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Abstract: This paper is concerned about the novel exact solitons to the truncated M-fractional (1+1)-dimensional
non-linear generalized Bretherton model with arbitrary constants . This model is used to explain the resonant
nonlinear interaction between the waves in different phenomenon, including fluid dynamics, plasma physics,
ocean waves, and many others. A series of exact solitons, including bright, dark, periodic, singular, singular-
bright, singular-dark, and other solitons are obtained by applying the extended sinh-Gordon equation expansion
(EShGEE), and the modified (G’/G?)-expansion techniques. A novel definition of Fractional derivative provides
the solutions distinct from the present solutions. Mathematica software is used to obtain, and verify the solutions.
The solutions are shown through 2-D, 3-D, and density plots. The stability process is performed to verify that the
solutions are exact and accurate. The modulation instability is used to determine the steady-state stable results to

the corresponding equation.

Keywords: generalized Bretherton model; fractional derivatives; stability analysis; modulation instability; analyti-

cal methods; exact solitons

1. Introduction

Naturally taking place natural phenomena are expressed in the form of nonlinear fractional
partial differential equations. Many models have been developed in the form of fractional partial
differential equations in the different fields of science, and engineering including fractional Phi-4 model
[1], fractional Wazwaz-Benjamin-Bona-Mahony model [2], fractional regularized long wave model
[3], fractional complex three coupled Maccari’s system [4], fractional paraxial nonlinear Schrodinger
model [5], and many more.

In this paper, authors used two simple and useful schemes: EShGEE method and modified
(G'/ G?)-expansion technique. The concerned schemes have been used for different models. Instantly;
EShGEE technique is used for Biswas-Arshed equation [6], hyperbolic and cubic-quintic nonlinear
Schrédinger equations [7], generalized non-linear Schrodinger equation [8], Kundu-Eckhaus equa-
tion [9], novel liquid crystals model [10], (2+1)-dimensional nonlinear Schrédinger equation with
anti-cubic nonlinearity [11], stochastic Phi-4 equation [12], Klein-Gordon-Zakharov equations [13],
Nizhnik-Novikov-Veselov system [14], density dependent diffusion-reaction equation [15], Van der
Waals equation [16]. Similarly, modified (G’/G?)-expansion scheme is used for third-order disper-
sion nonlinear Schrodinger equation [17], Fokas-Lenells equation [18], (1+1)-dimensional classical
Boussinesq equation [19], coupled Drinfel’d-Sokolov-Wilson equation [20], Wazwaz Kaur Boussinesq
equation [21].

The basic purpose of our work is to discover the new distinct exact solitons to (1+1)-dimensional
non-linear generalized Bretherton model along truncated M-fractional derivative. A qualitative
analysis of the governing model is also performed.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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Motivation of our work is investigate the novel wave solitons to the generalized Bretherton
model. The truncated M-fractional derivative fulfills the characteristics of both integer and fractional
derivatives. This definition of derivative provides the better solutions than the other definitions. Firstly,
both the utilized techniques convert the nonlinear fractional partial differential equations into nonlinear
ordinary differential equations (ODEs) then solve the obtained ODEs. The extended sinh-Gordon
equation expansion technique provides the dark, bright, dark-bright, singular, singular-bright, and
other solitons. The modified (G’/G?)-expansion scheme gives the periodic wave, kink soliton and
other types of soliton solutions.

There are different sections in the paper; the corresponding model and its mathematical treatment
are shown in Section 2, the EShGEE approach and exact solitons are mentioned in Section 3, modified
(G’ /G?)-expansion technique and its application are shown in Section 4, graphically explanation is
mentioned in Section 5, physically description is shown in Section 6, Stability analysis is performed in
Section 7, Modulation instability is performed in Section 8, and we concluded our work in Section 9.

Truncated M-fractional derivative (TMFD)

Definition: Consider v(x) : [0,00) — R, therefore truncated M-fractional derivative of v of order
€[22]

E 1—e)) _
Djfxv(x):nmv(x o ex ™)) o) 0,1}, g0,

e—0 €

here E, (.) represents a truncated Mittag-Leffler function [23]

; .
Eo(z) ; Q+1 0>0and z € C.

