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Abstract 

The determination of the linear optical constants of solids is an important part of solid state optical 
characterization. Reflection spectroscopy and ellipsometry of surfaces or thin solid films represent 
established techniques to access those optical constants, however, they may suffer from an ambiguity 
of the obtained optical constants. We discuss methods for identifying the physically meaningful 
solution from the solution multiplicity, making use of a proper combination of independent 
measurements. Elaborating contours of constant reflectance (iso-reflectance curves) facilitates reliable 
identification of correct optical constants. A numerical criterion is further provided to select suitable 
combinations of measurements. The procedure is demonstrated in application to simulated spectra 
of a Nb2O5 film in the spectral region where the onset of the fundamental absorption edge is observed. 

Keywords: optical constants; refractive index; extinction coefficient; reflectance; transmittance; 
ellipsometry; absorption 
 

1. Introduction 

Determining the optical constants of solid materials by means of optical spectroscopy of solid 
surfaces or thin solid films is a recurring task in the optical spectroscopy of solids. Contrary to what 
the name “optical constants” suggests, they are not only a material-specific property but are also 
significantly influenced by the real structure of the investigated solid material. Particularly in the case 
of thin solid films, the latter depends crucially on the selected coating process and the associated 
distributions of energy and momentum of the film-forming particles (e.g. inert and reactive gas inlets 
[1–5]). 

In optical coating design, the optical constants of the corresponding materials are assumed to be 
known and only the layer sequence and their thicknesses are determined. The process-specific optical 
constants are usually determined on suitable single layers using spectrophotometry or/and 
ellipsometry in terms of a reverse search procedure [6–10]. For dielectric layers in the transparency 
range, this is a routine task for which different methods have been established depending on the 
available measurement technology [11–16]. The characterization of such a single layer on a known 
(often transparent) substrate can already be performed in the frames of the model of a homogeneous 
thin solid film with smooth and parallel interfaces (Figure 1) by means of spectral transmission 
measurement and the use of a simple dispersion model (e.g., Cauchy or Sellmeier) [17]. 
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Figure 1. Model of a homogenous single layer (refractive index 𝑛, extinction coefficient 𝑘, thickness 𝑑, coherent 
light propagation) with smooth and parallel interfaces on a known substrate (refractive index 𝑛௦௨௕, extinction 
coefficient 𝑘௦௨௕, thickness 𝑑௦௨௕, incoherent light propagation) with air as ambient medium at front and backside 
of the coating. Contributions of different light paths (yellow lines) and relevant angles are indicated. Thicknesses 
are not true to scale, because 𝑑 ≪ 𝑑௦௨௕  is assumed. In absorbing materials, the propagation angles must be 
tackled as complex parameters. 

By incorporating spectral reflectance data, a reliable characterization is also possible in spectral 
regions where weak absorption occurs. This simple approach fails when the absorption becomes so 
strong that the transmission signal practically disappears. This is the case for typical high-refractive 
index coating materials (TiO2, Ta2O5, Nb2O5, ZrO2, and HfO2) in the ultraviolet spectral range at 
coating thicknesses that cause significant interference effects in the visible spectral range. Usually, 
this concerns coatings with an optical thickness of a few hundred nanometers. A particular problem 
is in the ambiguity of the obtained optical constants [18] and it occurs already in the absence of 
absorption, when spectrophotometry is used for single layer characterization on a substrate with a 
higher refractive index [19]. Therefore, additional information is required to determine the optical 
constants (refractive index 𝑛, extinction coefficient 𝑘) unambiguously. 

This article focuses on the choice of optical measurements best suited for reducing ambiguity of 
the reverse search task when strong absorption occurs. This may be of relevance in the case of 
material characterization for solar absorber or solar cell applications. Also, the determination of 
optical constants at the fundamental absorption edge of dielectrics or semiconductors will be 
addressed this way. This will be illustrated using Nb2O5 and its optical constants published by Franta 
[20] as a model system. To eliminate non-physical solutions, the use of a Kramer-Kronig-consistent 
dispersion model is often favored [20,21]. Note that such models automatically provide access to 
anomalous dispersion, as evident for Nb2O5, anomalous dispersion can already be observed in the 
wavelength range up to 250 nm (wavenumber 40000 cm-1, Figure 2). The wavenumber 𝜈 is related 
to the vacuum wavelength 𝜆 through 𝜈 = 𝜆ିଵ. 

Since the fundamental problem of solution ambiguity already occurs in the model of 
homogeneous layers with smooth interfaces, it is sufficient to make these simplifying assumptions 
for its discussion. 
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Note that the requirement of Kramers-Kronig consistency for eliminating non-physical 
dispersion solutions will lose efficiency when the investigated spectral range is too narrow. In this 
case, the elimination of non-physical solutions by a suitable combination of independent 
measurements may be the method of choice [22–29]. A comparative analysis of the accuracy of 
reflectance methods for determining the optical constants of highly absorbing films is provided in 
[30]. In the forthcoming, we will focus on this situation. Attention will be paid to the choice of angles 
of incidence. Emphasis will be placed on near-normal incidence as well as incidence angles in the 
region of the pseudo-Brewsters angle 𝜑஻ (which minimizes the surface reflectance at p-polarization 
[31,32]), as well as the second Brewsters angle 𝜑஻ଶ (which minimizes the ratio of surface reflectance’s 
at p- and s-Polarization [33]). In the case of dielectric coatings at the absorption edge, the difference 
of both angles is commonly small [34]. Clearly, the knowledge of the pseudo-Brewster angle and 
corresponding reflectance for p polarization can be used for a direct determination of the optical 
constants [35–38]. 

