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Shifted Primes and Spectral Detection of Riemann 

Zeros. Extended Spectral Analysis via Transfer 

Operator, Lomb–Scargle Periodogram and 

Autocorrelation Evidence 

Ibar Federico Anderson 

Universidad Nacional de La Plata, La Plata, Argentina; ianderson@empleados.�a.unlp.edu.ar 

Abstract 

This paper consolidates, corrects, and extends a research programme on the shifted-prime problem 

� = � + � − 1 with �, �, � prime, and its connections to the binary Goldbach conjecture and the 

non-trivial zeros of the Riemann zeta function �(�) . We collect unconditionally proved results, 

computationally verified findings with correct methodology, and explicit corrections of errors 

identified in prior versions.The principal corrections are: (i) the � = 3  existence problem is 

equivalent to the binary Goldbach conjecture and is therefore open, not proved as originally claimed; 

(ii) scripts 6.py–8.py contained a critical permutation-test bug that artificially inflated detection counts 

from 199/200 to the corrected value of 116/200 zeros at � < 0.01 using 709,562 primes 

in [10�, 1.2 × 10�].New results established in this work include: (iii) the transfer operator ratio 

��/�� = 182.63  with � = 892,206  primes, nearly three times the value of 62.86  reported 

previously, confirming systematic spectral strengthening with sample size; (iv) a corrected decay 

slope of −1.1262 ≈ −1  (theoretical prediction under RH), measured consistently across nine 

independent sample sizes up to � = 1,310,763  primes in [10�, 2.2 × 10�] , with 129/200 

non-trivial Riemann zeros detected at � < 0.01; (v) three new spectral methods — autocorrelation 

in Δlog�  with fundamental period � = 2�/�� ≈ 0.4445 , the Lomb–Scargle periodogram 

adapted to non-uniform prime spacing, and principal eigenvector analysis of the transfer operator; 

(vi) three independent analyses (p-adic correlation � = +0.729 , optimal subsequence 

amplification, and RSA spectral classification) all identify ℓ = 3 as the uniquely special prime in the 

singular factor �∞; (vii) the Generalised Amplification Conjecture (GAC) is not yet verifiable in the 

computational range explored ( � ≤ 1.07 × 10�  primes), with residual error near 60% .The 

analytical core — absolute convergence of �∞, the explicit formula for Ψ∗(�), equivalence of � =
3  to binary Goldbach, and proof of existence for � ≥ 4  via Helfgo�’s theorem — remains 

unconditionally valid and unaffected by the computational corrections. None of these results 

constitutes a proof of RH. They constitute empirical evidence from an arithmetic direction 

independent of all classical zero-verification approaches. 

Keywords: Riemann hypothesis; shifted primes; goldbach conjecture; transfer operator; lomb–scargle 

periodogram; autocorrelation; explicit formula; spectral analysis; singular factor �∞; discrete mellin 

transform 

 

 

1. Introduction and Epistemic Labels 

All results in this document carry one of the following epistemic labels: 

[PROVED] Unconditional mathematical proof. 

[COMD. PROVED, H.] Proof conditional on hypothesis �. 
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[CONO. VERIF.] Computational verification with correct methodology. 

[CONJECTURE] Open conjecture, not proved. 

[CORRECTED] Error in a prior version identified and corrected here. 

[HONEST CAVEAT] Explicit limitation acknowledged. 

1.1. The Shifted-Prime Problem 

For a prime � > 2 and integer � ≥ 2, define 

��(�)  : =  #{(��, … , ��) ∈ ��: �� ≤ ⋯ ≤ ��, �� + ⋯ + �� = � + 1}. 
The case � = 2  counts unordered pairs {�, �} ⊂ �  with � + � = � + 1 . We write �(�)

: = ��(�) throughout. 

The normalised residual is defined as 

�(�)  : =  
�(�) − ��(�)

��(�)
,  ��(�)   =   ������ ⋅ 2�� �(� + 1) 

�

(log�)�
, 

where �(� + 1) = ∏
ℓ��

ℓ��ℓ∣(���), ℓ��, ℓ∈�   is the singular factor and ������  is computed in 

sliding windows of 100,000  primes to remove the systematic bias corr(�, 1/log�) ≈ 0.75 

present in global-� implementations. 

1.2. Scope and History of Corrections 

This document supersedes five prior versions. The principal errors and their corrections are: 

1. [CORRECTED] The original claim of an unconditional proof for � = 3 (versions 1–4) is 

false. Section 2.4 gives the correct analysis. 

2. [CORRECTED] Scripts 6.py, 7.py, and 8.py contained a permutation-test bug yielding 

inflated detection counts (199/200 , 498/500 ). The correct result is 116/200  zeros at � <
0.01. Section 4 gives the corrected results. 

3. [CORRECTED] The Generalised Euler product formula for �∞
(�)

 was incorrect in prior 

versions. Section 2.5 gives the correct formula. 

2. Unconditional Analytical Results 

2.1. The Singular Factor Constant �∞ 

Definition 1.2.  The singular factor of an even integer � ≥ 4 is 

�(�)   : =   �
ℓ − 1

ℓ − 2
ℓ∣�

ℓ��, ℓ∈�

. 

The shifted-prime Euler product is 

�∞   : =   �
ℓ��
ℓ∈�

�1 +
1

(ℓ − 1)(ℓ − 2)
�   =  1.74272535539183276 … 

Theorem 2.2 ([PROVED]).  The product �∞ converges absolutely with 1 < �∞ < ∞, and  

1

�(�)
� �

���

(� + 1)   →   �∞ as � → ∞. 

Proof sketch. Absolute convergence follows from the tail bound ∑ 1ℓ�� /((ℓ − 1)(ℓ − 2)) <

4/� . The Cesàro limit uses the Dirichlet density �({�: ℓ ∣ � + 1}) = 1/(ℓ − 1) , the Chinese 

Remainder Theorem for finite sets of primes, and a standard �/3 argument. 
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The dominant contribution to �∞  comes from ℓ = 3 : exactly half of all primes satisfy � ≡
2 (mod 3), so 3 ∣ (� + 1) with density 1/2 (versus the generic 1/ℓ), giving a local factor 3/2 

at ℓ = 3. 

Table 1. Dirichlet divisibility bias for shifted primes: comparison of generic density 1/ℓ with 

prime density 1/(ℓ − 1) , and the resulting local factor in �∞ .

� Generic �/� Prime �/(� − �) Excess Local factor 
3 0.333 0.500 +50% 1.500 
5 0.200 0.250 +25% 1.083 
7 0.143 0.167 +17% 1.033 
11 0.091 0.100 +10% 1.011 
13 0.077 0.083 +8% 1.008 
 

Computational verification of Theorem 2 over � = 334,351  primes in [10�, 6 × 10�]  gives 

�‾(�) = 1.743124  against the theoretical �∞ = 1.742725 , a relative error of 0.023% . Over 

� = 892,206  primes in [10�, 1.5 × 10�]  the error falls to 0.018% , consistent with the 

conditional rate �(log�/√�) under GRH. 

2.2 Explicit Formula for �∗(�) 

Define the bridge function 

Ψ∗(�)   : =   � �
���
�∈�

(� + 1),   �(�)  : =   � Λ

�����

(�)Λ(�), 

where Λ is the von Mangoldt function. 

Theorem 2.3 ([PROVED]). 

Ψ∗(�)   =  2���∞  
��

log�
 −  �

2���∞

�′(�)
�

⋅
����

�(� + 1)log�
  +  � �

��

log��
�, 

where �� = ∏ (��� 1 − 1/(� − 1)�) ≈ 0.6602  is the Hardy–Li�lewood twin-prime constant, 

the sum runs over non-trivial zeros � =
�

�
+ ��� of �(�), and converges absolutely. 

The amplification factor �∞ ≈ 1.743 is absent from all classical Goldbach–Riemann bridges. 

Table 2 compares residue coefficients. 

Table 2. Comparison of Goldbach–Riemann bridge residue coefficients. The factor 

�∞ ≈ 1.743 is unique to the shifted-prime restriction.

Method Residue coefficient �� Amplification 

Fujii (1991)  2�2/�′(�) 1 × 
Bhowmik–Schlage-Puchta (2010)  2�2/�′(�) 1 × 
Goldston–Suriajaya (2023)  2�2/�′(�) 1 × 
Anderson (this work) 2�2�∞/�′(�) �∞ ≈ 1.743 × 
  

2.3. Spectral Prediction Under RH 

From Theorem 3, the normalised residual �(�) inherits the oscillatory contributions of the zero 

sum. Under RH (Re(�) =
�

�
 for all non-trivial zeros), one obtains the approximate decomposition 

�(�)   ≈  
1

��
� ��

∞

���

cos(��log� + ��),  �� ∼
�

��
. 
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The discrete Mellin coefficient 

��   =  
1

�
� �

�

���

(��) ��
��/�����  

satisfies |��| ∼ �/�� under RH, implying a log-log decay slope of exactly −1. A slope ≠

−1 would indicate zeros off the critical line; specifically, if dominant zeros had Re(�) = � ≠
�

�
, 

the slope would equal −2� instead of −1. 

2.4. Corrected Phase Transition for the �-Prime Problem 

Proposition 2.4 ([PROVED]).  Let � > 2 be prime. If � = �� + �� + �� − 1 with ��, ��, �� 

prime, then exactly one �� = 2 and the other two satisfy �� + �� = � − 1. 

Theorem 2.5 ([PROVED]).  For a prime � > 5, the following are equivalent: 

1. ��(�) ≥ 1. 

2. The even number � − 1 is the sum of two primes (binary Goldbach for � − 1). 

In particular, the existence problem for � = 3 is equivalent to the binary Goldbach conjecture and is 

therefore open. 

Remark 6 ([CORRECTED]).  Earlier versions of this work (Anderson 2026, versions 1–4) claimed 

an unconditional proof of ��(�) ≥ 1  for all sufficiently large primes, invoking an even-integer 

analogue of Vinogradov’s theorem. That analogue does not exist: Helfgo�’s theorem  and 

Vinogradov’s theorem apply exclusively to odd integers. Theorem 5 shows the � = 3  claim is 

equivalent to binary Goldbach and is therefore open. 

Theorem 2.7 ([PROVED]).  For � ≥ 4, ��(�) ≥ 1 for all sufficiently large primes �. 

Proof sketch. For � = 4 : set �� = 3 , so �� + �� + �� = � − 2 . Since �  is an odd prime, 

� − 2  is odd. For � > 9 , � − 2 > 7  is odd, so Helfgo�’s theorem  guarantees three primes 

summing to � − 2. For � ≥ 5, induction: set one summand to 2 and reduce to the � − 1 case. 

Table 3. Corrected phase transition in the shifted-prime family {�� + ⋯ + �� = � + 1}. 

� Status Reduction / Comment 
2 [CONJECTURE] (open) Binary Goldbach for � + 1 
3 [CONJECTURE] (open) Equivalent to binary Goldbach for � − 1 
≥ 4 [PROVED] Via Helfgott’s theorem applied to � − 2 (odd) 
 

2.5. Corrected Generalised Euler Products 

Theorem 2.8 ([PROVED]).  The correct generalised Euler product is 

�∞
(�)

  : =   � �1 +
1

ℓ − 1
��

ℓ − 1

ℓ − 2
�

���

− 1��

ℓ��

, 

which converges absolutely for all � ≥ 2  and satisfies �∞
(�)

= Θ(2�)  as � → ∞ . For � = 2  it 

reduces to �∞. 

Table 4. Corrected generalised Euler products versus empirical mean over � = 68,906  primes in 

[10�, 10�]. The old formula used in prior versions was incorrect for � ≥ 3. 
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� Old formula Corrected �∞
(�)

 Empirical Error (corrected) 

2 1.742724 1.742724 1.742681 +0.002% 
3 2.680290 3.460732 3.460389 +0.010% 
4 3.840330 7.630326 7.628696 +0.021% 
5 5.252945 18.18231 18.17558 +0.037% 
 

 

3. Corrected Computational Methodology 

3.1. The Permutation-Test Bug and Its Correction 

[CORRECTED] Scripts 6.py through 8.py of the research programme contained a critical bug in 

the permutation-test baseline. The buggy line was: w_perm = np.random.permutation(eps) / sqrt_ps   # 

BUG 

The correct version permutes the weighted residuals � = �/��  directly: w_perm = 

np.random.permutation(eps / sqrt_ps)   # CORRECT 

In the buggy version the permutation reorders �(�) but divides by �� in the original order, 

preserving a spurious correlation between weights and prime positions. This artificially deflated the 

permutation baseline, inflating � -scores for all zeros equally and producing a decay slope ≈ 0 

instead of the theoretically required −1. 

Consequence: All results from scripts 6.py (199/200 zeros), 7.py, and 8.py (498/500 zeros) 

are artefacts of this bug and are entirely discarded. The present analysis uses the corrected scripts 

12.py and 17.py/18.py, which fix this bug. 

3.2. Local-� Correction 

A secondary systematic bias arises from computing the normalisation constant � globally over 

a wide prime range [10�, ����] . The correlation corr(�, 1/log�)  was found to increase from 

0.747  over [1M, 6M]  to 0.887  over [1M, 15M]  under global � , indicating a growing 

systematic trend. 

Script 12.py corrects this by computing � in overlapping windows of 100,000 primes (50% 

overlap), reducing the residual correlation to below 0.10 across all ranges tested. This is the local-

� method used throughout the present paper. 

3.3. Computational Setup 

All computations were performed on AMD64 hardware (2 cores, 3.46 GB RAM) using Python 3 

with NumPy, Numba 0.58, SciPy, and Matplotlib. The main prime ranges are [10�, 1.8 × 10�] 

(� = 892,206 primes) for spectral analysis and [10�, 2.2 × 10�] (� = 1,310,763 primes) for 

detection results. The first 200 non-trivial Riemann zeros �� are taken from Odlyzko’s tables. 

Table 5. Summary of computational parameters. 
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Parameter Value 
Prime range (spectral analysis) [106,  1.8 × 107] 
Number of primes (spectral) � = 892,206 
Prime range (detection) [106,  2.2 × 107] 
Number of primes (detection) � = 1,310,763 
Number of Riemann zeros tested 200 
Transfer operator dimension � = 50 
Lomb–Scargle frequency range � ∈ [5,100], 2000 points 
Autocorrelation binning 150 bins, Δlog� ∈ [0,2] 
� window size 100,000 primes (sliding, 50% overlap) 
Hardware AMD64, 2 cores, 3.46 GB RAM 

  

4. Computational Results: Detection and Spectral Analysis 

4.1. Detection of Riemann Zeros via Discrete Mellin Transform 

[COMP. VERIF.] Figure 1 shows �-scores for all 200 non-trivial Riemann zeros, with 114/200 

detected at � < 0.001 , 129/200  at � < 0.01 , and 143/200  at � < 0.05 , for � =
1,310,763 primes in [10�, 2.2 × 10�]. 

 

Figure 1. Bar chart of �-scores for 200 non-trivial Riemann zeros detected via discrete Mellin transform. Range 

[1M, 22M] , � = 1,310,763  primes, v2 alpha-local correction. Detection counts: 114/200  at � <
0.001 ; 129/200  at � < 0.01 ; 143/200  at � < 0.05 . Red dashed line marks � = 2  ( 2� 

threshold). 
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Figure 2. Shows the three-panel detection analysis including the log-log decay plot with fi�ed slope =
−1.1262  and �� = 0.600 , compared to the theoretical slope = −1  under RH. Three-panel Mellin 

detection plot: (top) �-scores for 200 Riemann zeros; (middle) �-values on logarithmic scale with threshold 

lines; (bo�om) log-log decay with fi�ed slope = −1.1262 and �� = 0.600, compared to theoretical slope 

= −1 under RH. 

Table 6. summarises the progression of detection results across all sample sizes tested. [COMP. VERIF.] 

Detection results for unrestricted shifted primes, corrected permutation test, local-� correction. Option 10 is the 

new extended result of the present paper. 

Option Range Primes � < �. ��� � < �. �� � < �. �� Slope 
1 [1M, 4M] 204,648 77/200 97/200 — −0.994 
2 [1M, 6M] 334,351 87/200 110/200 — −1.049 
3 [1M, 8M] 461,279 94/200 117/200 — −1.061 
4 [1M, 10M] 586,081 99/200 121/200 — −1.133 
5 [1M, 12M] 709,562 100/200 116/200 — −1.075 
6 [1M, 14M] 831,579 98/200 118/200 — −1.084 
7 [1M, 16M] 952,632 102/200 120/200 — −1.128 
8 [1M, 18M] 1,072,869 108/200 119/200 — −1.129 
10 [1�, 22�] 1,310,763 114/200 129/200 143/200 −1.1262 
 

Remark 9 ([HONEST CAVEAT]).  The detection count 129/200  at � < 0.01  represents a 

statistically significant result (expected under the null hypothesis of no signal: ≈ 2 detections), but 
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it does not constitute a proof of RH. The oscillatory structure in �(�)  may have multiple 

contributing causes beyond the Riemann zeros. 

4.2. Mellin Detection: 30 and 50 Zeros 

Figure 3 shows the two-panel Mellin analysis for the first 30 Riemann zeros with � =
1,310,763 primes, confirming 27/30 detected at � ≥ 2 and fi�ed slope = −1.196. 

 

Figure 3. Two-panel Mellin discrete � -scores for � = 1,310,763  primes: (top) bar chart of 30 Riemann 

zeros with fi�ed slope = −1.196  and theoretical slope = −1  under RH, 27/30  detected at � ≥ 2 ; 

(bo�om) log-log decay plot. 
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Figure 4. Shows the four-panel Mellin detection for 50 zeros with � = 892,206 primes. Four-panel Mellin 

detection for � = 892,206 primes over [10�, 1.5 × 10�]: �-scores for 50 Riemann zeros, �-values on 

log scale, log-log decay with slope = −1.120, and �-score vs. �� frequency sca�er. 37/50 detected at 

� < 0.001; 39/50 at � < 0.01. 

4.3. Transfer Operator: ��/�� = ���. �� 

The transfer operator approach analyses the correlation matrix �(�) ∈ ℝ�×� defined by 

���
(�)

  =  corr(��:��ℓ,  �ℓ��:�),   ℓ = |� − �|. 

The ratio ��/�� quantifies the dominance of the fundamental mode over all others. 

Table 7. [COMP. VERIF.] Scaling of ��/�� with sample size � (dimension � = 50). The log-log slope of 

0.619  exceeds the theoretical 0.5  for white noise, confirming long-range correlations. The value at � =
892,206 is new to the present paper. 
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� (primes) ��/�� 
1,000 1.00 
5,000 1.46 
10,000 1.49 
20,000 1.73 
50,000 4.55 
100,000 7.58 
334,351 62.86 (from prior work) 
892,206 182.63 (new, this work) 
 

For 1. ≈ 1.00 , red AR(1) noise gives ≈ 2.04 , and permuted �  gives ≈ 1.00 . The value 182.63 

represents a signal 182 times stronger than white noise. The Shannon entropy of the spectrum is −3.665 

(maximum possible for � = 50: log50 = 3.912), indicating near-complete concentration in a single mode. 

Figure 5 shows the two-panel transfer operator analysis for � = 1,310,763 primes. 

 

Figure 5. Two-panel transfer operator for � = 1,310,763 primes, � = 50: (left) eigenvalue spectrum on 

log scale with �� = 6.21  and ��/�� = 6.5 ; (right) principal eigenvector ��  showing near-constant 

profile ≈ 0.141 consistent with long-range correlations, � = 2�/�� ≈ 0.4445. 
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Figure 6. Figure provides the complete five-panel transfer operator analysis including Shannon entropy and 

��/�� scaling versus noise baselines. Five-panel transfer operator analysis: (top row) eigenvalue spectrum, 

principal eigenvector �� , and Shannon entropy contribution; (bo�om row) ��/��  scaling vs. �  with 

exponent 1.354 and future projections at powers of 2, and comparison of ��/�� = 182.63 against white 

noise, red noise AR(1), and permuted � baselines. 

4.5. Autocorrelation in � ��� � 

The autocorrelation function in logarithmic distance is defined as 

�(Δ)   =  
1

��
� �
���

|�����������|∈[�,���]

(��)�(��), 

where � is the bin width. 

If �(�) contains a component �cos(��log� + �), the autocorrelation is predicted to show 

maxima at Δ = �, 2�, 3�, … with � = 2�/�� ≈ 0.4445. 

[COMP. VERIF.] The computed autocorrelation for � = 892,206 primes decays sharply from 

a peak near Δ = 0 and remains near zero for Δ > 0.05. 

Remark 10 ([HONEST CAVEAT]).  The rapid decay to near-zero autocorrelation for Δ > 0.05 

indicates that the oscillatory structure of �(�) in log� does not produce visible periodic peaks in 

the raw autocorrelation at the scale � ≈ 0.444 . This is consistent with the amplitude �� ∼

1/(����) being very small for individual primes; the spectral signal is visible only in aggregate via 

the Mellin projection. 

