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Abstract

In this paper, a complete analysis is presented to study a reaction-diffusion system of general gene
expressions with two time delays and with Neumann boundary conditions. The global existence of a
unique strong solution and the existence of an attractor are established. Using delays as bifurcation
parameters, we obtain critical values so that the Hopf bifurcation occurs at the unique equilibrium
point. For steady state solutions, the Maximum Principle is used to obtain the bounds of positive
solutions. The conditions for the system to have constant are also investigated.
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1. Introduction

Sys.(1) shown below was introduced by Lewis [5] to model the pattern mechanism of somites
involving oscillating gene expression at the tail end of the embryo of zebrafisht
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where M(t) and P(t) represent the concentrations of mRNA and its associated protein at time ¢,
respectively. The parameter a; represents the rate of mRNA transcription initiation in the absence of
mRNA, while ay denotes the rate of protein production from mRNA at the ribosome. The parameters
#1 and py correspond to the degradation rates of mRNA and the protein, respectively, and 71 and
T, describe the time delays associated with transcription and translation. The function f, which
is a decreasing function, characterizes the delayed repression of mRNA synthesis by the protein.
These delays arise from the time required for gene transcription to produce mRNA and for ribosomal
translation to synthesize the protein.

Lewis [5] conducted a primarily numerical analysis of Sys.(1) for the specific case f(P) = k/(1+
(P/Py)?), where k and Py are constants. Wu and Eshete [11] extended the analysis to a general
decreasing function f.

As Murray pointed out in [7] that diffusion processes come naturally in biology since they result
from movements of molecules (or populations, etc) from areas of high concentration to areas of
low concentration, partial differential equations, especially reaction-diffusion equations, are often
used to describe those processes. Some types of reaction-diffusion equations with time delays have
been extensively studied. For example, Chen et al. [1] studied global stability and Hopf bifurcation
for delayed diffusive Leslie-Gower predator-prey system; Faria [2] studied normal forms and Hopf

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.1863.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 December 2025 d0i:10.20944/preprints202512.1863.v1

bifurcation for general partial differential equations with delay; Lee et al. [4] studied the influence of
gene expression with time delays on Gierer-Meinhardt pattern formation system.

To better understand the dynamical behaviors of mRNA and its associated protein, Peng and
Zhang [8] introduced the following reaction-diffusion version of gene expression with delays

2
Met) gy EMh) _ M(x, ) + f(P(x,t—11)), £ >0, x € (0,7),
% = dy azlaji’z‘,t) — upP(x,t) + apM(x,t — 1), t >0, x € (0, 71), 2)
OM(x,t oP(x,t
# — 5;‘):0,1%20,36:0,71,

where d1, dy are positive constants which represent the diffusion coefficients of mRNA and its associ-
ated protein, and f(P) =1/(1+ (P/Py)"), where 2 < n < 10 is a Hill coefficient. With some suitable
initial conditions, Peng and Zhang [8] performed a mathematical analysis for Sys.(2). The local stability
of the equilibrium and the occurrence of Hopf bifurcation are investigated. Using the center manifold
theory, the direction and the stability of bifurcating solutions are established.

In this research, we propose to study the following general reaction-diffusion equation system

M) g AM(x,t) — M (x,t) + a1 f(P(x,t — 1)), £ > 0, x € Q,
% = dyAP(x,t) — upP(x,t) + aaM(x,t — 1), t >0, x € Q, ©)
Mnt) P _ 0, > 0,x €90,

where () C R" is a bounded open set with smooth boundary d() and v is the normal to the boundary
of (). The function f is a decreasing function. The initial conditions will be given in some appropriate
functional spaces.

In this article, we conduct a detailed analysis of Sys.(3). First, we investigate the global existence
and uniqueness of a strong solution, as well as the existence of a global attractor. Second, taking
T = 71 + T as the bifurcation parameter, we examine Hopf bifurcations at the unique equilibrium
point and determine the critical values of T at which the bifurcation occurs. Finally, for the steady-state
solutions, we employ the Maximum Principle to derive bounds for positive solutions and establish
conditions under which the system admits constant solutions.

