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Article 
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Abstract: Studies related to the methods and materials used for dental implants have been developed. 
This work presents an original idea, to assimilate the dental implant as a buckling double articulated 
bar on elastic environment, the mandibular bone being assimilated as an elastic environment. The 
buckling bar is treated through the Transfer-Matrix Method, that is very easy to program and gives 
results very quickly for problems of optimizing the form of some pieces must be solved, in 
occurrence, of dental implants. The most important material used for dental implants is titanium and 
its alloys, because it has good durability, it is resistant to corrosion and its most important 
characteristic is biocompatibility. Risks of buckling are higher for straight bars compressed with an 
axial force, that is very important to know the critical buckling force, that is important for the dental 
implant too. This study was done in two steps. In the first step it is considered the buckling double 
articulated bar on a rigid environment. The second step consisted in studying the same doubly 
articulated bar that the joint at the lower end of the bar is on an elastic environment, the bone in 
which the implant is placed being considered as an elastic environment. This work will serve to future 
research about dental implants.  

Keywords: Transfer-Matrix; state vector; buckling bar double articulated; rigid environment; elastic 
environment; dental implant 
 

1. Introduction 

Implantology has taken a big step forward recently, being one of the solutions preferred by both 
dentists and patients. Studies related to the methods and materials used for dental implants have 
been developed. This work presents an original approach to the study of a dental implant, required 
by a vertical axial compression force. The study was done by applying the Transfer-Matrix Method 
(TMM), using the facilities offered by the mathematical formalism given by the functions and 
operators of Dirac and Heaviside. The originality consists in assimilating the dental implant with a 
straight bar, articulated at both ends. TMM is very easy to program and gives results very quickly for 
problems of optimizing the form of some pieces must be solved, in occurrence, of dental implants. 
For dental implants, the materials used to make them are very important. There are many materials 
used for dental implants, but the most important are titanium and its alloys, because it has good 
durability, it is resistant to corrosion and its most important characteristic is biocompatibility and the 
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mechanical properties (like the bone tissue) as a good hardness and a good corrosion resistance. Risks 
of buckling are higher for straight bars compressed with an axial force, that is very important to know 
the critical buckling force. 

The research on dental implants is very wide, as can be seen from the numerous publications in 
the field, of which, in the following, are presented some of them, both from the technical and from 
the medical field.  

The bases for the calculus of different structures by TMM are presented in [1]. The classical 
calculus of resistance of materials is given in [2] and [3]. TMM for calculus of long cylinder tube with 
industrial applications is shown in [4] and [5] presents an approach by TMM for mandible body bone 
calculus. [6] gives the calculus of a monobloc dental bridge with two poles and two missing teeth as 
a beam by TMM. About the calculus through the TMM of a beam with intermediate support with 
applications in dental restorations is given in [7]. Practical notions for dental preparation for fixed 
single-dental prostheses are given in [8]. Figures of graph partitioning by counting, sequence and 
layer matrices are presented in [9]. A high order finite strip TMM for buckling analysis of single-
branched cross-section thin-walled members can be shown in [10]. Current knowledge and open 
questions about osseointegration of titanium, titanium alloy and zirconia dental implants are 
presented in [11]. A histomorphometry study in miniature pigs about the influence of surface 
characteristics on bone integration of titanium implants is given in [12] and in [13] are presented 
recent development in beta titanium alloys for biomedical applications. The factors of influence and 
evaluation for the role of primary stability for successful osseointegration of dental implants can be 
shown in [14]. Biomechanical analysis of alveolar bone stress around implants with different thread 
designs and pitches in the mandibular molar area is given in [15]. Buckling of piles in layered soils 
by TMM is presented in [16] and in [17] can be shown titanium-based biomaterials for preventing 
stress shielding between implant devices and bone. Influence of implant taper on the primary and 
secondary stability of osseous-integrated titanium implants is presented in [18]. Mechanical 
reliability, fatigue strength and survival analysis of new polycrystalline translucent zirconia ceramics 
for monolithic restorations are given in [19]. A literature review about the influence of thread 
geometry on implant osseointegration under immediate loading is presented in [20]. Precise TMM 
for elastic-buckling analysis of compression bar can be shown in [21]. Study about the bending beam 
on elastic environment by TMM is presented in [22] and [23] gives a study about buckling bio-
composite sandwich bars. An approach for buckling calculus of dental implant as a bar on elastic 
environment by TMM can be found in [24] and [25] presents a buckling calculus of straight bars on 
elastic environment by TMM for dental implants. A biomechanical and histological analysis effect of 
implant thread geometry on secondary stability, bone density and bone-to-implant contact can be 
found in [26]. A review of the surface modifications of titanium alloys for biomedical applications 
can be shown in [27]. Relevant aspects in the surface properties in titanium dental implants for the 
cellular viability are given in [28]. Fabrication and properties of functionally graded dental implant 
can be found in [29]. A review about the revitalizing concepts with technology tapered implants in 
dentistry is presented in [30]. Production and characterization of a bone, like porous Ti/Ti-
hydroxyapatite functionally graded material are given in [31]. 

This work will serve to future research about dental implants. The TMM is very easy to program, 
for theoretical tests used to optimize the implants forms and after, in the future, to validate theoretical 
results with Finite Element Method (FEM) and with experimental tests in laboratory and in situ.  
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2. Materials and Methods 

2.1. Materials 

As is known, that a dental implant consists of a dental abutment and a crown that replaces the 
missing tooth. The abutment has the lower end in the bone, and the upper end is the base for the 
dental crown, being a screw that screws into the bone, replacing the dental root, being a connector 
between the bone and the dental crown.Several types of materials can be used for dental abutment. 
The most frequently used materials are titanium and zirconium. The most important is titanium, 
because it has good durability, is resistant to corrosion and its most important characteristic is the 
biocompatibility, being used especially in areas with high masticatory forces, in the back of the 
mouth. Zirconium is highly appreciated from an aesthetic point of view and has a good integration 
with the gingival tissues, being used especially in areas where the aesthetic aspect is important, i.e. 
in the front part of the mouth. Gold and its alloys are less preferred today, due to the high cost and 
inappropriate color, even if it is biocompatible and easy to process. Poly-ether-ether-ketone (PEEK) 
is biocompatible and has good elasticity, being an advanced plastic material, used in special 
situations or for temporary dental works. In order to obtain an efficient and versatile solution at the 
same time, the hybrid version can be used. There is also the possibility of making a hybrid implant, 
combining the advantageous characteristics of two or more materials, in order to obtain the optimal 
option both from an aesthetic point of view, but especially from a functional point of view. In this 
paper, a straight implant is studied, being assimilated with a double articulated bar subjected to 
buckling by an axial compression forces. 