 
Figure 2. Optical constants 𝑛 (blue line) and 𝑘 (red line) of Nb2O5 [20], white background indicates spectral 
range addressed in this article. 

The typical geometrical layer thickness of a highly refractive single layer for characterization in 
the UV/VIS/NIR spectral range is around 200 nm. The theoretical transmittance of such an Nb2O5 
layer on a 1 mm thick quartz glass substrate is shown in Figure 3 (a). Several transmittance extrema 
can be observed in the transparency range, providing access to the optical thickness of the film [19,39]. 
At the same time, the refractive index can be determined making use of envelope methods [40]. In 
the wavenumber range above 35000 cm-1, the transmission signal disappears almost completely. In 
fact, however, it is only very small and can still be reliably detected with a standard 
spectrophotometer. This is clearly visible in the logarithmic representation (Figure 3b). This form of 
representation is common, as, for example, the optical density is often specified for neutral density 
filters [41] instead of the transmittance. The following applies to the relationship between the two 
variables. 𝑂𝐷 = − lg𝑇 (1)

The detectable optical density OD here is 6, which is significantly below the optical density of 8 
specified by PerkinElmer for the Lambda 1050+ spectrophotometer [42]. Since this measurement is 
relatively easy to perform, it provides valuable information for characterization and will be further 
discussed later. If the available spectrophotometer is unable to detect the required optical density, 
the inclusion of an additional sample with a smaller layer thickness may be helpful. For a layer 
thickness of 50 nm, a significant transmission signal with approx. 0.027 is still available on a quartz 
glass substrate at 40000 cm-1. However, it should be noted that deviating layer properties may occur 
in the growth zone (e.g., in the case of Ta2O5 [43]). In this case, the model of homogeneous, isotropic 
layers considered here cannot find application. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 1 April 2026 doi:10.20944/preprints202604.0015.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202604.0015.v1
http://creativecommons.org/licenses/by/4.0/


 4 of 22 

 

(a) 

  

(b) 

 

Figure 3. Linear (a) and logarithmic (b) scaled theoretical transmittance at normal incidence of the uncoated 
fused silica substrate (thickness 1mm, dotted line, optical constants from [20]) and with a 200 nm thick Nb2O5 
single layer (solid line). 

While the use of transmission measurements requires application of a transparent substrate, the 
choice of the substrate is almost irrelevant for the result of the reflection measurement of absorbing 
coatings. Accordingly, the reflection spectra for wave numbers above approx. 35000 cm-1 of the 
mentioned Nb2O5 film are practically identical for substrates made of quartz (optical constants from 
[44]) or silicon (optical constants from [45]), while they differ significantly for smaller wave numbers 
(Figure 4). 

. 

Figure 4. Normal incidence theoretical reflectance of a 200 nm thick Nb2O5 single layer (optical constants from 
[20]) on a fused silica (blue) and silicon (red) substrate (thickness 1mm, optical constants from [44,45]). 

The use of a transparent substrate for characterization in the absorption edge region nevertheless 
provides access to potentially useful additional information, since the reflections measured from the 
front and back sides differ in lossy layer systems [46]. For the 200 nm thick Nb2O5 layer on a quartz 
glass substrate, the front- and backside reflectance’s differ up to 0.1 (Figure 5). 
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Figure 5. Normal incidence front and backside reflectance of a 200 nm thick Nb2O5 single layer on a fused silica 
substrate (thickness 1mm). Dotted line indicates normal incidence reflectance of the uncoated substrate. 

For characterization using ellipsometry, measurements are usually taken in reflection at large 
angles of incidence. The ellipsometry quantities Ψ and Δ are derived from the ratio of the complex 
reflection coefficients 𝑟̂௦ and 𝑟̂௣ for s- and p-polarization, respectively. 𝑟̂௣𝑟̂௦ = tanΨ ei୼ (2)

In a thin-film system, depolarization by the substrate back side poses an additional challenge 
[47]. Figure 6 shows the theoretical ellipsometry parameters for a 200 nm thick Nb2O5 single layer on 
both quartz and silicon substrates, with and without consideration of the substrate back side. 

As already mentioned, spectra like shown in Figures 3 or 5 are accessible to optical constants 
determination by envelope methods [40]. The focus of our study is rather on the elaboration of spectra 
that lack interference pattern, like the reflection spectra in Figure 4. In this context, the term “narrow 
spectral range” denotes a spectral range, that  

• does not include a relevant interference pattern of the thin film spectrum and 
• is much too narrow to exhaust typical sum rules [48–50]. 

In the extreme case, that narrow spectral range degenerates to a single wavelength (or 
wavenumber) value, defining what is called a single-wavelength method [7,51,52]. Frequently, the 
examples discussed in this study will concern this extreme case. 