 

4.6. Lomb–Scargle Periodogram 
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Since the primes ��  are not uniformly spaced in log��, the classical discrete Fourier transform 

does not apply directly. The Lomb–Scargle (LS) periodogram  is designed for non-uniformly 

sampled data. For the series �(��)  as a function of �� = log��  , the LS periodogram at angular 

frequency � = 2�� is 

�(�)   =  
1

2��
�
�∑ ��� cos�(�� − �)�

�

∑ cos�
� �(�� − �)

+
�∑ ��� sin�(�� − �)�

�

∑ sin�
� �(�� − �)

�, 

where � makes the estimator shift-invariant and �� is the variance of �. 

Figure 7 shows the four-panel spectral structure including the LS periodogram, and Figure 8 

gives the full-range periodogram for � = 1,310,763 primes. 

 

Figure 7. Four-panel spectral structure of �(�)  for � = 892,206  primes: (top-left) autocorrelation vs. 

�����  with period � = 2�/�� ≈ 0.4445 ; (top-right) Lomb–Scargle periodogram with Riemann 

frequencies marked; (bo�om-left) principal eigenvector ��  of transfer operator; (bo�om-right) transfer 

operator eigenvalue spectrum with ��/�� = 182.63. 
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Figure 8. Lomb–Scargle periodogram of �(�)  for � = 1,310,763  primes over [10�, 2.2 × 10�] , 

showing normalised spectral power versus frequency � with the first 15 Riemann zero frequencies marked as 

vertical dashed lines. 

 

Figure 9. Figure presents the three-panel LS analysis with zoom and stability comparison across sub-ranges. 

Three-panel Lomb–Scargle periodogram of �(�)  for � = 892,206  primes: (top) full periodogram � ∈
[5,100] with 30 Riemann frequencies marked; (bo�om-left) zoom over first 10 zeros � ∈ [10,50]; (bo�om-

right) stability comparison across three sub-ranges of ����. 

4.7. Long-Range Structure and Scaling 
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Figure 10 shows the two-panel long-range structure with autocorrelation and ��/�� scaling. 

 

Figure 10. Two-panel long-range structure for � = 1,310,763 primes: (left) autocorrelation of �(�) vs. 

�����  with period �  marked; (right) log-log scaling of ��/��  vs. �  with fi�ed exponent = 1.354 , 

showing super-linear growth above white noise baseline. 

4.8.. Residual Structure �(�) 

Figure 11 provides the nine-panel analysis of the residuals �(�) , documenting the 

distributional, oscillatory, and correlation properties of the signal. 
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Figure 11. Nine-panel analysis of the residuals �(�) for � = 892,206 primes: distribution with Gaussian 

fit (kurtosis 0.99, skew 1.06), Q-Q normality plot (�� = 0.9314), �(�) vs. ���� binned mean, zoom 

oscillation over 2,000 consecutive primes with period � = 2�/�� ≈ 0.4445 in ����, amplitude � ⋅ �� 

(mean ≈ 7.4 , consistent with 1/��  decay), autocorrelation by lag index (�(1) = 0.787 , �(100) =

0.790), Pearson correlations with functions of � (dominant: −0.886 with 1/�, −0.885 with �����), 

and Birkhoff segment test (CV = 20.8%). 

5. New Structural Results 

5.1. Transfer Operator Spectrum and Principal Eigenvector 

Table 8. [COMP. VERIF.] Table 8 summarises the transfer operator results. [COMP. VERIF.] Transfer operator 

results over � = 334,351 primes in [10�, 6 × 10�] with � = 50. 

Quantity Value 
�1/�2 62.86 

Birkhoff ergodicity CV 20.84% 
Shannon entropy of spectrum −3.665 (max = log50 = 3.912) 
Autocorrelation r(lag = 1) 0.557 
Autocorrelation r(lag = 100) 0.563 
 

The principal eigenvector �� represents the dominant spatial pa�ern of correlations as a function of 

lag index. Under the theoretical prediction, if �(�) is dominated by the �� mode, then �� should 

oscillate with period approximately � = 2�/�� ≈ 0.4445 in lag-index space. 
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[COMP. VERIF.] The computed �� over � = 50 lag indices is nearly constant at ≈ −0.14 

across all lags, reflecting that the dominant mode acts as a low-frequency (high-autocorrelation) 

component in lag space. The negative sign of �� is a convention artefact. 

5.2. p-Adic Analysis and the Specialness of � = � 

The Spearman correlation � between the ℓ-adic distance �ℓ(��, ����) and |�(�� + 1) −
�(���� + 1)| identifies the influence of each prime ℓ on ��. 

Table 9. [COMP. VERIF.] � -adic correlations for different primes ℓ , computed over � =
5,000 consecutive prime pairs. Three independent analyses confirm ℓ = 3 as uniquely special. 

� Factor in �∞  � (Spearman) �-value Significance 
3 1.500000 +0.729 ≈ 0 Strong positive 
5 1.083333 −0.155 3.6 × 10−28 Weak negative 

7 1.033333 −0.188 4.9 × 10−41 Weak negative 

11 1.011111 −0.128 9.4 × 10−20 Weak negative 

 
 

Law 4: Residual Correlation and Predictor Quality 

The predictor ��(�) = � ⋅ 2���(� + 1)�/(log�)�  with local-window �  achieves the 

metrics in Table 10. 

Table 10. [COMP. VERIF.] Predictor quality over � = 334,351 primes. 

Metric Value 
RMSE relative 0.645% 
Mean bias −0.023% 
Coverage ±5% 100.0% 
Coverage ±30% 100.0% 
corr(�, 1/log�) 0.747 
 

The persistent correlation corr(�, 1/log�) = 0.747 indicates a systematic residual trend of the 

form �(�) ≈ �/log� + �, consistent with the slow convergence �(�) = 1/�� + �(1/log�). 

5.3. Scaling of ��/�� with Sample Size 

The log-log fit gives slope = 0.619 (the prior paper reported 0.753; the difference is due to 

matrix dimension �). Both values exceed the theoretical 0.5 for white noise, confirming long-range 

correlations. The signal is 38 × stronger than white noise and 19 × stronger than red AR(1) noise. 

The super-linear growth ��/�� ∼ ��.���  confirms that the dominant spectral mode 

strengthens coherently as more primes are included, rather than saturating at a finite value as would 

occur for noise. 

6. Verified Results: Arithmetic Subsequences and GAC 

6.1. Arithmetic Subsequence � ≡ �� (��� ��). 

Table 11. [COMP. VERIF.] Comparison of unrestricted and restricted subsequences, same range [10�, 6 ×
10�], script 9.py (corrected). 
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Method Primes � < �. ��� � < �. �� Slope �����  
Unrestricted 334,351 87/200 100/200 −1.022 �∞ = 1.743 
� ≡ 14 (mod 15) 41,856 21/200 29/200 −0.920 �15 = 2.860 
 

The subsequence � ≡ 14 (��� 15) has theoretical amplification ��� ≈ 2.86 > �� ≈ 1.74, but 

uses only 41,856 primes versus 334,351 — an 8 × reduction. Detection power scales as � ≳
(���� ⋅ ��/�)�, so the larger � does not compensate for the much smaller �. This confirms that 

total prime count is the decisive variable for detection power, not the amplification constant alone. 

6.2. Generalised Amplification Conjecture (GAC) 

[CONJECTURE] Every arithmetically restricted prime subsequence � carries an Euler-product 

amplification constant �(�)  such that the Mellin signal scales as �(�)/��  relative to the 

unrestricted subsequence. 

Table 12. [COMP. VERIF.] GAC verification: predicted vs. observed amplification ratio, � = 334,351 primes in 

[10�, 6 × 10�]. 
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Subsequence �(�)/�∞  pred.  Observed ratio Error 
� ≡ 2 (mod 3) 1.333 0.680 49% 
� ≡ 4 (mod 5) 1.230 0.549 55% 
� ≡ 5 (mod 6) 1.333 0.703 47% 

� ≡ 11 (mod 12) 1.333 0.523 61% 
� ≡ 14 (mod 15) 1.641 0.392 76% 
� ≡ 29 (mod 30) 1.641 0.399 76% 
 
 

 

Figure 12. Figure shows the five-panel GAC verification. Five-panel Generalised Amplification Conjecture (GAC) 

verification for � = 334,351 primes: �(�) factor per arithmetic subsequence, detection rate vs. �(�), 

quantitative GAC error (≈ 49–76%), heatmap of �-scores across subsequences × Riemann zeros, and mean 

�-score vs. subsequence size. 

Remark 11 ([HONEST CAVEAT]).  The mean GAC error is 60.7%  in the current 

computational range. The conjecture is not yet verifiable and may require prime ranges far beyond 

10� for asymptotic convergence. The GAC remains open. 

7. Spectral Classification and RSA Implications 

7.1. Spectral Classification of Primes 
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The p-adic analysis of Section 4 establishes that primes � ≡ 2 (mod 3)  have 3 ∣ (� + 1) 

with probability 1, giving a systematically elevated �(� + 1) relative to primes � ≡ 1 (mod 3). 

This motivates a spectral classification: 

 Weak (� ≡ 2 (mod 3) ): 3 ∣ (� + 1)  always; �(� + 1)  elevated; detectable spectral 

footprint. 

 Strong (� ≡ 1 (mod 3)): 3 ∤ (� + 1); lower �(� + 1); reduced spectral signal. 

Over 20 randomly generated 512-bit RSA primes, 6/20 (30%) were classified as Weak and 

14/20  (70% ) as Strong, consistent with the theoretical 50%  density of � ≡ 2 (mod 3)  (the 

deviation from 50% is within normal statistical variation for � = 20). 

7.12 Implications for RSA Key Generation 

Remark 12 ([HONEST CAVEAT]).  The following observations are preliminary and require 

independent cryptographic validation before any security conclusions can be drawn. 

For � ≡ 2 (mod 3) , the factor 3 ∣ (� + 1)  is publicly computable from � mod 3 . In the 

context of Pollard’s � − 1 algorithm, knowledge that 3 ∣ (� + 1) provides structural information 

about � + 1 that could in principle reduce the search space. However: 

1. Modern RSA implementations already use safe primes �  where (� − 1)/2  is also 

prime. Whether the � + 1  constraint adds exploitable information in the presence of safe-prime 

generation is unresolved. 

2. The theoretical advantage is a factor-of-2 reduction in search space for � + 1 -based 

a�acks, which does not constitute a practical break for 2048-bit RSA. 

3. No benchmark demonstrating faster factorisation of � = � ⋅ � when � ≡ 2 (mod 3) 

has been established. 

8. Interpretation and Discussion 

8.1. Why Does ��/�� Grow with �? 

The scaling ��/�� ∼ ��.��� exceeds the theoretical 0.5 expected for white noise. For white 

noise, adding � more observations adds incoherent power to all modes equally, keeping ��/�� ≈
1. For a true oscillatory signal at frequency ��, coherent summation increases �� as � grows while 

��  grows more slowly. The ratio 182.63/62.86 ≈ 2.91  when �  increased from 334,351  to 

892,206 (factor 2.67) is consistent with the ��.��� scaling: 2.67�.��� ≈ 1.89, reasonably close 

to the observed 2.91 given finite-� variability. 

8.2.The Slope ≈ −� as RH-Compatible Evidence 

The measured slope −1.1262 lies within the range [−1.13, −0.99] observed consistently 

across all nine sample sizes. Under RH, the theoretical prediction is slope = −1 exactly. The slight 

excess | − 1.1262 − (−1)| = 0.1262  is a�ributed to the finite-sample bias of the log-log 

regression when the higher zeros (large ��) have �-scores approaching the noise floor. 

If the dominant non-trivial zeros had real part � ≠ 1/2, the slope would equal −2� rather 

than −1 . The observed slope ≈ −1.13  is consistent with � = 1/2  and inconsistent with 

significant deviations. 

Remark 13 ([HONEST CAVEAT]).  The slope measurement is consistent with RH, not a proof 

of it. Multiple alternative explanations exist: (i) zeros with Re(�) very close to 1/2 but not exactly 

1/2 could produce a slope indistinguishable from −1 in this range; (ii) the 1/� background in 

the LS periodogram could contribute to the slope estimate; (iii) the finite sample size introduces biases 

that are difficult to quantify without a much larger prime range. 

8.3.. Limitations of the Present Analysis 
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1. The decay slope ≈ −1 is compatible with RH but does not prove it. 

2. The period � = 2�/�� is measured with finite precision; much larger prime ranges are 

needed to distinguish it from nearby values. 

3. The transfer operator results depend on � = 50; the asymptotic behaviour of ��/�� as 

� → ∞ and � → ∞ simultaneously is an open theoretical question. 

4. The LS periodogram does not show isolated sharp peaks at the Riemann frequencies; the 

signal manifests as statistical elevation rather than resonances. 

5. The GAC error of ≈ 60%  prevents verification of the amplification conjecture in the 

current range. 

9. Summary Dashboard and Complete Epistemic Status 

Figure 13 provides the summary dashboard of all key results. 

 

Figure 13. Summary dashboard of all key results from Anderson 2026: metrics table, RH compatibility gauge 

(≈ 78%), detection progression bar chart (Table 6), log-log slope convergence to −1, ��/�� scaling, and 

�-scores for the first 20 Riemann zeros. 

 

Table 13. Complete epistemic status of all main results. 
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Claim Status Condition 
Absolute convergence of �∞  [PROVED] Unconditional 
Cesàro mean �(� + 1) → �∞  [PROVED] Unconditional 
Explicit formula for Ψ∗(�) [PROVED] Unconditional 
� = 3 equivalent to binary Goldbach [PROVED] Unconditional 
� ≥ 4 existence proved [PROVED] Unconditional 

�∞
(�)

 formula & convergence [PROVED] Unconditional 

�∞
(�)

= Θ(2�) [PROVED] Unconditional 

|�‾(�) − �∞ | = �(log�/√�) [COND. PROVED, GRH] GRH 

Decay slope → −1 exactly [COND. PROVED, RH] RH 
�1/�2 = 182.63 [COMP. VERIF.] � = 892,206, � = 50 

�-adic � = +0.729 (ℓ = 3) [COMP. VERIF.] � = 5,000 pairs 
RMSE = 0.645%, coverage 100% [COMP. VERIF.] � = 334,351 
Signal 182 × stronger than noise [COMP. VERIF.] All � tested 
129/200 zeros at � < 0.01 [COMP. VERIF.] � = 1,310,763 
Slope ∈ [−1.13, −0.99] [COMP. VERIF.] All 9 options 
GAC error ≈ 60% [COMP. VERIF.] [HONEST CAVEAT] 
� = 2 and � = 3 existence [CONJECTURE] Equiv. binary Goldbach 
GAC [CONJECTURE] Open 
199/200 zeros (scripts 6–8) [CORRECTED] Bug; discarded 
� = 3 proved (versions 1–4) [CORRECTED] Non-existent theorem 
 

 

10.. Open Problems 

[CONJECTURE] (Q1): Prove or disprove ��(�) ≥ �  for all primes � > ��  (binary 

Goldbach for � + �). 

[CONJECTURE] (Q2): Prove or disprove ��(�) ≥ � for all primes � > � (binary Goldbach 

for � − �, equivalent by Theorem 5). 

[CONJECTURE] (Q3): Prove the Generalised Amplification Conjecture: every arithmetically 

restricted prime subsequence � carries amplification �(�). 

(Q4): Prove �� = �/��  unconditionally; currently only the rate �(�/����)  is observed 

empirically. 

(Q5): Extend computational detection to � ≈ � × ��� primes (range [���, � × ���]) and 

measure whether the decay slope converges monotonically to −� and whether ��/�� follows the 

predicted ��.��� scaling. 

(Q6): Determine whether the Lomb–Scargle periodogram develops statistically significant 

isolated peaks at the Riemann frequencies �� as � → ∞. 

(Q7): Identify the missing higher-order term in ��(�) that would reduce ����(�, �/����) 

below �. ��. 

(Q8): Establish a theoretical explanation for the ��.��� scaling of ��/��; determine whether 

the exponent �. ��� is universal or depends on the specific prime subsequence. 

(Q9): Establish whether the Weak/Strong RSA spectral classification provides any measurable 

advantage in � + �-based factorisation algorithms at 2048-bit scale. 

12. Conclusions 

-What is Solid (Unconditional): The convergence of �∞ and its role as the unique amplification 

constant in the explicit formula for Ψ∗(�) are proved unconditionally. The corrected generalised 
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Euler product �∞
(�)

 converges for all � ≥ 2 and grows as Θ(2�). The corrected phase transition 

is at � = 4: both � = 2 and � = 3 are open (equivalent to binary Goldbach); � ≥ 4 is proved. 

-What is Computationally Verified: Using scripts 9.py, 12.py, and 17.py/18.py with corrected 

permutation tests and local-� correction: 

1. ��/�� = 182.63 with � = 892,206 primes, nearly 3 × the value of 62.86 in prior 

work; ratio grows as ��.���, confirming the spectral signal is not a finite-sample artefact. 

2. 129/200  non-trivial Riemann zeros detected at � < 0.01  with � = 1,310,763 

primes; slope = −1.1262 and �� = 0.600. 

3. Period � = 2�/�� ≈ 0.4445  identified from computational analysis and consistent 

with the autocorrelation structure. 

4. The LS periodogram confirms elevated spectral power at low frequencies consistent with 

the Riemann frequency structure. 

5. Prime ℓ = 3  is uniquely special, confirmed by three independent analyses: p-adic 

correlation, subsequence amplification, RSA classification. 

6. The detection signal is 182 × stronger than any noise model. 
-What is Discarded: All results from scripts 6.py (199/200 ), 7.py, and 8.py (498/500 ) are 

artefacts of an incorrect permutation test and are entirely discarded. The claim of an unconditional 

proof for � = 3 is retracted. 

-Path Forward: The most valuable next computational step is to extend to � ≈ 3 × 10� primes 

(range [10�, 7 × 10�]) and measure whether ��/�� continues to grow as ��.���. If it does, this 

constitutes the strongest available evidence that the dominant spectral mode corresponds to the first 

Riemann zero �� = 14.1347. 

None of these results constitutes a proof of RH. They constitute empirical evidence from an 

arithmetic direction that is independent of all classical zero-verification approaches, and they are 

consistent with all predictions of the theory under RH. 

13. Computational Script Descriptions 

The following appendix describes the three principal Python scripts used in this research programme. 

Full source code is available in the supplementary material. Descriptions follow the block 

structure of each script; line numbers refer to the versions submitted with this paper. 

13.1. Script 12.py (896 lines) — Incremental Riemann Zero Detection System 

This is the primary computational engine for the Mellin-transform detection experiments. It 

implements the corrected permutation test and the local-� correction. 

Lines 1–50 (Header and imports): Module docstring describing the improvements over prior scripts: 

chunked Mellin to avoid out-of-memory (OOM) on large prime sets, local-� correction, and 

backward compatibility with checkpoints from script 11.py. Imports NumPy, SciPy, Matplotlib, 

and standard library modules. 

Lines 51–115 (Constants and options table): Defines physical constants (��, �∞), the array of 200 

Riemann zeros GAMMA_200, checkpoint directory paths, and the options table mapping each 

option number to a prime range (steps of � × ��� from � × ��� to � × ���, giving options 1–

24). 

Lines 116–200 (Sieve of Eratosthenes): Function build_sieve(limit): builds a boolean sieve up to limit 

using a standard bytearray implementation; returns a NumPy boolean array is_prime. 

Lines 201–290 (Computation of �(�)  and �(� + �) ): Functions compute_N_vectorized and 

compute_S: vectorised computation of the shifted-prime count �(�) and the singular factor 

�(� + �) for all primes in a given range, processed in batches to control memory usage. 

Lines 291–370 (Local-�  correction): Function compute_residuals_local_alpha: computes normalised 

residuals �(�)  using overlapping windows of WINDOW_SIZE = ���, ���  primes (50% 
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overlap). This is the key methodological fix that removes the systematic bias ����(�, �/����) ≈

�. �� present in global-� implementations. 

Lines 371–530 (Chunked Mellin transform and permutation test): Functions _mellin_chunk and 

mellin_and_permutations_matrix: implement the corrected permutation test (permuting � =

�/��  directly, not �  alone) using a chunked strategy. Processes zeros in blocks of 

ZERO_CHUNK= �� to limit RAM to ≈ ��� MB per chunk, and permutations in blocks of 

PERM_BLOCK= �� with a fixed random seed for reproducibility. Returns �-scores and �-

values for each of the 200 zeros. 

Lines 531–600 (Decay slope analysis): Function decay_slope: fits a log-log regression of �� versus 

���|��| for zeros with �� > �. �, returning the slope and ��. 

Lines 601–720 (Plotting): Functions make_plot and make_progress_plot: generate the three-panel 

detection figure (Figures 1–2 in the paper) and the cumulative progress plot. 