2.2. Methods  

2.2.1. The Transfer-Matrix Method for a doubly articulated straight bar on the rigid environment 

 The basis of TMM is presented in [1]. In order to be able to study a double-jointed bar subjected 
to buckling on an elastic environment, the double-jointed bar subjected to buckling on a rigid 
environment will first be studied. 

 

2.2.1.1. The differential equation of the deformed average fiber for a doubly articulated right bar 
subjected to buckling on the rigid environment 

 Several working hypotheses are used to deduce the differential equation of the deformed   
average fiber for a doubly articulated right bar subjected to buckling, a bar as in Figure 1. The working 
hypotheses are: 

- the bar is with length l; 
- for over entire length, the bar has constant moment of inertia; 
- a force F acts in direction of axis x of the bar on extremities, which tend to compress the bar, as in Figure 

1.; 

- in a section x, the arrow is noted with y; 
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Figure 1. Doubly articulated right bar subjected to buckling loaded with a concentrated force on the ends, on the 
rigid environment. 

 

- in a section x, the rotation is noted with ω; 

- the curvature at the deformed elastic line is relatively small. 

The differential equation of the deformed average fiber, after [2] and [3], is as (1): 

𝐸𝐼
ௗమ௬

ௗ௫మ = −𝑀(𝑥), (1)

M(x) is the total bending moment corresponding at the current section x, with expression (2): 

         𝑀(𝑥) = 𝐹𝑦, (2)

With expression (2), the differential equation (1) becomes as (3): 

𝐸𝐼
ௗమ௬

ௗ௫మ = −𝐹𝑦, (3)

Deriving (3) twice, it is successively obtained (4): 

𝐸𝐼
ௗయ௬

ௗ௫య = −𝐹
ௗ௬

ௗ௫
, (4)

and (5): 

𝐸𝐼
ௗర௬

ௗ௫ర = −𝐹
ௗమ௬

ௗ௫మ, (5)

or, (6): 

𝐸𝐼
ௗర௬

ௗ௫ర + 𝐹
ௗమ௬

ௗ௫మ = 0, (6)

(6) is a a homogeneous linear differential equation with constant 
coefficients. It is noted 

with (7): 

𝛼ଶ =
ி

ாூ
 , (7)

 With (7), the differential equation (6) becomes as (8): 
ௗర௬

ௗ௫ర + 𝛼ଶ ௗమ௬

ௗ௫మ = 0, (8)

having the characteristic equation (9): 

x 

y 
x 

ℓ 

 y 

F 
1 

2 

F 

ω(x) 
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𝑟ସ + 𝛼ଶ𝑟ଶ = 0, (9)

The general solution of the characteristic equation (9) is of the form given by (10): 

𝑦(𝑥) = 𝐴ଵ 𝑐𝑜𝑠 𝛼𝑥 + 𝐴ଶ sin 𝛼𝑥 + 𝐴ଷ𝑥 + 𝐴ସ, (10)

The relation (10) is derived three times and expressions (11), (12) and 
(13) are successively obtained: 

ௗ௬

ௗ௫
= −𝐴ଵ 𝛼 sin 𝛼𝑥 + 𝐴ଶ 𝛼 cos 𝛼𝑥 + 𝐴ଷ, (11)

ௗమ௬

ௗ௫మ = −𝐴ଵ 𝛼
ଶ cos 𝛼𝑥 − 𝐴ଶ 𝛼ଶ sin 𝛼𝑥, (12)

ௗయ௬

ௗ௫య = 𝐴ଵ 𝛼ଷ sin 𝛼𝑥 − 𝐴ଶ 𝛼ଷ cos 𝛼𝑥, (13)

For x = 0, in the origin, the expressions (10), (11), (12) and (13) becomes 
(14), (15), (16) and (17): 

𝑦଴ = 𝐴ଵ + 𝐴ସ, (14)

𝜔଴ = 𝐴ଶ 𝛼 + 𝐴ଷ, (15)

𝑀଴ = −𝐴ଵ 𝐸𝐼 𝛼ଶ, (16)

𝑇଴ = 𝐴ଶ 𝐸𝐼 𝛼ଷ, (17)

The four integration constants Ai, i=1,4 are calculated and the 
expressions (18), (19), (20) and (21) are obtained: 

𝐴ଵ = −
𝑀଴

𝐸𝐼 𝛼ଶ
, (18)

𝐴ଶ =
𝑇଴

𝐸𝐼 𝛼ଷ
, (19)

𝐴ଷ = 𝜔଴ −
𝑇଴

𝐸𝐼 𝛼ଶ
, (20)

𝐴ସ = 𝑦଴ +
𝑀଴

𝐸𝐼 𝛼ଶ
, (21)

With the four integration constants Ai, i=1,4:  
- expression (10) becomes as (20): 

𝑦(𝑥) = ቀ−
ெబ

ாூఈమቁ 𝑐𝑜𝑠 𝛼𝑥 + ቀ బ்

ாூఈయቁ sin 𝛼𝑥 + ቀ𝜔଴ − బ்

ாூఈమቁ 𝑥 + ቀ𝑦଴ +
ெబ

ாூఈమቁ, (20)

 or, (21): 

𝑦(𝑥) = 𝑦଴ + 𝑥𝜔଴ +
ଵିୡ୭ୱ ఈ௫

ாூఈమ 𝑀଴ +
௦௜௡ఈ௫ିఈ௫

ாூఈయ 𝑇଴, (21)

- expression (11) becomes as (22): 

𝜔(𝑥) = ቀ
ெబ

ாூఈమቁ 𝛼 sin 𝛼𝑥 + ቀ బ்

ாூఈయቁ 𝛼 cos 𝛼𝑥 + ቀ𝜔଴ − బ்

ாூఈమቁ, (22)

 or, (23): 

𝜔(𝑥) = 𝜔଴ +
௦௜௡ ఈ௫

ாூఈ
𝑀଴ +

௖௢௦ ఈ௫ିଵ

ாூఈమ 𝑇଴, (23)

- expression (12) becomes as (24): 

𝑀(𝑥) = ቀ
ெబ

ாூఈమቁ 𝛼ଶ cos 𝛼𝑥 − ቀ బ்

ாூఈయቁ 𝛼ଶ sin 𝛼𝑥,, (24)
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 or, (25): 

𝑀(𝑥) =
௖௢௦ ఈ௫

ாூ
𝑀଴ −

௦௜௡ ఈ௫

ாூఈ
𝑇଴, (25)

- expression (13) becomes as (26): 

𝑇(𝑥) = − ቀ−
ெబ

ாூఈమቁ 𝛼ଷ sin 𝛼𝑥 + ቀ బ்

ாூఈయቁ 𝛼ଷ cos 𝛼𝑥,, (26)

 or, (27): 

𝑇(𝑥) =
ఈ ௦௜௡ ఈ௫

ாூ
𝑀଴ +

ୡ୭ୱ ఈ௫

ாூ
𝑇଴, (27)

 

2.2.1.2. The Transfer-Matrix for a doubly articulated buckling bar (Figure 2.)  

It can be defined the state vectors and the transfer-matrix of a straight bar, loaded with a 
concentrated force on the ends, as in Figure 2.  