Properties: Consider a,b € i, and g, f are e— differentiable at a point x > 0, according to [22]:

(a) Dy, (ag(x) + bf (x)) = aDiy g (x) + bDy7, f (x)
(b) Dyt ((x)-f(x)) = g(x) Dy, f (x) + f(x) Dy 8 (x)

_ f)D8(x) — g(x) D7 f(x)
(f(x))?

(d) D;}IQ,X(B) =0, where B is a constant.

1—€
(€ Dis6) = o gy o

2. Model presentation and its mathematical treatment

Bretherton proposed the following partial differential equation [24];
Vst + Vxx + Vxyxx + 0 — 02 = 0. (1)

This is a model of a dispersive wave system to explain the resonant nonlinear interaction between
three linear models.
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The modified Bretherton equation is given as;
Uit + Uxx + Oxxxx + 0 — v’ =0. 2)

Eq.(2) was used by Kudryashov [25]. Different kinds of solitary wave solutions were gained in
[26,27].

Our concerning model is a (1+1)-dimensional non-linear generalized Bretherton equation with
arbitrary constants given as [28];

Vit + AVxy + bUxxxx + o + cv® = 0. 3)

Here v = v(x, t) indicates the wave function, while parameters a,b,c, and y are arbitrary constants.
Eq.(3) is discussed by using different schemes including; improved (G’/G)-expansion scheme [28],
extended tanh-function scheme [29].

The (1+1)-dimensional nonlinear generalized Bretherton model with arbitrary constant in the
concept of TMFD is given as;

2€, 2€,

Difyv+ aDM,iv + bDiZ:ﬁv +uv+ cv® = 0. 4)

Consider a wave transformation;

o) = v(©), o= 0T e e 5)
where A is a soliton velocity.
Using Eq.(5) into Eq.(4), results into;
(a + AZ) V" 45V 4 V3 4 uV =0 (6)

Natural number m is calculated by applying the Homogeneous Balance technique into Eq.(6),
and balancing the terms V(*) and V3, we get m = 2.

3. Explanation and application of EShGEE method

3.1. Description

Here we will mention some of the stages of the scheme.
Stage 1:
Supposing a non-linear fractional PDE:

E(g, D;Eth,gzgx,gx, ..) =0. )

Where, ¢ = g(x, t) is a wave profile.
Considering a wave transformation:

g, = 6(), v =11 (e ) (®)
Inserting Eq. (8) in Eq. (7), yields:
H(G,G3*G,G",..) =0. 9)

Stage 2:
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Suppose the roots of Eq. (9) given below:
m .
G(f) = ao + )_(B;sinh(f) +a;cosh(f)). (10)
j=1
Here ao, a;, Bj (j = 1,2,3, ..., m) are to be found. Suppose a new profile f of U that fulfill:
af _ sinh(f). (11)

do

Natural number m is calculate by applying the Homogeneous Balance scheme. Eq. (11) is achieved
from the given equation:
gxt = ksinh(v). (12)

From [30], we obtain the results for Eq. (12) shown as:

sinh f(U) = £csch(U)  or  cosh f(U) = =+ coth(U). (13)
And
sinh f(U) = xisech(U)  or cosh f(U) = £ tanh(U). (14)
2= —1.
Stage 3:

Inserting Eq. (10) and Eq. (11) in the Eq. (9), results a system including f*(35) sinh! f(5) cosh™ f(0)
(k=0,1; 1 =0,1; m=0,1,2,...). Putting each co-efficient of f*(35) sinh! f(35) cosh™ f(¥5) equal to 0,
to achieve a set of consisting «; and ;(j = 1,2,3...m) and others.

Stage 4:

By solving the gained set, yields results for unknowns. From obtained solutions, Egs. (13) and
(14), yields the solutions for Eq. (9) given as:

m

G(U) = ag + ) _(+p; csch(V) & a; coth(1) ). (15)

j=1

And .
G(U) = ag+ Y (F1Bjsech(V) £ a; tanh(V))/. (16)

j=1

From this method, one may gain the sech, csch, tanh and coth consisting results.