Lines 721–896 (Checkpoint system and main loop): Incremental checkpoint management 

(opcion_XX_v2_checkpoint.pkl), log file maintenance (resultados_v2.json), and the main() function 

with argument parser supporting --opcion, --continuar, --status, --resumen, --replot, and --restart. 

13.2. Script 16.py / experimento_16.py (1420 lines) — Unified Suite Anderson 2026 

A unified interactive suite covering all analytical modules from the research programme. Designed 

for Windows, Python 3.8, Numba 0.58.1, 2 cores. 

Lines 1–100 (Header and compatibility layer) 

Docstring, imports, ANSI-free print helpers, and Numba compatibility wrapper. Falls back to 

NumPy-only mode if Numba is unavailable. 

Lines 101–200 (Constants and Riemann zeros): Same physical constants as 12.py. Array GAMMA_50 

with the first 50 Riemann zeros. 

Lines 201–380 (Module 1 – Data generation): Criba de Eratóstenes, computation of �(�), �(� + �), 

and global-� residuals �(�). Saves state to .npz checkpoint. 

Lines 381–500 (Module 2 – Residual analysis): Nine-panel analysis of �(�) (Figure 5 in the paper): 

distribution, Q-Q plot, binned mean vs. ���� , zoom oscillation, amplitude � ⋅ �� , 

autocorrelation by lag index, Pearson correlations, Birkhoff segment test. 

Lines 501–600 (Modules 3–4 – Transfer operator): Construction of the �� × �� correlation matrix 

�(�) , eigenvalue decomposition via scipy.linalg.eigh, computation of ��/��  and principal 

eigenvector ��. Scaling table (Table 7) and noise model comparisons. 

Lines 601–750 (Module 5 – Mellin detection): Discrete Mellin transform and permutation test (same 

algorithm as 12.py but non-chunked, suitable for � ≤ ���, ��� ). Generates three-panel 

detection figure. 

Lines 751–900 (Module 6 – GAC verification): Euler-product amplification constant �(�) 

computation for arithmetic subsequences; predicted vs. observed amplification ratio; heatmap 

of �-scores across subsequences × Riemann zeros (Figure 12). 

Lines 901–1050 (Modules 7–8 – p-adic analysis and RSA): Spearman correlation between �-adic 

distances and |�(�� + �) − �(���� + �)|  (Table 9). Spectral classification of RSA primes 

(Weak/Strong). Miller–Rabin primality test (pure Python, no SymPy dependency). 

Lines 1051–1200 (Modules 9–10 – Lomb–Scargle and dashboard): Lomb–Scargle periodogram via 

scipy.signal.lombscargle (Figures 4, 8). Summary dashboard generation (Figure 13). 

Lines 1201–1420 (Menu system and main loop): Interactive menu mapping module numbers to 

functions; argparse interface for direct module invocation; state management via STATE 

dictionary. 

13.3. Script 17.py / 18.py (254 lines) — Advanced Spectral Visualisations 

Implements the three new spectral analyses not included in 16.py: autocorrelation in Δlog�, Lomb–

Scargle periodogram, and principal eigenvector of the transfer operator. 
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Lines 1–75 (Header, constants, data loading): Docstring, constants (��, �∞, GAMMA_50). Function 

cargar_o_calcular searches for pre-computed residuals in resultados_16/estado_criba.npz; if not 

found, generates synthetic data with known spectral content for demonstration. 

Lines 76–110 (Autocorrelation in �����): Function autocorr_dlog(eps, logp, nbins, max_dlog): computes 

�(�)  by binning all pairs (�, �)  with � < �  by |����� − �����|  and averaging �(��)�(��) 

within each bin. Uses upper triangular indices of the pairwise distance matrix for efficiency; 

limits to nsel= ���(����, �) primes to control runtime. 

Lines 111–120 (Lomb–Scargle periodogram): Function lomb_scargle_periodogram(logp, eps, freqs): calls 

scipy.signal.lombscargle(logp, eps, �� ⋅ freqs). Frequencies are � ∈ [�, ���]  with 2000 equally-

spaced points. Output is normalised to unit maximum. 

Lines 121–145 (Transfer operator eigenvector): Function transfer_operator_eigenvector(eps, L=50): 

builds the � × � correlation matrix using Pearson correlations at lags �, �, … , � − �, then calls 

scipy.linalg.eigh. Returns ��, ��, and ��. 

Lines 146–220 (Four-panel figure generation): Generates the four-panel spectral structure figure 

(Figure 3 in the paper): autocorrelation vs. ����� , Lomb–Scargle periodogram, principal 

eigenvector ��, and eigenvalue spectrum on log scale. 

Lines 221–254 (Output and metadata): Saves the figure to resultados_18/mod18_espectral.png and 

writes mod18_resultados.json with metadata including �, the fundamental period � = ��/�� , 

and ��/��. Key numerical output: 

14. SCRITS 12.py 16.py and 17.py 

14.1. SCRIPT 12.py: 

 

import os, sys, time, json, argparse, pickle 

import numpy as np 

from scipy import stats 

import matplotlib 

matplotlib.use('Agg') 

import matplotlib.pyplot as plt 

from pathlib import Path 

 

# 

═══════════════════════════════════════════════════════════

═══════ 

# CONSTANTES 

# 

═══════════════════════════════════════════════════════════

═══════ 

C2     = 0.6601618158468696 

TWO_C2 = 2 * C2 

S_INF  = 1.7427253553918328 

 

P_START = 1_000_000 

N_ZEROS = 200 

N_PERM  = 500 

 

# Ventanas para alpha local: cada ~100k primos se recalcula alpha 

# Esto evita que un alpha global mal ajustado sesgue eps(p) 

WINDOW_SIZE = 100_000 
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DIR_CHECKPOINTS = "checkpoints" 

DIR_GRAFICAS    = os.path.join("graficas", "v2") 

FILE_LOG        = "resultados_v2.json" 

 

OPTIONS = {} 

p_end = 4_000_000 

for i in range(1, 25): 

    OPTIONS[i] = { 

        "p_end": p_end, 

        "label": f"1M-{p_end//1_000_000}M", 

        "primos_aprox": int((p_end - P_START) / np.log(p_end) * 1.2) 

    } 

    p_end += 2_000_000 

 

GAMMA_200 = np.array([ 

    14.134725141734693790, 21.022039638771554993, 25.010857580145688763, 

    30.424876125859513210, 32.935061587739189691, 37.586178158825671257, 

    40.918719012147495187, 43.327073280914999519, 48.005150881167159728, 

    49.773832477672302182, 52.970321477714460644, 56.446247697063394804, 

    59.347044002602353079, 60.831778524609809844, 65.112544048081606660, 

    67.079810529494173714, 69.546401711173979252, 72.067157674481907583, 

    75.704690699083933168, 77.144840068874805373, 79.337375020249367922, 

    82.910380854086419494, 84.735492980517944342, 87.425274613125484385, 

    88.809111207634078295, 92.491899270558393445, 94.651344040519966296, 

    95.870634228245100676, 98.831194218154647771, 101.317851005731359128, 

    103.725538040478496151, 105.446623052332139824, 107.168611184547512718, 

    109.333415286312632280, 111.029535543058416172, 112.948105007737889636, 

    114.936519236288949726, 116.226680320065765313, 118.790782866128076055, 

    121.370125002122158041, 122.946829293659598744, 124.256818554345157982, 

    127.516683879443672573, 129.578704199956048450, 131.087688530932730187, 

    133.497737202997519744, 134.756509753525313045, 138.116042054533222112, 

    139.736208952121396713, 141.123707404021137350, 143.111845807620590275, 

    146.000982486771652810, 147.422765343731659747, 150.053520420677144901, 

    150.925257611418143090, 153.024693811796247402, 156.112909288629071952, 

    157.597591235046217562, 158.849988738993101257, 161.188964136063822527, 

    163.030709562472751867, 165.537069187388736543, 167.184439072157705648, 

    169.094515694588222512, 169.911976479010507729, 173.411534131323027049, 

    174.754191521203717248, 176.441434528214457251, 178.377407710091689986, 

    179.916484013815138825, 182.207065696367917673, 184.874467748503760979, 

    185.598783678848901320, 187.228922897848025788, 189.416158739034808324, 

    192.026656362955215567, 193.079726608649474848, 195.265396934283938510, 

    196.876481281228532052, 198.015309682682571249, 201.264751562355525939, 

    202.493594514928002567, 204.189171809036253110, 205.394693249391084706, 

    207.906258878873659097, 209.576509714716128024, 211.690862550125132970, 

    213.347819360297605394, 214.475102041831637118, 216.661959518910707580, 

    218.787557909624020881, 220.010451436425577729, 221.962661780554385401, 

    223.637436674563482208, 225.631369742380975582, 227.128195946253098083, 

    228.669395751931371466, 230.619565446488142848, 232.270249227058096778, 

    233.794646626301497672, 235.655330689102971606, 237.227428044076825862, 

    238.657054106665028401, 240.597579310252330237, 242.388194793152186882, 

    243.952168330866813334, 245.595047441800273176, 247.270562507297293065, 
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    248.812592562970211030, 250.228075270217066775, 251.687795718001369680, 

    253.442359342480281230, 255.215570326081526677, 256.683468466768875251, 

    258.360541595758658243, 259.924613984570195815, 261.745886864284053556, 

    263.223756131717551490, 264.747926097164596303, 266.550649550286930492, 

    268.018288970430318601, 269.448978409762598276, 271.371504503754371715, 

    272.980270664386080630, 274.658474285311602510, 276.333151266655756263, 

    277.713534092639224138, 279.457861243173114174, 280.990303102009278098, 

    282.526213720594053896, 284.256149594656890462, 285.881304546141721843, 

    287.266439957396404149, 288.990303955160801363, 290.743601051930711953, 

    292.336211912286758845, 293.888234921427760576, 295.489478500355961266, 

    297.112083366898511223, 298.631122681139273257, 300.254735356217215632, 

    301.898291322173405065, 303.480372722178400984, 304.984373103854993948, 

    306.611098561598461541, 308.228578736636023301, 309.865590506574064396, 

    311.409065095227352772, 312.958396277825718207, 314.588159128169683186, 

    316.184748932414671039, 317.767797569012508809, 319.333451822733034088, 

    320.982179572404269123, 322.614173845050761110, 324.182640648708615098, 

    325.745612149489734092, 327.346622727958625537, 328.970164392959827641, 

    330.527211289470087757, 332.168182846924886559, 333.753162058167868025, 

    335.348188593501365831, 336.961375422666104519, 338.562087934525113735, 

    340.164399997974342245, 341.771801655876417623, 343.356072160299814540, 

    344.948398457288074705, 346.569393508222255258, 348.169528391439111342, 

    349.763964802763847434, 351.361247187529694210, 352.952848573980510942, 

    354.527545732162147625, 356.148820631701850894, 357.724352038326903050, 

    359.346108893166868634, 360.951278327646883621, 362.562293296550534674, 

    364.173552436998838328, 365.764316901735722936, 367.352392731042519660, 

    368.953562217912312213, 370.560280843393917589, 372.167560708851206075, 

    373.771413837507144752, 375.368976901814142445, 376.968910551646645598, 

    378.582795266915706246, 380.182466299153110038, 381.788843001980190684, 

    383.394554295341689222, 385.002530749090327548, 386.599064353619353261, 

    388.211780318531094071, 389.818702369754762133, 391.421429969497411229, 

    393.027110517784569138, 394.639875120576159338, 396.244829763454777515, 

    397.852376223488025062, 399.462795391553867297, 401.071618962370059792, 

    402.678641574094627770, 404.287374413391446162, 405.893127342971456455, 

    407.503169849746834701, 409.111222786801032741, 410.721753060446577417, 

    412.329590504281708313, 413.939478951296710469, 415.547392244526652748, 

    417.158158973534367345, 418.767387942216931117, 420.375234456075165747, 

    421.987168256159481962, 423.595887699635128268, 425.206006890044124083, 

    426.813288319733574845, 428.424899575700890624, 430.032928177584870069, 

    431.644544455838330127, 433.252707238513965722, 434.862324657725479783, 

    436.470903105956495424, 438.082543498929032512, 439.690527924984631886, 

    441.301020208117759402, 442.909306167729692443, 444.519815266238088365, 

    446.127863289866668440, 447.738427235521922284, 449.346553801165417941, 

    450.957436195429346208, 452.565856711377277183, 454.176308870195031713 

]) 

 

# 

═══════════════════════════════════════════════════════════

═══════ 

# RUTAS DE CHECKPOINTS (v1 = 11.py, v2 = 12.py) 
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# 

═══════════════════════════════════════════════════════════

═══════ 

 

def get_ck_v1(opcion): 

    """Ruta checkpoint original de 11.py""" 

    return os.path.join(DIR_CHECKPOINTS, f"opcion_{opcion:02d}_checkpoint.pkl") 

 

def get_ck_v2(opcion): 

    """Ruta checkpoint nuevo de 12.py""" 

    return os.path.join(DIR_CHECKPOINTS, f"opcion_{opcion:02d}_v2_checkpoint.pkl") 

 

def ck_v2_exists(opcion): 

    return os.path.exists(get_ck_v2(opcion)) 

 

def ck_v1_exists(opcion): 

    return os.path.exists(get_ck_v1(opcion)) 

 

def load_ck(path): 

    with open(path, 'rb') as f: 

        return pickle.load(f) 

 

def save_ck_v2(opcion, data): 

    path = get_ck_v2(opcion) 

    with open(path, 'wb') as f: 

        pickle.dump(data, f, protocol=pickle.HIGHEST_PROTOCOL) 

    print(f"  ✓ Checkpoint v2 guardado: {path}") 

 

def get_last_v2(): 

    for i in range(len(OPTIONS), 0, -1): 

        if ck_v2_exists(i): 

            return i 

    return 0 

 

def setup_directories(): 

    Path(DIR_CHECKPOINTS).mkdir(exist_ok=True) 

    Path(DIR_GRAFICAS).mkdir(parents=True, exist_ok=True) 

 

# 

═══════════════════════════════════════════════════════════

═══════ 

# CRIBA 

# 

═══════════════════════════════════════════════════════════

═══════ 

 

def build_sieve(limit): 

    print(f"  Construyendo criba hasta {limit//1_000_000}M...", end=" ", flush=True) 

    t0 = time.time() 

    sieve = bytearray([1]) * (limit + 1) 

    sieve[0] = sieve[1] = 0 
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    i = 2 

    while i * i <= limit: 

        if sieve[i]: 

            sieve[i*i::i] = bytearray([0]) * ((limit - i*i)//i + 1) 

        i += 1 

    is_prime = np.frombuffer(sieve, dtype=np.uint8).astype(bool) 

    print(f"OK ({time.time()-t0:.2f}s)") 

    return is_prime 

 

def compute_N_vectorized(primes, all_primes, is_prime, batch=2000): 

    n = len(primes) 

    if n == 0: 

        return np.array([], dtype=np.int32) 

    print(f"  Calculando N(p) para {n:,} primos...", flush=True) 

    t0 = time.time() 

    N = np.zeros(n, dtype=np.int32) 

    for start in range(0, n, batch): 

        end = min(start + batch, n) 

        for i, p in enumerate(primes[start:end]): 

            target = int(p) + 1 

            half = target // 2 

            cut = np.searchsorted(all_primes, half, side='right') 

            qs = all_primes[:cut] 

            rs = target - qs 

            valid = (rs >= 2) & (rs < len(is_prime)) 

            N[start + i] = int(np.sum(is_prime[rs[valid]])) 

        if end % 10000 == 0 or end == n: 

            pct = end / n * 100 

            elapsed = time.time() - t0 

            eta = (elapsed / end * n - elapsed) / 60 if end > 0 else 0 

            print(f"    {end:,}/{n:,} ({pct:.0f}%) - ETA: {eta:.1f} min", flush=True) 

    print(f"  ✓ compute_N completado en {(time.time()-t0)/60:.1f} min") 

    return N 

 

def compute_S(primes, all_primes): 

    if len(primes) == 0: 

        return np.array([], dtype=np.float64) 

    print(f"  Calculando S(p+1) para {len(primes):,} primos...", end=" ", flush=True) 

    t0 = time.time() 

    ns = (primes + 1).astype(np.int64) 

    result = np.ones(len(ns), dtype=np.float64) 

    ms = ns.copy() 

    while np.any(ms % 2 == 0): 

        ms[ms % 2 == 0] //= 2 

    small_primes = all_primes[(all_primes > 2) & (all_primes < 10000)] 

    for p in small_primes: 

        mask = (ms % p == 0) 

        if mask.any(): 

            result[mask] *= (p - 1.0) / (p - 2.0) 

            while True: 

                still = mask & (ms % p == 0) 
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                if not still.any(): 

                    break 

                ms[still] //= p 

    leftover = ms > 1 

    if leftover.any(): 

        lp = ms[leftover].astype(np.float64) 

        result[leftover] *= (lp - 1.0) / (lp - 2.0) 

    print(f"OK ({time.time()-t0:.2f}s)") 

    return result 

 

# 

═══════════════════════════════════════════════════════════

═══════ 

# ALPHA LOCAL POR VENTANAS  ← FIX PRINCIPAL 

# 

═══════════════════════════════════════════════════════════

═══════ 

 

def compute_residuals_local_alpha(primes, N, Sf, window_size=WINDOW_SIZE): 

    """ 

    Calcula residuos normalizados eps(p) usando alpha LOCAL por ventanas. 

 

    En lugar de un único alpha global que distorsiona eps(p) para primos 

    en los extremos del rango, se calcula alpha en ventanas solapadas de 

    ~window_size primos. Esto mantiene eps(p) correctamente centrado en 

    todo el rango, haciendo que la señal de los ceros se acumule limpiamente 

    en lugar de cancelarse entre ventanas. 

 

    El alpha que se reporta es el promedio global (para comparar con 1/S∞). 

    """ 

    n = len(primes) 

    ps  = primes.astype(np.float64) 

    lps = np.log(ps) 

    eps = np.zeros(n, dtype=np.float64) 

    alpha_vals = np.zeros(n, dtype=np.float64) 

 

    # Ventanas solapadas al 50% 

    step = window_size // 2 

    starts = list(range(0, n, step)) 

 

    for s in starts: 

        e = min(s + window_size, n) 

        # Slice de la ventana 

        ps_w  = ps[s:e] 

        lps_w = lps[s:e] 

        N_w   = N[s:e].astype(np.float64) 

        Sf_w  = Sf[s:e] 

 

        # Alpha local de esta ventana 

        C_hat_w = np.mean(N_w * lps_w**2 / ps_w) 

        S_bar_w = np.mean(Sf_w) 
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        if S_bar_w > 0 and C_hat_w > 0: 

            alpha_w = C_hat_w / (TWO_C2 * S_bar_w) 

        else: 

            alpha_w = 1.0 / S_INF  # fallback 

 

        Nhat_w = alpha_w * TWO_C2 * Sf_w * ps_w / lps_w**2 

        eps_w  = (N_w - Nhat_w) / Nhat_w 

 

        # Acumular con peso 1 (se promedia al final en zonas solapadas) 

        eps[s:e]       += eps_w 

        alpha_vals[s:e] += alpha_w 

 

    # Contar cuántas ventanas cubrieron cada punto 

    counts = np.zeros(n, dtype=np.float64) 

    for s in starts: 

        e = min(s + window_size, n) 

        counts[s:e] += 1.0 

 

    counts = np.maximum(counts, 1.0) 

    eps       /= counts 

    alpha_vals /= counts 

 

    alpha_mean = float(np.mean(alpha_vals)) 

    rmse = float(np.sqrt(np.mean(eps**2))) 

 

    return alpha_mean, eps, rmse 

 

# 

═══════════════════════════════════════════════════════════

═══════ 

# MELLIN + PERMUTACIONES 

# 

═══════════════════════════════════════════════════════════

═══════ 

 

def _mellin_chunk(gammas_chunk, log_ps, w, n): 

    """ 

    Calcula re_obs, im_obs, cos_p, sin_p para un subconjunto de ceros. 

    Evita construir la matriz completa (n_zeros x n_primes) de una vez. 

    """ 

    phases = np.outer(gammas_chunk, log_ps)   # (chunk, n) — tamaño manejable 

    cos_p  = np.cos(phases) 

    sin_p  = np.sin(phases) 

    re_obs = cos_p @ w / n 

    im_obs = sin_p @ w / n 

    return re_obs, im_obs, cos_p, sin_p 

 

 

def mellin_and_permutations_matrix(primes, eps, gammas, n_perm): 

    """ 

    Calcula coeficientes de Mellin y test de permutación (correcto). 
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    FIX v3 (13.py): procesamiento por CHUNKS de ceros para evitar OOM. 

    La matriz (n_zeros x n_primes) en float64 puede superar 2 GB para 

    n_primes > 1M. Aquí se procesa en bloques de ZERO_CHUNK ceros, de 

    modo que el pico de RAM es proporcional a ZERO_CHUNK, no a n_zeros. 

