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Abstract: Non-pneumatic tires have gained a lot of attention due to their advantages, including not
having to worry about getting a flat tire. In this type of tire, metamaterial cells replace the pneumatic
part of the tire. In general, metamaterials are formed by stacking cells together. These cells are ob-
tained by various methods including topology optimization. Therefore, in this research, to achieve
a metamaterial cell suitable for a non-pneumatic tire with the objective function of increasing com-
pressive strength and bending fatigue life, optimization for three types of geometry including (1)
square plane, (2) rectangular plane, and (3) entire circumference of tire and three types of material
including polylactic acid (PLA), thermoplastic polyurethane (TPU) and void have been done. Opti-
mization has been implemented by using MATLAB code in 2D mode. The cubic cell is obtained
from extruding the optimized response of the square plane. From the optimized response of the
rectangular plane, the cylindrical cell and from extruding the optimized response of the entire cir-
cumference of tire to the tire cross-section size, the main geometry of the tire has been calculated.
Finally, to check the quality of 3D printing in producing cells and how they are connected, the op-
timal cell fabricated by the fused deposition modeling (FDM) method has been observed using a
field-emission scanning electron microscopy (FE-SEM). The results show that in the optimization of
the square plane, the sample with the minimum remaining weight constraint equal to 40% and in
the optimization of the rectangular plane and the entire circumference of tire, the sample with the
minimum remaining weight constraint equal to 60% was selected as the optimal sample. From
checking the quality of 3D printing, it has been concluded that PLA and TPU materials are com-
pletely connected.
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1. Introduction

As an engineering issue, optimization is basically divided into three topics: size op-
timization, shape optimization, and topology optimization. Optimizing the size of the var-
iables are the dimensions of the structure such as thickness, surface and volume. Shape
optimization determines the shape of structure boundaries. Topology optimization in dis-
crete structures examines the number and optimal connection of members [1].

Then, researchers have recently realized that by taking inspiration from nature, cel-
lular structures can be designed in such a way that they have novel characteristics [2]. In
addition, with optimization methods, all types of cells with desired properties can be de-
signed. So far, many cells have been discovered and designed, which are generally di-
vided into four categories: foams, lattice, Triply Periodic Minimal Surfaces (TPMS) planes,
and TPMS skeletons [3, 4].

Metamaterials arise from the replication of cells next to each other [2, 5]. Due to the
complex structure of metamaterials, 3D printers are used to produce them. Among the
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applications of metamaterials is in car tires. Metamaterial cells replace the pneumatic part
of the tire and create non-pneumatic tires. One of the advantages of these types of tires is
eliminating the worry of a flat tire and lack of need for adjusting the air pressure inside
the tire. These tires have been noticed due to the easy manufacturing method [6]. In addi-
tion, non-pneumatic tires are more environmentally friendly due to lower raw material
usage in their production [7, 8]. These tires also have other advantages such as reducing
rolling resistance and thus reducing fuel consumption and emissions [6, 7, 9-11].

There have been many activities regarding non-pneumatic tires. One of the designed
tires is the tweel tire. This tire has been examined from different aspects. Including, the
possibility to make them with 3D printers [12], checking the mechanical behavior by a
dynamic finite element model [13], checking the three-point bending properties, and sim-
ulating this test using the finite element method [14], the effects of cell thickness on vertical
stiffness and maximum local stress in cells and their weight [15], noise produced by Tweel
tire [16], investigation of different parameters affecting rolling resistance [17] and predic-
tion of pressure distribution in the cell of this tire [18].

The Tweel tire was also designed for use on the moon, which led to a new structure
called TweelTM. This tire has also been examined from different aspects. including mod-
eling and simulating the dynamic interaction between tire and sand [19], the interaction
of the tire shear layer with sand [20], examining different patterns to find a cell with high
shear bending force bearing considering the strain energy distribution [21] and Investi-
gating the ribbed metamaterial shear layer and selecting the shear layer with specific cell
geometry with the best pressure distribution in the contact area [22].