The following result, established by Ruan and Wei [9], will be utilized in this work and is included
here for convenience.

Lemma 1. Consider the exponential polynomial
P(A, &) = p(A) +q(A)e

where p and q are real polynomials such that deg(q) < deg(p) and T > 0. As T varies, the total number of
zeros of P(A, e~T) on the open right half-plane can change only if a zero appears on or crosses the imaginary
axis.

The rest of this article is organized as follows. In Section 2, we establish the global existence and
uniqueness of a strong solution to Sys.(3). Section 3 is devoted to the study of the existence of a global
attractor for Sys.(3). In Section 4, we perform a Hopf bifurcation analysis. Section 5 presents a prior
estimates for the steady states for M and P, as well as conditions ensuring the existence of constant
solutions. Finally, a discussion is provided in Section 6.
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2. Estimates and Global Existence

In this section, we derive several estimates for the solutions of Sys.(3) and subsequently estab-
lish the existence and uniqueness of a global strong solution. We begin by making the following
assumptions:

(A1) f € CK(R)(k > 2) is decreasing;
(A2) There exist k1 > 0, and K3, Ky > O such that ky < f(s) < Kj, |f'(s)| < Ky foralls > 0;
(A3) (M*, P¥) is the unique equilibrium of Sys.(1.3) satisfying

DézM* = }lzp*, ]llM* = qu(P*).

Let w = (u,v) and v be the normal to the smooth boundary of (2. We use the setting given in [10].
Define

H = L[*Q)xL*Q),
ou Jv
= = : 1’2 — = — =
vV = {w—(u,v).u,vew ((2).81/ o 0}.

The norms in L?(Q)) and W'2(Q) are defined and denoted by the following:

1/2 1/2
— 2 _ 2 2
ul = Par) = (1 9u)

And accordingly, the norms for H and V are denoted by |w| and ||w||, and are such that, for w = (u,v),
wl? = [u? + o, Jw||* = [[ul® + ||o|%,
respectively. Recall that, the eigenvalue problem

—Au = ou,x €,
o = 0, x €,

has eigenvalues {0} } and the corresponding eigenfunctions { ¢y} satisfying

0=0'0<¢71<¢Tz<"'<¢7k<---,k1im(7k=°°, — AP = Oy
—00

For u € W'2(Q), the Poincaré inequality
or|ul? < [lul?

holds. Set T = 7§ + 7. Define ¥ = C([—1,0], H) to be the Banach space of continuous maps from
[—7,0] to H with the supreme norm |[|¢|| = sup;.|_,q [¢|. For simplicity, we use w(t) to represent
w(x,t) and often times, if there is no confusion, we may simply use w. Let w = (M, P) and write
wi € € forw(0) = w(t+0), —t < 6 < 0. Define

A — [BBM 0
0  dAP

with dom(A) C H defined by

dom(A) = {(M,P) € C2(O) x C2(Q) : ‘—;—Zf = %S = 00na0}.
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Then — A is a self-adjoint positive linear operator. Moreover, A : dom(A) — H generates an analytic
semigroup S. Let

_(—mM(t) +ar f(P(t— 7))
F(ZUt) = ( _sz(t) +;ZM(t_T21> )

Then F : ¢ — H is a C* function that is Lipschitz-continuous, namely,
IF(w) = F@)|| < y|w — @, Vw,@ € ¢
for some constant v > 0 by the assumption (A2). Thus Sys.(3) becomes the following abstract system

dw(t)

= Aw(t) + F(w). 4)

We will assume that the following initial condition holds
w(t) =w(x,t) = ¢(x,t) €.
Hereafter, we assume that w(0) = ¢(x,0) = (M(x,0),P(x,0)) = (My, Py) satisfies

wrk w1 Ky aqaok w1 K
11§Mo§11,121<1’ 100K

M1 M1 pip2 H1p2

(=)
IA

. (5)

Definition 1. Let S be the Co-semigroup on C(Q), R?) generated by A defined above.