(a) 

 

(b) 
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(c) (d) 

 

Figure 6. Ellipsometry measures Ψ  and Δ  at 65° angle of incidence of the uncoated substrate (dotted line, 
thickness 1mm, silicon in (a) and (c), fused silica in (b) and (d)) and with a 200 nm thick Nb2O5 single layer with 
(red) and without (blue) consideration of substrate backside. 

2. Theoretical Aspects 

Front reflectance R, backside reflectance BR, and transmittance T of the film system shown in 
Figure 1 can be calculated in terms of the following couple of equations: 

𝑅 = |𝑟̂ଵଶଷ|ଶ + |𝑡̂ଵଶଷ|ଶ|𝑟̂ଷଵ|ଶ|𝑡̂ଷଶଵ|ଶ𝑒ିସ ூ௠ఋ෡య1 − |𝑟̂ଷଶଵ|ଶ|𝑟̂ଷଵ|ଶ𝑒ିସ ூ௠ఋ෡య  

𝐵𝑅 = |𝑟̂ଵଷ|ଶ + |𝑡̂ଵଷ|ଶ|𝑟̂ଷଶଵ|ଶ|𝑡̂ଷଵ|ଶ𝑒ିସ ூ௠ఋ෡య1 − |𝑟̂ଷଶଵ|ଶ|𝑟̂ଷଵ|ଶ𝑒ିସ ூ௠ఋ෡య  

𝑇 = |𝑡̂ଵଶଷ|ଶ|𝑡̂ଷଵ|ଶ𝑒ିଶ ூ௠ఋ෡య1 − |𝑟̂ଷଶଵ|ଶ|𝑟̂ଷଵ|ଶ𝑒ିସ ூ௠ఋ෡య 

 

(3)

with 

𝑟̂௜௝௞ = 𝑟̂௜௝ + 𝑟̂௝௞𝑒ଶ௜ఋ෡ೕ1 + 𝑟̂௜௝𝑟̂௝௞𝑒ଶ௜ఋ෡ೕ 𝑡̂௜௝௞ = 𝑡̂௜௝𝑡̂௝௞𝑒௜ఋ෡ೕ1 + 𝑟̂௜௝𝑟̂௝௞𝑒ଶ௜ఋ෡ೕ 
(4)

and 𝛿መ௜ = 2𝜋𝜈𝑑௜ට𝑛ො௜ଶ − 𝑛ଵଶ 𝑠𝑖𝑛ଶ 𝜑ଵ (5)

The polarization dependence (s- or p-polarization) is hidden in the Fresnel’s formulas (here 
written in the Mueller convention [53]): 𝑟̂௜௝௦ = 𝑛ො௜ 𝑐𝑜𝑠 𝜑௜ − 𝑛ො௝ 𝑐𝑜𝑠 𝜑௝𝑛ො௜ 𝑐𝑜𝑠 𝜑௜ + 𝑛ො௝ 𝑐𝑜𝑠 𝜑௝ 𝑟̂௜௝௣ = 𝑛ො௝ 𝑐𝑜𝑠 𝜑௜ − 𝑛ො௜ 𝑐𝑜𝑠 𝜑௝𝑛ො௝ 𝑐𝑜𝑠 𝜑௜ + 𝑛ො௜ 𝑐𝑜𝑠 𝜑௝ 𝑡̂௜௝௦ = 2𝑛ො௜ 𝑐𝑜𝑠 𝜑௜𝑛ො௜ 𝑐𝑜𝑠 𝜑௜ + 𝑛ො௝ 𝑐𝑜𝑠 𝜑௝ 

(6)
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𝑡̂௜௝௣ = 2𝑛ො௜ 𝑐𝑜𝑠 𝜑௜𝑛ො௝ 𝑐𝑜𝑠 𝜑௜ + 𝑛ො௜ 𝑐𝑜𝑠 𝜑௝ 
The theoretical spectra shown in Figures 3–5 have been calculated in terms of these equations. 
If the film (material 2) absorption is sufficiently strong (𝜋𝜈𝑘ଶ𝑑ଶ ≫ 1), simpler equations may find 

application. Then, the front side reflectance may be approximated by a single interface between a 
transparent medium with refractive index 𝑛ଵ and an absorbing medium with refractive index 𝑛 and 
extinction coefficient 𝑘, where the complex refractive index 𝑛ො is given by the relationship 𝑛ොଶ = 𝑛ො =𝑛 + i𝑘. 

The normal incidence front reflectance is then: 𝑅 = ሺ𝑛ଵ − 𝑛ሻଶ + 𝑘ଶሺ𝑛ଵ + 𝑛ሻଶ + 𝑘ଶ = 1 − 4𝑛ଵ𝑛ሺ𝑛ଵ + 𝑛ሻଶ + 𝑘ଶ (7)

By simple transformation, the equation can be converted into the common form describing a 
circle in the 𝑛-𝑘-plane [31,54]: 

൬𝑛 − 𝑛ଵ 1 + 𝑅1 − 𝑅൰ଶ +𝐾ଶ = ቆ2𝑛ଵ √𝑅1 − 𝑅ቇଶ (8)

Equation (8) has the meaning that the combinations of 𝑛- and 𝑘-values that correspond to a 
certain normal incidence reflectance of a strongly absorbing film are represented by circles in the 𝑛-𝑘-plane. In the forthcoming, such type of curves (i.e. contours of constant reflectance [22,63]) will be 
called iso-reflectance curves. 