3.2. Application to the EShGEE scheme
Eq.(10) changes to the given form for m = 2:

V() = g + &1 cosh(f(5)) + By sinh(£(10)) + (wz cosh(f(0)) + Bz sinh(F(B))%.  (17)

Using Eq.(17) into Eq.(6) along Eq.(11), we gain a system containing «g, x1,&2, B1, B2, A, and other
parameters. By manumitting, results into the given sets :

Set 1:
Y 4/ 3/4 4
{“0 - W/“l = Olﬁl = 01“2 - iW/ﬁZ =0,
A= —\/—u —2v—=15b+10b,u = 4(7b — V/—15b)}. (18)
vi(x,t) = \/\/2? <1 +v-15 coth(2r(%+g)(xe + \/—a —2v/—-15b+ 100 te))>. (19)
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vy(x,t) = \\C(li\/—l tanh (2 ( (x€ + \/—a—Z\/—l 5b+10b te))> (20)
Set 2;
/ 4/ 3/4 4
{ag = V2b — 7 30 01 =0, =0, = i\/w/ﬁz =0,
A= \/—a —2v/~15b+10b, u = 4(7b —/—15b)}. (21)
o1 (x, ) = ‘\7 <1 + /15 coth(2 ( ¢ \/—a—2v/"T5b+ 100 te))> 22)
vy(x,t) = v2b <1 + \/—15tanh(2r(1 +0) (x€ — \/—a —2y/—15b + 10b te))>. (23)
Ve €
Set 3;
N/ — /a 3/4%
{ao = — 30\17/;\/»,10/310 ap =+ 15\42 \/E,rgz:o,
A= —\/—a +10b +2/—15b, 4 = 4(v/—15b 4+ 7b)}. (24)
vl(x,t)\/\;b<—1i\/ 15 coth(2 ra “’) (x +\/ a+10b+2v/— bte))> (25)
vy(x, 1) = {?(11\/1 tanh(2 ra +Q (x€ + \/ a+10b +2v/—15b te))> (26)
Set 4;
£/ — 4/ 3/4 4
{ag = —W,M =0,1=0,ar = iwzﬁz =0,
A= \/—a +10b + 2+/—15b, u = 4(v/—15b + 7b)}. (27)
v1(x,t) = \/\/2? <—1 + v/ —15coth(2 ( * Q (x€ — \/—a +10b 4+ 2+/—15b te))> (28)
va(x,t) = \/\/2? <—1 + v/ —15tanh(2 ( + Q (x€ — \/—a + 100 4 2v/—15b te))> (29)
Set 5;
{ag = —27”_3%,041 =0, =0,a; = i47“1523/4%,52 =0,A = —v/—a—20b,u = 64b}. (30)
Ve Ve
2v/=300
v1(x,t) = (ﬁ)cschz( ( +Q)( +v/—a — 200 €)). (31)
2y/—30b
o (x, 1) = —(\Tsechz(m:@) (x€ + v/—a =206 £4)). (32)
Set 6;
£/ — 4/ 3/4
{ag = _2\[5017,&1 =0, =0,a, = \; \[ =V —a—20b,u = 64b}. (33)
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2+/—=30b
vi(x,t) = (\ﬁ>csch2(r(1e+g)(x€ — 1V —a—20bt%)). (34)
2+/—30b
va(x, t) = —<\[>sech2(r(1€+Q)(xe —V—a—20bt%)). (35)
c
4. Explanation of modified (G’'/G?)— expansion scheme
In this section, we will explain the main steps of this scheme [17].
Step 1:
Suppose the Eqns. (7), (8) and (9).
Step 2:
Suppose the result for Eq.(9) given as;
m G/ i
Q(v) =} #i(5) (36)
j=0

where «; (j=0,1,2,3,..., m) are unknowns while aj # 0. The function G=G(U) fulfills the given ODE,

G’ G’
(@)/ =A0+/\1(@)2, (37)
here Ay and A; are the constants. One can obtain the following cases to Eq. (37) depends on the
conditions of Ag:

Case 1:if AgAq < 0, then

(g) _ \/|)\0)\1| i \/|/\0/\1| C Sil’]h(\//\o/\l U) + G COSh(\/ AoM U)] (38)
G? M 2 Cj cosh(v/AgA1 U) + Casinh(v/AgA; U)”

Case 2: if AgA7 > 0, then

G A Cq COS(\//\o/\l U) + Gy Sin(\//\o/\l U)

Ty ,/20 , 39
<G2) /\1 [Cl Sil‘l(\/)\g)\l U) — Cz sin(\/ )\O)\l U) ] ( )
Case 3: if A\p = 0and A # 0, then
G’ Cy
(G2) = MG+ G 40

Here C; and C; are constants.