On the other hand, the use of optimization methods for the design of metamaterial
cells has been investigated. Cells have been optimized for one or more materials. Tavakli
[23] has developed a multi-material optimization algorithm. Numerical results show that
the proposed algorithm is very close to the discrete scheme or 0-1. Zhengtong et al. [24]
have developed an optimization algorithm for a truss foundation. In this method, the op-
timization of the use of different materials is considered. Chen et al. [25] have developed
a multi-material topology optimization algorithm for cell design by reducing stress con-
centration. This metamaterial cell also has the property of negative Poisson ratio.

Chung and Du [26] have developed a topology optimization framework for the de-
sign of multi-material cellular structures. This cellular structure is one of the thermal met-
amaterials that must be exposed to temperature changes. Mansouri et al. [27] pressed a
multi-material cellular structure. The results show that the multi-material cellular struc-
ture has better compressive properties. These multi-material structures have flexibility
and load-bearing characteristics. Gao et al [28] have proposed a topology fatigue optimi-
zation approach. In this method, stress, volume, and fatigue strength are considered lim-
itations and minimum compliance is the objective function.

In another research, Gao et al. [29] have developed a design method for the design of
three-material auxetic metamaterials using the isogeometric topology optimization (ITO)
method. Huang and Li [30] have developed an algorithm for designing new multi-mate-
rial topology optimization. Li et al. [31] have also investigated the optimization of the to-
pology of auxetic cellular composites using the surface set method.

Nguyen et al. [32] have presented an approach for unit cell design using isogeometric
analysis and parametric surface adjustment. Vogiatzis et al. [33] have proposed a surface
set-based method for topology optimization of single-material and multi-material met-
amaterials with negative Poisson ratio (NPR). Zhang et al. [34] presented a new bi-mate-
rial cell design method for chiral auxetic metamaterials. Zheng et al. [35] systematically
investigate several isotropic materials concerning elastic modulus and Poisson ratio. In
this research, a method of topology optimization, and optimal design of cells are used.

According to the literature, the studies for the optimization of metamaterial cells
were done with:
o different optimization methods [24, 29-34],
e different materials (one to several materials) [23, 26-27, 36],
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e and different objective functions and constraints [25, 28].
Consequently, the innovation of the current research is related to:
e the optimization of the metamaterial cell with three materials and its possible
application in non-pneumatic tires,
e and the production and the examination of how to connect materials and the
quality of 3D printing.

2. Materials and Methods

2.1. Samples

The main goal of this research is to design a non-pneumatic tire with an optimization
method consisting of several materials. Different forces are applied to the tire. However,
in this research, the compressive force caused by the weight of the car and the passengers
and the bending force caused by the friction between the tire and the road was considered.
In this research, it is assumed that the tire is moving in a straight road. As a result, lateral
force has been omitted. In the next articles, the impact of the lateral force could also be
investigated. According to this hypothesis and a review of articles, the dimensions and
amount of force on the tire were selected [9, 10, 3948, 12, 49-55, 13, 15, 18, 20, 36-38].
These forces and dimensions of the tire in question are shown in Figure 1. The both com-
pressive and bending force is selected as 1 kN. Considering that the problem is two-di-
mensional, concentrated load was applied.

To optimize the non-pneumatic tire, three types of solution methods have been con-
sidered. In the first case (Strategy 1), a non-pneumatic tire is obtained by optimizing a
square plane and putting together the optimized response in the pneumatic part of the
tire (After optimization, this cell can be used in a scaled form in the tire). In the second
case (Strategy 2), a rectangular plane is considered equal to the height of the pneumatic
tire section, which is obtained by putting together the optimized response in the radial
direction of the non-pneumatic tire. In the third mode (Strategy 3), optimization for the
entire circumference of tire is included.