For reflection from the front side, 𝑛ଵ = 1 must be set, whereas for measurement from the back 
side, the substrate refractive index 𝑛௦௨௕  is relevant and 𝑛ଵ = 𝑛௦௨௕  applies (here a non-absorbing 
substrate is assumed). However, the interface of the substrate to air needs to be considered as well. 
This can easily be done and results in the following equation: 𝐵𝑅 = 1 − 4𝑛𝑛௦௨௕𝑛 + 𝑘ଶ + 𝑛ଶ + 𝑛௦௨௕ଶ ሺ𝑛 + 1ሻ (9)

Again, this results in the equation of a circle in the 𝑛-𝑘-plane: 

ቈ𝑛 − ቆ 2𝑛௦௨௕1 − 𝐵𝑅 − 1 + 𝑛௦௨௕ଶ2 ቇ቉ଶ +𝑘ଶ = ൤12 ൬1 + 𝑛௦௨௕ଶ − 4𝑛௦௨௕1 − 𝐵𝑅൰൨ଶ − 𝑛௦௨௕ଶ  (10)

Since both the normal incidence iso-reflectance curves for front and back side reflectance’s of 
strongly absorbing films can be represented as circles in the 𝑛-𝑘-plane, in this study, this form of 
representation is used. Other representations that use the real and imaginary parts of the dielectric 
function instead can be found in the literature, for example for contour lines of the pseudo-Brewster 
angle [31]. Similar contour-plots can be also found for other quantities [55–57]. 

Figure 7 exemplifies iso-reflectance curves for the 𝑅 and 𝐵𝑅 using the thin-film model from 
Figure 1 (Equations (3)-(6) assuming normal incidence) as red lines. The calculations are performed 
for a 200 nm thick Nb2O5 layer (optical constants from [20], indicated by a black cross) on a 1 mm 
thick quartz glass substrate (optical constants from [44]) with air as the ambient medium for a wave 
number of 40000 cm-1 (wavelength 250 nm). The shape of the iso-reflectance curves according to (3)-
(6) is much more complex than those according to (8) and (10) (large blue circle with indicated center 
by a small circle) described above. In the range of low extinction coefficients, there are several 
contours that differ in their refractive index. This multiplicity of possible 𝑛-𝑘-pairs is a consequence 
of interference in the single layer coating and therefore only occurs when the extinction coefficient is 
sufficiently small [58]. In spectroscopy practice, they define a set of multiple solutions of the reverse 
task, when 𝑛 and 𝑘 are to be calculated from a measured reflectance. These potential but non-valid 
solutions can be ruled out by means of an additional transmission measurement. At larger extinction 
coefficients, the red iso-reflectance curve practically coincides with the circle predicted by (8) or (10) 
(blue curve). 
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(a) (b)

 

Figure 7. Normal incidence iso-reflectance plot (red line) for R (a) and BR (b); corresponding theoretical values 
are from a 200 nm Nb2O5 layer single layer coating on a 1 mm thick fused silica substrate at 40000cm-1; blue lines: 
circles according to eqs. (8) and (10) with indicated center positions. 

At oblique incidence, the expressions for the polarization-dependent photometric and 
ellipsometry quantities become more complex, and analytical expressions for the corresponding “iso-
observable” plots become unwieldy, if they can be derived at all. 

Regardless of the availability of analytical expressions, such iso-reflectance or “iso-observable”-
plots are useful for identifying useful combinations for unambiguous determination of 𝑛  and 𝑘 
from corresponding spectral data. Clearly, from the single normal incidence reflectance at 40000 cm-

1, according to Figure 7, 𝑛 and 𝑘 cannot be determined unambiguously. The inclusion of a second 
measurement would add a further “iso-observable” curve that should result in an intersection with 
the curves from Figure 7 at the correct pair of 𝑛 and 𝑘 [22]. This is exemplified in Figure 8. Here, in 
addition to the iso-reflectance curves according to (8) (Figures 8a and 8b) and (10) (Figures 8c and 
8d), iso-reflectance curves according to (3)-(6) for an incidence angle of 60° are shown. 

Note that in Figure 8, regardless of the chosen combination of measurements, there is a certain 
number of intersection points of the blue and red curves, still defining a set of multiple solutions of 
the corresponding reverse search task. In Figure 8, the correct solution is again highlighted by a cross. 
In real characterization practice, however, mathematically correct but physically senseless solutions 
need to be eliminated to select the physically meaningful solution. As it is seen from Figure 8, it is a 
proper choice of measurements that is crucial for the identification of the correct solution. In fact, a 
reliable identification of the correct 𝑛- and 𝑘-pair can only be expected in the situation highlighted 
in Figure 8b), corresponding to a combination of normal incidence front reflection with front 
reflection at 60° at p-polarization. In this situation, although a few discrete intersection points 
between the blue and red curves exist, the “solutions” corresponding to a small extinction can easily 
be excluded by an additional transmission measurement. This way the solution marked with the 
cross may be certainly identified. In other situations, in addition to the intersection points at low 
extinction, the iso-reflectance curves at normal and oblique incidence are practically coinciding at 
larger 𝑘, providing no chance for the identification of the correct solution. 
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(a) (b) 

 

(c) 

 

(d)

 

Figure 8. Contour plot for R (a and b) and BR (c and d) for 60° angle of incidence (red line) and normal incidence 
(blue line); corresponding theoretical values are from a 200 nm Nb2O5 single layer coating (optical constants are 
indicated by a black cross) on a 1 mm thick fused silica substrate at 40000 cm-1. 