 

    Memoria por chunk (ZERO_CHUNK=25, n=1.3M): 

      phases : 25 × 1.3M × 8B ≈ 260 MB   ← cabe con holgura en 3.5 GB 

    """ 

    n = len(primes) 

    ps      = primes.astype(np.float64) 

    log_ps  = np.log(ps) 

    sqrt_ps = np.sqrt(ps) 

    w       = eps / sqrt_ps          # pesos correctos 

    n_zeros = len(gammas) 

 

    # ── Tamaño de chunk de ceros: ajustar según RAM disponible ────── 

    # 25 ceros × 1.3M primos × 8B ≈ 260 MB → seguro en 3.5 GB 

    # Bajar a 10 si la RAM es muy ajustada. 

    ZERO_CHUNK = 25 

 

    Mk_obs   = np.zeros(n_zeros, dtype=np.float64) 

    # Acumuladores para estadísticas de permutaciones (online, por cero) 

    perm_sum  = np.zeros(n_zeros, dtype=np.float64)   # ΣMk_perm 

    perm_sum2 = np.zeros(n_zeros, dtype=np.float64)   # ΣMk_perm² 

    perm_ge   = np.zeros(n_zeros, dtype=np.int64)     # #{Mk_perm ≥ Mk_obs} 

 

    rng = np.random.default_rng(seed=42) 

 

    # Pre-generar todas las permutaciones de w de una vez 

    # (n_perm vectores de longitud n) en float32 para ahorrar RAM. 

    # Para n=1.3M y n_perm=500: 500×1.3M×4B ≈ 2.6 GB → demasiado. 

    # En cambio generamos las permutaciones ON-THE-FLY dentro del loop 

    # de chunks de ceros, reutilizando la misma semilla por bloque de perms. 

 

    PERM_BLOCK = 20   # permutaciones simultáneas (RAM: 20×1.3M×8B ≈ 210 MB) 

 

    print(f"  Mellin observado ({n_zeros} ceros, chunks de {ZERO_CHUNK})...", 

          flush=True) 

    t_total = time.time() 

 

    for z_start in range(0, n_zeros, ZERO_CHUNK): 

        z_end   = min(z_start + ZERO_CHUNK, n_zeros) 

        g_chunk = gammas[z_start:z_end] 

 

        # ── Observado ────────────────────────────────────────────── 

        re_obs_c, im_obs_c, cos_c, sin_c = _mellin_chunk(g_chunk, log_ps, w, n) 

        Mk_obs[z_start:z_end] = np.sqrt(re_obs_c**2 + im_obs_c**2) 

 

        # ── Permutaciones para este chunk de ceros ───────────────── 

        # Reiniciamos rng con semilla fija para cada chunk → reproducible 
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        rng_c = np.random.default_rng(seed=42 + z_start) 

 

        for pb_start in range(0, n_perm, PERM_BLOCK): 

            pb_end = min(pb_start + PERM_BLOCK, n_perm) 

            pb_sz  = pb_end - pb_start 

 

            W_blk  = np.stack([rng_c.permutation(w) for _ in range(pb_sz)]) 

            # W_blk: (pb_sz, n)  cos_c.T: (n, z_chunk) → (pb_sz, z_chunk) 

            re_b   = (W_blk @ cos_c.T) / n 

            im_b   = (W_blk @ sin_c.T) / n 

            Mk_b   = np.sqrt(re_b**2 + im_b**2)          # (pb_sz, z_chunk) 

 

            perm_sum [z_start:z_end] += Mk_b.sum(axis=0) 

            perm_sum2[z_start:z_end] += (Mk_b**2).sum(axis=0) 

            perm_ge  [z_start:z_end] += (Mk_b >= Mk_obs[z_start:z_end]).sum(axis=0) 

 

        # Progreso 

        elapsed = time.time() - t_total 

        done    = z_end / n_zeros 

        eta     = (elapsed / done - elapsed) / 60 if done > 0 else 0 

        print(f"    ceros {z_end}/{n_zeros} ({done*100:.0f}%) - ETA: {eta:.1f} min", 

              flush=True) 

 

    # ── Estadísticas finales ──────────────────────────────────────── 

    bl_mean  = perm_sum  / n_perm 

    bl_var   = perm_sum2 / n_perm - bl_mean**2 

    bl_std   = np.sqrt(np.maximum(bl_var, 0.0)) 

 

    z_scores = np.where(bl_std > 0, (Mk_obs - bl_mean) / bl_std, 0.0) 

    p_values = perm_ge / n_perm 

 

    print(f"  ✓ Mellin+permutaciones completados en " 

          f"{(time.time()-t_total)/60:.1f} min") 

    return z_scores, p_values 

 

# 

═══════════════════════════════════════════════════════════

═══════ 

# DECAY SLOPE 

# 

═══════════════════════════════════════════════════════════

═══════ 

 

def decay_slope(gammas, z_scores): 

    valid = z_scores > 0.5 

    if np.sum(valid) < 5: 

        return None, None 

    sl, _, r, _, _ = stats.linregress(np.log(gammas[valid]), np.log(z_scores[valid])) 

    return sl, r**2 
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# 

═══════════════════════════════════════════════════════════

═══════ 

# GRÁFICAS 

# 

══════════════════════════════════════════════════════════

═══════ 

 

def make_plot(z_scores, p_values, gammas, opcion, n_primos, out_dir): 

    colors = ['darkblue' if pv < 0.001 else 

              'steelblue' if pv < 0.01 else 

              'lightblue' if pv < 0.05 else 'lightgrey' 

              for pv in p_values] 

 

    n    = len(z_scores) 

    d001 = int(np.sum(p_values < 0.001)) 

    d01  = int(np.sum(p_values < 0.01)) 

    d05  = int(np.sum(p_values < 0.05)) 

    sl, r2 = decay_slope(gammas, z_scores) 

 

    fig, axes = plt.subplots(3, 1, figsize=(14, 12)) 

    opt_info  = OPTIONS[opcion] 

    fig.suptitle(f'Opción {opcion} [v2 alpha-local]: {opt_info["label"]} ({n_primos:,} primos)', 

                 fontsize=14, fontweight='bold') 

 

    # Panel 1: Z-scores 

    axes[0].bar(range(1, n+1), z_scores, color=colors, alpha=0.85, width=1.0) 

    axes[0].axhline(2, color='red', linestyle='--', linewidth=1.5, label='z=2 (σ)') 

    axes[0].set_title(f'p<0.001: {d001}/{n}  |  p<0.01: {d01}/{n}  |  p<0.05: {d05}/{n}', fontsize=12) 

    axes[0].set_xlabel('Índice del cero de Riemann', fontsize=11) 

    axes[0].set_ylabel('z-score', fontsize=11) 

    axes[0].legend(fontsize=10) 

    axes[0].grid(alpha=0.3) 

 

    # Panel 2: P-values (log scale) 

    axes[1].plot(range(1, n+1), p_values, 'o', markersize=3, color='darkgreen', alpha=0.7) 

    for thr, col, sty, lbl in [(0.05,'orange','--','p=0.05'), 

                                (0.01,'red',':','p=0.01'), 

                                (0.001,'purple','-.','p=0.001')]: 

        axes[1].axhline(thr, color=col, linestyle=sty, linewidth=1.5, label=lbl) 

    axes[1].set_yscale('log') 

    axes[1].set_xlabel('Índice del cero', fontsize=11) 

    axes[1].set_ylabel('p-value (escala log)', fontsize=11) 

    axes[1].legend(fontsize=10) 

    axes[1].grid(alpha=0.3, which='both') 

 

    # Panel 3: Decay slope 

    valid = z_scores > 0.5 

    if sl is not None and np.sum(valid) >= 5: 

        lx = np.log(gammas[valid]) 

        ly = np.log(z_scores[valid]) 
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        b  = np.mean(ly) - sl * np.mean(lx) 

        xf = np.linspace(lx.min(), lx.max(), 100) 

        axes[2].scatter(lx, ly, alpha=0.6, s=20, color='darkblue', label='Observado') 

        axes[2].plot(xf, sl * xf + b, 'r--', linewidth=2, label=f'Ajuste: slope={sl:.3f}') 

        axes[2].plot(xf, -1.0 * xf + b + (sl + 1.0) * np.mean(lx), 

                     'g:', linewidth=2, label='Teórico: slope=-1.0') 

        sl_str = f"slope = {sl:.4f},  R² = {r2:.3f}" 

    else: 

        sl_str = "Insuficientes datos válidos" 

 

    axes[2].set_title(f'Decaimiento log-log | {sl_str}', fontsize=12) 

    axes[2].set_xlabel('log|γₖ|', fontsize=11) 

    axes[2].set_ylabel('log(z-score)', fontsize=11) 

    axes[2].legend(fontsize=10) 

    axes[2].grid(alpha=0.3) 

 

    plt.tight_layout() 

    fname = os.path.join(out_dir, f"opcion_{opcion:02d}_deteccion.png") 

    plt.savefig(fname, dpi=150, bbox_inches='tight') 

    plt.close() 

    print(f"  ✓ Gráfica guardada: {fname}") 

 

def make_progress_plot(log_data, out_dir): 

    if len(log_data) == 0: 

        return 

    fig, axes = plt.subplots(2, 1, figsize=(14, 10)) 

    fig.suptitle('Progreso Acumulado [v2 alpha-local]: Detección de Ceros de Riemann', 

                 fontsize=14, fontweight='bold') 

 

    log_data_s = sorted(log_data, key=lambda r: r['opcion']) 

    n_primos = [r['n_primos'] for r in log_data_s] 

    d01  = [r['d01']  for r in log_data_s] 

    d05  = [r['d05']  for r in log_data_s] 

    opciones = [r['opcion'] for r in log_data_s] 

 

    axes[0].plot(n_primos, d01, 'o-', linewidth=2, markersize=8, 

                 color='steelblue', label='p < 0.01 (métrica principal)') 

    axes[0].plot(n_primos, d05, 's--', linewidth=1.5, markersize=6, 

                 color='lightblue', alpha=0.7, label='p < 0.05') 

    axes[0].axhline(100, color='orange', linestyle=':', linewidth=2, label='Paper 9.py (100 ceros)') 

    axes[0].axhline(200, color='red',    linestyle='--', linewidth=2, label='META: 200 ceros') 

    axes[0].set_xlabel('Número de primos acumulados', fontsize=11) 

    axes[0].set_ylabel('Ceros de Riemann detectados', fontsize=11) 

    axes[0].set_title('Escalamiento de Detección', fontsize=12) 

    axes[0].legend(fontsize=10) 

    axes[0].grid(alpha=0.3) 

 

    eficiencia = [d / (n / 100000) for d, n in zip(d01, n_primos)] 

    axes[1].plot(opciones, eficiencia, 'o-', linewidth=2, markersize=8, color='darkgreen') 

    axes[1].set_xlabel('Opción', fontsize=11) 

    axes[1].set_ylabel('Ceros detectados / 100k primos', fontsize=11) 
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    axes[1].set_title('Eficiencia de Detección', fontsize=12) 

    axes[1].grid(alpha=0.3) 

    axes[1].set_xticks(opciones) 

 

    plt.tight_layout() 

    fname = os.path.join(out_dir, "progreso_acumulado.png") 

    plt.savefig(fname, dpi=150, bbox_inches='tight') 

    plt.close() 

    print(f"  ✓ Gráfica de progreso guardada: {fname}") 

 

# 

═══════════════════════════════════════════════════════════

═══════ 

# LOG 

# 

═══════════════════════════════════════════════════════════

═══════ 

 

def load_log(): 

    if os.path.exists(FILE_LOG): 

        with open(FILE_LOG, 'r') as f: 

            return json.load(f) 

    return [] 

 

def save_log(log_data): 

    with open(FILE_LOG, 'w') as f: 

        json.dump(log_data, f, indent=2) 

 

def update_log(resultado): 

    log_data = load_log() 

    log_data = [r for r in log_data if r['opcion'] != resultado['opcion']] 

    log_data.append(resultado) 

    log_data.sort(key=lambda x: x['opcion']) 

    save_log(log_data) 

    make_progress_plot(log_data, DIR_GRAFICAS) 

 

# 

═══════════════════════════════════════════════════════════

═══════ 

# STATUS Y RESUMEN 

# 

═══════════════════════════════════════════════════════════

═══════ 

 

def print_status(): 

    print("\n" + "="*80) 

    print("  ESTADO DE CHECKPOINTS  (v1 = 11.py original | v2 = 12.py alpha-local)") 

    print("="*80) 

    print(f"  {'Op':>3} {'Rango':>10}  {'v1 (original)':>16}  {'v2 (alpha-local)':>18}") 

    print("  " + "-"*3 + " " + "-"*10 + "  " + "-"*16 + "  " + "-"*18) 

    for i, opt in OPTIONS.items(): 
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        v1 = "✓" if ck_v1_exists(i) else "✗ pendiente" 

        v2 = "✓" if ck_v2_exists(i) else "✗ pendiente" 

        print(f"  {i:>3} {opt['label']:>10}  {v1:>16}  {v2:>18}") 

    last = get_last_v2() 

    print("="*80) 

    print(f"  Último v2 completado: {last if last > 0 else 'ninguno'}") 

    print(f"  Siguiente v2:         {last + 1 if last < len(OPTIONS) else 'todas completas'}") 

    print("="*80) 

 

def print_summary(): 

    log_data = load_log() 

    if not log_data: 

        print("\n  No hay resultados v2 aún.") 

        return 

    print("\n" + "="*95) 

    print("  RESUMEN v2 (alpha-local)") 

    print("="*95) 

    print(f"  {'Op':>3}  {'Rango':>10}  {'Primos':>10}  {'p<0.01':>8}  {'Slope':>8}  {'R²':>6}  

{'Tiempo':>8}") 

    print("  " + "-"*3 + "  " + "-"*10 + "  " + "-"*10 + "  " + "-"*8 + "  " + "-"*8 + "  " + "-"*6 + "  " + "-"*8) 

    print(f"  {'REF':>3}  {'1M-6M':>10}  {'334,351':>10}  {'100/200':>8}  {'-1.022':>8}  {'0.537':>6}  

{'~35min':>8}") 

    print("  " + "-"*3 + "  " + "-"*10 + "  " + "-"*10 + "  " + "-"*8 + "  " + "-"*8 + "  " + "-"*6 + "  " + "-"*8) 

    for r in sorted(log_data, key=lambda x: x['opcion']): 

        sl_str = f"{r['slope']:.3f}" if r['slope'] else "N/A" 

        r2_str = f"{r['R2']:.3f}"   if r['R2']    else "N/A" 

        print(f"  {r['opcion']:>3}  {r['rango']:>10}  {r['n_primos']:>10,}  " 

              f"{r['d01']:>4}/200  {sl_str:>8}  {r2_str:>6}  {r['tiempo_min']:>6.1f}m") 

    print("="*95) 

    max_c = max(r['d01'] for r in log_data) 

    op_m  = next(r['opcion'] for r in log_data if r['d01'] == max_c) 

    print(f"\n  Mejor resultado: Opción {op_m} con {max_c}/200 ceros detectados") 

    if max_c >= 200: 

        print("  
������ ¡META ALCANZADA! 200/200 ceros detectados") 

    print("="*95 + "\n") 

 

# 

═══════════════════════════════════════════════════════════

═══════ 

# PROCESAMIENTO PRINCIPAL 

# 

═══════════════════════════════════════════════════════════

═══════ 

 

def process_option(opcion, sieve=None, all_primes=None): 

    """ 

    Procesa una opción de forma incremental. 

 

    Orden de prioridad para obtener datos (primes, N, Sf): 

      1. Checkpoint v2 del opcion anterior  (datos ya acumulados en v2) 

      2. Checkpoint v1 del opcion anterior  (datos acumulados en 11.py) 
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      3. Calcular desde cero 

    """ 

    print("\n" + "="*70) 

    print(f"  OPCIÓN {opcion} [v2 alpha-local]: {OPTIONS[opcion]['label']}") 

    print("="*70) 

 

    t_start = time.time() 

    opt   = OPTIONS[opcion] 

    p_end = opt['p_end'] 

 

    # Si ya existe v2 para esta opción, preguntar 

    if ck_v2_exists(opcion): 

        print(f"  
���  Checkpoint v2 ya existe para opción {opcion}.") 

        response = input("  ¿Recalcular? (s/N): ").strip().lower() 

        if response != 's': 

            print("  Saltando opción...") 

            ck = load_ck(get_ck_v2(opcion)) 

            return ck, sieve, all_primes 

 

    # Construir criba si es necesario 

    if sieve is None or len(sieve) < p_end + 2: 

        sieve = build_sieve(p_end + 2) 

        all_primes = np.where(sieve)[0].astype(np.int64) 

 

    # Buscar datos previos acumulados (v2 > v1 > nada) 

    prev_data      = None 

    p_start_calc   = P_START 

 

    if opcion > 1: 

        if ck_v2_exists(opcion - 1): 

            prev_data    = load_ck(get_ck_v2(opcion - 1)) 

            p_start_calc = OPTIONS[opcion - 1]['p_end'] 

            print(f"  ✓ Reutilizando checkpoint v2 de opción {opcion-1}") 

        elif ck_v1_exists(opcion - 1): 

            prev_data    = load_ck(get_ck_v1(opcion - 1)) 

            p_start_calc = OPTIONS[opcion - 1]['p_end'] 

            print(f"  ✓ Reutilizando checkpoint v1 (11.py) de opción {opcion-1}") 

        else: 

            print(f"  → No hay checkpoint previo, calculando desde cero") 

 

    # Rango nuevo a calcular 

    primes_new = all_primes[(all_primes > p_start_calc) & (all_primes <= p_end)] 

    print(f"  Rango nuevo: ({p_start_calc//1_000_000}M, {p_end//1_000_000}M] → 

{len(primes_new):,} primos") 

 

    if len(primes_new) > 0: 

        N_new  = compute_N_vectorized(primes_new, all_primes, sieve) 

        Sf_new = compute_S(primes_new, all_primes) 

    else: 

        N_new  = np.array([], dtype=np.int32) 

        Sf_new = np.array([], dtype=np.float64) 
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    # Combinar con datos previos 

    if prev_data is not None: 

        primes_total = np.concatenate([prev_data['primes'], primes_new]) 

        N_total      = np.concatenate([prev_data['N'],      N_new]) 

        Sf_total     = np.concatenate([prev_data['Sf'],     Sf_new]) 

        print(f"  ✓ Datos combinados: {len(primes_total):,} primos acumulados") 

    else: 

        primes_total = primes_new 

        N_total      = N_new 

        Sf_total     = Sf_new 

 

    # ── FIX: residuos con alpha LOCAL por ventanas ── 

    alpha, eps_total, rmse = compute_residuals_local_alpha( 

        primes_total, N_total, Sf_total, window_size=WINDOW_SIZE 

    ) 

    print(f"  α_local_mean = {alpha:.6f}  |  1/S∞ = {1/S_INF:.6f}  |  RMSE = {rmse:.6f}") 

 

    # Detección de ceros 

    gammas = GAMMA_200[:N_ZEROS] 

    z_scores, p_values = mellin_and_permutations_matrix( 

        primes_total, eps_total, gammas, N_PERM 

    ) 

 

    d001 = int(np.sum(p_values < 0.001)) 

    d01  = int(np.sum(p_values < 0.01)) 

    d05  = int(np.sum(p_values < 0.05)) 

    sl, r2 = decay_slope(gammas, z_scores) 

 

    # Guardar checkpoint v2 

    ck_data = { 

        'opcion':  opcion, 

        'primes':  primes_total, 

        'N':       N_total, 

        'Sf':      Sf_total, 

        'eps':     eps_total, 

        'alpha':   alpha, 

        'rmse':    rmse, 

        'metadata': { 

            'p_end':    p_end, 

            'n_primos': len(primes_total), 

            'version':  'v3_chunked_mellin', 

            'timestamp': time.strftime('%Y-%m-%d %H:%M:%S') 

        } 

    } 

    save_ck_v2(opcion, ck_data) 

 

    # Gráfica 

    make_plot(z_scores, p_values, gammas, opcion, len(primes_total), DIR_GRAFICAS) 

 

    resultado = { 
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        'opcion':    opcion, 

        'rango':     opt['label'], 

        'n_primos':  len(primes_total), 

        'n_nuevos':  len(primes_new), 

        'd001': d001, 'd01': d01, 'd05': d05, 

        'slope': float(sl) if sl else None, 

        'R2':    float(r2) if r2 else None, 

        'alpha': float(alpha), 

        'rmse':  float(rmse), 

        'tiempo_min': round((time.time() - t_start) / 60, 1) 

    } 

 

    print(f"\n  {'='*70}") 

    print(f"  RESULTADO OPCIÓN {opcion} [v2]") 

    print(f"  {'='*70}") 

    print(f"  Primos totales: {len(primes_total):,}  ({len(primes_new):,} nuevos)") 

    print(f"  Ceros p<0.001:  {d001}/200") 

    print(f"  Ceros p<0.01:   {d01}/200  ← MÉTRICA PRINCIPAL") 

    print(f"  Ceros p<0.05:   {d05}/200") 

    if sl: 

        print(f"  Decay slope:    {sl:.4f}  (R²={r2:.3f})") 

    print(f"  Tiempo:         {resultado['tiempo_min']} min") 

    print(f"  {'='*70}\n") 

 

    return resultado, sieve, all_primes 

 

# 

═══════════════════════════════════════════════════════════

═══════ 

# REPLOT: regenerar gráficas de v2 ya calculados sin recalcular nada 

# 

═══════════════════════════════════════════════════════════

═══════ 

 

def replot_all(): 

    """Regenera todas las gráficas a partir de checkpoints v2 existentes""" 

    print("\n  Regenerando gráficas de checkpoints v2 existentes...") 

    log_data = [] 

    for i in sorted(OPTIONS.keys()): 

        if not ck_v2_exists(i): 

            continue 

        print(f"\n  → Opción {i}...") 

        ck = load_ck(get_ck_v2(i)) 

        gammas   = GAMMA_200[:N_ZEROS] 

        # Recalcular z/p desde eps guardado 

        z_scores, p_values = mellin_and_permutations_matrix( 

            ck['primes'], ck['eps'], gammas, N_PERM 

        ) 

        make_plot(z_scores, p_values, gammas, i, len(ck['primes']), DIR_GRAFICAS) 

        d001 = int(np.sum(p_values < 0.001)) 

        d01  = int(np.sum(p_values < 0.01)) 
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        d05  = int(np.sum(p_values < 0.05)) 

        sl, r2 = decay_slope(gammas, z_scores) 

        log_data.append({ 

            'opcion':   i, 

            'rango':    OPTIONS[i]['label'], 

            'n_primos': len(ck['primes']), 

            'n_nuevos': 0, 

            'd001': d001, 'd01': d01, 'd05': d05, 

            'slope': float(sl) if sl else None, 

            'R2':    float(r2) if r2 else None, 

            'alpha': float(ck.get('alpha', 0)), 

            'rmse':  float(ck.get('rmse', 0)), 

            'tiempo_min': 0.0 

        }) 

    if log_data: 

        save_log(log_data) 

        make_progress_plot(log_data, DIR_GRAFICAS) 

    print("\n  ✓ Replot completado.") 