Strategy 1
‘ Weight Force

1m
1m]

&>
Square Plate *

Strategy 2

4.5 mm
Pt

650 mm

650 mm

60 mm

Tread

1 Entire Circumference of Tire
Metamaterial Cell

Rectangular Plate -

Friction Force

Figure 1. The dimensions of the tire plus the solution strategy

2.2. Materials Specifications

In this research, to optimize and find a suitable cell to replace the pneumatic part of
the tire, three types of materials including polylactic acid (PLA), thermoplastic polyure-
thane (TPU) and void have been used. PLA is among the harder 3D printable polymers in
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the market. Poisson ratio for this material is 0.36, its density is 1240 kg/m3 [56] and its
melting temperature is between 180 and 230 C [57]. TPU polymers show properties such
as toughness, strength, and wear resistance. Poisson ratio of these materials is 0.3897, their
melting temperature is 200-220 C, and their density is 1200 kg/m3 [58].

In this research, the tensile properties of the materials, which have a more critical
effect have been used. Tensile test samples were prepared according to ISO-527 standard
at a speed of 50 mm/min and fused deposition modeling (FDM) method with repeatability
of three tests and 3D printing parameters according to Table 1. The results of this test are
shown in Table 2. These properties have been used in the optimization. The elastic mod-
ulus is the average of the slope of the linear region.

2.3. Optimization Procedures

Metamaterials can be designed by using optimization processes. In these processes,
optimization is performed for one cell, then by repeating and putting this cell together, a
metamaterial structure is fabricated. Topology optimization is performed based on finite
element analysis and sensitivity analysis. In each step, the properties of the elements are
specified. It also uses mathematical programming techniques to obtain convergence of the
response. More information is provided in Appendix A [59-65].

To perform optimization in MATLAB software, the code written by Zuo and Saitou
[66] was used. In this code, it is possible to optimize several materials in 2D mode. There-
fore, the optimization of the three geometries in question is defined as shown in Figure 2.
The parameters used in the optimization are also presented in Table 3.

One solution to prevent rasterization of the response is to use filters such as the neigh-
borhood radius filter. In this filter, the color or density of each element is calculated as an
average of the density of adjacent elements. The neighborhood radius is one of the opti-
mization parameters. If there is a limitation in the construction method, a smaller neigh-
borhood radius can be used. Moreover, if there is no limit to production, the neighbor-
hood radius can be used more. In this case, the answer is more accurate. The neighbor-
hood radius filter considers constructability in the optimization process. The larger radius
is, the more elements are involved. As a result, more elements have the same properties.
If a smaller radius is used, the boundary between the void and the solid material is clearer.
However, if this radius is too small, the elements will not be grouped. Figure 3 is presented
for a better understanding of this method. For the optimization, the neighborhood radius
filter with the symbol of R has been used.

Table 1. Parameters for 3D printing of PLA/TPU polymers

Material Speed Nozzle temperature  Infill Layer height Nozzle Bed temperature
(mm/s) (°C) (%) (mm) diameter (mm) (°C)
PLA 20 180 100 0.2 0.2 25
TPU 20 220 100 0.2 0.2 25
Table 2. Mechanical properties of the studied materials
Material Yield stress (MPa) (MPa) Young modulus
PLA 2.5+56.0 100.7+3089.3
TPU 1.6+4.1 0.6+12.0
Table 3. Optimization parameters
Objective Constraint R

Minimum Compliance Remaining weight for 20, 40, and 60% of the total weight 1.2
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Figure 3. The radius filter to obtain a better objective

The used code contains two types of constraints: volume and price. However, in the
present study, only the adverb of volume is used. To eliminate the effect of the price con-
straint, a value of 50% has been considered for this constraint. This means that both PLA
and TPU materials should be used equally. The final answer should include 50% of the
cheaper material and naturally 50% of the more expensive material. In addition, the nor-
mal vector related to the price of materials is defined as [1 1 1]. This means that the price
of all three void, PLA and TPU, are assumed to be the same.