 

Figure 2. Straight buckling bar, loaded with a concentrated force on the ends. 

It can be written in section x, the deformation y. 

 The state vector for a section x 
It can be defined the state vector for a section x of a bar, a column-vector with 4 elements as (28): 

{𝑉(𝑥)} = {𝑉}௫ =  {𝑦(𝑥), 𝜔(𝑥), 𝑀(𝑥), 𝑇(𝑥)}ିଵ, (28)

 when: 

- {V(x)} = {V}x is the state vector corresponding at the section x; 

- y(x) is the arrow corresponding at the section x; 

- ω(x) is the rotation corresponding at the section x; 

- M(x) is the bending moment corresponding at the section x; 

- T(x) is the cutting force corresponding at the section x; 
For the first section, the left section, the origin, for x = 0, the state vector is as (29): 

{𝑉(0)} = {𝑉}଴ =  {𝑦(0), 𝜔(0), 𝑀(0), 𝑇(0)}ିଵ = {𝑦଴, 𝜔଴, 𝑀଴, 𝑇଴}ିଵ, (29)

At the last section on the right end, for x = l, it can be written the state vector as (30): 

{𝑉(𝑙)} = {𝑉}௟ =  {𝑦(𝑙), 𝜔(𝑙), 𝑀(𝑙), 𝑇(𝑙)}ିଵ = {𝑦௟ , 𝜔௟ , 𝑀௟ , 𝑇௟}
ିଵ, (30)

 

 The Transfer-Matrix relation for a straight bar 
The connection between the origin section for x = 0 and a certain section x, can be made through 

the matrix relation (31): 

{𝑉}௫ =  [𝑇]௫ · {𝑉}଴ +[𝑇௘]௫ · {𝑉௘}௫, (31)

     with notations: 
- {V}x is the state vector corresponding to the section x; 
- [T]x is the Transfer-Matrix between the origin and the section x;  

F F x 

y 

O x 

y(x) 
ω(x) 
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- {V}0 is the state vector corresponding to the origin section; 
- [Te]x·{Ve}x is a term wich corresponds to the exterior loads acting to the section x. 

For a section x, expressions (21), (23), (25) and (27) can be written as (32): 
 

⎩
⎪⎪
⎨

⎪⎪
⎧𝑦(𝑥) = 𝑦଴ + 𝑥𝜔଴ +

ଵିୡ୭ୱ ఈ௫

ாூఈమ 𝑀଴ +
௦௜௡ ఈ௫ିఈ௫

ாூఈయ 𝑇଴

𝜔(𝑥) = 𝜔଴ +
௦௜௡ ఈ௫

ாூఈ
𝑀଴ +

௖௢௦ ఈ௫ିଵ

ாூఈమ 𝑇଴

𝑀(𝑥) =
௖௢௦ ఈ௫

ாூ
𝑀଴ −

௦௜௡ ఈ௫

ாூఈ
𝑇଴

𝑇(𝑥) =
ఈ ௦௜௡ ఈ௫

ாூ
𝑀଴ +

ୡ୭ୱ ఈ௫

ாூ
𝑇଴

, (32)

or in the form of a matrix relation like (33): 

{𝑉}௫ = ൞

𝑦(𝑥)

𝜔(𝑥)

𝑀(𝑥)

𝑇(𝑥)

ൢ =  

⎣
⎢
⎢
⎢
⎢
⎢
⎡1 𝑥

ଵିୡ୭ୱ ఈ௫

ாூఈమ

௦௜௡ ఈ௫ିఈ௫

ாூఈయ

0 1
௦௜௡ ఈ௫

ாூఈ

௖௢௦ ఈ௫ିଵ

ாூఈమ

0 0
௖௢௦ ఈ௫

ாூ
−

௦௜௡ ఈ௫

ாூఈ

0 0
ఈ ௦௜௡ ఈ௫

ாூ

ୡ୭ୱ ఈ௫

ாூ ⎦
⎥
⎥
⎥
⎥
⎥
⎤

൞

𝑦଴

𝜔଴

𝑀଴

𝑇଴

ൢ , (33)

 For the last section, for x = l, it can be written the matrix relation (33) as (34): 

൞

𝑦(𝑙)

𝜔(𝑙)

𝑀(𝑙)

𝑇(𝑙)

ൢ =  

⎣
⎢
⎢
⎢
⎢
⎢
⎡1 𝑙

ଵିୡ୭ୱ ఈ௟

ாூఈమ

௦௜௡ ఈ௟ିఈ௟

ாூఈయ

0 1
௦௜௡ ఈ௟

ாூఈ

௖௢௦ ఈ௟ିଵ

ாூఈమ

0 0
௖௢௦ ఈ௟

ாூ
−

௦௜௡ ఈ௟

ாூఈ

0 0
ఈ ௦௜௡ ఈ௟

ாூ

ୡ୭ୱ ఈ௟

ாூ ⎦
⎥
⎥
⎥
⎥
⎥
⎤

൞

𝑦଴

𝜔଴

𝑀଴

𝑇଴

ൢ , (34)

Now, it is possible to put the conditions at the two ends, for the doubly articulated right bar, as 
(35): 

൞

𝑦଴ = 0
𝑀଴ = 0

𝑦(𝑙) = 0

𝑀(𝑙) = 0

, (35)

2.2.2. The Transfer-Matrix Method for a straight double-articulated buckling bar on elastic 
environment 

  It is attempted to deduct the Transfer-Matrix for a bar that is on a perfectly uniform 
and homogeneous elastic medium, knowing the function that is the coefficient of elasticity of the 
elastic medium k (x), (Figure 3.). 

