will not be sufficient and
thus the ([\(Ail, A%) - ]\(Aiz, A%)) term will not be big enough. The same is true for increasing b (the
dimension of the bar magnet which is parallel with magnetization). Of course, there are practical
limitations to how big can one take b, but also there is a price to pay as one can see from figure 3
since the A factor favours a small b with respect to a. Thus optimization is required. Some numerical
experimentation has shown that 1 < ¢ < 10 and extreme values of 4,b and d do not make much
difference. A typical magnet with a = d = 10 cm, b = 2 cm and copper coating of about 1 micron, that
is A = 107° m, will yield 4 ~ 1. However, if we take 4 = b = 10 cm, d = 30 micron we can have a
0 ~ 5.5. This suggests that the effect can be observed if such a device is allowed to move unimpeded,
for example after one day it will move 0.8 millimeter which can easily be observed with a magnifying
glass.

7. Conclusions

We have demonstrated in this paper that in general Newton'’s third law is not compatible with the
principles of special relativity and the total force on a system of a permanent magnet and a charged
capacitor is not zero. Still momentum and energy are conserved if one considers the field momentum
and energy. It is suggested to perform some experimental work and prove the validity of the theory of
relativity once again.
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