(i). A function w is called a mild solution of Sys.(4) if there exists an v > 0 and if the function w : [—T,r) —
C(Q), R?) satisfies the following abstract integral equation

{ w(t) = S(H)p(0) + [3 S(t—s)F(ws)ds, t € [0,7), o

w = ¢ € C([-7,0],C(Q, R?)).
(ii). A functionw € C([—7,7], H) is called a weak solution of Sys.(4) if

< {w(t),0) = (w(t), Az) + (P, o)

holds for every v € dom(A).
(iii). A function w is called a strong solution of Sys.(4) on the interval [—T,r| if w satisfies Sys.(4) and such
that w € C1([0,7], H) N LY([0,7]; H) and w = ¢ on [—T,0].

The following result, Theorem 2.1, regarding the existence of a mild solution is established by Wu
in [12].

Theorem 1. There exists an v > 0 such that Sys.(4) has a unique mild solution given by (6).

Next we will try to establish the existence of a global strong solution for Sys.(4). To that end, we
need to establish some prior estimates for M and P. First, we define

o — sifs >0, . 0ifs > 0,
) 0ifs<0, ) sifs<0.

We then have the following results.
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Lemma 2. Assume that (5) holds. Let w = (M, P) be a weak solution of Sys.(4). Then the following estimates
for M and P hold.
a1k <M< D‘lKl, aq&2kq <P< WLPISY
M1 1o M2 Hip2

Proof. Let /; = % and then (M — ¢1)" is a legitimate test function. Multiplying both sides of the
first equation of (3) by (M — ¢1)" and integrating, we have

2dt/ (M — 61)+|2dx+d1/ V(M — £,)*2dx = —/Q(ylM—alf(P(t—Tl)))(M—€1)+dx.

Note that k; < f(s) < Kj implies

(M = aaf (Pl =) (M~ )% = |4 1)+ (£ = 27 (e =) )| v = ) 2 0
and by the Poincaré inequality, we get
Y () + 2d101y () < 0, where y(t / (M — £7)*|2d.
Thus y(t) < 0 by the assumption for My which implies (M — ¢1)T =0or M < ¢;.

Similarly, let ¢, = % and (¢, — M)~ is a legitimate test function. Multiplying both sides of the
first equation of (3) by (¢, — M)~ and integrating, we have

Zdt/ (6, — M |2dx—|—d1/ IV (£ — )-|2c1x:—/Q [lef(P(t—Tl))—ylM] (£, — M)~ dx.

Note again that k; < f(s) < Kj implies

(1M - aaf(P(t— 1)) (62— M)~ = iy [wz M)+ (:f(l’(t —) —ez)] (M )~

and by the Poincaré inequality, we have
y'(t) +2d10qy(t) <0, where y(t) / |(M — £p)~ *dx.

Thus y(t) < 0 by the assumption for My which implies (M — ¢;)~ = 0 or M > {;. Therefore, we
proved

We can use the similar arguments to obtain the estimates of P. [

The following lemma gives some L?-estimates for M and P.

Lemma 3. Assume that (5) holds. Let w = (M, P) be a weak solution of Sys.(4). Then the following estimates
for M and P hold.

. a1 K w100 K
limsup [M(t)| < o = ; =10, limsup [P(1)] < o2 = ——2=1/10),
t—o0

Hi1k2
Ql :/ 1dx
(@)

where
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Proof. Multiplying the first equation of Sys.(3) by M and integrating by parts, we obtain

2dt/ |M|2dx+d1/ |VM|2dx+y1/ |M|2dx—¢x1/ F(P(t — 1)) Mdx.
Since 0 < ky < f(s) < Ky, we have

1d|MJ?
2 dt

o |MP < ok /Q |M|dx.
Using the following inequality
€, 1.5
ab < —a“+ —b°, fora,b,e >0,
2 2¢
we can obtain

d|m?