2.2.2.1. The differential equation of the deformed average fiber for a doubly articulated right bar 
subjected to buckling on the elastic environment 

 Average deformed fiber for a bar, which rests on elastic environment    

The dental implant is assimilated with an articulated bar on an elastic medium at the bottom 
(the bone is considered as an elastic environment) and with articulated at the top. It is trying to obtain 
the Transfer-Matrix for a bar that is on an elastic environment. The elastic medium can be perfectly 
uniform and homogeneous. It is necessary to know the function for coefficient of elasticity of elastic 
environment k(x).  

A working hypothesis was considered that the arrows at the two ends of the bar are 0. 
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Figure 3. Doubly articulated right bar subjected to buckling loaded with a concentrated force, on elastic 
environment at a botton. 

 The arrows at the two ends of the bar are initially 0. The differential equation of the deformed 
average fiber is (36): 

𝐸𝐼
ௗర௬ᇱ

ௗ௫ర + 𝐹
ௗమ௬ᇱ

ௗ௫మ + 𝑘𝑦ᇱ = 0 , (36)

that is a homogeneous linear differential equation of order 4. It is noted 
as (37): 

2𝑐 =
ி

ாூ  
, (37)

and is noted (38): 

𝛾 =
௞

ாூ
 , (38)

 For the differential equation of the deformed average fiber (36), the characteristic equation 
is (39):   

𝑟ସ + 2𝑐𝑟ଶ + 𝛾 = 0, (39)

with the determinant (40):   

𝛥 = 𝑐ଶ − 𝛾, (40)

For, (41):    

𝑐ଶ < 𝛾, (41)

does not exist solution.  
If (42):    

𝑐ଶ > 𝛾, (42)

after [1], it can be written (43): 

ቊ
𝛼ଶ = 𝑐 + √𝛥

𝛽ଶ = 𝑐 − √𝛥
 , (43)

Thus, the general solution of differential equation is as (44): 

𝑦′(𝑥) = 𝐴ଵ
ᇱ  𝑐𝑜𝑠 𝛼𝑥 + 𝐴ଶ

ᇱ sin 𝛼𝑥 + 𝐴ଷ
ᇱ  𝑐𝑜𝑠 𝛽𝑥 + 𝐴ସ

ᇱ  𝑠𝑖𝑛 𝛽𝑥, (44)

The expression (44) is derived three times and expressions (45), (46) and (47) are successively 
obtained: 

x 

y 
x 

ℓ 

 y’ 

F 
1 

2 

F 

ω’(x) 

  

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 7 February 2025 doi:10.20944/preprints202502.0545.v1

https://doi.org/10.20944/preprints202502.0545.v1


 9 of 16 

 

ௗ௬ᇱ

ௗ௫
= −𝐴ଵ

ᇱ  𝛼 sin 𝛼𝑥 + 𝐴ଶ
ᇱ  𝛼 cos 𝛼𝑥 − 𝐴ଷ

ᇱ  𝛽 𝑠𝑖𝑛 𝛽𝑥 + 𝐴ସ
ᇱ  𝛽 𝑐𝑜𝑠 𝛽𝑥 , (45)

ௗమ௬ᇱ

ௗ௫మ = −𝐴ଵ
ᇱ  𝛼ଶ cos 𝛼𝑥 − 𝐴ଶ

ᇱ  𝛼ଶ sin 𝛼𝑥 − 𝐴ଷ
ᇱ  𝛽ଶ 𝑐𝑜𝑠 𝛽𝑥 − 𝐴ସ 

ᇱ 𝛽ଶ 𝑠𝑖𝑛 𝛽𝑥 , (46)

𝑑ଷ𝑦′

𝑑𝑥ଷ
= 𝐴ଵ 

ᇱ 𝛼ଷ sin 𝛼𝑥 − 𝐴ଶ
ᇱ  𝛼ଷ cos 𝛼𝑥 + 𝐴ଷ

ᇱ  𝛽ଷ 𝑠𝑖𝑛 𝛽𝑥 − 𝐴ସ
ᇱ  𝛽ଷ 𝑐𝑜𝑠 𝛽𝑥 , (47)

For x = 0, in the origin, the expressions (44), (45), (46) and (47) becomes (48), (49), (50) and (51): 

𝑦଴
ᇱ = 𝐴ଵ

ᇱ + 𝐴ଷ
ᇱ , (48)

𝜔଴
ᇱ = 𝐴ଶ

ᇱ  𝛼 + 𝐴ସ
ᇱ  𝛽, (49)

𝑀଴
ᇱ = −𝐴ଵ

ᇱ  𝐸𝐼𝛼ଶ − 𝐴ଷ
ᇱ  𝐸𝐼𝛽ଶ, (50)

𝑇଴
ᇱ = 𝐴ଶ

ᇱ  𝐸𝐼𝛼ଷ + 𝐴ସ
ᇱ  𝐸𝐼𝛽ଷ, (51)

The four integration constants 𝐴௜
ᇱ ,, i=1,4 are calculated and the expressions (52), (53), (54) and (55) 

are obtained: 

𝐴ଵ
ᇱ = −

1

2√𝛥
ቆ𝛽ଶ𝑦଴

ᇱ +
𝑀଴

ᇱ

𝐸𝐼
ቇ , (52)

𝐴ଶ
ᇱ =

1

2𝛼√𝛥
ቆ𝛽ଶ𝜔଴

ᇱ −
𝑇଴

ᇱ

𝐸𝐼
ቇ , (53)

𝐴ଷ
ᇱ =

1

2√𝛥
ቆ𝛼ଶ𝑦଴

ᇱ +
𝑀଴

ᇱ

𝐸𝐼
ቇ , (54)

𝐴ସ
ᇱ =

1

2𝛽√𝛥
ቆ𝛼ଶ𝜔଴

ᇱ +
𝑇଴

ᇱ

𝐸𝐼
ቇ , (55)

With the four integration constants 𝐴ଵ
ᇱ , i=1,4:  

expression (44) becomes as (56): 

𝑦′(𝑥) = ቂ−
ଵ

ଶ√௱
ቀ𝛽ଶ𝑦଴

ᇱ +
ெబ

ᇲ

ாூ
ቁቃ  𝑐𝑜𝑠 𝛼𝑥 + ቂ

ଵ

ଶఈ√௱
ቀ𝛽ଶ𝜔଴

ᇱ − బ்
ᇲ

ாூ
ቁቃ sin 𝛼𝑥 + ቂ

ଵ

ଶ√௱
ቀ𝛼ଶ𝑦଴

ᇱ +

ெబ
ᇲ

ாூ
ቁቃ  𝑐𝑜𝑠 𝛽𝑥 + ቂ

ଵ

ଶఉ√௱
ቀ𝛼ଶ𝜔଴

ᇱ + బ்
ᇲ

ாூ
ቁቃ  𝑠𝑖𝑛 𝛽𝑥, 

(56)

 or, (57): 