 

# 

═══════════════════════════════════════════════════════════

═══════ 

# MAIN 

# 

═══════════════════════════════════════════════════════════

═══════ 

 

def main(): 

    setup_directories() 

 

    parser = argparse.ArgumentParser( 

        description="Sistema incremental de detección de ceros de Riemann [v3 chunked-mellin]", 

        formatter_class=argparse.RawDescriptionHelpFormatter, 

        epilog=""" 

Ejemplos: 

  python 12.py --opcion 1           # Procesa opción 1 (lee v1 si existe) 

  python 12.py --opcion 5           # Usa v2 de 1-4, calcula nuevo si falta 

  python 12.py --continuar          # Auto-continúa desde último v2 

  python 12.py --status             # Ver estado v1/v2 

  python 12.py --resumen            # Ver tabla de resultados v2 

  python 12.py --replot             # Regenerar gráficas sin recalcular 

  python 12.py --restart            # Borrar checkpoints v2 (v1 intactos) 

        """ 

    ) 

    parser.add_argument('--opcion',    type=int, choices=list(OPTIONS.keys())) 

    parser.add_argument('--continuar', action='store_true') 

    parser.add_argument('--status',    action='store_true') 

    parser.add_argument('--resumen',   action='store_true') 

    parser.add_argument('--replot',    action='store_true') 

    parser.add_argument('--restart',   action='store_true') 

    args = parser.parse_args() 
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    if args.status: 

        print_status(); return 

 

    if args.resumen: 

        print_summary(); return 

 

    if args.replot: 

        replot_all(); return 

 

    if args.restart: 

        resp = input("  
���  ¿Borrar TODOS los checkpoints v2? Los v1 quedan intactos. (escriba 

'SI'): ") 

        if resp == 'SI': 

            deleted = 0 

            for i in OPTIONS.keys(): 

                p = get_ck_v2(i) 

                if os.path.exists(p): 

                    os.remove(p); deleted += 1 

            print(f"  ✓ {deleted} checkpoints v2 borrados.") 

        else: 

            print("  Cancelado.") 

        return 

 

    if args.continuar: 

        last = get_last_v2() 

        if last >= len(OPTIONS): 

            print("  ✓ Todas las opciones v2 ya completadas.") 

            print_summary(); return 

        opcion = last + 1 

        print(f"\n  → Continuando desde opción {opcion}") 

    elif args.opcion: 

        opcion = args.opcion 

    else: 

        print_status() 

        try: 

            opcion = int(input("\n  Elegir opción a ejecutar (1-24): ").strip()) 

            if opcion not in OPTIONS: 

                print("  Opción inválida."); return 

        except (ValueError, EOFError): 

            print("  Entrada inválida."); return 

 

    print(f"\n{'='*70}") 

    print(f"  INICIANDO OPCIÓN {opcion} [v2 alpha-local]") 

    print(f"  Presione Ctrl+C para interrumpir") 

    print(f"{'='*70}") 

 

    try: 

        resultado, sieve, all_primes = process_option(opcion) 

        update_log(resultado) 

        print_summary() 
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        if opcion < len(OPTIONS): 

            print(f"\n  
����� Sugerencia: python 12.py --opcion {opcion + 1}") 

        else: 

            print("\n  
������ ¡Todas las opciones completadas!") 

    except KeyboardInterrupt: 

        print("\n\n  
���  Interrumpido. Checkpoints completados guardados.") 

        print(f"  Para continuar: python 12.py --opcion {opcion}") 

    except Exception as e: 

        print(f"\n\n  ❌ Error: {e}") 

        import traceback; traceback.print_exc() 

 

if __name__ == "__main__": 

    main() 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

14.2. SCRIPT 16.py: 

 

import os 

import sys 

import time 
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import json 

import math 

import argparse 

import warnings 

warnings.filterwarnings('ignore') 

 

import numpy as np 

from scipy.stats import spearmanr, pearsonr 

import matplotlib 

matplotlib.use('Agg') 

import matplotlib.pyplot as plt 

 

# ============================================================================ 

# [FIX 1] Sin funciones de color ANSI -- texto plano siempre 

# ============================================================================ 

def BOLD(t):    return t 

def GREEN(t):   return t 

def CYAN(t):    return t 

def YELLOW(t):  return t 

def RED(t):     return t 

def MAGENTA(t): return t 

 

def sep(char='=', n=62): 

    print(char * n) 

 

def titulo(texto): 

    sep() 

    print(f"  {texto}") 

    sep() 

 

def ok(texto): 

    print(f"  [OK] {texto}") 

 

def warn(texto): 

    print(f"  [!]  {texto}") 

 

def err(texto): 

    print(f"  [X]  {texto}") 

 

def info(texto): 

    print(f"       {texto}") 

 

# ============================================================================ 

# [FIX 2] Numba compatible con 0.58.1 / Python 3.8 / Windows 

#         Sin parallel=True en prange (inestable en esa combinacion) 

# ============================================================================ 

NUMBA_OK = False 

try: 

    from numba import njit 

    import numba 

    ver = tuple(int(x) for x in numba.__version__.split('.')[:2]) 
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    if ver >= (0, 50): 

        NUMBA_OK = True 

except ImportError: 

    def njit(*args, **kwargs): 

        def decorator(fn): return fn 

        return decorator 

 

# ============================================================================ 

# Constantes globales 

# ============================================================================ 

C2     = 0.6601618158468695 

TWO_C2 = 2 * C2 

S_INF  = 1.7427253553918328 

 

# Primeros 50 ceros no triviales de zeta(s) (partes imaginarias gamma_k) 

GAMMA_50 = np.array([ 

    14.134725141734694, 21.022039638771555, 25.010857580145689, 

    30.424876125859513, 32.935061587739190, 37.586178158825671, 

    40.918719012147495, 43.327073280914999, 48.005150881167160, 

    49.773832477672302, 52.970321477714461, 56.446247697063395, 

    59.347044002602353, 60.831778524609810, 65.112544048081607, 

    67.079810529494174, 69.546401711173979, 72.067157674481908, 

    75.704690699083933, 77.144840068874805, 79.337375020249367, 

    82.910380854086030, 84.735492980517050, 87.425274613125229, 

    88.809111208594571, 92.491899270593941, 94.651344040519180, 

    95.870634228245332, 98.831194218193692, 101.31785100573139, 

    103.72553804047834, 105.44662305232610, 107.16861118427640, 

    111.02953554316968, 111.87465917699263, 114.32022091545668, 

    116.22668032085755, 118.79078286597639, 121.37012500242064, 

    122.94682929355258, 124.25681855434047, 127.51668387959600, 

    129.57870419995571, 131.08768853093265, 133.49773720299758, 

    134.75650975337600, 138.11604205453344, 139.73620895212138, 

    141.12370740402432, 143.11184580762063, 

]) 

 

# SMALL_PRIMES precalculado una sola vez (fix debate.docx) 

SMALL_PRIMES = [p for p in range(3, 501) 

                if all(p % d != 0 for d in range(2, int(p**0.5) + 1))] 

 

# ============================================================================ 

# NUCLEO MATEMATICO 

# ============================================================================ 

 

def build_sieve(limit): 

    """Criba de Eratostenes. Retorna array booleano.""" 

    s = bytearray(b'\x01') * (limit + 1) 

    s[0] = s[1] = 0 

    i = 2 

    while i * i <= limit: 

        if s[i]: 

            s[i*i::i] = b'\x00' * len(s[i*i::i]) 
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        i += 1 

    return np.frombuffer(s, dtype=np.uint8).astype(np.bool_) 

 

 

# [FIX 2] compute_N: version Numba sin parallel (compatible 0.58/Win) 

#          + version numpy vectorizada como fallback (rapida igual) 

if NUMBA_OK: 

    @njit 

    def _compute_N_numba(primes_a, all_primes, sieve): 

        """Numba JIT sin parallel -- compatible Numba 0.58 / Python 3.8 / Windows.""" 

        n = len(primes_a) 

        N = np.zeros(n, dtype=np.int32) 

        for idx in range(n): 

            p = primes_a[idx] 

            target = p + 1 

            count = 0 

            for j in range(len(all_primes)): 

                q = all_primes[j] 

                if q > target // 2: 

                    break 

                r = target - q 

                if r >= 2 and r < len(sieve) and sieve[r]: 

                    count += 1 

            N[idx] = count 

        return N 

 

    def compute_N(primes_a, all_primes, sieve): 

        return _compute_N_numba( 

            primes_a.astype(np.int64), 

            all_primes.astype(np.int64), 

            sieve 

        ) 

else: 

    def compute_N(primes_a, all_primes, sieve): 

        """Numpy vectorizado -- eficiente sin Numba.""" 

        N = np.zeros(len(primes_a), dtype=np.int32) 

        for idx, p in enumerate(primes_a): 

            target = int(p) + 1 

            cut = int(np.searchsorted(all_primes, target // 2, side='right')) 

            qs = all_primes[:cut] 

            rs = target - qs 

            valid = (rs >= 2) & (rs < len(sieve)) 

            N[idx] = int(np.sum(sieve[rs[valid]])) 

        return N 

 

 

def compute_S(primes_a, all_primes): 

    """Factor singular S(p+1) para cada primo.""" 

    ns = (primes_a + 1).astype(np.int64) 

    result = np.ones(len(ns), dtype=np.float64) 

    ms = ns.copy() 
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    while (ms % 2 == 0).any(): 

        ms[ms % 2 == 0] //= 2 

    for p in all_primes[(all_primes > 2) & (all_primes < 10000)]: 

        mask = ms % p == 0 

        if mask.any(): 

            result[mask] *= (p - 1.0) / (p - 2.0) 

            while (mask & (ms % p == 0)).any(): 

                ms[mask & (ms % p == 0)] //= p 

    leftover = ms > 1 

    if leftover.any(): 

        lp = ms[leftover].astype(np.float64) 

        result[leftover] *= (lp - 1.0) / (lp - 2.0) 

    return result 

 

 

def compute_residuals(primes_a, N, Sf): 

    """Residuos epsilon(p) normalizados.""" 

    ps  = primes_a.astype(np.float64) 

    lps = np.log(ps) 

    C_hat = np.mean(N * lps**2 / ps) 

    S_bar = np.mean(Sf) 

    alpha = C_hat / (TWO_C2 * S_bar) 

    Nhat  = alpha * TWO_C2 * Sf * ps / lps**2 

    eps   = (N - Nhat) / Nhat 

    return alpha, eps, C_hat, S_bar 

 

 

def mellin_permtest(primes_a, eps, gammas, n_perm=500): 

    """ 

    Test de Mellin con permutaciones correctas (bug-fix de script 9.py). 

    CORRECCION CRITICA: permuta w = eps/sqrt(p) directamente. 

    Broadcasting matricial -- eficiente en numpy puro. 

    """ 

    n    = len(primes_a) 

    ps   = primes_a.astype(np.float64) 

    logp = np.log(ps) 

    w    = eps / np.sqrt(ps)   # pesos correctos 

    nz   = len(gammas) 

 

    phase  = np.outer(gammas, logp)   # (nz, n) 

    cos_ph = np.cos(phase) 

    sin_ph = np.sin(phase) 

 

    Mk_obs = np.sqrt( 

        (cos_ph @ w / n)**2 + 

        (sin_ph @ w / n)**2 

    ) 

 

    # Permutaciones en bloques para eficiencia de memoria 

    perm_mat = np.zeros((n_perm, nz)) 

    block = max(1, n_perm // 4) 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 15 April 2026 doi:10.20944/preprints202604.0599.v2

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202604.0599.v2
http://creativecommons.org/licenses/by/4.0/


 47 of 76 

 

    for start in range(0, n_perm, block): 

        end = min(start + block, n_perm) 

        nb  = end - start 

        W_p = np.array([np.random.permutation(w) for _ in range(nb)]) 

        perm_mat[start:end] = np.sqrt( 

            (W_p @ cos_ph.T / n)**2 + 

            (W_p @ sin_ph.T / n)**2 

        ) 

 

    bl_mean  = perm_mat.mean(0) 

    bl_std   = perm_mat.std(0) 

    z_scores = np.where(bl_std > 0, (Mk_obs - bl_mean) / bl_std, 0.0) 

    p_values = np.mean(perm_mat >= Mk_obs[None, :], axis=0) 

    return z_scores, p_values, Mk_obs 

 

 

def exact_C_S(mod, residue, max_ell=500): 

    """ 

    C(S) exacto para p === residue (mod mod). 

    Usa SMALL_PRIMES precalculado (fix debate.docx). 

    max_ell=500 para mejor convergencia. 

    """ 

    C = 1.0 

    for ell in SMALL_PRIMES: 

        if ell > max_ell: 

            break 

        g = math.gcd(mod, ell) 

        if g == 1: 

            C *= 1.0 + 1.0 / ((ell - 1) * (ell - 2)) 

        else: 

            if (residue + 1) % ell == 0: 

                C *= (ell - 1.0) / (ell - 2.0) 

    return C 

 

 

# [FIX 5] Miller-Rabin deterministico -- sin sympy, rapido para 512 bits 

def is_prime_miller_rabin(n): 

    """Test de primalidad Miller-Rabin deterministico para n < 3,317,044,064,679,887,385,961,981.""" 

    if n < 2: return False 

    if n == 2 or n == 3: return True 

    if n % 2 == 0: return False 

    # Testigos deterministicos para n < 3.3e24 

    witnesses = [2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37] 

    d, r = n - 1, 0 

    while d % 2 == 0: 

        d //= 2 

        r += 1 

    for a in witnesses: 

        if a >= n: continue 

        x = pow(a, d, n) 

        if x == 1 or x == n - 1: continue 
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        for _ in range(r - 1): 

            x = pow(x, 2, n) 

            if x == n - 1: break 

        else: 

            return False 

    return True 

 

 

# ============================================================================ 

# ESTADO GLOBAL (compartido entre modulos en una sesion) 

# ============================================================================ 

STATE = { 

    'sieve':      None, 

    'all_p':      None, 

    'primes_sub': None, 

    'N':          None, 

    'Sf':         None, 

    'alpha':      None, 

    'eps':        None, 

    'C_hat':      None, 

    'S_bar':      None, 

    'limit':      6_000_000, 

    'p_min':      1_000_000, 

    'mod':        1, 

    'res':        0, 

    'label':      'completa', 

    'salida':     'resultados_16', 

    'gammas':     GAMMA_50, 

} 

 

 

def ensure_dir(path): 

    os.makedirs(path, exist_ok=True) 

    return path 

 

 

def save_json(data, filename): 

    path = os.path.join(STATE['salida'], filename) 

    with open(path, 'w') as f: 

        json.dump(data, f, indent=2, 

                  default=lambda x: float(x) if isinstance(x, np.floating) else x) 

    ok(f"Guardado: {path}") 

 

 

def save_fig(fig, filename): 

    path = os.path.join(STATE['salida'], filename) 

    fig.savefig(path, dpi=150, bbox_inches='tight') 

    plt.close(fig) 

    ok(f"Figura:   {path}") 
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def datos_ok(): 

    if STATE['eps'] is None: 

        err("No hay datos cargados. Ejecuta primero el Modulo 1 o carga .npz con Modulo 12.") 

        return False 

    return True 

 

 

# ============================================================================ 

# [FIX 3] Warm-up JIT separado con aviso claro 

# ============================================================================ 

_jit_warmed = False 

 

def warmup_numba(): 

    global _jit_warmed 

    if not NUMBA_OK or _jit_warmed: 

        return 

    print() 

    info("Compilando Numba JIT por primera vez (20-40 seg, solo una vez por sesion)...") 

    t0 = time.time() 

    sieve_mini = build_sieve(10000) 

    primes_mini = np.where(sieve_mini)[0].astype(np.int64) 

    sub_mini = primes_mini[(primes_mini >= 1000) & (primes_mini <= 5000)] 

    _compute_N_numba(sub_mini, primes_mini, sieve_mini) 

    info(f"JIT listo en {time.time()-t0:.1f}s -- proximas llamadas seran rapidas.") 

    _jit_warmed = True 

 

 

# ============================================================================ 

# MODULO 0 -- INFORMACION 

# ============================================================================ 

def modulo_0(): 

    titulo("EXPERIMENTO_16 -- Guia Rapida") 

    print(""" 

  CONTEXTO (Anderson 2026): 

    p = q + r - 1  con p, q, r primos.  N(p) = #{pares (q,r)} 

    Residuo:  eps(p) = (N(p) - Nest(p)) / Nest(p) 

    Nest(p) = alpha * 2*C2 * S(p+1) * p / (log p)^2 

 

    Los eps(p) contienen firmas oscilatorias en las frecuencias gamma_k 

    (partes imaginarias de los ceros de zeta(s)). 

 

  ESTADO ACTUAL DEL PAPER: 

    OK  100/200 ceros detectados (p<0.01) con 334.351 primos [1M,6M] 

    OK  Slope = -1.022 ~ -1 (teorico bajo RH) 

    NO  k=3 NO esta probado (equivale a Goldbach binario, abierto) 

    ?   GAC (Q3): cada subsecuencia tiene C(S) -- conjetura abierta 

 

  PARA MAS CEROS: 

    El factor decisivo es el NUMERO TOTAL DE PRIMOS, no C(S) solo. 

    -> Modulo 11 muestra la estrategia optima. 
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  FLUJO RECOMENDADO: 

    Primera vez:    1 -> 12(guardar) -> 5 -> 2 

    Sesiones sig.:  12(cargar) -> 5 -> 2 

    Investigacion:  12(cargar) -> 11 

    RSA:            12(cargar) -> 9 

 

  FIXES vs experimento_15.py: 

    [FIX 1] Sin colores ANSI -- texto limpio en VS Code Windows 

    [FIX 2] Numba sin parallel=True -- estable en 0.58/Py3.8/Win 

    [FIX 3] Warm-up JIT con aviso de tiempo 

    [FIX 4] Estimaciones de tiempo antes de operaciones largas 

    [FIX 5] Modulo 9 RSA: Miller-Rabin (sin sympy) 50x mas rapido 

""") 

 

 

# ============================================================================ 

# MODULO 1 -- CRIBA + DATOS BASE 

# ============================================================================ 

def modulo_1(): 

    titulo("MODULO 1: Criba y datos base") 

 

    # [FIX 4] Estimacion de tiempo antes de empezar 

    print(""" 

  TIEMPO ESTIMADO (2 cores, Numba 0.58, rango 1M-6M): 

    Criba Eratostenes:  5-10 seg 

    compute_N (334k p): 8-12 min  <- cuello de botella 

    compute_S:          1-2 min 

    Total:              ~10-15 min 

 

  TIP: Despues de correr esto, usa Modulo 12 para guardar en .npz. 

       La proxima sesion cargara en 3-5 segundos. 

""") 

 

    lim_str = input(f"  Limite superior [default {STATE['limit']:,}]: ").strip() 

    if lim_str: 

        try: 

            STATE['limit'] = int(lim_str) 

        except ValueError: 

            warn("Valor invalido, usando default.") 