a?K?
M)? < 110,
g HmimMP < Sl

which implies

L\’,ZKZ
MR < e M + S Q)1 - emt), )
V
It follows that
KZ
limsup [M(t)|* < p} = -L1|Q), )
t—o00 1

which proves the desired estimate for M. Similarly, multiplying the second equation of Sys.(3) by P
and integrating by parts, we obtain

2dt/ |P|2dx—|—d2/ |VP|2dx+;42/ |P|2dx—¢x2/ M(t — ) Pdx.
Consequently, we get

2
ayM(t — )P < 2“72M2(t _ )+ B2p2 £ T2
2

By Lemma 2, this will lead to

ZKz |
/|P|2dx+d2/ |V P|2dx + 12 /|P|2d ‘“‘2 | ST
2dt
or ,
d|P| +]/l |P‘2 < LK1¢X2K |Q|
dt )
Thus
2,212
asa5 K| O)
P < et pyf2 4 12K (g o ©)
1H3
and hence
. 2 2 _ ”‘1"‘2K2|Q|
limsup [P(H)|" < p3 = —55—, (10)

t—s00 V1 Vz

which proves the estimate for P. [J
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The following lemma gives some estimates for VM and VP.

Lemma 4. Assume that (5) holds. Let w(0) = (Mo, Py) € V and w = (M, P) be a strong solution of (4).
Then we have the following estimates:

ocl 2K
4dypd o

2 2 "‘ZK% 2
limsup [[M(t)[|* < (p1)" = s IQI 11msupIIP()H

t—o0 4

< (ph)? = Q.
Proof. Multiplying the first equation of Sys.(3) by —AM and integrating by parts, we obtain
% /Q |VM|?dx + d; /Q |AM2dx + 1y /Q |[VM[*dx = —aq /Qf(P(t —11))AMdx.

Since 0 < ky < f(s) < Ky, we have

dmMm|~ M
Using the inequality
ab < ea® + lbz
4e
we get
272
K
Ky [AM] < dy | AMP + “11,
4dq
and M2 oo
d|| M| 2 41Ky
e < =0
G- FmlMIP < STl
which implies
w2K?
IMB)]? < e[ Mo||? + 5= |Qf(1 —e7H). (11)
4d1]41

Thus
limsup [ M) < (o)) = “TKL |y,
t—o0 4d7’l

Similarly, multiplying the second equation of Sys.(3) by —AP and integrating by parts, we obtain
L / IV P[2dx + ds / |AP2dx + i3 / IVP[2dx = —a / M(t — 1) APdx.
dt Jo 0 0 Q
Again using
ab < 2” + —b2
fora,b > 0 to get

2. > 2, 003K}
—ayM(t — T)AP < dy| AP + d M (t— 1) < da| AP* + rET |2

by Lemma 2, we obtain

PPd / pax < “1KE 10
i o 1VPPax g [ [9PPax < o)

or
d|| P>
dt

aja3K3| O

+ || P|* <
! 4dyp3
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which yields
2,2K210)
1P < ety 2 4+ 2K (g gy (12)

4d2y1y2
Thus » 2un
K
limsup | P(#)|* < 2 = %%
msup [P(0)]2 < (g = 10571

O

We are now ready to establish the existence and uniqueness of a global strong solution to Sys.(4),
as stated in the following theorem.

Theorem 2. Sys.(4) has a unique global strong solution w(t) = (M(t), P(t)),t € [0,00).

Proof. Using the bounds obtained in Lemmas 2, 3, and 4, we apply the Yosida approximation to the
operator A and consider the corresponding regularized problems. Each regularized system admits
a unique classical solution, and the uniform estimates ensure weak compactness of the sequence of
approximate solutions. Passing to the limit by standard weak convergence arguments as in [3], we
obtain a global weak solution of Sys.(4). The limit satisfies the variation-of-constants formula and is
therefore also a mild solution. Finally, the time regularity inherited from the Yosida approximation
implies that this mild solution is, in fact, strong. Uniqueness follows from the Lipschitz continuity of F.
Hence Sys.(4) admits a unique global strong solution. [

3. Global Attractor and Asymptotic Behaviors

In this section, we investigate the asymptotic behavior of Sys.(4) and establish the existence of a
global attractor. Definition 2, Lemmas 5 and 6 are taken from Temam [10] and will be employed later
in our proofs.