Step 3:
Putting Eq. (36) in the Eq. (9) along Eq. (37), and collecting coefficients of every power of (%)] to 0,
then solving that algebraic equations obtained including «;, Ao, A1, v and others.

Step 4:

Eq. (36) of which a;, v and other parameters that are obtained in the step 3 into the Eq. (9), one
can gain the results of Eq. (7).

4.1. Application
For m = 2, Eq.(36) reduces into:
G'(U)

Q(U) = zxﬁ—oqm —|—0(2(

G,(U) )2
G*(0)

(41)
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Here ap, @1 and a; are unknowns. By putting Eq. (41) with Eq. (37) into the Eq. (6), and by solving
by Maple software, results into the given sets:
Set 1:

/a0 A~k /AN .2
{rxo == M,al =0,ap = £ ﬂ,/\ = —/20bAA; —a, = 64 Ag2 A1 2D

(42)
If ApAq < 0, we have

2A1v/=30¢h Aok Aok r(1
o(x,b) =+ (/\0+A1(—\/|A(1) il V1 > 1l ((cy sinh(y/AoA = :9)

r(
(x° + \/20bAoAs —a £€)) + Cy cosh(/Aghy g X+ v/20bA0A; — @ £€)))/(Cy cosh(v/Aghs
1
(1 + Q €+ /20bAgA —a fe + G smh(v Ao ( + Q €+ /20bAgA —a te 2 . (43)

If AgA1 > 0, we have

o(x, ) = &+ 2V =30cb VC_3OCb(/\ Al(,/il ((Cy cos(\/ Aoy (1+Q( +/20bAoh —a )

1
+ Cysin(v/ oM (1+Q b /20BAohs =7 £)))/(Cy sin(y/Aoh; L) +Q>
1
x 4+ 1/20bAgA —a fE -G sm v AoM ( + Q €+ 1/20bAgA1 —a te 2 . (49)

Set 2:

[

— 2, /—
{uco =+ M,(xl =0,0p = 30¢cb )‘1 = /20bAgA; —a, = 64 /\02/\121;} (45)

If AgA < 0, we have

2A1v—30¢b AgA AgA (1
v(x’t):ilcc(/\0+}\l(\/|)\(1) l| +\/| 20 1] ((Clsinh(\/m%

— 20 b/\o/\l —a t€>) + Cz COSh(\/ )\0)\ (1 + Q — /20 b)\o)\l —a te Cl COSh(\/ /\0/\1
@(f — V20bAoh —a ) + G sinh(\/)\o)\l ﬂ — V200h0M —a t)))))?).  (46)

If AgA1 > 0, we have

v(x,t) ==+ 2}\167_3%(/\0—&—)\1(“:\\— ((C1 cos(v/ Ao (1+Q —V20bAgA —a t9))

+ Cysin(yv/AoM FOﬁ(xe — /20bA0As —a £)))/ (Cy sin(v/Aghs @
— /20bAgAs —a £)) = Cysin(v/Aghy (1 LA+0) e a0bron —a £9))2). (47)
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Set 3:

2\/—30c 2y/=30cbA,?

&1 =0,00 =% ,

$(—\/—3OC +ff))\1)\0

{ao =

\/ V/=30b(30 v2v/cbAgAb + IOAOAlb\/ 30ch + ay/— 0eh)
v/ —=30ch
—4X0%A12b(v/2V/cb 4+ 9 /=30 cb)

#= 2v/2v/cb — /—30¢ch b9

Case 1:if AgA; < 0, then

$(—\/—30cb+ V2V/eb)A1Ag N 2\/—30ch12(_ [AoAd] N V] oA
c c M 2

Cy sinh(y/AgA; Z0F2 (x¢ — A£€)) + C; cosh(y/Aghy N (xe — Af€))
C; cosh(v/AAy T (xe — Af€)) + Cysinh(y/Aghy J2) (xe — Age))

Case 2: if AgAq > 0, then

v(x,t) =

)% (49)