𝑦′(𝑥) =
ఈమ௖௢௦ ఉ௫ିఉమ௖௢௦ ఈ௫

ଶ√௱
𝑦଴

ᇱ −
ఉయ ୱ୧୬ ఈ௫ିఈయ ୱ୧୬ ఉ௫

ଶఈఉ√௱
𝜔଴

ᇱ +
௖௢௦ ఉ௫ି௖௢௦ ఈ௫

ଶாூ√௱
𝑀଴

ᇱ +
ஒୱ୧୬ ఈ௫ିఈ ୱ୧୬ ఉ௫

ଶఈఉாூ√௱
𝑇଴

ᇱ, (57)

- expression (45) becomes as (58) 

𝜔′(𝑥) =
ఈఉ(ఉ ௦௜௡ ఈ௫ିఈ ௦௜௡ ఉ௫)

ଶ√௱
𝑦଴

ᇱ −
ఉమ ୡ୭ୱ ఈ௫ିఈమ ୡ୭ୱ ఉ௫

ଶ√௱
𝜔଴

ᇱ +
ఈ ௦௜௡ ఈ௫ିఉ ௦௜௡ ఉ௫

ଶாூ√௱
𝑀଴

ᇱ +
௖௢௦ ఈ௫ି௖௢௦ ఉ௫

ଶாூ√௱
𝑇଴

ᇱ, (58)

- expression (46) becomes as (59): 

𝑀′(𝑥) =
ఈమఉమாூ(ୡ୭ୱ ఈ௫ି௖௢௦ ఉ௫)

ଶ√௱
𝑦଴

ᇱ +
ఈఉாூ(ఉ ୱ୧୬ ఈ௫ିఈ ୱ୧୬ ఉ௫)

ଶ√௱
𝜔଴

ᇱ +
ఈమ௖௢௦ ఈ௫ିఉమ ௖௢௦ ఉ௫

ଶ√௱
𝑀଴

ᇱ −
ఈ ୱ୧୬ ఈ௫ ିఉ ୱ୧୬ ఉ௫

ଶ√௱
𝑇଴

ᇱ, 
(59)

- expression (47) becomes as (60): 

𝑇′(𝑥) = −
ఈమఉమாூ(ఉ ௦௜௡ ఉ௫ିఈ ௦௜௡ ఈ௫)

ଶ√௱
𝑦଴

ᇱ −
ఈమఉమாூ(ୡ୭ୱ ఈ௫ି௖௢௦ ఉ௫)

ଶ√௱
𝜔଴

ᇱ −
ఉయ ௦௜௡ ఉ௫ିఈయ ௦௜௡ ఈ௫

ଶாூ√௱
𝑀଴

ᇱ +

ఈమ ௖௢௦ ఈ௫ିఉమ ௖௢௦ ఉ௫

ଶாூ√௱
𝑇଴

ᇱ, 
(60)
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2.2.3. Calculus of dental implant as a double-articulated buckling bar with axial compression force 
on elastic environment through the TMM (Figure 4.)  

The dental implant is assimilated with a double-articulated buckling bar with axial compression 
force on elastic environment at the bottom. 

It can be defined the state vectors and the Transfer-Matrix of a straight bar, loaded with a 
concentrated force on the ends, as in Figure 4., (a). 

         

(a) (b) 

Figure 1. A dental implant as a buckling bar: (a) A double articulated buckling bar on an elastic environment; 
(b) Dental implant as a double articulated buckling bar. 

 
In section x, it can be written the deformation y.  

 The state vector for a section x 
It can be defined the state vector for a section x of a bar, a column-vector with 4 elements as (61): 

{𝑉′}௫ =  {𝑦′(𝑥), 𝜔′(𝑥), 𝑀′(𝑥), 𝑇′(𝑥)}ିଵ, (61)

 when: 

- {V’(x)} = {V’}x is the state vector corresponding at the section x; 

- y’(x) is the arrow corresponding at the section x; 

- ω’(x) is the rotation corresponding at the section x; 

- M’(x) is the bending moment corresponding at the section x; 

- T’(x) is the cutting force corresponding at the section x. 
For the first section, the left section, the origin, for x = 0, the state vector is as (62): 

{𝑉′(0)} = {𝑉′}଴ =  {𝑦′(0), 𝜔′(0), 𝑀′(0), 𝑇′(0)}ିଵ = {𝑦଴
ᇱ , 𝜔଴

ᇱ , 𝑀଴
ᇱ , 𝑇଴

ᇱ}ିଵ, (62)

At the last section on the right end, for x = l, it can be written the state vector as (63): 

{𝑉′(𝑙)} = {𝑉′}௟ =  {𝑦ᇱ(𝑙), 𝜔ᇱ(𝑙), 𝑀ᇱ(𝑙), 𝑇′(𝑙)}ିଵ = {𝑦௟
ᇱ, 𝜔௟

ᇱ, 𝑀௟
ᇱ, 𝑇௟

ᇱ}ିଵ, (63)

 The Transfer-Matrix relation for a double articulated buckling bar on elastic environment  
The connection between the first section for x = 0 and a certain section x, can be made through 

the matrix relation (64): 

{𝑉′}௫ =  [𝑇′]௫ · {𝑉′}଴ +[𝑇௘
ᇱ]௫ · {𝑉௘

ᇱ}௫, (64)

x 

y 
x 

ℓ 

 y’ 

F 
1 

2 

F 

ω’(x) 

  

 dental implant 

F 

 teeth 

 bone 

 dental 
crown
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with notations: 
- {V’}x is the state vector corresponding to the section x; 
- [T’]x is the Transfer-Matrix between the origin and the section x;  
- {V’}0 is the state vector corresponding to the origin section, the section 0; 
- [𝑇௘

ᇱ]x·{𝑉௘
ᇱ}x is a term wich corresponds to the exterior loads acting to the section x. 