Definition 2. Let {S(t)}+>0 be a semiflow on a Banach space X.

(). A bounded subset By of X is called an absorbing set in X, if, for any bounded set B C X, there is some
finite time tg > 0 depending on B such that S(t)B C By for all t > t.
(ii). A subset o7 of X is called a global attractor, if the following conditions hold.

(1). < is a nonempty, compact, and invariant set in the sense that
S(t)o/ = o foranyt > 0;
(2). o attracts any bounded set B of X in terms of Hausdorff distance, i.e.,

1.7em(S(t)B, o) = sup inf ||x —y|[x — 0, as t — oo.
xeB YES

Lemma 5. Assume that 5 is a Hilbert space. Let B be a bounded set of 7 and U be an open subset of 7
containing B. Assume that the operators S(t) are given such that the following conditions are satisfied.

(i). There exists a functionally invariant set for S(t).

(ii). There exists a set B C U that is absorbing in U on S(t).

(iii). For all bounded set B , there exists a to which may depend on B such that Uy>,S(t)B is relatively compact
in B.

Then the w-limit set of B (defined by w(B)) is a compact attractor which attracts every bounded subset of U. It

is the maximal bounded attractor in U.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Lemma 6. Assume that 7 is a Hilbert space. Suppose that for some subset of C H, of # O and for some
time tog > 0, the set Uy, S(t) .o is relatively compact in 7. Then w(</') is nonempty, compact, and invariant.

The following result shows that there exist absorbing sets in H and V for Sys.(4).

Theorem 3. There exist vy, y1 > 0 such that the bounded sets %y = By (0,y9) C H and 21 = By (0,71) C
V are absorbing with respect to the flow {S(t) }1>0, respectively. Here %y = By (0,vo) and %1 = By (0,71)
are balls in H and V centered at 0 with radius vy and <1, respectively.

Proof. From (8 and (10) in the proof of Lemma 3, we have

limsup (| M(t)|> + |P(1)[*) < p§, 0§ = p + 3.

t—o0

Choose yg > po and obviously the ball of H, By(0,0), is positively invariant with respect to the
semigroup S(t). It can be shown that it is absorbing for H with respect to the semigroup S(t). In fact,
let % be a bounded set in the ball By (0, R) of H. For w € S(t)%, using (7) and (9), we have

WP = IMEOP+ PO
e Mo 4+ pH(1 — 1) + e 1| + 31— e )

<
2 —mi , t 2
S R<e mln{”‘l ]"2} —+ po.

Clearly, there exists to = to(R) > 0 such that R2%e~™in{mialt < (42 — p2)/2 for all t > t;. We then
have
w(B)? <3

for all t > to, which implies S(t)% C %, for t > ty, and it is absorbing. The existence of an absorbing
set %1 in V can be established analogously, completing the proof of the theorem. O

Now we have arrived at the result for the existence of a global attractor for Sys.(4).
Theorem 4. There exists a global attractor for Sys.(4).

Proof. In Theorem 3, choose g and ; so that #; C %y. Thus % is a global absorbing set in H for
the semigroup S(t). Note that, for any bounded set B C V, S(t)B C % after some time ¢y and hence
S(t)B C V fort > t(. Since V — H is compact, the closure of U;>¢,S(t)B is compact in H. By Lemma
5, w(%) is a global attractor. This completes the proof. [

4. Hopf Bifurcation

In this section, we investigate the Hopf bifurcations for Sys.(3) for d1,d> > 0. Hopf bifurcations
for Sys.(3) without diffusion(d; = dp = 0) were studied by Wu and Eshete [11].