To optimize the square plane, a 1x1 m plane has been selected, which is subjected to
a compressive and bending force of 1 kN. By extruding the optimized 2D geometry, the
desired cell is calculated. This cell will be used in a scaled form in the tire. Similarly, for
the optimization of the rectangular plane, a plane with dimensions of 4.5 x 60 mm has
been selected, and the desired geometry will be obtained from the rotation of this plane
around the axis of symmetry (see Figure 1). This plane is also subjected to a compressive
and bending force of 1 kN.

Optimizing the entire circumference of tire with dimensions of 650 x 650 mm has
been considered, and the desired result has been obtained by extruding its optimized re-
sponse to the width of the tire section. In the design of tire, continuous contact between
the tire and the road is very important for the safety of the car and its passengers. There-
fore, a barrier has been considered at the point of contact between the tire and the road to
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prevent separation of these two. In addition, another restriction is also considered in the
center of the tire to prevent the tire from sliding on the road.

In the MATLAB code used to investigate the effect of the length of the element on the
optimization response, various analyses have been performed, the information of which
is shown in Figure 4. According to this figure, an element size of 25 mm has been chosen.

(b) (©

Figure 4. The effect of element size on the optimization response: (a) 50, (b) 25, and (c) 10 (mm)

2.4. Printing Quality

To check the quality of 3D printing in the production of parts made of PLA and TPU
and to check how to connect them, the optimal cell fabricated by the FDM method has
been observed using a field emission scanning electron microscopy (FESEM) (Zeiss Sigma
300 HV, Germany). A gold coating is applied on the surface of the samples prior to SEM
analysis.

3. Results and discussion

3.1. Outputs for Square Plane

A square plane with dimensions of 1x1 m with an element length of 25 mm, which is
equivalent to the number of 40 elements in each direction, has been used for optimization
with different volumes. Figure 5 illustrates the optimization results for various weight
constraints. According to this figure, the sample with less remaining weight equal to 20%
and 60% has discontinuity. This discontinuity requires support according to the selective
manufacturing method (FDM), which in metamaterials is very difficult, if not impossible
to separate these types of supports from the main part due to the repetition of the cell and
the complexity of the part. Therefore, the sample with a remaining weight of less than 40%
has been selected as the optimal sample.

This problem has been implemented in a completely similar way in ABAQUS soft-
ware for both 2D and 3D modes. The problem defined in ABAQUS software is shown in
Figure 6.

The answer obtained by MATLAB code compared to the optimized cell with
ABAQUS software is shown in Figure 7. According to this figure, considering that the
quality of the optimization results is compared with each other, the results are similar to
each other to an acceptable extent. Therefore, the MATLAB code has been used in 2D
mode to optimize PLA and TPU materials along with voids in the target plane. Since the
sample with 40% of the original weight was selected as the optimal sample in the optimi-
zation of the square plane, the same constraint was used in this step as well.

The convergence diagram of the objective function is shown in Figure 8 and the ob-
tained result is also shown in Figure 9. According to the results, the answer obtained can
only be implemented with the help of 3D printers with two nozzles.
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(b)

Figure 5. The response resulting from the optimization for the square plane in terms of (a) 20%, (b)

40%, and (c) 60% for the weight constraint
(©

Figure 6. The problem defined in ABAQUS software: (a) 3D model, (b) 3D model with low thickness,
and (c) 2D model

(a) (b) ©

Figure 7. The comparison of the results obtained from ABAQUS software: (a) 3D model, (b) 3D
model with low thickness, (c) 2D model, and (d) plus results of the MATLAB code
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Figure 8. The convergence diagram of the objective function for optimal material distribution
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Figure 9. The Optimization of a square plane with multiple materials