For a section x, expressions (57), (58), (59) and (60) can be written as (65): 

⎩
⎪⎪
⎨

⎪⎪
⎧ 𝑦′(𝑥) =

ఈమ௖௢௦ ఉ௫ିఉమ௖௢௦ ఈ௫

ଶ√௱
𝑦଴

ᇱ +
ఉయ ୱ୧୬ ఈ௫ିఈయ ୱ୧୬ ఉ௫

ଶఈఉ√௱
𝜔଴

ᇱ +
௖௢௦ ఉ௫ି௖௢௦ ఈ௫

ଶாூ√௱
𝑀଴

ᇱ +
ஒୱ୧୬ ఈ௫ିఈ ୱ୧୬ ఉ௫

ଶఈఉா √௱
𝑇଴

ᇱ

𝜔′(𝑥) =
ఈఉ(ఉ ௦௜௡ ఈ௫ିఈ ௦௜௡ ఉ௫)

ଶ√௱
𝑦଴

ᇱ −
ఉమ ୡ୭ୱ ఈ௫ మ ୡ୭ୱ ఉ௫

ଶ√௱
𝜔଴

ᇱ +
ఈ ௦௜௡ ఈ௫ିఉ ௦௜௡ ఉ௫

ଶா √௱
𝑀଴

ᇱ +
௖௢௦ ఈ௫ି௖௢௦ ఉ௫

ଶாூ√௱
𝑇଴

𝑀′(𝑥) =
ఈమఉమாூ(ୡ୭ୱ ఈ௫ି௖௢  ఉ௫)

ଶ√௱
𝑦଴

ᇱ +
ఈఉாூ(ఉ ୱ୧୬ ఈ௫ିఈ ୱ୧୬ ఉ )

ଶ√௱
𝜔଴

ᇱ +
ఈమ௖௢௦ ఈ௫ିఉమ ௖௢௦ ఉ௫

ଶ√௱
𝑀଴

ᇱ −
ఈ ୱ୧୬ ఈ௫ ିఉ ୱ୧୬

ଶ√௱

𝑇′(𝑥) == −
ఈమఉమாூ(ఉ ௦௜௡ ఉ௫ିఈ ௦௜௡ ఈ௫)

ଶ√௱
𝑦଴

ᇱ −
ఈమఉమாூ(ୡ୭ୱ ఈ௫ି௖௢௦ ఉ௫)

ଶ√௱
𝜔଴

ᇱ −
ఉయ ௦௜௡ ఉ௫ି య ௦௜௡ ఈ௫

ଶாூ√௱
𝑀଴

ᇱ +
ఈమ ௖௢௦ ఈ௫ିఉ

ଶாூ√௱

, 

(65
) 

or, in the form of a matrix relation like (66): 

⎩
⎨

⎧
𝑦′(𝑥)

𝜔′(𝑥)

𝑀′(𝑥)

𝑇′(𝑥) ⎭
⎬

⎫

⎣
⎢
⎢
⎢
⎢
⎢
⎡

ఈమ௖௢௦ ఉ௫ିఉమ௖௢௦ ఈ௫

ଶ√௱

ఉయ ୱ୧୬ ఈ௫ିୱ୧୬ ఉ௫

ଶఈఉ√௱

௖௢௦ ఉ௫ି௖௢௦ ఈ௫

ଶாூ√௱

ஒୱ୧୬ ఈ௫ିఈ ୱ୧୬ ఉ௫

ଶఈఉாூ√௱

ఈఉ(ఉ ௦௜௡ ఈ௫ିఈ ௦௜௡ ఉ௫)

ଶ√௱

ఈమ ୡ୭ୱ ఉ௫ିఉమ ୡ୭ୱ ఈ௫

ଶ√௱

ఈ ௦௜௡ ఈ௫ିఉ ௦௜௡ ఉ௫

ଶாூ√௱

௖௢௦ ఈ௫ି௖௢  ఉ௫

ଶாூ√௱

ఈమఉమாூ(ୡ୭ୱ ఈ௫ି௖௢௦ ఉ௫)

ଶ√௱

ఈఉாூ(ఉ ୱ୧୬ ఈ௫ିఈ ୱ୧୬ ఉ௫)

ଶ√௱

ఈమ௖௫ିఉమ ௖௢௦ ఉ௫

ଶ√௱

ఉ ୱ୧୬ ఉ௫ି஑ ୱ୧୬ ఈ௫ 

ଶ√௱

ఈమఉమாூ(ఈ ௦௜௡ ఈ௫ିఉ ௦௜௡ ఉ௫)

ଶ√௱

ఈమఉమாூ(ୡ୭ୱ ఈ௫ି௖௢௦ ఉ௫)

ଶ√௱

ఈయ ௦௜௡ ఈ௫ିఉయ ௦௜௡ ఉ௫

ଶ√௱

ఈమ ௖௢௦ ఈ௫ିఉమ ௖௢௦ ఉ௫

ଶ√௱ ⎦
⎥
⎥
⎥
⎥
⎥
⎤

⎩
⎨

⎧
𝑦଴

ᇱ

𝜔଴
ᇱ

𝑀଴
ᇱ

𝑇଴
ᇱ ⎭

⎬

⎫
 ,  

 For the last section, for x = l, it can be written the matrix relation (66) as (67): 

⎩
⎨

⎧
𝑦′(𝑙)

𝜔′(𝑙)

𝑀′(𝑙)

𝑇′(𝑙) ⎭
⎬

⎫

⎣
⎢
⎢
⎢
⎢
⎢
⎡

ఈమ௖௢௦ ఉ௟ିఉమ௖௢௦ ఈ௟

ଶ√௱

ఉయ ୱ୧୬ ఈ௟ିୱ୧୬ ఉ௟

ଶఈఉ√௱

௖௢௦ ఉ௟ି௖௢௦ ఈ

ଶாூ√௱

ஒ ୱ୧୬ ఈ௟ିఈ ୱ୧୬ ఉ௟

ଶఈఉாூ√௱

ఈఉ(ఉ ௦௜௡ ఈ௟ିఈ ௦௜௡ ఉ௟)

ଶ√௱

ఈమ ୡ୭ୱ ఉ௟ିఉమ ୡ୭ୱ ఈ

ଶ√௱

ఈ ௦௜௡ ఈ௟ିఉ ௦௜௡ ఉ௟

ଶாூ√௱

௖௢௦ ఈ௟ି௖௢௦ ఉ௟

ଶா √௱

ఈమఉమாூ(ୡ୭ୱ ఈ௟ି௖௢௦ ఉ௟)

ଶ√௱

ఈఉாூ(ఉ ୱ୧୬ ఈ௟ିఈ ୱ୧୬ ఉ௟)