Let (M*, P*) be the unique equilibrium point of Sys.(3), and let
f(P*+0) = f(P*) + fiv+ f2(v)

where f; = f/(P*), fo(v) = O(|v|?).
Letu = M — M* and v = P — P*. Then Sys.(3) becomes

au(?-);/t) _ dlAu(x’t)_Vlu(x’t)+a1flv(x,t_71)+f2/ t>0, XEQ/
2 J;,t) = dyAo(x,t) — ppo(x, ) + aqu(x, t — ), t >0, x € Q, (13)
augx,t) _ M =0,t>0, onoQ.

v ov
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The linearization of Sys.(13) at (0,0) is, again using w(t) to represent w(x, t)

{dwﬂzpmqw+uw&x€0r (14)

dt
Jw __
i O,x S BQ,
where

0 dy v(t) —upv(t) + apu(t — 1)

For simplicity we assume that all eigenvalues o} (k € Ny, the set of all non-negative integers) of —A

Do <d1 0)’ w(t) = <u(t)>, Lwy) = (ylu(t)+tx1flv(tn)>'

with Neumann boundary condition are simple, and the corresponding eigenfunctions are ¢y (x). Then
the characteristic equation of Sys.(14) at (0,0) is

A+ agA + by + ce N = 0, keN, (Ax)
where
ag = (dy +do)og + w1 + p2, by = (d1oy + p1) (daoy + 12), ¢ = —mqanf1, T=1 + .

Thus the stability of the equilibrium (M*, P*) depends on the distribution of the roots of Eq.(Ay),
k € Np.

Note that ¢ > 0 since f(s) is a decreasing function, and {a; } and {b;} are positive sequences and
strictly increasing since {0y } is strictly increasing. Also 0p = 0, and limy ., 03 = 0. It is easy to check
that, if by + ¢ # 0, then 0 is not a root of Eq.(Ax), Vk € Ny. If £wi (w > 0) is a pair of purely imaginary
roots of Eq.(Ax), then we have

w? — by = ccos(wTt), way = csin(wt), k € Ny, (wy)
which gives

w* + (af = 2bp)w? + b —* =0, k € Np. (15)
Simple calculation shows that

2 =2b = (di0x+p)? + (daok + pi2)?,
b —c? (10 + 1) (dooy + p2)? — afas f7.

It is easy to see that a3 — 2b; > 0 and that the sequence {b? — ¢?} is increasing. Thus we have the
following result.

Theorem 5. If uypp > ayaz|f1|, then the equilibrium point (M*, P*) is locally asymptotically stable for all
T, T 2 0.

Proof. If 1 = 7» = 0, then Eq.(A) becomes
AN+ @A +b+c=0, k€N

Since a; >0 and by, + ¢ > 0, the roots of this equation have negative real parts for each k € Ny and then
the equilibrium point (M*, P*) is locally asymptotically stable for t; = 70 = 0. Fort = 75 + 1o > 0,
since Eq.(15) has no positive roots if y1pp > aqaz|f1], thus there are no roots of Eq.(Ax) will appear on
or cross the imaginary axis by Lemma 1. All roots of Eq.(Ax) have negative real parts for each k € Np.
This finishes the proof of the theorem. [

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.1863.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 December 2025 d0i:10.20944/preprints202512.1863.v1

Next we assume that p1up < ajaz|fi|. Since {by} is increasing and
b3 — 2 = 13us — alasft <0, klim b2 — c% = oo,
—00

there is a maximal N € Ny such that b,% —c2<0when0<k<N.For0<k<N, solving w? from
Eq.(15) gives

wi = % {— (a2 —2by) + \/(u% — 2by)% — 4(b7 — cz)]

and define

TIZ = wik [2]'714— arccos (wkcbkﬂ, j € No. (16)

Hence we showed that Eq.(A) has a pair of purely imaginary roots +wyi when T = ’l']{. If we rewrite
wy in the following

2
(UI%: (2 b)z 5 b,kE[O,N]
ﬂk72 k 4 ak72 k
\/ + c? + 2—p?