The answer for the optimization of a square plate consisting of PLA and TPU mate-
rials was fabricated in two scales, by the FDM 3D printer. The print parameters were con-
sidered according to Table 1. These cells are shown in Figure 10.
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Figure 10. The bi-material metamaterial cells made by FDM 3D printer

3.2 Outputs for Rectangular Plane

In optimization with MATLAB code, a rectangular plane with dimensions of 4.5x60
mm is selected. From the rotation of the optimized response, the cylindrical cell is calcu-
lated based on the axisymmetric condition. This cell is radially replaced in the tire. The
friction force between the tire and the road leads to bending in this cell. These cells act like
a cantilever beam. Therefore, during the movement and rotation of the tire, bending fa-
tigue loading occurs in these cells. Therefore, this cell can be directly tested for fatigue
testing. In the fatigue test, the sample is connected to the device with a screw at a distance
of 1 cm from the beginning and the end. Therefore, this distance from the sample is as-
sumed to be fixed (frozen area).

Because the length of the element is 25 mm, the dimensions of the plane in question
have been analyzed in a scaled manner. 160 elements along the longitudinal axis and 18
elements along the transverse axis have been selected (scale 100 times). Figure 11 shows
the results of optimization in different constraints for this plane.

According to this figure, the sample with a residual weight limit of less than 20% has
a discontinuity. The sample with a remaining weight of less than 40% cannot be manufac-
tured with the FDM 3D printer due to the creation of very thin struts. Therefore, the sam-
ple with a 60% restriction is selected as the optimal sample.

(@)

(b)

(©)

Figure 11. The results for the optimization of the rectangular plane in terms of (a) 20%, (b) 40%, and
(c) 60% for the weight constraint

The comparison of the results of ABAQUS software and MATLAB code with the con-
dition of remaining weight less than 60% is shown in Figure 12. This geometry is also
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optimized with multiple materials using the MATLAB code and, the convergence results
of its objective function are shown in Figure 13 and the response in a different step of the
solution is shown in Figure 14.

Figure 12. The comparison of the results obtained from ABAQUS software and MATLAB code for
the rectangular plane

900

Ovoid MTPU HPLA

800

o —

Initial Geometry
700

'§<

3
E
Q
£
; 600
E -
£ 500 l P
g 4
2 400 | o o
=3
(¥ 9
2 300 i.
= o
3
= 200 ° = d
(o]
100 / \
0 —"—'—““‘”"“’M
0 10 2 0 40 50

Iteration

Figure 13. The convergence diagram of objective function for rectangular plane
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Figure 14. Optimizing the rectangular plane with multiple materials

3.3. Entire Circumference of Tire

This code is also used to optimize the entire circumference of tire. For this purpose,
a square plane with dimensions of 650x650 mm is subjected to compressive and bending
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forces of 5 kN, similar to a real tire. According to the element size, 26 elements have been
selected in two directions. Figure 15 is shown the results of tire optimization with one type
of material.

Due to this shape, the tire does not have continuity when weight limit of 20% and
40% are used for optimization process. Therefore, taking into account the lowest weight,
the tire with 60% is selected as the optimal tire. Therefore, the same objective function and
constraint have been used for the optimal distribution of PLA and TPU materials in the
tire. The objective function convergence for the tire is shown in Figure 16 and the results
are shown in Figure 17.

@

Figure 15. The optimized tire with one type of material: (a) 20%, (b) 40%, and (c) 60% of the weight
constraint
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Figure 16. The convergence diagram of the objective function in tire optimization
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Figure 17. The results of the optimal distribution of materials in the tire

Jang et al. [67] have also performed topology optimization for tires with the objective
function of compliance in terms of weight and volume constraints under pressure and
tension separately. The defined supports and tire dimensions are the same for both stud-
ies. However, because the optimization of material distribution was not considered in this
research, the middle part of the tire, which includes the tire core, was not considered. In
other words, a hole has been included in the tire (tire inner rim) from the very beginning.
In this research, three types of cells have been optimized. The value of the objective func-
tion in these cells is between 15 and 20 mm/N and the final answer is converged in the
number of repetitions between 15 and 30. In the current research, the value of the target
function is 12 mm/N and the final response is calculated in the number of repetitions of 5.