 

    pmin_str = input(f"  Limite inferior [default {STATE['p_min']:,}]: ").strip() 

    if pmin_str: 

        try: 

            STATE['p_min'] = int(pmin_str) 

        except ValueError: 

            warn("Valor invalido, usando default.") 

 

    mod_str = input("  Modulo (1=todos, 3 para p=2 mod 3, etc.) [default 1]: ").strip() 

    if mod_str: 

        try: 

            STATE['mod'] = int(mod_str) 
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            if STATE['mod'] > 1: 

                res_str = input(f"  Residuo (0..{STATE['mod']-1}): ").strip() 

                STATE['res'] = int(res_str) if res_str else STATE['mod'] - 1 

                STATE['label'] = f"p={STATE['res']}(mod{STATE['mod']})" 

            else: 

                STATE['res'] = 0 

                STATE['label'] = 'completa' 

        except ValueError: 

            warn("Valor invalido, usando default mod=1.") 

 

    print(f"\n  Configuracion: [{STATE['p_min']:,}, {STATE['limit']:,}] | {STATE['label']}") 

    print("  Construyendo criba...", end=' ', flush=True) 

    t0 = time.time() 

    STATE['sieve'] = build_sieve(STATE['limit']) 

    STATE['all_p'] = np.where(STATE['sieve'])[0].astype(np.int64) 

    print(f"{len(STATE['all_p']):,} primos totales en {time.time()-t0:.1f}s") 

 

    mask = (STATE['all_p'] >= STATE['p_min']) & (STATE['all_p'] <= STATE['limit']) 

    if STATE['mod'] > 1: 

        mask &= (STATE['all_p'] % STATE['mod'] == STATE['res']) 

    STATE['primes_sub'] = STATE['all_p'][mask] 

    n = len(STATE['primes_sub']) 

    print(f"  Subsecuencia '{STATE['label']}': {n:,} primos") 

 

    if n < 1000: 

        err("Muy pocos primos (<1000). Aumenta el limite o cambia la subsecuencia.") 

        return 

 

    # Warm-up JIT antes del calculo principal 

    warmup_numba() 

 

    print(f"  Calculando N(p) para {n:,} primos...", end=' ', flush=True) 

    if NUMBA_OK: 

        print("(Numba JIT)", end=' ', flush=True) 

    else: 

        print("(numpy vectorizado)", end=' ', flush=True) 

    t0 = time.time() 

    STATE['N'] = compute_N(STATE['primes_sub'], STATE['all_p'], STATE['sieve']) 

    dt = time.time() - t0 

    print(f"listo en {dt:.1f}s") 

 

    print("  Calculando S(p+1)...", end=' ', flush=True) 

    t0 = time.time() 

    STATE['Sf'] = compute_S(STATE['primes_sub'], STATE['all_p']) 

    print(f"listo en {time.time()-t0:.1f}s") 

 

    STATE['alpha'], STATE['eps'], STATE['C_hat'], STATE['S_bar'] = \ 

        compute_residuals(STATE['primes_sub'], STATE['N'], STATE['Sf']) 

 

    print(f"\n  alpha = {STATE['alpha']:.6f}  (1/S_inf = {1/S_INF:.6f})") 

    print(f"  S_bar = {STATE['S_bar']:.6f}  (S_inf = {S_INF:.6f})") 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 15 April 2026 doi:10.20944/preprints202604.0599.v2

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202604.0599.v2
http://creativecommons.org/licenses/by/4.0/


 52 of 76 

 

    print(f"  C_hat = {STATE['C_hat']:.6f}  (2*C2 = {TWO_C2:.6f})") 

    print(f"  RMSE eps(p) = {np.std(STATE['eps']):.6f}") 

    ok("Datos listos. Podes continuar con otros modulos.") 

 

    save_str = input("\n  Guardar datos cribados en .npz para reutilizar? [s/N]: ").strip().lower() 

    if save_str == 's': 

        modulo_12_guardar() 

 

 

# ============================================================================ 

# MODULO 2 -- ANALISIS ESTRUCTURAL 

# ============================================================================ 

def modulo_2(): 

    titulo("MODULO 2: Analisis estructural") 

    if not datos_ok(): return 

    ensure_dir(STATE['salida']) 

 

    eps    = STATE['eps'] 

    ps     = STATE['primes_sub'].astype(np.float64) 

    gammas = STATE['gammas'] 

 

    # Operador de transferencia (matriz de correlacion lag) 

    L = 50 

    n = len(eps) 

    print(f"  Calculando matriz correlacion L={L}x{L}...", end=' ', flush=True) 

    R = np.zeros((L, L)) 

    for i in range(L): 

        for j in range(L): 

            lag = abs(i - j) 

            if lag < n: 

                R[i, j] = np.corrcoef(eps[:n-lag], eps[lag:])[0, 1] if lag > 0 else 1.0 

    eigvals = np.linalg.eigvalsh(R)[::-1] 

    ratio12 = eigvals[0] / eigvals[1] if eigvals[1] > 0 else np.inf 

    print("listo") 

    print(f"  lambda1/lambda2 = {ratio12:.4f}  (ruido blanco ~1.0, senal Riemann >25)") 

 

    # Test de ergodicidad de Birkhoff 

    n_seg = 10 

    seg   = np.array_split(eps, n_seg) 

    medias = np.array([s.mean() for s in seg]) 

    birkhoff_cv = medias.std() / (abs(medias.mean()) + 1e-10) 

    print(f"  Ergodicidad CV = {birkhoff_cv:.4f}  (<0.1 indica ergodico)") 

 

    # Correlacion p-adica para l = 3, 5, 7, 11 

    print("\n  Correlacion p-adica:") 

    Sf = STATE['Sf'] 

    for ell in [3, 5, 7, 11]: 

        diff_S   = np.abs(np.diff(Sf)) 

        ps_cons  = ps[:-1] 

        v_ell    = np.array([max(0, len(bin(int(p) % ell**20).rstrip('0')) - 2) 

                             for p in ps_cons[:5000]], dtype=np.float64) 
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        rho, pval = spearmanr(v_ell, diff_S[:5000]) 

        mark = "<-- ESPECIAL (positiva)" if ell == 3 and rho > 0 else "" 

        print(f"    l={ell:2d}  rho={rho:+.3f}  p={pval:.3e}  {mark}") 

 

    # Entropia de Shannon 

    hist, _ = np.histogram(eps, bins=50, density=True) 

    hist   += 1e-12 

    entropy = -np.sum(hist * np.log(hist)) * (eps.max() - eps.min()) / 50 

    print(f"\n  Entropia de Shannon = {entropy:.4f}") 

 

    # Correlacion con gamma1 

    logp   = np.log(ps) 

    signal = np.cos(gammas[0] * logp) 

    rho_g1, _ = pearsonr(eps[:len(signal)], signal[:len(eps)]) 

    print(f"  Correlacion eps(p) vs cos(gamma1*log p) = {rho_g1:+.4f}") 

 

    # Figura resumen 

    fig, axes = plt.subplots(2, 2, figsize=(12, 8)) 

    fig.suptitle(f"Analisis Estructural -- {STATE['label']}", fontsize=12) 

 

    axes[0,0].plot(eigvals[:20], 'o-', color='steelblue') 

    axes[0,0].set_title(f'Espectro operador transferencia\nlambda1/lambda2 = {ratio12:.2f}') 

    axes[0,0].set_xlabel('Indice autovalor'); axes[0,0].set_ylabel('lambda') 

    axes[0,0].grid(True, alpha=0.3) 

 

    axes[0,1].hist(eps, bins=80, color='darkorange', alpha=0.7, density=True) 

    axes[0,1].set_title('Distribucion de eps(p)') 

    axes[0,1].set_xlabel('eps(p)'); axes[0,1].grid(True, alpha=0.3) 

 

    axes[1,0].plot(medias, 'o-', color='green') 

    axes[1,0].axhline(0, ls='--', color='k', alpha=0.4) 

    axes[1,0].set_title(f'Test Birkhoff (CV={birkhoff_cv:.3f})') 

    axes[1,0].set_xlabel('Segmento'); axes[1,0].set_ylabel('Media eps') 

    axes[1,0].grid(True, alpha=0.3) 

 

    axes[1,1].scatter(np.log(ps[:3000]), eps[:3000], s=1, alpha=0.3, color='purple') 

    axes[1,1].set_title('eps(p) vs log p') 

    axes[1,1].set_xlabel('log p'); axes[1,1].set_ylabel('eps(p)') 

    axes[1,1].grid(True, alpha=0.3) 

 

    plt.tight_layout() 

    save_fig(fig, f"mod2_estructural_{STATE['label']}.png") 

    save_json({'lambda1_lambda2': ratio12, 'birkhoff_cv': birkhoff_cv, 

               'entropy': entropy, 'corr_gamma1': rho_g1}, 'mod2_estructural.json') 

 

 

# ============================================================================ 

# MODULO 3 -- DIAGNOSTICO CORRELACIONES (LEY 4) 

# ============================================================================ 

def modulo_3(): 

    titulo("MODULO 3: Diagnostico correlaciones residuales") 
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    if not datos_ok(): return 

    ensure_dir(STATE['salida']) 

 

    eps = STATE['eps'] 

    ps  = STATE['primes_sub'].astype(np.float64) 

 

    predictores = { 

        'p':      ps, 

        '1/p':    1.0 / ps, 

        'log p':  np.log(ps), 

        'log^2p': np.log(ps)**2, 

        '1/logp': 1.0 / np.log(ps), 

    } 

 

    print("\n  Correlaciones de Pearson con eps(p):") 

    corrs = {} 

    for nombre, x in predictores.items(): 

        r, pval = pearsonr(x, eps) 

        corrs[nombre] = r 

        print(f"    {nombre:10s}  r = {r:+.4f}  p = {pval:.2e}") 

 

    x_ley4   = 1.0 / np.log(ps) 

    coef     = np.polyfit(x_ley4, eps, 1) 

    eps_corr = eps - np.polyval(coef, x_ley4) 

    r_antes, _   = pearsonr(x_ley4, eps) 

    r_despues, _ = pearsonr(x_ley4, eps_corr) 

    print(f"\n  Correccion Ley 4 (ajuste lineal en 1/log p):") 

    print(f"    Correlacion antes:   {r_antes:+.4f}") 

    print(f"    Correlacion despues: {r_despues:+.4f}") 

    print(f"    Coeficientes: a={coef[0]:.4f}, b={coef[1]:.4f}") 

 

    fig, axes = plt.subplots(1, 3, figsize=(15, 4)) 

    fig.suptitle(f"Diagnostico correlaciones -- {STATE['label']}") 

 

    axes[0].bar(list(corrs.keys()), list(corrs.values()), color='steelblue', alpha=0.7) 

    axes[0].axhline(0, color='k', lw=0.5) 

    axes[0].set_title('Correlaciones eps(p)') 

    axes[0].set_ylabel('r Pearson') 

    axes[0].grid(True, alpha=0.3, axis='y') 

 

    axes[1].scatter(x_ley4[:5000], eps[:5000], s=1, alpha=0.3, label='original') 

    x_fit = np.linspace(x_ley4.min(), x_ley4.max(), 100) 

    axes[1].plot(x_fit, np.polyval(coef, x_fit), 'r-', lw=2, label='Ley 4') 

    axes[1].set_title('eps(p) vs 1/log p + correccion Ley 4') 

    axes[1].legend(); axes[1].grid(True, alpha=0.3) 

 

    axes[2].hist(eps, bins=60, alpha=0.5, label='original', density=True) 

    axes[2].hist(eps_corr, bins=60, alpha=0.5, label='corregido (Ley 4)', density=True) 

    axes[2].set_title('Distribucion antes/despues de Ley 4') 

    axes[2].legend(); axes[2].grid(True, alpha=0.3) 
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    plt.tight_layout() 

    save_fig(fig, f"mod3_correlaciones_{STATE['label']}.png") 

    save_json({'correlaciones': corrs, 'ley4_a': float(coef[0]), 

               'ley4_b': float(coef[1])}, 'mod3_correlaciones.json') 

 

 

# ============================================================================ 

# MODULO 4 -- VISUALIZACION FFT 

# ============================================================================ 

def modulo_4(): 

    titulo("MODULO 4: Visualizacion FFT del espectro eps(p)") 

    if not datos_ok(): return 

    ensure_dir(STATE['salida']) 

 

    eps  = STATE['eps'] 

    ps   = STATE['primes_sub'].astype(np.float64) 

    logp = np.log(ps) 

 

    n_fft  = 2**14 

    logp_u = np.linspace(logp.min(), logp.max(), n_fft) 

    eps_u  = np.interp(logp_u, logp, eps) 

    fft_val = np.abs(np.fft.rfft(eps_u)) 

    freqs   = np.fft.rfftfreq(n_fft, d=(logp_u[1] - logp_u[0])) 

    gamma_axis = 2 * np.pi * freqs 

 

    fig, axes = plt.subplots(1, 2, figsize=(14, 5)) 

    fig.suptitle(f"Espectro FFT de eps(p) -- {STATE['label']}") 

 

    axes[0].plot(logp[:2000], eps[:2000], lw=0.5, color='navy', alpha=0.7) 

    axes[0].set_title('eps(p) vs log p (primeros 2000)') 

    axes[0].set_xlabel('log p'); axes[0].set_ylabel('eps(p)') 

    axes[0].grid(True, alpha=0.3) 

 

    mask = (gamma_axis > 5) & (gamma_axis < 100) 

    axes[1].plot(gamma_axis[mask], fft_val[mask], lw=0.8, color='darkgreen') 

    for g in GAMMA_50[:15]: 

        axes[1].axvline(g, color='red', lw=0.6, alpha=0.6) 

    axes[1].set_title('FFT -- lineas rojas = gamma_k de Riemann') 

    axes[1].set_xlabel('gamma (frecuencia)'); axes[1].set_ylabel('|FFT|') 

    axes[1].grid(True, alpha=0.3) 

 

    plt.tight_layout() 

    save_fig(fig, f"mod4_fft_{STATE['label']}.png") 

    ok("Figura FFT guardada.") 

 

 

# ============================================================================ 

# MODULO 5 -- DETECCION DE CEROS DE RIEMANN 

# ============================================================================ 

def modulo_5(): 

    titulo("MODULO 5: Deteccion de ceros de Riemann") 
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    if not datos_ok(): return 

    ensure_dir(STATE['salida']) 

 

    n_zeros_str = input(f"  Cuantos ceros analizar? [default 50, max {len(STATE['gammas'])}]: 

").strip() 

    n_zeros = int(n_zeros_str) if n_zeros_str else 50 

    n_zeros = min(n_zeros, len(STATE['gammas'])) 

 

    n_perm_str = input("  Permutaciones para el test [default 500]: ").strip() 

    n_perm = int(n_perm_str) if n_perm_str else 500 

 

    gammas = STATE['gammas'][:n_zeros] 

    primes = STATE['primes_sub'] 

    eps    = STATE['eps'] 

    n      = len(primes) 

 

    # [FIX 4] Estimacion de tiempo 

    t_est = n_perm * n_zeros * n / 1e9 * 3.5  # aprox empirico 

    print(f"\n  Configuracion: {n_perm} perms x {n_zeros} ceros x {n:,} primos") 

    print(f"  Tiempo estimado: {t_est/60:.0f}-{t_est/60*1.5:.0f} min en tu PC (2 cores, numpy)") 

    print("  Ejecutando test Mellin...") 

 

    t0 = time.time() 

    z_scores, p_values, Mk_obs = mellin_permtest(primes, eps, gammas, n_perm) 

    elapsed = time.time() - t0 

 

    det_001 = int(np.sum(p_values < 0.001)) 

    det_01  = int(np.sum(p_values < 0.01)) 

    det_05  = int(np.sum(p_values < 0.05)) 

 

    mask_fit = z_scores > 0.5 

    if mask_fit.sum() > 5: 

        log_g   = np.log(gammas[mask_fit]) 

        log_z   = np.log(np.maximum(z_scores[mask_fit], 1e-6)) 

        slope_c = np.polyfit(log_g, log_z, 1) 

        slope   = slope_c[0] 

        r2      = np.corrcoef(log_g, log_z)[0, 1]**2 

    else: 

        slope, r2, slope_c = 0.0, 0.0, [0.0, 0.0] 

 

    sep('-') 

    print(f"  RESULTADOS") 

    sep('-') 

    print(f"  Primos analizados: {n:,}") 

    print(f"  p < 0.001: {det_001}/{n_zeros}  ({100*det_001/n_zeros:.1f}%)") 

    print(f"  p < 0.01 : {det_01}/{n_zeros}  ({100*det_01/n_zeros:.1f}%)") 

    print(f"  p < 0.05 : {det_05}/{n_zeros}  ({100*det_05/n_zeros:.1f}%)") 

    print(f"  Slope log-log: {slope:.4f}  (teorico bajo RH: -1.0)") 

    print(f"  R^2: {r2:.4f}") 

    print(f"  alpha = {STATE['alpha']:.6f}  (1/S_inf = {1/S_INF:.6f})") 

    print(f"  Tiempo real: {elapsed:.1f}s ({elapsed/60:.1f} min)") 
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    print(f"\n  Comparacion con paper.pdf (script 9.py):") 

    print(f"    Paper: 100/200 zeros p<0.01 con 334.351 primos") 

    if det_01 > 0: 

        efic_15    = det_01 / n * 1e5 

        efic_paper = 100 / 334351 * 1e5 

        print(f"    Este resultado: {det_01}/{n_zeros} con {n:,} primos") 

        print(f"    Eficiencia (detecciones por 10^5 primos): {efic_15:.2f} vs paper {efic_paper:.2f}") 

 

    fig, axes = plt.subplots(3, 1, figsize=(12, 10)) 

    fig.suptitle(f"Deteccion ceros Riemann -- {STATE['label']} | n={n:,} | {det_01}/{n_zeros} (p<0.01)") 

 

    colors_bar = ['red' if p < 0.01 else 'steelblue' for p in p_values] 

    axes[0].bar(range(n_zeros), z_scores, color=colors_bar, alpha=0.8) 

    axes[0].axhline(2, color='red', ls='--', lw=1, label='z=2') 

    axes[0].set_title(f'z-scores por cero | p<0.001:{det_001} | p<0.01:{det_01} | p<0.05:{det_05}') 

    axes[0].set_xlabel('Indice cero'); axes[0].set_ylabel('z-score') 

    axes[0].legend(); axes[0].grid(True, alpha=0.3) 

 

    axes[1].semilogy(range(n_zeros), p_values + 1e-6, 'o', ms=3, color='navy') 

    for thr, col, lab in [(0.05,'gold','p=0.05'), (0.01,'orange','p=0.01'), (0.001,'red','p=0.001')]: 

        axes[1].axhline(thr, color=col, ls='--', lw=1, label=lab) 

    axes[1].set_title('p-valores (escala log)') 

    axes[1].set_xlabel('Indice cero'); axes[1].set_ylabel('p-valor') 

    axes[1].legend(); axes[1].grid(True, alpha=0.3) 

 

    if mask_fit.sum() > 5: 

        axes[2].scatter(np.log(gammas[mask_fit]), 

                        np.log(np.maximum(z_scores[mask_fit], 1e-6)), 

                        s=20, color='purple', label='observado') 

        x_fit = np.array([np.log(gammas[mask_fit]).min(), np.log(gammas[mask_fit]).max()]) 

        axes[2].plot(x_fit, np.polyval(slope_c, x_fit), 'r--', 

                     label=f'slope={slope:.3f} R2={r2:.3f}') 

        mn = min(x_fit); mx = max(x_fit) 

        axes[2].plot([mn, mx], [-mn, -mx], 'k:', label='teorico -1') 

    axes[2].set_title('Decay log-log') 

    axes[2].set_xlabel('log gamma_k'); axes[2].set_ylabel('log z-score') 

    axes[2].legend(); axes[2].grid(True, alpha=0.3) 

 

    plt.tight_layout() 

    save_fig(fig, f"mod5_deteccion_{STATE['label']}.png") 

    save_json({ 

        'label': STATE['label'], 'n_primos': n, 'n_zeros': n_zeros, 

        'det_001': det_001, 'det_01': det_01, 'det_05': det_05, 

        'slope': slope, 'r2': r2, 'alpha': STATE['alpha'], 

        'z_scores': z_scores.tolist(), 'p_values': p_values.tolist(), 

        'elapsed_s': elapsed 

    }, f"mod5_deteccion_{STATE['label']}.json") 

 

 

# ============================================================================ 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 15 April 2026 doi:10.20944/preprints202604.0599.v2

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202604.0599.v2
http://creativecommons.org/licenses/by/4.0/


 58 of 76 

 

# MODULO 6 -- VERIFICACION GAC EXACTA 

# ============================================================================ 

def modulo_6(): 

    titulo("MODULO 6: Verificacion GAC con formula exacta") 

    if not datos_ok(): return 

    ensure_dir(STATE['salida']) 

 

    n_perm_str = input("  Permutaciones [default 500]: ").strip() 

    n_perm  = int(n_perm_str) if n_perm_str else 500 

    n_zeros = 20 

 

    gammas = STATE['gammas'][:n_zeros] 

    all_p  = STATE['all_p'] 

    sieve  = STATE['sieve'] 

 

    candidatos = [ 

        (1,  0,  "completa"), 

        (3,  2,  "p=2(3)"), 

        (5,  4,  "p=4(5)"), 

        (6,  5,  "p=5(6)"), 

        (12, 11, "p=11(12)"), 

        (15, 14, "p=14(15)"), 

        (30, 29, "p=29(30)"), 

    ] 

 

    print("\n  C(S) exacto (max_ell=500):") 

    print(f"  {'Subsecuencia':20s} | {'C(S)':10s} | {'C(S)/S_inf':10s}") 

    print("  " + "-"*45) 

    for mod, res, label in candidatos: 

        C_S = S_INF if mod == 1 else exact_C_S(mod, res, max_ell=500) 

        print(f"  {label:20s} | {C_S:10.6f} | {C_S/S_INF:10.6f}") 

 

    # [FIX 4] Estimacion de tiempo 

    info(f"AVISO: Este modulo corre {len(candidatos)} subsecuencias completas.") 

    info(f"Tiempo estimado total: 15-25 min en tu PC.") 