(CZ*hIE)Z 47]%

and using the fact that {a? — 2b;} is increasing and {c? — b?} decreasing for k € [0, N], we obtain that
{w,%} is decreasing for k € [0, N], i.e.

W%ZW%Z"'ZCU;%Z(U%HZ‘”ZCU%\]-
Consequently, it follows from (16), and the fact that by is increasing,

j j j j j
HSHS " SHSH S STy

We thus obtain the following result.

Theorem 6. Suppose pqpy < aiaz|fi|. Let wy and T,{ be defined above. Then there exists an N € Ny such that
Eq.(Ay) has a pair of purely imaginary roots cwyi when T = T]i for 0 < k < N. Furthermore, Hopf bifurcation
occurs at T = T]i foreach j € Nogand 0 < k < N. Moreover,

j < o J o« j
HSTHS ST STy S STy
Proof. From the discussion above, we just need to show Re[)’ (T,i)} > 0. Differentiating Eq.(Ay) with

respect to T and then evaluating at T = T,i give

ReW(TZ)] — Re {WW]

cA(T)e M7

2¢ cos(wkTIZ) + ay sin(wk'r,Z)

CWy

V(a2 —2b)2 — 4(82 — c2)
c2

> 0,
which completes the proof. O

Remark 1. If Q = [0, 7r], this result is the same as that obtained by Peng and Zhang in [8]. In addition,
here we get some more detailed results for wj and T,ﬂ.
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5. Estimates of the Steady State Solutions and Existence of Constant Solutions

In this section, we investigate the steady-state solutions of Sys.(3). We first derive a priori estimates
for M and P, and then establish conditions ensuring the existence of constant solutions. The following
Maximum Principle from [6] will be employed in our analysis.

Lemma 7. (Maximum Principle [6]). Suppose that F € C(Q) x R).
(i) Assume that w € C?(Q) N CL(Q)) satisfies

aa—w <0, on Q).

{ Aw(x) + F(x;w(x)) > 0in Q,
e

If w(xp) = maxq w, then F(xp, w(xg)) > 0.
(i) Assume that w € C2(Q) N CH(Q) satisfies

a—w >0, on o).
v

{ Aw(x) + F(x;w(x)) <0in O,
If w(xp) = ming w, then F(xg, w(xp)) < 0.

We know that at the steady state solutions, we have M(x,t) = M(x,0) = My, P(x,t) = P(x,0) =
Py. Therefore, at the steady state solutions, Sys.(3) becomes

A AM — u M + Délf(P) =0in (),

dAP — 2P + oM = 0in Q, (17)
M — 9P =0, on IQ.

Theorem 7. Assume that (5) holds. Let (M, P) € (C2(Q)) N CY(Q))? be a solution of Sys.(17), then

wikq a1Ky  aqaoky <p<

x10Kq
1 T o g T T mape

Proof. Suppose M attains its minimum at some point xy € ). Then
—#M(x0) +a1f(P(x0)) <0

from which we have
M(XO) > “1f(P(x0)) > alkl.

M1 H1

Suppose M attains its maximum at some point xp € Q). Then

—pu1M(xq) + a1 f(P(x0)) >0

from which we have

M(XO) < alf(P(xO)) < alKl'
B 1 1

Hence

Similarly, we can get the estimates of P. This completes the proof of the theorem. [J
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Lemma 8. If (M, P) € (C?(Q) N CY(Q))? is a solution of Sys.(17), then

Mdx =1 [ f(P)dx, i [ Pdx = o [ Mdsx.
ﬂl/Q x=w1 | f(P)dx, pp | Pdx=uz | Mdx
Proof. In fact, from the first equation of Sys.(5.1), we have

oM

g [ Mdx+ / P)d :—d/AMd :—/ Mix =o0.
141/Q x“lﬂf()x iy x o v

which gives the first equation. The second one can be established similarly. [
Letu = M — M* and v = P — P*. Then Sys.(17) becomes
d1Au — pu +a1g(v) = 0in Q,
dryAv — ppv + apu =01in O, (18)
Ju = 99 =0, on dQ,

where g(v) = f(P* +v) — f(P*). We then have

Lemma 9. Let (u,v) be a solution of Sys.(18). Then we have the following estimates for u and v.