This code was used to optimize a rectangular plane too [66]. After optimization, this
plane has become a semicircle. In addition to optimizing the distribution of two materials,
they have also implemented the optimization of the distribution of three materials with
voids. In the optimization of two materials along with the void, the response has con-
verged in the number of repetitions of 20. The reason for this can be the size of the element
used. In this research, the element size is 8 mm. However, in the current research, the size
of the element is 25 mm. This smaller element has reduced the speed of convergence. In
the code, a kind of price adverb is also included, but the effect of this adverb is not con-
sidered in the present study. In addition, 2D and 3D optimizations of a rectangular plane
with 1 to 10 materials have been implemented [68]. The objective function in these opti-
mizations is the minimum compliance and volume constraint. This plane is subjected to
various forces, including tensile and bending, in a 2D state.
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In the 2D plane under bending load and two materials, the objective function has
converged in the number of repetitions of 10. This behavior is similar to the present work.
Curved surfaces are also observed in the final response. The percentage of the final vol-
ume fraction is 35% to 60%, which is the same as the range of optimized percentages in
the current research.

3.5. Outputs for The Quality of 3D Printing

The optimized cell of the square plane is fabricated in two sizes of 8 and 10 mm with
a 3D FDM printer. Figure 18 shows the image obtained from the FE-SEM of the surface of
these two cells. According to this figure, the connection between PLA and TPU material
is quite clear in both scales.

Holes have been observed on the surface of the cells according to Figure 19. These
holes are caused by two factors. The first factor is caused by the high temperature during
3D printing, which causes the filament to evaporate and create bubbles on the surface of
the sample. These bubbles cause defect [69]. The second factor is caused by the manufac-
turing method. In 3D printing, parts are fabricated layer by layer. Improper connection of
layers with each other causes holes in the sample. The holes caused by the manufacturing
method have been observed in connecting similar layers (TPU-TPU) and connecting dif-
ferent layers (PLA-TPU). In other reference, the weak connection between layers in the
FDM method has been observed [69-71].

Cell Sizez10 mm

100 ym EHT= 5.00kV Signal A= SE2 Date :17 Oct 2022 100 pm EHT= 5.00 kV Signal A= SE2 Date :17 Oct 2022
WD= 89 mm Mag= 74X Time :13:08:22 WwD= 89 mm Mag= 74X Time :13:10:40

——

Defect caused by
manufacturing method

heae

e 2L &

; Defect & =, / Defect caused by
caused by gas [EEAN Tt ] manufacturing method

Y

EHT = 500kV Signal A= SE2 Date :17 Oct 2022 EHT = 5.00kV Signal A= SE2 Date :17 Oct 2022
WD= 8.9 mm Mag= 74X Time :13.08:01 wD= 89 mm Mag= 74X Time :13:08:59

Figure 19. The defect fabricated on the surface of the sample during 3D printing

According to Figure 20, the 3D printed cell with a size of 10 mm has better quality.
In the 3D printed cell with a size of 8 mm, the PLA layers are not well connected to the
TPU layer. Various factors affect the adhesion of layers of different materials. Among
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others, we can mention print temperature, speed and density [72, 73]. However, these
parameters are the same in both sizes. Therefore, it can be concluded that cell size is also
effective in the adhesion of different materials in 3D printing. In another research, it was
shown that the large size of the printed sample had better quality [74].

Figure 21 shows the cell placement in the tire. In the future research, the mechanical
properties of this tire will be discussed. When the force is applied to this non-pneumatic
tire, the adjacent cell structures will also have a strong effect on each other, which can
affect the structural stress change. In the further investigations, the mechanical properties
of this tire include compressive and fatigue properties will be discussed. In addition, dif-
ferent arrangements between the unit cell will be also studied.