ଶ√௱

ఈమ௖௢௦ ఉ௟ିఉమ ௖௢௦ ఉ௟

ଶ√௱

ఉ ୱ୧୬ ఉ௟ି஑ ୱ୧୬ ఈ௟ 

ଶ√௱

ఈమఉమாூ(ఈ ௦௜௡ ఈ௟ିఉ ௦௜௡ ఉ௟)

ଶ√௱

ఈమఉమாூ(ୡ୭ୱ ఈ௟ି௖௢௦ ఉ௟)

ଶ√௱

ఈయ ௦௜௡ ఈ௟ିఉయ ௦௜௡ ఉ௟

ଶ√௱

ఈమ ௖௢௦ ఈ௟ିఉమ ௖௢௦ ఉ௟

ଶ√௱ ⎦
⎥
⎥
⎥
⎥
⎥
⎤

⎩
⎨

⎧
𝑦଴

ᇱ

𝜔଴
ᇱ

𝑀଴
ᇱ

𝑇଴
ᇱ ⎭
⎬

⎫
 ,  

3. Results 

3.1. Rezults for a double articulated buckling bar on rigid environment  

  With the conditions (35) the matrix relation (34) becomes as (68): 

൞

0
𝜔(𝑙)

0
𝑇(𝑙)

ൢ =  

⎣
⎢
⎢
⎢
⎢
⎢
⎡1 𝑙

ଵିୡ୭ୱ ఈ௟

ாூఈమ

௦௜௡ ఈ௟ିఈ௟

ாூఈయ

0 1
௦௜௡ ఈ௟

ாூఈ

௖௢௦ ఈ௟ିଵ

ாூఈమ

0 0
௖௢௦ ఈ௟

ாூ
−

௦௜௡ ఈ௟

ாூఈ

0 0
ఈ ௦௜௡ ఈ௟

ாூ

ୡ୭ୱ ఈ௟

ாூ ⎦
⎥
⎥
⎥
⎥
⎥
⎤

൞

0
𝜔଴

0
𝑇଴

ൢ , (68)

The banal solution (69) is removed: 

sin 𝛼𝑙 = 0, (69)

 The first accepted solution is (70): 

𝛼𝑙 = 𝜋 , (70)

and (71): 

𝛼 =
గ

௟  
, (71)

or, (72): 
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𝛼ଶ =
గమ

௟మ , (72)

With (72) and notation (7) it can be written (73): 

𝛼ଶ =
గమ

௟మ =
ி

ாூ
 , (73)

and the critical buckling force is (74): 

𝐹௖௕ =
గమாூ

௟మ  , (74)

value identical to that calculated in [2] and [3]. 

 

3.2. Rezults for a dental implant as a double articulated buckling bar on elastic environment  

The elastic medium can be perfectly uniform and homogeneous. It must know the function for 
coefficient of elasticity of elastic environment k(x). It was considered a working hypothesis that the 
arrows at the two ends of the bar are initially 0. 

It is possible to put the conditions at the two ends, for the doubly articulated right bar, as (75): 

⎩
⎨

⎧
𝑦଴

ᇱ = 0

𝑀଴
ᇱ = 0

𝑦′(𝑙) = 0 

𝑀′(𝑙) = 0

 , (75)

  With (75) the matrix relation (67) becomes as (76): 

൞

0
𝜔′(𝑙)

0
𝑇′(𝑙)

ൢ

⎣
⎢
⎢
⎢
⎢
⎢
⎡

ఈమ௖௢௦ ఉ௟ିఉమ௖௢௦ ఈ௟

ଶ√௱

ఉయ ୱ୧୬ ఈ௟ିୱ୧୬ ఉ௟

ଶఈఉ√௱

௖௢௦ ఉ௟ି௖௢௦ ఈ

ଶாூ√௱

ஒ ୱ୧୬ ఈ௟ିఈ ୱ୧୬ ఉ௟

ଶఈఉாூ√௱

ఈఉ(ఉ ௦௜௡ ఈ௟ିఈ ௦௜௡ ఉ௟)

ଶ√௱

ఈమ ୡ୭ୱ ఉ௟ିఉమ ୡ୭ୱ ఈ

ଶ√௱

ఈ ௦௜௡ ఈ௟ିఉ ௦௜௡ ఉ௟

ଶாூ√௱

௖௢௦ ఈ௟ି௖௢௦ ఉ௟

ଶாூ√௱

ఈమఉమாூ(ୡ୭ୱ ఈ௟ି௖௢௦ ఉ௟)

ଶ√௱

ఈఉாூ(ఉ ୱ୧୬ ఈ௟ିఈ ୱ୧୬ ఉ௟)

ଶ√௱

ఈమ௖௢௦ ఉ௟ିఉమ ௖௢௦ ఉ௟

ଶ√௱

ఉ ୱ୧୬ ఉ௟ି஑ ୱ୧୬ ఈ௟ 

ଶ√௱

ఈమఉమாூ(ఈ ௦௜௡ ఈ௟ିఉ ௦௜௡ ఉ௟)

ଶ√௱

ఈమఉమாூ(ୡ୭ୱ ఈ௟ି௖௢௦ ఉ௟)

ଶ√௱

ఈయ ௦௜௡ ఈ௟ିఉయ ௦௜௡ ఉ௟

ଶ√௱

ఈమ ௖௢௦ ఈ௟ିఉమ ௖௢௦ ఉ௟

ଶ√௱ ⎦
⎥
⎥
⎥
⎥
⎥
⎤

൞

0
𝜔଴

ᇱ

0
𝑇଴

ᇱ

ൢ ,  

or, (77): 

            ൞

0
𝜔′(𝑙)

0
𝑇′(𝑙)

ൢ =  ൦

𝑎ଵଵ 𝑎ଵଶ 𝑎ଵଷ 𝑎ଵସ

𝑎ଶଵ 𝑎ଶଶ 𝑎ଶଷ 𝑎ଶସ

𝑎ଷଵ 𝑎ଷଶ 𝑎ଷଷ 𝑎ଷସ

𝑎ସଵ 𝑎ସଶ 𝑎ସଷ 𝑎ସସ

൪ ൞

0
𝜔଴

ᇱ

0
𝑇଴

ᇱ

ൢ , (77)

with notations for each line:  
- for the first line as (78): 

⎩
⎪⎪
⎨

⎪⎪
⎧𝑎ଵଵ =

ఈమ௖௢௦ ఉ௟ିఉమ௖௢௦ ఈ௟

ଶ√௱

𝑎ଵଶ =
ఉయ ୱ୧୬ ఈ௟ିୱ୧୬ ఉ௟

ଶఈఉ√௱

𝑎ଵଷ =
௖௢௦ ఉ௟ି௖௢௦ ఈ

ଶா √௱

𝑎ଵସ =
ஒ ୱ୧୬ ఈ௟ିఈ ୱ୧୬ ఉ௟

ଶఈఉாூ√௱

 , (78)