(—v/=30¢b + V2Vcb)AAg |, 2/=30cbA% | Ag
o(x,t) =F + aw
c c A
Cy cos(v/Aohy T (x€ — A#€)) + Cp sin(y/Aphy L0 (xe /\te))))z 50)
Cy sin(v/AoAr I 10 (xe — At€)) — Cysin(y/Aghy "L (xe — Ae))
where A is given in Eq.(48).
Set 4:
N/ — — 2
(0 = HF( V/=30cb + ﬁ\@)}““,le =+ 2v/ 30ch1 ’

\/ V/=30¢b 3offA0A1b+10AOA1b\/ 30ch + ay/— 0h)

v —30ch
_ —42o*A12b(V2V/eb +9 /=30 ¢cb)

51
2v/2\/cb — v/=30¢cb ;6D
Case 1:if AgA; < 0, then
o(xt) = :F(—\/—306b+ V2V/ch) A1 Ag N z\/—30ch12(_\/|AOA1| N «/|A0A1|
o c c M
Cy sinh(yv/ApA; Z0E) (x¢ — A#€)) + C; cosh(v/Agh ”Q (x€ Ate))))2 2
Cy cosh(v/AgA F(l:—g)( — At€)) 4 Cy sinh(y/AgAq (HQ)( —Ate))
Case 2: if A\gA1 > 0, then
(—v/—=30ch + ﬁ\/%))\l)\o 2\/—300 A2
o(x,t) =F - ( AT
(cl cos(v/AoAy T (xe — Af€)) + Cpsin(y/ApAy 2 (xe /\te))))z )

Cy sin(v/AoA; ") (xe — Af€)) — Cysin(y/Aghy T2 (xe — Ate))
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where A is given in Eq.(51).
Set 5:
2v/cb + /=30 ¢ch) A A 2y/=30cbA,?
{060:¢(\/7 c ) ! 0/“1:0/a2:¥%1
N \/ vV/=30¢b(30 v2v/cbAgA1b — 10 AgA1by/—30¢ch — ar/—30cb)
B V—=30¢cb '
. A&Aﬁb(\ﬂf 9/=30ch )} 54)
2v/2V/cb ++/=30¢b
Case 1:if AgA; < 0, then
~_(V2V/cb + /=30 cb) M Ag 2\/—30 cbr?, VAo VAo
o(x,t) =F . ¥ (T
1
(cl sinh(y/ApA; “0Fe) (e Ate)) + Cp cosh(y/ApA; T2 (e /\te))))2 5)
C1 cosh(\/)\o)\l I )( — At€)) 4 Cy sinh(y/AgAq (1+Q)( —At))
Case 2: if A\gAq > 0, then
__(V2Veb++/=30ch)AAg _ 2/=30¢cbAr?, [Ag
v(x,t) =F F Ve
c c A
G cos(v/AoAy ") (xe — Af€)) + Cpsin(y/ApA; S (x€ — A£€)) . 66
Cy sin(v/AoA; ") (xe — Ate)) — Cpsin(y/ApAy “®) (xe — Ape))
where A is given in Eq.(54).
Set 6:
__(WV2Veb+V=30ch)MAg o 2y/=30cb)Ay?
{ao=F . =00 =F ———)
o \/V/=30¢b(30 VZv/cbAgArb — 10 AgArby/—30 ¢ — av/—30.cb)
B V—=30cb ’
[ = 4, MPM?b(v2V/eb -9 V—30ch )} (57)
2+/2V/cb++/=30¢cb '
Case 1:if AgA; < 0, then
o (\ﬁ\/@+ v —30 Cb)/\l/\o 24/-30 Cb)\lz \/|AOA]| \/|/\0/\1|
o(x,t) =F - F ; (- —+ 5
1
G sinh(y/ApA; 02 (x€ — A£€)) + C; cosh(y/Aghy T2 (xe /\t‘—f))))2 8)

C; cosh(v/Agh r<e 9) (xe — Af€)) + Cysinh(y/Agh; "L (xe — Age))
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Case 2: if AgA1 > 0, then

o(x,1) = jF(x/E\/@ + \/C—Sch))»l)»o . 2\/—3£)ch12 ( % (Cy cos( /Ao
@(xe Z M) + Cosin(y/Aohy @(xe ~ M)/ (Cy sin(y/ Aoy @

(= M) — Casin(vAoh “ED (a2 (69

where A is given in Eq.(57).