3. Simulation Results 

3.1. Ellipsometry and Photometric Quantities 

This section presents “iso-observable” plots of the ellipsometry parameters (Figure 9) and the 
reflectance for s- and p-polarized light (Figure 10) for nearly perpendicular light incidence (10° angle 
of incidence) and large angles of incidence (55°, 65°, and 75°) for a 200 nm thick single layer of Nb2O5 
on a quartz glass substrate (1 mm thickness). The selected range of large angles of incidence is 
common for ellipsometry and can be also covered by photometry [59–62]. The behavior at the onset 
of the absorption edge (35000 cm⁻¹) is shown in blue. To illustrate the behavior at higher 
wavenumbers, a wavenumber of 40000 cm⁻¹ was selected as a further example, and the 
corresponding dependencies are shown in red. The underlying optical constants of Nb2O5 are 
represented by crosses colored accordingly. 

The solid lines correspond to the “iso-observable” plots for the exact theoretical value of the 
respective observable, calculated in terms of (3)-(7). The dotted lines provide information about the 
error sensitivity. They indicate deviations in optical constants, when tolerances in the measured 
quantities are assumed. In the graphs, an uncertainty of 0.5° was assumed for Ψ and an uncertainty 
of 2° for Δ. Thus, the relative uncertainties relative to the possible range of values are the same for 
both quantities. Clearly, these uncertainties are larger than reported values [63], but more illustrative 
for the graphical representation. A measurement uncertainty of 0.005 was assumed for the reflectance 
of both polarizations. Furthermore, iso-transmittance curves corresponding to T= 0.001 are indicated 
as dashed lines. The respective plots for the discussed simplified model of an infinitely thick Nb2O5 
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layer—i.e., a single interface in measurements from the front side—are represented by thick, semi-
transparent lines in the respective color. 

(a) (b) 

(c) (d) 

(e) (f) 

(g) (h) 

Figure 9. “Iso-observable” (solid lines) of a single layer coating (200 nm Nb2O5 on 1 mm fused silica substrate) 
and a Nb2O5-air-interface (thick, semi-transparent lines) for ellipsometry value Ψ (left) and Δ (right) at different 
angles of incidence (from top to bottom: 10°, 55° 65° and 75°) for different wavenumbers (blue: 35000 cm-1, red: 
40000 cm-1). Dotted lines: error sensitivity of the single layer coating for ΔΨ = 0.5° and ΔΔ = 2°. Dashed lines: 
iso-transmittance for 𝑇 = 0.001. Cross: theoretical optical constants of Nb2O5. 
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(a) 

 

(b) 

 
(c) (d) 

 
(e) 

 

(f) 

(g)

 

(h) 

 

Figure 10. Iso-reflectance (solid lines) of a single layer coating (200 nm Nb2O5 on 1 mm fused silica substrate) 
and a Nb2O5-air-interface (thick, semi-transparent lines) for s- (left) and p-polarization (right) at different angles 
of incidence (from top to bottom: 10°, 55° 65° and 75°) for different wavenumbers (blue: 35000 cm-1,red: 40000 
cm-1). Dotted lines: error sensitivity of the single layer coating for Δ𝑅௦ = Δ𝑅௣ = 0.005 . Dashed lines: iso-
transmittance for 𝑇 = 0.001. Cross: theoretical optical constants of Nb2O5. 

Qualitatively, the graphs shown look different from those published in [22]. When comparing 
with [22], it should be taken into account that [22] addresses the characterization of thin metals films, 
with thicknesses considerably smaller than the wavelength. Our study is on the analysis of 
semiconductor films near the absorption edge, with optical thicknesses of the order of the 
wavelength, which is the basic difference to the systems discussed in [22]. 

3.2. Merged Discrepancy Functions 
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Figure 11 shows the discrepancy function for the ellipsometry parameters and for the reflectance 
(s,p) at the specified angles of incidence. For the discrepancy function, the widely used average root 
mean square deviation is used [7]. Thereby, a multiplicity of 𝑁 observables 𝑂௜ can be considered, 
while the deviation from the corresponding target value 𝑂௜target  is weighted according to the 
tolerance 𝛥𝑂௜: 

𝐷𝐹 = ቎1𝑁෍൭𝑂௜target − 𝑂௜𝛥𝑂௜ ൱ே
௜ୀଵ

ଶ቏ଵ ଶൗ → 𝑚𝑖𝑛 (11)

In this description, mathematical solutions of the reverse search (finding 𝑛  and 𝑘  from 
measured data) are represented by local minima in the DF. When light is incident nearly 
perpendicularly, the impact of polarization is small, and ellipsometry parameters naturally do not 
make a significant contribution to finding the correct solution, although the “iso-observable” plots of Ψ  and Δ  intersect nearly orthogonally (Figure 9). The reason is that the corresponding local 
minimum (Figure 11a) is very shallow, thus reducing the efficiency of local minimum search 
algorithms. In combination with other measurements performed at different angles of incidence, they 
may be helpful for eliminating unphysical multiple solutions observed in the small extinction region. 
This has a rather transparent physical background. Multiple minima of the discrepancy functions 
may be caused by interference effects, the latter being strongly dependent on the incidence angle. 
However, a transmission measurement is clearly superior for ruling out incorrect solutions, since all 
local minima with k<0.5 can be excluded with a transmission threshold of 0.001 (black dashed line). 