- for the second line as (79):  

⎩
⎪⎪
⎨

⎪⎪
⎧𝑎ଶଵ =

ఈఉ(ఉ ௦௜௡ ఈ௟ିఈ ௦௜௡ ఉ௟)

ଶ√௱

𝑎ଶଶ =
ఈమ ୡ୭ୱ ఉ௟ିఉమ ୡ୭ୱ ఈ

ଶ√௱

𝑎ଶଷ =
ఈ ௦௜௡ ఈ௟ିఉ ௦௜௡ ఉ௟

ଶாூ√௱

𝑎ଶସ =
௖௢௦ ఈ௟ି௖௢  ఉ௟

ଶாூ√௱

 , (79)
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- for the third line as (80):  

⎩
⎪⎪
⎨

⎪⎪
⎧𝑎ଷଵ =

ఈమఉమாூ(ୡ୭ୱ ఈ௟ି௖௢௦ ఉ௟)

ଶ√௱

𝑎ଷଶ =
ఈమఉమாூ(ୡ୭ୱ ఈ௟ି௖௢௦ ఉ௟)

ଶ√௱

𝑎ଷଷ =
ఈమ௖௢௦ ఉ௟ିఉమ ௖௢௦ ఉ௟

ଶ√௱

𝑎ଷସ =
ఉ ୱ୧୬ ఉ௟ି஑ ୱ୧୬ ఈ௟ 

ଶ√௱

 , (80) 

for the fourth line as (81): 

⎩
⎪⎪
⎨

⎪⎪
⎧𝑎ସଵ =

ఈమఉమாூ(ఈ ௦௜௡ ఈ௟ିఉ ௦௜௡ ఉ௟)

ଶ√௱

𝑎ସଶ =
ఈమఉమாூ(ୡ୭ୱ ఈ௟ି௖௢௦ ఉ௟)

ଶ√௱

𝑎ସଷ =
ఈయ ௦௜௡ ఈ௟ିఉయ ௦௜௡ ఉ௟

ଶ√௱

𝑎ସସ =
ఈమ ௖௢௦ ఈ௟ିఉమ ௖௢௦ ఉ௟

ଶ√௱

 , 
(81) 

The matrix relations (76) or (77) can be written as a linear system of 4 equations with 4 unknowns 
and can be solved and it can be solved relatively easily, especially if software is designed to solve 
problems with TMM. The solutions allow to determine the critical buckling force for a double-jointed 
bar, with the lower joint on an elastic medium, subjected to compression by a vertical axial force, with 
which dental implant is assimilated into bone, bone being likened to an elastic environment. 

4. Discussion 

This study was done in two steps. Initially, the bar was considered as standing on a rigid 
environment, the conditions were set on the two end supports and the critical buckling force was 
determined, which is very important to find the most suitable material for making the respective 
dental implant. The second step consisted in studying the same doubly articulated bar subjected to 
compression by a concentrated vertical axial force. This time, it was considered that the joint at the 
lower end of the bar is on an elastic medium, the bone in which the implant is placed being considered 
as an elastic environment. In both situations, the modeling was done by TMM.  

In the first case, the bar on the rigid environment, it was started from the differential equation 
of the deformed average fiber, which was derived twice, obtaining a characteristic equation, having 
as solution the expression of the arrow. This expression is derived four times and was obtained by 
the expressions for the rotation, bending moment and shear force in some section of the doubly 
articulated bar and required by a concentrated vertical axial compression force. For this case of the 
bar on a rigid environment, the four expressions for the arrow, rotation, bending moment and shear 
force were transcribed in a matrix relationship, written for a certain section x. The four elements 
(arrow, rotation, bending moment and shear force) compose a state vector associated with some 
section x. This state vector is obtained by multiplying the transfer matrix corresponding to section x 
with the state vector of origin section 0. Then, in this matrix relation, x = l was made, and the result 
was the state vector of the last section, the top section of the bar, depending on the transfer matrix 
and the state vector of the origin section 0. In this last matrix relationship, the conditions can be placed 
on the two articulated supports at the two ends of the bar. Then, the matrix relation can be developed 
into a linear system of four equations with four unknowns, which will have as solution the unknown 
elements of the two state vectors, the state vector of the first section, section 0 and the state vector of 
the last section, after which, the critical buckling force could be determined, a value also verified by 
the classic calculus from the Resistance of Materials.  

The second case is the one with which the dental implant was assimilated, that is, a double 
articulated bar, the lower joint considering that it is on an elastic environment, the mandibular bone 
being assimilated with an elastic environment. This association is an original idea, which led to this 
study. In this case, in the differential equation of the deformed average fiber, a term involving the 
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elasticity of the medium intervenes. And this time, the differential equation of the deformed average 
fiber is derived twice, obtaining as a solution the expression of the arrow in a section x. Then, the 
expression of the arrow is derived three times and the expressions of rotation, bending moment and 
cutting force are obtained. The four expressions (for arrow, rotation, bending moment and cutting 
force) were transcribed in a matrix relationship, just like in the case of the buckling bar on a rigid 
environment, for a section x. For x = l, it can be obtaining the state vector of the last section, the top 
section of the bar, depending on the transfer matrix and the state vector of the origin section 0 and 
now it is possible to put the conditions for the two ends. The matrix relation was developed in the 
form of a linear system of four equations with four unknowns. His solution gives as a solution the 
two remaining unknown elements of the state vector from the origin section and the two unknown 
elements of the state vector corresponding to the last section of the buckling bar on an elastic 
environment. Now, it is possible to calculate in any section of the bar a state vector with the four 
elements.  

Being a very advantageous method, TMM offers the possibility to program the presented 
calculation algorithms and thus offers quick solutions in exceptional situations in orthodontics. 

5. Conclusions 

TMM is an easy and elegant method to solve different problems in various fields, especially 
where iterative calculations are needed and where the results must be obtained quickly. This work 
presents an original idea, to assimilate the dental implant as a buckling double articulated bar on 
elastic environment, the mandibular bone being assimilated as an elastic environment. The buckling 
bar is treated through the TMM. This work will serve to future research about dental implants. The 
TMM is very easy to program, for theoretical tests used to optimize the implants forms and after, in 
the future, to validate theoretical results with FEM and with experimental tests in laboratory and in 
situ too.  
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