Worse quality of bi-material
3D printing
——
100 ym EHT = 500 kV Signal A= SE2 Date :17 Oct 2022 100 ym EHT= 500 kV Signal A= SE2 Date :17 Oct 2022
WD = 89 mm Mag= 74X Time :13:.07.07 WD= 89 mm Mag= 74X Time :13:09:28

———————————

T — et —

Figure 21. Arrangements of cells in the non-pneumatic tire

4. Conclusions

In this research, to design a non-pneumatic tire, optimization has been done for three
types of geometry, including a square plane, a rectangular plane, and entire circumference
of tire consisting of 3 materials: PLA, TPU, and void. The objective function in this
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optimization is minimum compliance and weight as a constraint. The results obtained are
as follows:
e In the optimization of the square plane, the sample with the remaining
weight constraint equal to 40% is selected as the optimal sample.
¢ in the optimization of the rectangular plane, the sample with the remaining
weight constraint equal to 60% is selected as the optimal sample.
¢ In the optimization of the entire circumference of tire, the sample with a re-
maining weight of less than 60% has been selected as the optimal sample.
e The objective function for all three problems in the optimal distribution of
materials is convergent and acceptable.
¢ PLA and TPU materials are completely connected based on FE-SEM images.
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Appendix A

Topology optimization is defined as making macroscopic changes between one or
more materials. One of the materials can be considered void. In other words, in topology
optimization, by defining the appropriate objective function and constraints, the material
distribution in the specimen is optimized. In this method, the specimen is divided into
elements and the density of the material is defined as a design variable. Then the proper-
ties of the elements are calculated. Some elements are removed and some take the prop-
erties of the material.

Figure A1 (a) shows a schematic of the solution to the problem in a discrete design.
In this design, each color corresponds to a material. Design variable in discrete design can
be 0 or 1.

(a) (b)
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Figure Al. The topology optimization including (a) discrete design and (b) continuous design (Note:
White color is Material 1 and the black one is Material 2.) [59]

The optimization problem in the discrete design is defined according to Equation A1,
as follows [59],

Min: @ (C (p))

N

vepe
.t — <
s Z Vg f

e=1

:gi(C ()<g; i =1,.,M (A1)

(0 (material 1)
Pe = {1 (material 2) ,e=1,.,N

K(p)U;= F,i = 1,...m

In this equation, minimizing @ is the goal of the problem, which includes C, which is
a function of the variable of the problem design and is calculated according to Equation
A2. Cis an interpolation function that determines the properties of each element. These
properties can express different physical values such as material stiffness, cost, etc. v, is
volume of the element (v,) is the unit cell total volume, f is the volume fraction limit,
gi(C (p)) is the problem limit and g; is the limit. The relationship of K(o)Ui = Fi also rep-
resents the finite element analysis for loading cases.

Cp) =1 —pe) C* + pcC? (A2)

In this equation, C2 and C1 are the material tensors of the two components. If p,=0,
the element of the properties of the first material, and if p,=1, the element of the properties
of the second material is taken, and thus a discrete design is obtained. This design, it
brings problems such as creating a design and geometric details that are very delicate and
unmanufacturable. One of the ways to solve this problem is to use geometric constraints.
In addition, the use of continuous variables is also suggested. In this method, design var-
iables include any value between 0 and 1. As a result, the discrete optimization problem
becomes a continuous problem according to Figure A1l (b). This method is called the gray
scheme [60].

In continuous mode, the optimization problem is defined according to equation A3
[59].

Min: & (C (p)) (A3)
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K(p)U; = F;,i = 1,...m

In this method, there is a possibility that the answers will end up in the middle values
of the design variables. Therefore, to avoid this problem, different penalty plans are used.
For example, it is possible to use the Solid Isotropic Material with a Penalization (SIMP)
approach, where the design variable reaches the power of the penalty factor (p>1) and
directs the solution toward the discrete values 0 and 1. In fact, despite continuous varia-
bles, it performs discrete solutions. In this case, the interpolator function is defined as
Equation A4.