(a) 

 

(b) 

 
(c) 

 

(d) 
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(e) 

 

(f) 

 
(g) 

 

(h) 

 

Figure 11. Combined DF for ellipsometry values (left:  𝑂ଵ = Ψ, 𝑂ଶ = Δ,  ∆𝑂ଵ = 0.5°, Δ𝑂ଶ = 2°) and polarization 
dependent reflectance (right:  𝑂ଵ = 𝑅௦,  𝑂ଶ = 𝑅௣,  ∆𝑂ଵ = 0.005,  Δ𝑂ଶ = 0.005) for different angles of incidence 
(from top to bottom: 10°, 55° 65° and 75°). 

The local minimum remaining in the ellipsometry parameters coincides with the global 
minimum in the discussed range of optical constants and, at large angles of incidence, is well-defined 
by an elliptical region (Figures 11c, 11e and 11g). This is advantageous for local optimization 
methods. The situation is different for the reflectance. Here, the contours are more crescent-shaped, 
and many nearly equivalent minima of the discrepancy function correspond to significantly different 
optical constants. Only at large angles of incidence, the valley in the DF comes close to an elliptic 
shape (Figure 11h). 

When multiple angles of incidence are combined (Figure 12a), combining the angles of incidence 
55°, 65° and 75° results in only a slight improvement in the ellipsometry parameters (on left), but 
eliminates local minima in the region of low extinction coefficients (Figure 12a). 

Similarly, a single reflectance measurement at a small incidence angle, combined with a 
reflectance measurement at an angle of incidence of 75° and p-polarization, can effectively narrow 
the range of possible solutions. Here, we have numerous local minima in the region of low extinction 
coefficients (Figure 12d), which can be most efficiently eliminated by performing a transmission 
measurement with normal light incidence. 
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(a) (b)

 

(c) 

 

(d)

 

Figure 12. Combined DF for ellipsometry values Ψ and Δ at 55°, 65° and 75° (left) and for 𝑅௣ at 10° and 75° 
(right). Bottom: Magnified plot of a region of low extinction coefficients, which potentially contains multiple 
local minima. 

4. Discussion 

The “iso-observable” curves presented in section 3.1 provide some guidance for a proper 
selection for combinations of ellipsometry and photometric quantities for a reliable characterization 
of single layer coatings at the absorption edge. The application of a combined DF (section 3.2) already 
demonstrates that the combination of ellipsometry quantities at angle of incidence above 55° results 
in a well-defined, elliptically shaped local minimum at the correct solution. In the case of polarization 
dependent reflectance this could be only observed for 75° angle of incidence, in agreement to what 
has been found in [22,30] for thin metal films. Otherwise, a large, crescent-shaped area is observed, 
which cannot sufficiently narrow the range of mathematical solutions. 

Clearly, the combination of many different measurements can solve this problem [20,64–68] and 
is essential when more complicated coating models (including multilayer coatings [69–71], 
inhomogeneities [72–75], anisotropy [76,77], interface roughness [78], photochromic [79] and 
photoluminescence coatings [80]) are considered. However, in characterization practice, the number 
of available measurements may be limited by both available measurement time and equipment. 
When restricting on a combination of two measurements, an identification of the intersection point 
of the corresponding iso-observable curves will be strongly facilitated when the curves intersect 
perpendicularly. For two observables 𝑂ଵ and 𝑂ଶ, this requirement may be quantified in terms of the 
condition: 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 1 April 2026 doi:10.20944/preprints202604.0015.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202604.0015.v1
http://creativecommons.org/licenses/by/4.0/


 15 of 22 

 

𝐶ைభ,ைమ = ൦1 + ቀ𝜕𝑂ଵ𝜕𝑛 ቁቀ𝜕𝑂ଵ𝜕𝑘 ቁቮ௡೚,௞೚
∙ ቀ𝜕𝑂ଶ𝜕𝑛 ቁቀ𝜕𝑂ଶ𝜕𝑘 ቁቮ௡೚,௞೚

൪ଶ → 0 (12)

where 𝑛௢,𝑘௢ represents the correct 𝑛-𝑘 pair (usually indicated by a cross in the graphs). 
The following tables summarize calculated values 𝐶ைభ,ைమ for different choices of the observables 

in application to the selected Nb2O5 model system. Note that a proper selection of observables 
(reasonable accuracy in 𝑛- and 𝑘-determination) shall result in a rather small value of 𝐶ைభ,ைమ. On the 
contrary, when 𝐶ைభ,ைమ becomes large, 𝑛 is still determined with good accuracy, while the error in 𝑘 
is expected to be very large. The opposite case, namely an accurate determination of 𝑘 with a large 
error in 𝑛 corresponds to a 𝐶ைభ,ைమ value close to 1. 