5. Graphically explanation

Here, we shown the gained solutions by 2-D, 3-D and contour graphs. The 2-D plots also drawn
for different values of €.

0.7F
20" 06"
15/ 0.5¢
3': 3': 04F
> 107 > 0.3
0.2
0.5+
0.1F
0.0 : : A 0.05 ; ) e
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
X X
(a) 2-dimensional plot for distinct values of t. (b) 2-D graph for different values of €.

T T

10F] T T

oL I . " i
-1.0 -0.5 0.0 0.5 1.0

(c) 3-D graph for € = 0.6 (d) Density graph for € = 0.6

Figure 1. Plot for v(x, t) is shown in Eq.(19).
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Figure 2. Plot for v(x, t) is shown in Eq.(20).
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Figure 3. Plot for v(x, t) is shown in Eq.(32).
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Figure 4. Plot for v(x, t) is shown in Eq.(43).
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Figure 5. Plot for v(x, t) is shown in Eq.(44).

6. Physically Interpretation

Here, we will describe the dynamical behaviour of the solutions of the truncated M-fractional
generalized Bretherton model.
Figure 1: represents a singular soliton at the values of; 2 = —0.0001,b = —0.0001,c = -2, and ¢ = 0.5.
Fig(a) represents a 2-D graph for —1 < x < 1 at € = 1, where the Blue line for t = 0, Orange line
att = 5, and Green line at t = 10. Fig(b) represents a two-dimensional graph for —1 < x < 1 at
t € (0,10), while Red line at € = 0.5, Black-line at € = 0.7, and Blue-line at € = 1.0. Fig(c) represents a
3-dimensional graph at € = 0.6 for t € (0, 10). Fig(d) shows a density plot for e = 0.6 at t € (0,10).
Figure 2; represents a dark soliton at the values of; a = 0.005,b = 0.005,c = 1, and ¢ = 0.5. Fig(a)
represents a 2-D graph for —24 < x < 24 at € = 1, where the Blue line for ¢t = 0, Orange line at
t = 5, and Green line at t = 10. Fig(b) represents a two-dimensional graph for —24 < x < 24 at
t € (0,10), while Red line at € = 0.5, Black-line at € = 0.7, and Blue-line at ¢ = 1.0. Fig(c) represents a
3-dimensional graph at € = 0.6 for t € (0, 10). Fig(d) shows a density plot for e = 0.6 at t € (0,10).
Figure 3; represents a bright soliton at the values of; 2 = 0.001,b = —0.0001,c = —0.01, and ¢ = 0.5.
Fig(a) represents a 2-D graph for —2 < x < 2 at € = 1, where the Blue line for t = 0, Orange line
att = 5, and Green line at f = 10. Fig(b) represents a two-dimensional graph for —2 < x < 2 at
t € (0,10), while Red line at € = 0.5, Black-line at € = 0.7, and Blue-line at ¢ = 1.0. Fig(c) represents a
3-dimensional graph at € = 0.6 for t € (0,10). Fig(d) shows a density plot for e = 0.6 att € (0, 10).
Figure 4; represents a kink soliton at the values of; a = 0.0001, b = —0.0001,c = —0.01,Ag = —0.5,A1 =
1,C; = 0.5,C, = 0.3, and ¢ = 0.5. Fig(a) represents a 2-D graph for —1 < x < 1 ate = 1, where the
Blue line for t = 0, Orange line at t = 5, and Green line at ¢ = 10. Fig(b) represents a two-dimensional
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graph for —1 < x < 1 att € (0,10), while Red line at € = 0.5, Black-line at € = 0.7, and Blue-line at
€ = 1.0. Fig(c) represents a 3-dimensional graph at € = 0.6 for t € (0, 10). Fig(d) shows a density plot
fore =0.6att € (0,10).

Figure 5; represents a periodic wave solution at the values of; a = —0.01,b = 0.0001,¢c = —0.01,Ag =
—05,A = —0.1,C; = 05,C, = —0.3, and ¢ = 0.5. Fig(a) represents a 2-D graph for —1 < x < 1 at
€ = 1, where the Blue line for t = 0, Orange line at ¢ = 5, and Green line at t = 10. Fig(b) represents a
two-dimensional graph for —1 < x < 1 att € (0,10), while Red line at € = 0.5, Black-line at e = 0.7,
and Blue-line at € = 1.0. Fig(c) represents a 3-dimensional graph at e = 0.6 for ¢ € (0, 10). Fig(d) shows
a density plot fore = 0.6 att € (0,10).