 

    resultados = [] 

    for mod, res, label in candidatos: 

        mask = (all_p >= STATE['p_min']) & (all_p <= STATE['limit']) 

        if mod > 1: 

            mask &= (all_p % mod == res) 

        ps_c = all_p[mask] 

        if len(ps_c) < 500: 

            continue 

 

        print(f"\n  [{label}] n={len(ps_c):,}...", end=' ', flush=True) 

        t0 = time.time() 

        N_c   = compute_N(ps_c, all_p, sieve) 

        Sf_c  = compute_S(ps_c, all_p) 

        alpha_c, eps_c, C_hat_c, S_bar_c = compute_residuals(ps_c, N_c, Sf_c) 

        z_scores, p_values, _ = mellin_permtest(ps_c, eps_c, gammas, n_perm) 
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        C_S = S_INF if mod == 1 else exact_C_S(mod, res, max_ell=500) 

        det = int(np.sum(p_values < 0.01)) 

        print(f"det={det}/{n_zeros} en {time.time()-t0:.1f}s") 

 

        resultados.append({ 

            'label': label, 'mod': mod, 'res': res, 

            'n': len(ps_c), 'C_S': C_S, 'ratio_pred': C_S / S_INF, 

            'det_01': det, 'det_pct': 100*det/n_zeros, 

            'z_scores': z_scores.tolist(), 'p_values': p_values.tolist(), 

        }) 

 

    ref = next((r for r in resultados if r['mod'] == 1), None) 

    gac_rows = [] 

    if ref: 

        z_ref = np.array(ref['z_scores']) 

        print(f"\n  {'Subsecuencia':20s} | {'Pred C(S)/S_inf':15s} | {'Obs ratio':10s} | {'Error%':8s}") 

        print("  " + "-"*58) 

        for r in resultados: 

            if r['mod'] == 1: continue 

            z_obs = np.array(r['z_scores']) 

            mask  = (z_obs > 1.5) & (z_ref > 1.5) 

            if mask.sum() < 3: continue 

            ratio_obs  = float(np.median(z_obs[mask] / z_ref[mask])) 

            ratio_pred = r['ratio_pred'] 

            err_pct    = 100 * abs(ratio_obs - ratio_pred) / ratio_pred 

            print(f"  {r['label']:20s} | {ratio_pred:15.4f} | {ratio_obs:10.4f} | {err_pct:7.1f}%") 

            gac_rows.append({'label': r['label'], 'ratio_pred': ratio_pred, 

                             'ratio_obs': ratio_obs, 'error_pct': err_pct}) 

 

        if gac_rows: 

            mean_err = np.mean([g['error_pct'] for g in gac_rows]) 

            print(f"\n  Error medio GAC: {mean_err:.1f}%") 

            if mean_err < 25: 

                ok("GAC CONFIRMADA (error < 25%)") 

            else: 

                warn("GAC no converge aun en este rango") 

 

    fig, axes = plt.subplots(1, 3, figsize=(16, 5)) 

    fig.suptitle("Verificacion GAC -- formula exacta C(S)") 

 

    if gac_rows: 

        pred = [g['ratio_pred'] for g in gac_rows] 

        obs  = [g['ratio_obs']  for g in gac_rows] 

        labs = [g['label']      for g in gac_rows] 

        axes[0].scatter(pred, obs, s=100, c='darkorange', zorder=5) 

        for i, lab in enumerate(labs): 

            axes[0].annotate(lab, (pred[i], obs[i]), fontsize=8) 

        lim = [min(pred+obs)*0.9, max(pred+obs)*1.1] 

        axes[0].plot(lim, lim, 'k--', alpha=0.5, label='GAC perfecta') 

        axes[0].set_xlabel('C(S)/S_inf predicho') 

        axes[0].set_ylabel('ratio observado z-scores') 
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        axes[0].set_title('Verificacion cuantitativa GAC') 

        axes[0].legend(); axes[0].grid(True, alpha=0.3) 

 

    C_vals  = [r['C_S'] for r in resultados] 

    det_pct = [r['det_pct'] for r in resultados] 

    cols    = ['red' if r['mod'] == 1 else 'steelblue' for r in resultados] 

    axes[1].scatter(C_vals, det_pct, c=cols, s=80) 

    for r in resultados: 

        axes[1].annotate(r['label'], (r['C_S'], r['det_pct']), fontsize=7) 

    axes[1].set_xlabel('C(S) exacto') 

    axes[1].set_ylabel('Deteccion p<0.01 (%)') 

    axes[1].set_title('C(S) vs tasa de deteccion') 

    axes[1].grid(True, alpha=0.3) 

 

    efic  = [r['det_pct'] / np.sqrt(r['n']) * 1000 for r in resultados] 

    labs_e = [r['label'] for r in resultados] 

    axes[2].bar(labs_e, efic, color=cols, alpha=0.7) 

    axes[2].set_ylabel('det% / sqrt(n) x 1000') 

    axes[2].set_title('Eficiencia espectral') 

    axes[2].tick_params(axis='x', rotation=45) 

    axes[2].grid(True, alpha=0.3, axis='y') 

 

    plt.tight_layout() 

    save_fig(fig, "mod6_GAC_verificacion.png") 

    save_json({'resultados': resultados, 'gac': gac_rows}, 'mod6_GAC.json') 

 

 

# ============================================================================ 

# MODULO 7 -- BUSQUEDA OPTIMA DE SUBSECUENCIAS 

# ============================================================================ 

def modulo_7(): 

    titulo("MODULO 7: Busqueda optima de subsecuencias") 

    if not datos_ok(): return 

    ensure_dir(STATE['salida']) 

 

    max_mod_str = input("  Modulo maximo a escanear [default 20]: ").strip() 

    max_mod = int(max_mod_str) if max_mod_str else 20 

 

    all_p   = STATE['all_p'] 

    sieve   = STATE['sieve'] 

    gammas  = STATE['gammas'][:10] 

    n_perm  = 200 

 

    candidatos_scan = [] 

    for mod in range(2, max_mod + 1): 

        for res in range(mod): 

            if math.gcd(mod, res) > 1 and res > 0: 

                continue 

            mask = (all_p >= STATE['p_min']) & (all_p <= STATE['limit']) & (all_p % mod == res) 

            ps_c = all_p[mask] 

            if len(ps_c) < 500: 
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                continue 

            C_S = exact_C_S(mod, res, max_ell=200) 

            candidatos_scan.append((mod, res, f"p={res}({mod})", len(ps_c), C_S)) 

 

    # [FIX 4] Estimacion de tiempo 

    t_est_min = len(candidatos_scan) * 2 

    t_est_max = len(candidatos_scan) * 4 

    info(f"AVISO: {len(candidatos_scan)} subsecuencias a escanear (10 ceros, 200 perms).") 

    info(f"Tiempo estimado: {t_est_min}-{t_est_max} min en tu PC.") 

 

    resultados_scan = [] 

    for mod, res, label, n_c, C_S in candidatos_scan: 

        mask = (all_p >= STATE['p_min']) & (all_p <= STATE['limit']) & (all_p % mod == res) 

        ps_c = all_p[mask] 

        N_c  = compute_N(ps_c, all_p, sieve) 

        Sf_c = compute_S(ps_c, all_p) 

        alpha_c, eps_c, _, _ = compute_residuals(ps_c, N_c, Sf_c) 

        z_sc, p_val, _ = mellin_permtest(ps_c, eps_c, gammas, n_perm) 

        det  = int(np.sum(p_val < 0.01)) 

        efic = det / np.sqrt(n_c) * 1000 

        resultados_scan.append({ 

            'label': label, 'mod': mod, 'res': res, 

            'n': n_c, 'C_S': C_S, 'det_01': det, 

            'eficiencia': efic, 'z_mean': float(z_sc.mean()) 

        }) 

        print(f"    {label:15s} n={n_c:6,} det={det:2d}/10 efic={efic:.2f}") 

 

    resultados_scan.sort(key=lambda x: x['eficiencia'], reverse=True) 

    print(f"\n  Top 5 por eficiencia (det/sqrt(n)):") 

    for r in resultados_scan[:5]: 

        print(f"    {r['label']:15s} efic={r['eficiencia']:.2f} det={r['det_01']}/10 n={r['n']:,}") 

 

    fig, axes = plt.subplots(1, 2, figsize=(14, 5)) 

    C_vals = [r['C_S'] for r in resultados_scan] 

    dets   = [r['det_01'] for r in resultados_scan] 

    efics  = [r['eficiencia'] for r in resultados_scan] 

 

    axes[0].scatter(C_vals, dets, s=40, alpha=0.7, color='steelblue') 

    axes[0].set_xlabel('C(S)'); axes[0].set_ylabel('Detecciones / 10 ceros') 

    axes[0].set_title('C(S) vs deteccion'); axes[0].grid(True, alpha=0.3) 

 

    axes[1].scatter(C_vals, efics, s=40, alpha=0.7, color='darkorange') 

    for r in resultados_scan[:5]: 

        axes[1].annotate(r['label'], (r['C_S'], r['eficiencia']), fontsize=7) 

    axes[1].set_xlabel('C(S)'); axes[1].set_ylabel('Eficiencia det/sqrt(n) x 1000') 

    axes[1].set_title('Eficiencia espectral por subsecuencia') 

    axes[1].grid(True, alpha=0.3) 

 

    plt.tight_layout() 

    save_fig(fig, "mod7_subsecuencias_scan.png") 

    save_json({'top5': resultados_scan[:5], 'todos': resultados_scan}, 
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              'mod7_subsecuencias.json') 

 

 

# ============================================================================ 

# MODULO 8 -- ESCALAMIENTO lambda1/lambda2 vs n 

# ============================================================================ 

def modulo_8(): 

    titulo("MODULO 8: Escalamiento lambda1/lambda2 vs n y comparacion ruidos") 

    if not datos_ok(): return 

    ensure_dir(STATE['salida']) 

 

    eps = STATE['eps'] 

    n   = len(eps) 

    L   = 30 

 

    def get_ratio(data, L=30): 

        n_ = len(data) 

        R  = np.zeros((L, L)) 

        for i in range(L): 

            for j in range(L): 

                lag = abs(i - j) 

                if lag < n_: 

                    R[i, j] = np.corrcoef(data[:n_-lag], data[lag:])[0,1] if lag > 0 else 1.0 

        ev = np.linalg.eigvalsh(R)[::-1] 

        return ev[0] / ev[1] if ev[1] > 0 else np.inf 

 

    tamanios = [1000, 5000, 10000, 20000, 50000] 

    tamanios = [t for t in tamanios if t <= n] 

    tamanios.append(n) 

    tamanios = sorted(set(tamanios)) 

 

    print("  Calculando lambda1/lambda2 para diferentes n:") 

    ratios_eps = [] 

    for t in tamanios: 

        r = get_ratio(eps[:t]) 

        ratios_eps.append(r) 

        print(f"    n={t:7,}  lambda1/lambda2 = {r:.4f}") 

 

    slope = 0.0 

    coef  = [0.0, 0.0] 

    if len(tamanios) > 3: 

        log_n = np.log(tamanios) 

        log_r = np.log(ratios_eps) 

        coef  = np.polyfit(log_n, log_r, 1) 

        slope = coef[0] 

        print(f"\n  Pendiente log-log: {slope:.4f}  (teorico ruido blanco: 0.5)") 

        print(f"  Paper Anderson: 0.753") 

        if slope > 0.6: 

            ok("Correlaciones de largo alcance confirmadas (slope > 0.6)") 

 

    ruidos = { 
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        'ruido blanco':     np.random.randn(n), 

        'ruido rojo AR(1)': np.zeros(n), 

        'permutacion eps':  np.random.permutation(eps), 

    } 

    ruidos['ruido rojo AR(1)'][0] = np.random.randn() 

    for i in range(1, n): 

        ruidos['ruido rojo AR(1)'][i] = (0.9 * ruidos['ruido rojo AR(1)'][i-1] 

                                          + 0.1 * np.random.randn()) 

 

    ratio_eps_full = get_ratio(eps) 

    print(f"\n  Comparacion lambda1/lambda2 con modelos de ruido:") 

    print(f"    eps(p) real:       {ratio_eps_full:.4f}") 

    for nombre, data in ruidos.items(): 

        r = get_ratio(data) 

        print(f"    {nombre:20s}: {r:.4f}") 

 

    fig, axes = plt.subplots(1, 2, figsize=(13, 5)) 

 

    axes[0].scatter(tamanios, ratios_eps, s=60, color='steelblue', zorder=5, label='eps(p)') 

    if len(tamanios) > 3: 

        x_fit = np.linspace(np.log(tamanios[0]), np.log(tamanios[-1]), 100) 

        axes[0].plot(np.exp(x_fit), np.exp(np.polyval(coef, x_fit)), 

                     'r--', label=f'slope={slope:.3f}') 

    axes[0].set_xscale('log'); axes[0].set_yscale('log') 

    axes[0].set_xlabel('n (primos)'); axes[0].set_ylabel('lambda1/lambda2') 

    axes[0].set_title('Escalamiento lambda1/lambda2 vs n') 

    axes[0].legend(); axes[0].grid(True, alpha=0.3) 

 

    nombres_comp = ['eps(p) real'] + list(ruidos.keys()) 

    ratios_comp  = [ratio_eps_full] + [get_ratio(d) for d in ruidos.values()] 

    colors_comp  = ['red'] + ['steelblue'] * 3 

    axes[1].bar(nombres_comp, ratios_comp, color=colors_comp, alpha=0.7) 

    axes[1].set_title('lambda1/lambda2 vs modelos de ruido') 

    axes[1].set_ylabel('lambda1/lambda2') 

    axes[1].tick_params(axis='x', rotation=20) 

    axes[1].grid(True, alpha=0.3, axis='y') 

 

    plt.tight_layout() 

    save_fig(fig, "mod8_escalamiento.png") 

    save_json({'tamanios': tamanios, 'ratios': ratios_eps, 'slope': float(slope)}, 

              'mod8_escalamiento.json') 

 

 

# ============================================================================ 

# MODULO 9 -- APLICACION RSA 

# [FIX 5] Miller-Rabin puro -- sin sympy -- 50x mas rapido para 512 bits 

# ============================================================================ 

def modulo_9(): 

    titulo("MODULO 9: Clasificacion espectral RSA") 

    ensure_dir(STATE['salida']) 
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    print(""" 

  Clasificacion espectral de primos para RSA: 

    DEBIL  : p = 2 (mod 3) -> 3|(p+1) siempre -> huella espectral detectable 

    NORMAL : otros primos 

    FUERTE : p = 1 (mod 3) -> 3 nunca divide p+1 -> sin amplificacion l=3 

 

  Recomendacion (Anderson 2026): filtrar p = 2 (mod 3) en generacion RSA. 

  Overhead: <1% en tiempo de generacion. 

  Efectividad: 100% eliminacion de primos con factor l=3 amplificado. 

""") 

 

    import random 

 

    n_keys   = 20 

    key_bits = 512 

    print(f"  Generando {n_keys} primos de {key_bits} bits (Miller-Rabin, sin sympy)...") 

 

    resultados_rsa = [] 

    t0 = time.time() 

    for i in range(n_keys): 

        # Buscar primo de key_bits bits 

        while True: 

            candidato = random.randint(2**(key_bits-1), 2**key_bits - 1) | 1 

            if is_prime_miller_rabin(candidato): 

                break 

        p = candidato 

        clase  = "DEBIL" if p % 3 == 2 else ("FUERTE" if p % 3 == 1 else "NORMAL") 

        riesgo = "ALTO" if clase == "DEBIL" else "BAJO" 

        resultados_rsa.append({'p_mod3': int(p % 3), 'clase': clase, 'riesgo': riesgo}) 

        print(f"    primo {i+1:2d}: p={p%3}(mod3)  clase={clase:6s}  riesgo={riesgo}") 

 

    elapsed = time.time() - t0 

    debiles = sum(1 for r in resultados_rsa if r['clase'] == 'DEBIL') 

    print(f"\n  Primos debiles: {debiles}/{n_keys} ({100*debiles/n_keys:.0f}%)") 

    print(f"  Teorico esperado: {n_keys//2} (50% son p=2 mod 3)") 

    print(f"  Tiempo: {elapsed:.2f}s (Miller-Rabin, sin sympy)") 

 

    from collections import Counter 

    cnt = Counter([r['clase'] for r in resultados_rsa]) 

    fig, ax = plt.subplots(figsize=(8, 4)) 

    ax.bar(cnt.keys(), cnt.values(), 

           color=['red' if k == 'DEBIL' else 'green' for k in cnt]) 

    ax.set_title(f'Clasificacion RSA espectral ({n_keys} primos de {key_bits} bits)') 

    ax.set_ylabel('Cantidad'); ax.grid(True, alpha=0.3, axis='y') 

    save_fig(fig, "mod9_rsa_clasificacion.png") 

    save_json({'resultados': resultados_rsa, 'n_debiles': debiles}, 'mod9_rsa.json') 

 

 

# ============================================================================ 

# MODULO 10 -- DATOS SINTETICOS 

# ============================================================================ 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 15 April 2026 doi:10.20944/preprints202604.0599.v2

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202604.0599.v2
http://creativecommons.org/licenses/by/4.0/


 65 of 76 

 

def modulo_10(): 

    titulo("MODULO 10: Validacion con datos sinteticos") 

    ensure_dir(STATE['salida']) 

 

    n = 50000 

    print(f"  Generando {n:,} primos sinteticos con eps(p) inyectado...") 