In Table 1 𝐶ைభ,ைమ is shown for combinations of ellipsometry quantities Ψ = 𝑂ଵ and Δ = 𝑂ଶ. In 
general, combinations of Ψ and Δ at the same angle of incidence result in a vanishing 𝐶ைభ,ைమ and 
thus represent a very good choice of measurements (green cells). This is nothing new, but it confirms 
the validity of criterion (12). Additionally, the combination of Ψ and Δ for 10° and 75° also provides 
a small value of 𝐶ைభ,ைమ. 

Additionally, some combinations appear to be a bad choice for simultaneous 𝑛 - and 𝑘 -
determination (red cells). This is also true when Δ is recorded at an angle of incidence close to second 
Brewster angle [33] (here 72.0°). At this angle, 𝑅௣ 𝑅௦⁄  has a minimum, which has direct consequences 
on the behavior of the ellipsometry parameters (compare (2)). However, the combination of an 
ellipsometry parameter recorded at ϕB2 with a parameter recorded at a different angle did not yield 
any systematic improvement in the parameter 𝐶ைభ,ைమ  . Only the combination of both quantities 
recorded at the second Brewsters angle is useful, because of the obvious orthogonality of the iso-
observable plots near the crosses in Figure 13. 

Table 1. Numerical values of 𝐶𝑂1,𝑂2  according to (12) for pairs of ellipsometry quantities as observables. 

   Δ Ψ Δ Ψ Δ Ψ Δ Ψ Δ 
  10° 55° 55° 65° 65° 75° 75° 𝜑஻ଶ 𝜑஻ଶ Ψ 10° 0.000 1.97 0.409 1.23 25.0 0.000 2.74 0.290 5.96 Δ 10°  0.153 12.0 0.696 100.5 6.39 0.000 2.87 1.36 Ψ 55°   0.000 1.14 7.07 0.145 1.96 0.516 3.53 Δ 55°    0.529 250.0 12.3 0.379 4.57 6.53 Ψ 65°     0.000 0.691 1.23 0.853 1.54 Δ 65°      103.6 24.2 26.7 144.4 Ψ 75°       0.000 2.91 1.45 Δ 75°        0.297 5.86 Ψ 𝜑஻ଶ         0.000 

 

(a) 

 

(b) 
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Figure 13. Ellipsometry values Ψ and Δ at second Brewster angle. 

In the case of combining 𝑅௦ = 𝑂ଵ and 𝑅௣ = 𝑂ଶ, we get quite different results for the impact of 
the angle of incidence (Table 2). Now, the variations in 𝐶ைభ,ைమ   are rather small. Very large values 
(𝐶ைభ,ைమ > 10) are not observed, and 𝐶ைభ,ைమ values for the best choices are still larger than zero. For a 
good accuracy, the inclusion of 𝑅௣ at 75° angle of incidence is obviously essential (green fields in 
Table 2), again in agreement with the situation reported for thin metal films [22,30]. When looking at 
Figure 10 this becomes instantly clear, because only 𝑅௣ at 75° angle of incidence shows a significantly 
different shape in the iso-reflectance plot compared to the corresponding shapes at other angles of 
incidence. This is clearly related to the key role of the pseudo-Brewster angle [31,32] (here 71.4°). 
Among the angles investigated in Table 2, it is only the angle of incidence of 75° that exceeds the 
pseudo-Brewster angle. 

Table 2. Numerical values of 𝐶𝑂1,𝑂2  according to (12) for pairs of 𝑅௦ and 𝑅௣. 
 

 𝑅௣ 𝑅௦ 𝑅௣ 𝑅௦ 𝑅௣ 𝑅௦ 𝑅௣ 𝑅௦ 𝑅௣ 
 𝜑 10° 55° 65° 75° 𝜑஻ 𝑅௦ 10° 2.14 2.06 1.87 2.04 1.29 2.02 0.085 2.03 0.553 𝑅௣ 10°  2.06 1.87 2.04 1.30 2.03 0.083 2.03 0.551 𝑅௦ 55°   1.81 1.97 1.28 1.95 0.112 1.96 0.576 𝑅௣ 55°    1.79 1.23 1.78 0.192 1.79 0.635 𝑅௦ 65°     1.27 1.93 0.119 1.94 0.582 𝑅௣ 65°      1.27 0.623 1.27 0.853 𝑅௦ 75°       0.124 1.93 0.586 𝑅௣ 75° 0.123 1.94 𝑅௦ 𝜑஻         0.585 

Note that, according to Table 2, the combinations of observables favored in Figure 11 (𝑅௦ and 𝑅௣ at 75°) as well as in Figure 12 (𝑅௣ at 10° and 75°) clearly belong to the combinations favored in 
terms of (12). 