7. Stability Analysis

Here, the stability analysis of the concerning model is discussed. The stability analysis is used for
many equations likely, [31,32]. For the Eq.(3) stability analysis, one takes the Hamiltonian transforma-

tion given as,
- % A o, (60)

Here, S denotes a momentum factor, while /(x, t) denotes the power of possibility. The necessary
condition for the stable solutions is given as;

oS

53 >0, (61)

here A indicates a wave speed, inserting Eq.(32) into Eq.(60) results;

=3 / 2 _30 )sechZ((x +V/—a —20b t)))%dx, (62)
by using the criterion given in Eq.(61), we get

1920024 (1 — e2*)bt(4e'? sinh(2t\/—a — 20b) + (1 + €**) sinh(4t\/—a — 20b ))
c(2e12 cosh(2ty/—a — 20b) + €24 +1)4

Hence, Eq.(3) denotes a stable non-linear fractional equation because the condition is satisfied.

(63)

8. Modulation instability (MI)
We take the following transformation for the steady-state result of generalized Bretherton model
[33]:
o(x,t) = (V(x,t) +/1)e'™. (64)
Here T shows the optical power of normalized. Inserting Eq.(64) into Eq.(3). By linearizing, one

gets
aVix + bVigxx + 4T — 702 + 2TVi + Vi + uV — 72V = 0. (65)

Consider the solution of Eq.(65) in the form;

V(x,t) = AretP=rt) 4 Aye=tpx=pt), (66)

d0i:10.20944/preprints202408.0269.v1
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here p and p represent the frequency and normalized wave number of perturbation respectively.
Putting the Eq.(66) into Eq.(65). By summing up the co-efficients of e{P*=P%) and e{P*=f!), one gets the
dispersion solution by solving the determinant of the coefficient matrix.

a*p* — 2abp® — 2aup® + 2ap*® + 2ap*T? + VP p® + 2bup* — 2bp*p? — 2bp* 1> + 4® — 2pp® — 2ut+
ot —20°T2 41t =0. (67)

Determining the dispersion solution from Eq.(67) for y, results

u=+20T+ \/a2p4 — 2abp® + 2ap?p? + 2ap?T? + b2 p8 — 2bptp? — 2bpr1? + pt + 2272 + T4 (68)

The obtained dispersion form represents the stability of steady state. If a wave number u is
complex then the steady state solution will not be stable because the perturbation grows gradually. If a
wave number y is real then steady state change into the stable against small perturbations. A steady
state result is not stable when;

a*p* — 2abp® + 2ap*p* + 2ap?v> + VP p® — 2bp*p? — 2bp*T? 4 p* + 202 7% + T* < 0. (69)

MI gain spectrum G(p) is achieved as;

G(p) = 2Im(p)
= £ /a2p* — 2abp® + 2ap?p? + 2ap272 + b2p8 — 2bptp? — 2bp*T2 + p* + 20272 + T4 (70)

14 | | | '
1.2
1.0
S 08
© 06 —
0.4 Ze
0.2 = p=4
00f. . . . -
-1.0 -05 0.0 0.5 1.0

(@)
Figure 6. Gain spectrum of MI at different values of p.

9. Conclusion

We successfully obtained a new kinds of exact solitons of (1+1)-dimensional non-nonlinear
generalized Bretherton model. A series of exact soliton solutions, including bright, dark, periodic,
singular, singular-bright, singular-dark, and other solitons are obtained by applying the extended
sinh-Gordon equation expansion (EShGEE), and the modified (G’/G?)-expansion techniques. A
novel definition of Fractional derivative provides the solutions distinct from the present solutions.
Mathematica software is used to obtain, and verify the solutions. The solutions are shown by 2D, 3D,
and density graphs. The results are valuable in various areas of applied sciences and engineering. At
the end, it is conclude that the used techniques are easy to use and provide the useful results.

Acknowledgments: The authors extend their appreciation to Prince Sattam bin Abdulaziz University for funding
this research work through the project number (PSAU/2024/01/921063).
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