Clp) = (A= pPC +pPC* (Ad)
If the optimization of only one material is considered, the above relation can be re-
placed with Equation A5 [61].

Clp) =pcPCt (A5)
This relationship is used when one of the two materials in question is void. And if

the optimization of two types of materials with the void is considered, equation A6 is used
[62].

C(p) = p[ (1= pIPCt + pPC?] (A6)
Equation A4 can be extended to three materials [63]:

CO23(pt,p?) = (1 - p")PC + (p1)PC?? (A7)

—(1-
pOPC + (pHP[A - pP)PC? + p? (3]

=(1-
pHPCt + (p1P (1 = p?)PC? + (plpz)”C3(

In recent years, another interpolator function according to Equation A8 is used,
which is called the modified SIMP method. In this method, the elastic modulus of the
cavity is not considered zero to avoid the singularity of the stiffness matrix. One of the
advantages of this method is that the elastic modulus and the penalty number is not de-
pendent on each other. In this regard, c,,;, is the elastic modulus of the cavity [64].

c(p) = cmin + PP (Co — Cmin) (A8)
If the interpolator function C is related to the stiffness of the material, it depends on
the young modulus and Poisson ratio of the material. In the case that the Poisson ratio is
independent of the material density and this tensor is supposed to correspond to a com-
posite material made of empty space and the given material with real density, the bulk
modulus (K) and the shear modulus (i) of the tensor (C) should cover the Hashin-Shtrik-

Man range.
For two-phase materials, one phase of which is void. This range is shown in Equation
A9 [61].
KO 0
0 <K< L (A9)

T (A -pKO+p°
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pK°u°
0<uc<
(1= (K +20) + K°
In this regard, K %and u° are the bulk modulus and shear modulus of the material in
question. In this case, Equation A10 is calculated for the elastic modulus.

EO
0 <E < p (A10)
3—2p
According to Equation A5, it can be written:
pE°
0 <pPE’ < All
e (A1)

Equation A11 is true if and only if p is greater than 3. However, in the SIMP model,
the Poisson ratio is assumed to be independent of density. In this case, according to the
definitions of young modulus and shear modulus shown in Equation A12, the Hashin-
Shtrikman range is rewritten as Equation A13:

K= E
T 2(1-v)
(A12)
_ E
=20 +v
Pr0 0
o< PE pE
2(1—-v) 4-2(1+v)p
(A13)
PEO EO
0 < P P

<
“2(1+v) T20-pB-v)+2(1+v))

From the above relationship, a condition for calculating the value of p according to
Equation Al4 is obtained.

4
pZmax(l_v,1+v) (A14)
For example, the p factor for materials with different Poisson ratios is shown in Equa-
tion A15.
. 1
ifv= 3 p=3
(A15)

o1 .
ifv=s, p=
In the 3D case, the Hashin-Shtrikman range leads to Equation A16:
1-v 3 1-v
> b Al6
pmax (1570 5 7735 (A16)
In this case, for example, the number p is calculated as follows:

W =

ifv=—-, p=3

(A17)
. 1
ifv= X p=2
In general, the larger the p number, the better it is to remove average densities. But
the solution time increases [65]. Considering that the Poisson's ratio for the materials used
in this research is 1/3, therefore, the penalty number of 3 is also considered in the analyses
carried out in this research.
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In the optimization process, the impact of each design variable on the final response
is important. For this reason, sensitivity analysis is performed to find out which variable
has the greatest effect on the response. In sensitivity analysis, the effect of that parameter
is calculated with the derivative of the desired parameter with respect to the design vari-
able. The high importance of a parameter causes the solution to have more changes de-
pending on the input variables.
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