When combining ellipsometry values and polarization dependent reflectance, the best 
combination is provided by 𝑅௣  and Δ  if both are recorded at 55° angle of incidence. From the 
practical point of view, these kinds of combinations are not a good choice because commonly Ψ and Δ are measured together and should be therefore both used for characterization. For this reason, a 
generalized approach for at least 3 quantities should be applied instead. Note in this context, that the 
discussion of iso-observable plots may easily be extended to more than 2 observables. 

Table 3. Numerical values of 𝐶𝑂1,𝑂2  according to (12) for mixed pairs of observables. 

  𝑅௦ 𝑅௣ 𝑅௦ 𝑅௣ 𝑅௦ 𝑅௣ 𝑅௦ 𝑅௣ 𝑅௦ 𝑅௣ 
 𝜑 10° 55° 65° 75° 𝜑஻ Ψ 10° 

2.42 2.42 2.31 2.07 2.29 1.36 2.27 0.023 2.28 0.480 Δ 0.028 0.027 0.047 0.115 0.053 0.57 0.057 5.18 0.055 2.14 Ψ 55° 
1.79 1.79 1.74 1.61 1.72 1.21 1.71 0.233 1.72 0.660 Δ 0.135 0.140 0.081 0.007 0.070 0.35 0.063 9.58 0.065 3.09 Ψ 65° 
1.19 1.19 1.18 1.15 1.18 1.06 1.18 0.738 1.18 0.900 Δ 16.0 16.2 13.7 8.839 13.2 0.240 12.8 75.2 12.9 14.3 Ψ 75° 
0.023 0.022 0.042 0.107 0.047 0.559 0.051 5.28 0.050 2.16 Δ 2.39 2.40 2.29 2.05 2.27 1.35 2.25 0.027 2.25 0.486 Ψ 𝜑஻ଶ 
0.378 0.376 0.407 0.482 0.415 0.784 0.420 2.53 0.418 1.47 Δ 4.85 4.87 4.53 3.82 4.46 1.84 4.40 0.708 4.42 0.111 
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Hence, criterion (12) appears to be useful for identifying possible combinations of measurements 
for reliable determination of 𝑛 and 𝑘 from absorbing thin solid films. The essence of the idea behind 
(12) is to guarantee a rather symmetrical shape of the minimum of the discrepancy function (11). Note 
that (12) does not provide information on the steepness of the minimum. This is evident from Table 
1, where the combination of ellipsometry parameters at 10° clearly minimizes (12), although it is clear 
from Figure 11 left on top, that the minimum is although symmetric, but too shallow for reliable 𝑛-𝑘 
-determination. Therefore, (12) has to be regarded as a necessary condition for a proper choice of 
measurements, but it is not sufficient. After having got a first characterization result from an 
arbitrarily chosen measurement, (12) may be useful in practice for excluding measurements that are 
improper for enhancing the accuracy in a refined 𝑛-𝑘-determination procedure. 

5. Conclusions 

In this study, we addressed the choice of measurements applicable for unambiguous 
determination of the optical constants 𝑛 and 𝑘 of a strongly absorbing thin solid film in a rather 
limited spectral range. We explicitly addressed the case when the optical film thickness is comparable 
to or even larger than the wavelength of the incident light. Because of the very small transmittance, 
emphasis was placed on combing ellipsometry as well as reflectance measurements at different 
angles of incidence. In order to reduce measurement time and effort, the focus was on the 
combination of two measurements, although a generalization of the applied strategy to more than 2 
measurements is possible. 

Similarly to what has been reported earlier for ultrathin metal films [22], the method of iso-
observable plots in the 𝑛-𝑘-plane provides an illustrative insight into the arrangement of multiple 
solutions of the 𝑛-𝑘-determination in a practical characterization task. For the particular case of two 
measurements, we provided a necessary (not sufficient) criterion for the choice of measurements 
favored for an unambiguous 𝑛-𝑘-determination. The criterion makes use of the parameter 𝐶ைభ,ைమ as 
defined in (12) and is related to the shape of the minimum in the discrepancy function in the 𝑛-𝑘-
plane as summarized in Table 4: 

Table 4. Important values of 𝐶ைభ,ைమ . 𝑪𝑶𝟏,𝑶𝟐 Δn Δk 

0 Reasonable 
compromise 

1 large small 

→ ∞ Small  large 

Depending on the required information, different 𝐶ைభ,ைమ , and correspondingly different 
combinations of measurements may be favored. 

Practical simulations concerned the model system of a 200 nm thick Nb2O5 film in the region of 
the fundamental absorption edge. The simulations reproduced the well-known result that 
ellipsometry provides a reliable tool for n- and k-determination of thin solid films (green fields in the 
diagonal of Table 1). Nevertheless, alternative suitable combinations of measurements could be 
identified, too. Among them we note the combination of near-normal incidence reflectance with the 
reflectance of p-polarized light at 75° incidence angle. We also have to state that from the simulations 
performed in this study (tabs.1-3), no simple rule of thumb for a proper combination of observables 
and incidence angles could be identified. It is our point of view that this enhances the value of 
criterion (12), which can easily be applied to any combination of measurement set-ups available in 
the corresponding lab. 
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In all situations, the inclusion of a transmittance signal (particularly when it is very small) may 
nevertheless be useful for excluding multiple solutions corresponding to small extinction values. 
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