 

    p0   = 1_000_000 

    gaps = np.random.exponential(scale=14, size=n).astype(int) * 2 + 1 

    ps_synt = p0 + np.cumsum(gaps) 

    logp    = np.log(ps_synt.astype(np.float64)) 

 

    signal = np.zeros(n) 

    for k, g in enumerate(GAMMA_50[:5]): 

        amp = 1.0 / (k + 1) 

        signal += amp / np.sqrt(ps_synt) * np.cos(g * logp + np.random.uniform(0, 2*np.pi)) 

    noise    = np.random.randn(n) * 0.05 

    eps_synt = signal + noise 

 

    checks = {} 

 

    r1, _ = pearsonr(np.cos(GAMMA_50[0] * logp), eps_synt) 

    checks['corr_gamma1'] = abs(r1) > 0.05 

    print(f"  Correlacion con gamma1: r={r1:.4f}  ({'OK' if checks['corr_gamma1'] else 'FALLO'})") 

 

    L = 20 

    R = np.zeros((L, L)) 

    for i in range(L): 

        for j in range(L): 

            lag = abs(i - j) 

            if lag < n: 

                R[i, j] = np.corrcoef(eps_synt[:n-lag], eps_synt[lag:])[0, 1] if lag > 0 else 1.0 

    ev    = np.linalg.eigvalsh(R)[::-1] 

    ratio = ev[0] / ev[1] 

    checks['ratio12_gt1'] = ratio > 1.5 

    print(f"  lambda1/lambda2 = {ratio:.4f}  ({'OK' if checks['ratio12_gt1'] else 'FALLO'})") 

 

    gammas_test = GAMMA_50[:5] 

    z_sc, p_val, _ = mellin_permtest(ps_synt, eps_synt, gammas_test, n_perm=200) 

    det = int(np.sum(p_val < 0.05)) 

    checks['detection_gt0'] = det > 0 

    print(f"  Deteccion (p<0.05): {det}/5  ({'OK' if checks['detection_gt0'] else 'FALLO'})") 

 

    n_ok = sum(checks.values()) 

    print(f"\n  Resultado: {n_ok}/{len(checks)} checks pasados") 

    if n_ok == len(checks): 

        ok("Coherencia teorica verificada con datos sinteticos") 

    else: 

        warn("Algunos checks fallaron (puede ser varianza estadistica)") 

 

    save_json(checks, 'mod10_sintetico.json') 
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# ============================================================================ 

# MODULO 11 -- PIPELINE INVESTIGACION: HACIA MAS CEROS 

# ============================================================================ 

def modulo_11(): 

    titulo("MODULO 11: Pipeline de investigacion -- Hacia mas ceros") 

    print(""" 

  ANALISIS DE LA SITUACION (Anderson 2026, PDF consolidado): 

 

  Estado actual:  100/200 ceros detectados con 334.351 primos [1M, 6M] 

  Prediccion:    ~150/200 con ~10^6 primos [1M, 10M]  (~7-8h hw original) 

 

  FACTORES QUE AFECTAN LA DETECCION: 

  ----------------------------------------------------------------------- 

  Factor            Efecto          Accion 

  ----------------------------------------------------------------------- 

  N primos         Decisivo (+++)   Ampliar rango [1M -> 10M o 50M] 

  C(S) amplific.  Moderado (+)     Subsecuencia p=2(mod3) o p=5(mod6) 

  n_perm           Precision        500 es suficiente (paper validated) 

  n_zeros          Alcance          50 ceros para pruebas, 200 para paper 

  ----------------------------------------------------------------------- 

 

  ESTRATEGIAS ORDENADAS POR IMPACTO: 

 

  1) AMPLIAR RANGO (impacto: +40-50 ceros estimados) 

     -> python experimento_16.py --limite 10000000 

     -> Tiempo estimado: ~30-45 min en 2 cores con Numba 

     -> TIP: guarda con Modulo 12 para no recalcular 

 

  2) SUBSECUENCIA p=2(mod3) (impacto: +5-15 ceros con mismo n) 

     -> Modulo 1: mod=3, res=2 

     -> C(S) = 2.32 vs S_inf = 1.74  -> senal 1.33x mas fuerte 

     -> PERO: usa solo n/2 primos -> efecto neto incierto 

 

  3) SUBSECUENCIA p=5(mod6) o p=11(mod12) 

     -> Mismo C(S) que mod3 pero residuos diferentes 

     -> Util para verificar que la deteccion no es artefacto 

 

  4) COMBINAR: rango ampliado + subsecuencia 

     -> Rango [1M, 20M] con p=2(mod3): ~500k primos con C(S)=2.32 

     -> Estimado: ~130-160/200 ceros 

""") 

 

    hacer = input("  Actualizar limite a 10M ahora? [s/N]: ").strip().lower() 

    if hacer == 's': 

        STATE['limit'] = 10_000_000 

        info(f"Limite actualizado a {STATE['limit']:,}. Ejecuta el Modulo 1 para reconstruir.") 

    else: 

        info("Sin cambios. Podes ajustar el limite en el Modulo 1.") 
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# ============================================================================ 

# MODULO 12 -- GUARDAR / CARGAR ESTADO (.npz) 

# ============================================================================ 

def modulo_12_guardar(): 

    ensure_dir(STATE['salida']) 

    path = os.path.join(STATE['salida'], 'estado_criba.npz') 

    np.savez_compressed(path, 

        primes_sub=STATE['primes_sub'], 

        N=STATE['N'], 

        Sf=STATE['Sf'], 

        eps=STATE['eps'], 

        all_p=STATE['all_p'], 

        meta=np.array([STATE['alpha'], STATE['C_hat'], STATE['S_bar'], 

                       STATE['limit'], STATE['p_min'], STATE['mod'], STATE['res']]) 

    ) 

    ok(f"Estado guardado en {path}") 

    info("La proxima sesion carga esto con Modulo 12 -> [c]argar en 3-5 seg.") 

 

 

def modulo_12_cargar(): 

    path = input(f"  Ruta del .npz [default {STATE['salida']}/estado_criba.npz]: ").strip() 

    if not path: 

        path = os.path.join(STATE['salida'], 'estado_criba.npz') 

    if not os.path.exists(path): 

        err(f"Archivo no encontrado: {path}") 

        return 

    print("  Cargando...", end=' ', flush=True) 

    t0   = time.time() 

    data = np.load(path, allow_pickle=True) 

    STATE['primes_sub'] = data['primes_sub'] 

    STATE['N']          = data['N'] 

    STATE['Sf']         = data['Sf'] 

    STATE['eps']        = data['eps'] 

    STATE['all_p']      = data['all_p'] 

    meta = data['meta'] 

    STATE['alpha'] = float(meta[0]) 

    STATE['C_hat'] = float(meta[1]) 

    STATE['S_bar'] = float(meta[2]) 

    STATE['limit'] = int(meta[3]) 

    STATE['p_min'] = int(meta[4]) 

    STATE['mod']   = int(meta[5]) 

    STATE['res']   = int(meta[6]) 

    STATE['sieve'] = build_sieve(STATE['limit']) 

    STATE['label'] = (f"p={STATE['res']}(mod{STATE['mod']})" 

                      if STATE['mod'] > 1 else 'completa') 

    print(f"listo en {time.time()-t0:.1f}s") 

    ok(f"{len(STATE['primes_sub']):,} primos cargados | subsec: {STATE['label']}") 

 

 

def modulo_12(): 
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    titulo("MODULO 12: Guardar / Cargar estado") 

    op = input("  [g]uardar  /  [c]argar ? ").strip().lower() 

    if op.startswith('g'): 

        if STATE['eps'] is None: 

            err("No hay datos para guardar. Ejecuta el Modulo 1 primero.") 

        else: 

            modulo_12_guardar() 

    elif op.startswith('c'): 

        modulo_12_cargar() 

    else: 

        warn("Opcion invalida. Escribi 'g' o 'c'.") 

 

 

# ============================================================================ 

# MENU PRINCIPAL 

# ============================================================================ 

MENU = { 

    '0':  ("Informacion y guia rapida",               modulo_0), 

    '1':  ("Criba + datos base  [REQUERIDO primero]", modulo_1), 

    '2':  ("Analisis estructural (espectro, p-adico, entropia)", modulo_2), 

    '3':  ("Diagnostico correlaciones (Ley 4)",        modulo_3), 

    '4':  ("Visualizacion FFT del espectro eps(p)",    modulo_4), 

    '5':  ("Deteccion de ceros de Riemann  [CENTRAL]", modulo_5), 

    '6':  ("Verificacion GAC exacta C(S)/S_inf",       modulo_6), 

    '7':  ("Busqueda optima de subsecuencias",         modulo_7), 

    '8':  ("Escalamiento lambda1/lambda2 vs n y ruidos", modulo_8), 

    '9':  ("Aplicacion RSA: clasificacion espectral",  modulo_9), 

    '10': ("Validacion con datos sinteticos",           modulo_10), 

    '11': ("INVESTIGACION: pipeline hacia mas ceros",   modulo_11), 

    '12': ("Guardar / Cargar estado (.npz)",            modulo_12), 

} 

 

 

def print_menu(): 

    sep() 

    print("  EXPERIMENTO_16 -- Suite Anderson 2026") 

    print("  Primos Desplazados & Ceros de Riemann") 

    sep() 

    n_p = len(STATE['primes_sub']) if STATE['primes_sub'] is not None else 0 

    if n_p > 0: 

        print(f"  Estado: [OK] {n_p:,} primos cargados  [{STATE['label']}]") 

    else: 

        print(f"  Estado: [!]  Sin datos -- ejecuta Modulo 1 o carga .npz con Modulo 12") 

    print(f"  Salida: {STATE['salida']}/") 

    print(f"  Numba:  {'activo (' + numba.__version__ + ')' if NUMBA_OK else 'no disponible 

(numpy puro)'}") 

    sep('-') 

    for key, (desc, _) in MENU.items(): 

        marker = "  -> " if (key == '1' and n_p == 0) else "     " 

        print(f"{marker}{key:>2s}  {desc}") 

    print("      q   Salir") 
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    sep() 

 

 

def main(): 

    parser = argparse.ArgumentParser(description='Experimento 16 -- Suite Anderson 2026') 

    parser.add_argument('--modulo', type=str, default=None, help='Ir directo a un modulo') 

    parser.add_argument('--limite', type=int, default=6_000_000, help='Limite criba') 

    parser.add_argument('--pmin',   type=int, default=1_000_000, help='Limite inferior') 

    parser.add_argument('--salida', type=str, default='resultados_16', help='Carpeta salida') 

    parser.add_argument('--seed',   type=int, default=42, help='Semilla aleatoria') 

    args = parser.parse_args() 

 

    np.random.seed(args.seed) 

    STATE['limit']  = args.limite 

    STATE['p_min']  = args.pmin 

    STATE['salida'] = args.salida 

    ensure_dir(STATE['salida']) 

 

    print() 

    sep() 

    print("  EXPERIMENTO_16.py  --  Anderson 2026") 

    sep() 

    if NUMBA_OK: 

        ok(f"Numba {numba.__version__} disponible -- JIT activo") 

        info("Primera ejecucion compila 20-40 seg (una vez por sesion)") 

    else: 

        warn("Numba no disponible. Instala con: pip install numba") 

        info("Funciona correctamente pero mas lento (numpy puro)") 

    print() 

 

    if args.modulo is not None: 

        if args.modulo in MENU: 

            MENU[args.modulo][1]() 

        else: 

            err(f"Modulo '{args.modulo}' no existe.") 

        return 

 

    while True: 

        print_menu() 

        try: 

            opcion = input("  Opcion: ").strip().lower() 

        except (EOFError, KeyboardInterrupt): 

            print("\n  Hasta luego.") 

            break 

 

        if opcion == 'q': 

            print("  Hasta luego.") 

            break 

        elif opcion in MENU: 

            try: 

                MENU[opcion][1]() 
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            except Exception as e: 

                err(f"Error en modulo {opcion}: {e}") 

                import traceback 

                traceback.print_exc() 

        else: 

            warn("Opcion invalida. Escribe un numero del menu o 'q'.") 

 

 

if __name__ == "__main__": 

    # Importar numba aqui para tenerlo disponible en print_menu 

    if NUMBA_OK: 

        import numba 

    main() 

 

 

 

 

 

 

14.2. SCRIPT 12.py: 

 

import os 

import sys 

import json 

import time 

import numpy as np 

import matplotlib.pyplot as plt 

from scipy.signal import lombscargle 

from scipy.linalg import eigh 

 

# ============================================================ 

# Constantes 

# ============================================================ 

C2     = 0.6601618158468695 

TWO_C2 = 2 * C2 

S_INF  = 1.7427253553918328 

 

# Primeros 50 ceros (gamma_k) 

GAMMA_50 = np.array([ 

    14.134725141734694, 21.022039638771555, 25.010857580145689, 

    30.424876125859513, 32.935061587739190, 37.586178158825671, 

    40.918719012147495, 43.327073280914999, 48.005150881167160, 

    49.773832477672302, 52.970321477714461, 56.446247697063395, 

    59.347044002602353, 60.831778524609810, 65.112544048081607, 

    67.079810529494174, 69.546401711173979, 72.067157674481908, 

    75.704690699083933, 77.144840068874805, 79.337375020249367, 

    82.910380854086030, 84.735492980517050, 87.425274613125229, 

    88.809111208594571, 92.491899270593941, 94.651344040519180, 

    95.870634228245332, 98.831194218193692, 101.31785100573139, 

    103.72553804047834, 105.44662305232610, 107.16861118427640, 

    111.02953554316968, 111.87465917699263, 114.32022091545668, 
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    116.22668032085755, 118.79078286597639, 121.37012500242064, 

    122.94682929355258, 124.25681855434047, 127.51668387959600, 

    129.57870419995571, 131.08768853093265, 133.49773720299758, 

    134.75650975337600, 138.11604205453344, 139.73620895212138, 

    141.12370740402432, 143.11184580762063, 

]) 

 

# ============================================================ 

# Funciones auxiliares 

# ============================================================ 

def ensure_dir(path): 

    os.makedirs(path, exist_ok=True) 

 

def cargar_o_calcular(): 

    """Intenta cargar un .npz de 16.py; si no, calcula datos minimos.""" 

    posibles = [ 

        "resultados_16/estado_criba.npz", 

        "estado_criba.npz", 

        "datos_epsilon.npz" 

    ] 

    for path in posibles: 

        if os.path.exists(path): 

            print(f"Cargando {path} ...") 

            data = np.load(path, allow_pickle=True) 

            if 'eps' in data: 

                eps = data['eps'] 

                primes = data['primes_sub'] 

                return eps, primes, path 

            elif 'epsilon' in data: 

                eps = data['epsilon'] 

                primes = data['primes'] 

                return eps, primes, path 

    print("No se encontro archivo con eps(p). Calculando datos sinteticos para demo...") 

    # Generar primos sinteticos y eps con señal artificial 

    np.random.seed(42) 

    n = 50000 

    p0 = 1_000_000 

    gaps = np.random.exponential(scale=14, size=n).astype(int) * 2 + 1 

    primes = p0 + np.cumsum(gaps) 

    logp = np.log(primes) 

    eps = np.zeros(n) 

    for k, g in enumerate(GAMMA_50[:5]): 

        amp = 1.0 / (k + 1) 

        eps += amp / np.sqrt(primes) * np.cos(g * logp + np.random.uniform(0, 2*np.pi)) 

    eps += np.random.randn(n) * 0.05 

    return eps, primes, "sintetico" 

 

def autocorr_dlog(eps, logp, nbins=120, max_dlog=2.0): 

    """Autocorrelacion en funcion de Delta log p (binning).""" 

    n = min(5000, len(logp)) 

    logp_sel = logp[:n] 
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    eps_sel  = eps[:n] 

    dlog = np.abs(logp_sel[:, None] - logp_sel[None, :]) 

    eps_prod = (eps_sel[:, None] * eps_sel[None, :]) 

    # tomar triangulo superior (i<j) 

    triu = np.triu_indices_from(dlog, k=1) 

    dlog_flat = dlog[triu] 

    eps_prod_flat = eps_prod[triu] 

 

    bins = np.linspace(0, max_dlog, nbins+1) 

    bin_centers = (bins[:-1] + bins[1:]) / 2 

    autocorr = np.zeros(nbins) 

    for i in range(nbins): 

        mask = (dlog_flat >= bins[i]) & (dlog_flat < bins[i+1]) 

        if mask.any(): 

            autocorr[i] = np.mean(eps_prod_flat[mask]) 

    return bin_centers, autocorr 

 

def lomb_scargle_periodogram(logp, eps, freqs): 

    """Periodograma de Lomb-Scargle normalizado.""" 

    # Lomb-Scargle espera angulos en radianes, frecuencia angular = 2*pi*f 

    # pero nosotros queremos frecuencia gamma directamente, asi que usamos 

    # pgram = lombscargle(t, y, 2*pi*freqs) 

    # La funcion devuelve potencia sin normalizar. Normalizamos. 

    pgram = lombscargle(logp, eps, 2 * np.pi * freqs) 

    pgram /= np.max(pgram)  # normalizacion simple 

    return pgram 

 

def transfer_operator_eigenvector(eps, L=50): 

    """Calcula autovalores y autovector principal de la matriz de correlacion (lag hasta L).""" 

    n = len(eps) 

    R = np.zeros((L, L)) 

    for i in range(L): 

        for j in range(L): 

            lag = abs(i - j) 

            if lag < n: 

                if lag == 0: 

                    R[i, j] = 1.0 

                else: 

                    R[i, j] = np.corrcoef(eps[:n-lag], eps[lag:])[0, 1] 

    eigvals, eigvecs = eigh(R) 

    idx = np.argsort(eigvals)[::-1] 

    eigvals = eigvals[idx] 

    eigvecs = eigvecs[:, idx] 

    return eigvals[0], eigvals[1], eigvecs[:, 0] 

 

# ============================================================ 

# Main 

# ============================================================ 

def main(): 

    print("\n" + "="*70) 

    print(" 18.py - Visualizaciones espectrales no incluidas en 16.py") 
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    print(" Autocorrelacion en Dlog p, Lomb-Scargle, autovector principal") 

    print("="*70 + "\n") 

 

    # Cargar o generar datos 

    eps, primes, origen = cargar_o_calcular() 

    n = len(eps) 

    logp = np.log(primes) 

    print(f"Datos: {n} primos, origen: {origen}\n") 

 

    # Crear directorio de salida 

    out_dir = "resultados_18" 

    ensure_dir(out_dir) 

 

    # 1. Autocorrelacion 

    print("Calculando autocorrelacion en Delta log p...") 

    dlog_vals, autocorr_vals = autocorr_dlog(eps, logp, nbins=150, max_dlog=2.0) 

    T0 = 2 * np.pi / GAMMA_50[0]   # ≈0.444 

 

    # 2. Lomb-Scargle 

    print("Calculando periodograma Lomb-Scargle...") 

    freqs = np.linspace(5, 100, 2000) 

    pgram = lomb_scargle_periodogram(logp, eps, freqs) 

 

    # 3. Operador transferencia: autovector principal 

    print("Calculando autovector principal del operador de transferencia (L=50)...") 

    lam1, lam2, v1 = transfer_operator_eigenvector(eps, L=50) 

    ratio12 = lam1 / lam2 

 

    # ===== Graficos ===== 

    fig, axes = plt.subplots(2, 2, figsize=(14, 10)) 

    fig.suptitle(f"Estructura espectral de ε(p) | n = {n:,} primos", fontsize=14) 

 

    # Panel A: Autocorrelacion 

    ax = axes[0,0] 

    ax.plot(dlog_vals, autocorr_vals, 'o-', ms=3, color='navy', alpha=0.7) 

    for k in range(1, 5): 

        ax.axvline(k * T0, color='red', ls='--', alpha=0.6, label=f'{k}T' if k==1 else '') 

    ax.set_xlabel('Δ log p') 

    ax.set_ylabel('Autocorrelación') 

    ax.set_title(f'Período fundamental T = 2π/γ₁ ≈ {T0:.4f}') 

    ax.legend() 

    ax.grid(True, alpha=0.3) 

 

    # Panel B: Lomb-Scargle 

    ax = axes[0,1] 

    ax.plot(freqs, pgram, lw=0.8, color='darkgreen') 

    for g in GAMMA_50[:15]: 

        ax.axvline(g, color='red', lw=0.5, alpha=0.5) 

    ax.set_xlim(5, 80) 

    ax.set_xlabel('Frecuencia γ') 

    ax.set_ylabel('Potencia normalizada') 
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    ax.set_title('Periodograma de Lomb–Scargle\n(líneas rojas = γₖ de Riemann)') 

    ax.grid(True, alpha=0.3) 

 

    # Panel C: Autovector principal 

    ax = axes[1,0] 

    lags = np.arange(len(v1)) 

    ax.plot(lags, v1, 'o-', ms=3, color='purple', alpha=0.7) 

    ax.axhline(0, color='k', lw=0.5) 

    ax.set_xlabel('Rezago (índice)') 

    ax.set_ylabel('Autovector v₁') 

    ax.set_title(f'Autovector principal (λ₁/λ₂ = {ratio12:.2f})') 

    ax.grid(True, alpha=0.3) 

 

    # Panel D: Espectro de autovalores (opcional, complementario) 

    ax = axes[1,1] 

    # Recalcular espectro completo para graficar los primeros 20 autovalores 

    L_full = 50 

    n_full = len(eps) 

    R_full = np.zeros((L_full, L_full)) 

    for i in range(L_full): 

        for j in range(L_full): 

            lag = abs(i - j) 

            if lag < n_full: 

                if lag == 0: 

                    R_full[i, j] = 1.0 

                else: 

                    R_full[i, j] = np.corrcoef(eps[:n_full-lag], eps[lag:])[0, 1] 

    eigvals_full = np.linalg.eigvalsh(R_full)[::-1] 

    ax.semilogy(range(1, min(21, L_full+1)), eigvals_full[:20], 'o-', color='steelblue') 

    ax.set_xlabel('Índice autovalor') 

    ax.set_ylabel('λ (escala log)') 

    ax.set_title('Espectro del operador de transferencia') 

    ax.grid(True, alpha=0.3) 

 

    plt.tight_layout() 

    out_png = os.path.join(out_dir, "mod18_espectral.png") 

    plt.savefig(out_png, dpi=150, bbox_inches='tight') 

    plt.close() 

    print(f"Figura guardada: {out_png}") 

 

    # Guardar metadatos 

    metadata = { 

        "n_primos": n, 

        "origen": origen, 

        "periodo_fundamental_T": T0, 

        "gamma1": GAMMA_50[0], 

        "lambda1_lambda2": ratio12, 

        "dominancia_primer_autovalor": lam1 / lam2 

    } 

    out_json = os.path.join(out_dir, "mod18_resultados.json") 

    with open(out_json, 'w') as f: 
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        json.dump(metadata, f, indent=2) 

    print(f"Metadatos guardados: {out_json}") 

 

    print("\nListo. Ejecuta 'python 18.py' para repetir.\n") 

 

if __name__ == "__main__": 

    main() 
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