ZKZ
d 2 M2 o M1%2 2 1
el B < SR, (19)
2
2 P22 0 %22
do||o]|” + ot < 2mlul- (20)

Proof. Multiplying the first equation of Sys.(18) by u and integrating by parts, we obtain

d/v2d+/2d:/ d<K/ dx.
[ 19uRds g [ Py = [ ug(oide < ks [ fulolds

By using
1
ab < ea® + —b?, fora,b >0
4e
we have 1
leKz/ |u||o|dx < a1K2<s/ |u|2dx+—/ |v|2dx>.
Q Q 4e Jo
Choosing ¢ = %Z_le’ we have
2K2
dl/ \Vu|2dx+ﬂ/ lu2dx < “1_2/ |o[*dx
Q 2 Jo 2u1 Ja
or 5
2, My o MK o
Eliy2 < 2122152,
il + B < 2 )

Multiplying the second equation of Sys.(5.2) by v and integrating by parts, we obtain

dz/ |Vv|2dx—|—y2/ |v|2dx:1x2/ uvdx.
0 0 0

Since

2
o
Uy < ﬁ|u|2 + %|v|2

we obtain
H2 2 a5 2
d2/ |Vv|2dx—|——/ [o]“dx < —/ |u|~dx.
o) 2 Ja 24z Jo
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or )
d 2, P22 - %2 2
2||’U|| + 2 |'U| — 2y2|u‘ 4

completing the proof of the lemma. [

The following result establishes the conditions that ensure the existence of constant solutions for
Sys.(18).

Theorem 8. If any of the following conditions holds, then the solution of Sys.(18) is a constant.
(i) pap2 > aaKy;

.. lxlﬂész
ii) dyog + B > 2:
(i) dyo1+ 5 212
asas K
iil) dooq + B2 > 15272
(iif) doo1 + 5 231z

Proof. In fact, from Lemma 9, we have

a1 Ky p
uf < o], Jo| < —=ul
2
and hence
0(11(2 L %) 0610(21(2
u| < ——=—=|u| = ———=ul.
K1 H2 Hik2
Thus if p1p2 > aya2Kp, then we have |u| = 0 and hence |v| = 0. Thus u = v = 0. From (19) and (20),
we have P
1 asa5K
a2+ B uf? < S22 2
2p1p3
By Poincaré inequality, we get
2,212
aqasK
dyoq |u)® + %Mz < 122 22|u|2.
2p1p;
2,212
Therefore, if dyoq + % > “21:12’?, we have |u| = 0, and hence u = v = 0. Similarly, condition (iii) will
2

also result in u = v = 0, which completes the proof. [

6. Discussions

In this study, we investigate a general reaction—diffusion system modeling the interaction between
mRNA and its associated protein, subject to Neumann boundary conditions. The system incorporates
two time delays arising from gene transcription and ribosomal translation, which represent the time
required to produce mRNA and synthesize protein, respectively.

We carry out a comprehensive analysis of the system. First, we derive a series of estimates for
different classes of solutions, which are then used to establish the global existence and uniqueness of
strong solutions, as well as the existence of a global attractor. Second, by treating the sum of the two
delays as a bifurcation parameter, we analyze Hopf bifurcations at the unique equilibrium point and
identify the critical values at which bifurcation occurs. These results extend the work of Peng and
Zhang [8] and, in particular, yield new findings concerning the critical bifurcation values. Finally, for
steady-state solutions, we apply the Maximum Principle to obtain bounds on positive solutions and to
determine conditions under which the system admits constant steady states.

We note that the existence of nonconstant steady-state solutions to the system remains an open
problem.
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